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Abstract. We study the interaction of agents, where each one consists of an
associative memory neural network trained with the same memory patterns
and possibly different reinforcement-unlearning dreaming periods. Using replica
methods, we obtain the rich equilibrium phase diagram of the coupled agents. It
shows phases such as the student—professor phase, where only one network bene-
fits from the interaction while the other is unaffected; a mutualism phase, where
both benefit; an indifferent phase and an insufficient phase, where neither are
benefited nor impaired; a phase of amensalism where one is unchanged and the
other is damaged. In addition to the paramagnetic and spin glass phases, there
is also one we call the reinforced delusion phase, where agents concur without
having finite overlaps with memory patterns. For zero coupling constant, the
model becomes the reinforcement and removal dreaming model, which without
dreaming is the Hopfield model. For finite coupling and a single memory pattern,
it becomes a Mattis version of the Ashkin—Teller model.
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1. Introduction

Neural networks are supposed to implement meaningful information processing based
on data. Meaningful, of course, has to be defined. We are interested in the behavior
of interacting neural networks, where the data available to each network is partially
provided by other neural networks. Shared meaning emerges from this interaction. We
obtain analytical results, for a system of two interacting agents, each one modeled by an
associative memory. Each agent receives the same memory patterns from the environ-
ment, however they may undergo different levels of post-learning dynamics, in the form
of dreaming, i.e. unlearning or reinforcing by relearning. Hopfield et al [1], following
ideas from Crick and Mitchinson [2], introduced a learning algorithm based on unlearn-
ing that improved significantly the performance of the Hopfield [3, 4] network with pure
Hebbian learning. This anti-Hebbian mechanism was inspired by the suggestion [2] that
rapid eye moving type dreaming, permits mammalians to forget spurious memories,
increasing their capacity to retrieve relevant memories. Further analysis and simula-
tions by van Hemmen et al [5, 6], showed that iterating this algorithm initially increases
the network’s capacity. However, if iterated beyond a certain threshold, retrieval is des-
troyed. It was shown that this increment occurs in part due to the fact that the synaptic
matrix approaches the pseudo-inverse synaptic matrix [7], despite not converging to it.
Dotsenko et al [8] used a similar algorithm to justify a new symmetric synaptic matrix,
that allowed reaching the theoretical upper bound in the thermodynamic limit: number
of patterns p, equal to the number of units N, but only at 7'=0.

Fachechi et al [9] showed analytically that beneficial unlearning plus the enhance-
ment of the pure states, which they called reinforcement, can increase the stability of the
patterns, increasing the critical capacity. Their model has a much larger retrieval phase
than the Hopfield model, not only saturating the maximal capacity at T'=0 but also
increasing the stability of the model to temperature changes. Most importantly, there
is no catastrophic upper bound on the length of the dreaming process. This algorithm
resembles developments by Plakhov et al [10, 11], but results in a more interesting and
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varied synaptic matrix. Also relevant for this discussion are [12—14], where they manage
to connect effectively learning in Hopfield models with learning in Boltzmann machines.

Dreaming, which is a process internal to the neural network, represents an extra
study period of the available information by the agent. We allow agents to interact
through a coupling that extends this internal dreaming to an externally driven process,
that also acts on the minima of the Hamiltonian. We show that this process has the
potential to make the networks perform better or worse, depending on the conditions
of the system.

2. Model of interacting neural networks

2.1. Introduction of the model

We work on a statistical mechanics problem in the canonical formalism with temperature
T = 3~!. The components of the quenched memory patterns & = {&'} =1 piz1..n, are
drawn independently from a uniform Bernoulli distribution. The Hamiltonian of an
isolated agent is [9]

Hi(t,€,0 Z Z 3 (11:752) 0i0j, (1)
Hv

i,7=1p,v=1

where t > 0 quantlﬁes the length of the dreaming process. C is the p X p matrix with
elements C), = & lel £ier, o; = £1is an Ising variable. For ¢t =0 the Hopfield Hebbian
Hamiltonian is recovered and as t — 00, t~1 acts as a Tikhonov regularizer, leading to
the pseudo-inverse model [7, 15]. The two member group Hamiltonian is

2
H(t,t2,0,8,¢) = Hi(t1,€,0) +Hi(t2,6,S) — % (Z%&) : (2)

€ is the coupling constant of the interaction, the sums over ¢, j run from 1 to N, the sums
over p,v from 1 to p. We study this problem in equilibrium or offline with quenched
disorder. A related problem, the inverse problem of learning online a spin glass Hamilto-
nian, was studied in [16].

The first two terms of the Hamiltonian in expression (2) represent two distinct neural
network agents, the third term connects them.

This interaction is similar to dreaming since it changes the couplings from Jij w_

Jz(j 265 Sj and J;; @ Jii @ 4 NUng, i.e. they pick up a Hebbian contribution from the
other agent However we emphasaze the fact that they are different, as in the interaction
all states are included, and not only the stables ones, as it is done in the unlearning
algorithm.

For e=0, this is the model of reinforcement and removal model [9]; and with € #0
and p =1, the infinite range Ashkin—Teller model [17].

Without any loss, we take t; < t9 and refer to the neural network agents as NN1 and

NN2 respectively.
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2.2. Order parameters

The free-energy is obtained using the replica method, where the Hamiltonian is a sum of
the individual replica Hamiltonians. The calculation follows roughly those for the single
agent case by Fachechi et al [9], except for a few important steps where it is necessary
to be careful. The expression of the free energy and the self-consistent equations for
the order parameters appear in the supplemental material. Since we are interested in
the memory retrieval phases, we have not looked in detail into the spin-glass phase,
hence, in order to understand global features of the five dimensional phase diagram

1

(t1,t2,€,a, ), the important order parameters for replica a are h® = (( Zf\leafsgl»,

mi = (% vazl ¢lo®)) and m§ = ((+ Zf\le ¢15%)), where the double brackets represent
the thermal and quenched average over the patterns. We will also consider the changes
induced by the interaction, i.e. the difference between the order parameters for € > 0 and
e =0, for a more careful identification of the different phases. Other order parameters
of the form A”, r?, ()” and ¢” are related to the overlap between the p elements, where
p is an index that refers to either agent o, or S or to their overlap oS.

We assume the following replica symmetry ansatz:

mi = mi; m§=ma; h"=h Va, (3)
q(gb = Qpéab + qp<1 - 5ab) vaa b7 Y
rgb - Rpcsab + Tp(l - 5ab) Va,b,p,

_ 1 a, . t a,p b, . t h,p
qib—<<ﬁ¥<%”“ FEnk ) (* —ﬁ<1+t>¢”>>>’ o

and 7, is the auxiliary variable of ¢, so it has a similar physical meaning.

The first line of (3) is not hard to justify, since there are no reasons to expect that
any replica is privileged.

The ansatz related to ¢7, and r”, for p=0S deserves a comment. It represents the
idea that the correlations between the agents will be different for the same replica
than for different replicas, because the interaction is not between different replicas, but
within the same, so we expect a greater intrareplica similarity of the agents than the
interreplica similarity.

A homogeneous ansatz (q(‘;l;g = ¢ ,rglf =r75Va,b), leads to the puzzling result that
the free energy does not depend on ¢°°, which indicates that this is not the right ansatz.
This can be seen from the fact that the dependence of Q7° and ¢°° on the free energy
occurs via the differences Q7 — ¢ and R —r°%, so using a homogeneous ansatz
would lead to no dependence on ¢%°.

It is important to recognize that ¢,, does not have the exact same meaning as the
original Edwards—Anderson parameter. Its additional complex part inside the average
leads to different values, and in particular, ¢°° is different from h for ti,t # 0, despite
having some similarity. It also explains why already in the original article [9] the usual

where
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Table 1. The different phases are characterized by the values of the order para-
meters (OP), we are considering that t; < to and that my,mq,h > 0.

op
Phases mi Mo h Amy Ames Ah
Student-professor >0 >0 >0 >0 ~ >0
Mutualism >0 >0 >0 >0 >0 >0
Disordered R ~ ~ ~ ~s ~
Reinforced delusion ~ B~ >0 ~ ~ >0
Insufficient ~ >0 ~ = ~ ~
Indifferent >0 >0 >0 ~ R~ R
Amensalism ~ ~ ~ ~ <0 ~

choice ¢,, =1 was not used. Still, this parameter gives us a measure of the correlations
in the system, and can still be used to determine the existence of the spin-glass state.

We emphasize that despite using the same ansatz for different p’s, the justification
behind them is distinct. The replica symmetric free energy depends on nine independent
order parameters (my,ma, h, Q7, Q°, Q7% ¢°, ¢°, ¢°%). We also have six dependent
variables (77, %, r°5, A%, A®, A”%), which can be fully eliminated from the equations
of state.

Table 1 shows the different phases, obtained from the possible regimes of my,ms,h
and, in addition, a measure of the benefit or damage due to the interaction, given by

Aml:m1(67t17t27a7ﬂ)_ml(oytlat%aaﬁ)? (5)
Am? = m?(eatlvt%a?B) _m2(07t17t27a7ﬂ)7
Ah = h(evtlvt%a?B) - h(oatth,aaB)'

Before entering into details in section 2.3, we give a rough description of the types
of phases where the system may be found. The insufficient phase occurs when NN2
is in the retrieval phase and NN1 is not and € is small enough such that no relevant
changes in the learning occurs. As the interaction increases, it can transition to the
student—professor phase, where the performance of only NN1 is enhanced significantly.
Further increase of € can result in the mutualism phase, where both neural networks have
noticeable increases in their capacity. The disordered phase includes the paramagnetic
and spin glass phases, where the interaction cannot lead to interesting results. It is not
hard to detect the spin glass phase, since for h =0, the role of € vanishes, hence the line
of the spin glass phase is simply the same obtained in [18].

The indifferent phase occurs where, even without interaction, both neural networks
could already process information in an adequate manner. The reinforced delusion phase
indicates the creation of an alternate ordered state, where the agents, despite having no
overlap with the memory patterns, are similar to each other. From their own perspective,
the agents are in a retrieval ferromagnetic phase. For a third party, the individual agents
cannot process information, and seem to be in a disordered phase. The interaction
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still preserves the glassy state, so it is still a spin glass phase. The last phase is the
amensalism, where while NN1 is not significantly affected by the interaction, NN2 ends
up losing the understanding of the situation, replicating an interaction of amensalism.

2.3. Phase diagrams and discussion

We analyze numerically the self-consistent equations obtained from the extreme condi-
tions of the free energy. Three types of two-dimensional cuts are used to describe the
five dimensional parameter space, yielding phase diagrams in the: (i) o, T, (ii) €, a, and
(iii) €, T, planes, shown respectively in figures 1, 2 and 3. In all diagrams, since ty > {1,
we have my = my.

2.8.1. T-«. plane. For fixed t1,t; and €, T is varied to find the maximum capacity
such that m; # 0 or msy # 0. We compare them to the non-interacting neural networks.
The main results can be seen in figure 1.

The behavior can be understood by comparing the difference between the properties
of an interacting agent with ¢, or ¢y, with the properties of the non-interacting agents
with the same amount of dreaming.

Figure 1(B) shows the no dreaming interacting agents, t; =t = 0. The interaction
yields a higher critical capacity and both agents benefit equally from the interaction.
Figure 1(A) represents the typical situation of having a high value of the dreaming
disparity t; = 0,t3 = 10. Agent 1 always benefits, since its capacity is always larger than
without interaction. For small interaction, e = 0.1, agent 2 slightly benefits for low a but
is damaged by the interaction at higher values of «. For high values of the interaction,
say € =0.4, they have the same value of critical capacity for all temperatures. Agent
2 benefits considerably from the interaction at low «, but is again damaged at higher
loads, because it is learning from the spurious minima of the low dreaming agent 1,
which is able to benefit only up to a certain point by the interaction.

Figure 1(C) represents the typical situation of having an intermediate and high
dreaming load, t; = 2,t; = 10. Above a certain € <0.1, a1 = a2 and in general the
interaction is substantially beneficial for both neural networks, except at very low tem-
peratures T < 0.05, where there is a slight decrease in the pattern retrieval critical
capacity of agent 2.

Figure 1(D) presents the case where both agents have dreamt abundantly and equally
t1 =ty = 10. Again m; = my by symmetry, and the interaction increases significantly the
phase of the pattern retrieval, and differently from the previous situation it is always
beneficial. As in figure 1(A), interacting with a peer, brings an advantage to both agents,
independently of dream load.

2.3.2. e-a. plane. For t;,ty and T fixed, we varied € and « to obtain the value of a;(€)
such that for all & > o ;(€) we have m; = 0. In particular, we have significant differences
at low temperatures (7' < 0.3) and high temperatures (0.3 <7'). The main results can
be seen in figure 2.

The first two figures 2(A) and (B) represent the high temperature region. While
the second diagram shows the mutual benefits of the interaction for networks with high
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i Critical B! as a function of a for t;=0, t,=10, £=0.1, £=0.4 Critical 8~* as a function of a for t,=0, t,=0, £=0.1 and £=0.4

14

+ NN1 without interaction «  Both NN without interaction
55 +  NN2 without interaction s Both NN with interaction £=0.1
= ® NN1 with interaction £=0.1 + Both NN with interaction £=0.4
1ok T 4 NN2 with interaction £=0.1 i
L 4+ Both NN with interaction £=0.4
0.8
7
L2}
0.6
0.4
0.2
""'--...._’_
0 . . =N 0 . .
%o 02 04 06 0.8 10 . 04 0.6 08 10
a a
Critical 8~ as a function of a for t; =2, t,=10, £=0.1 and £=0.4 Critical B~ as a function of a for t;=10, t,=10, £¢=0.1 and £=0.4
14 L : 14 1 Z
= NN1 without interaction « Both NN without interaction
12k *  NN2 without interaction 12 Both NN with interaction £=0.1
"‘ Both NN with interaction e=0.1 “", # Both NN with interaction €=0.4
* # Both NN with interaction £=0.4

Figure 1. The metastable phase border critical capacities o ;(T;t1,%2,€).
(A) Symmetrical case with t; =ty =0 and € =0,0.1,0.4. Ferromagnetic (FM) phase
increases with the interaction and no dreaming. Note that for high e, at a=0,
the FM phase persists up to 7. > 1. (B) t;, =0=1¢3 =0 and ¢ =0,0.1,0.4. For low
temperatures, high interactions lead to a NN2’s critical capacity decrease, while
it is always beneficial for the critical capacity of NN1. (C) t; =2, t, =10 and
€=0,0.1,0.4. A similar to (B), but with ¢; higher and closer to t9, even for small €
the two agents have the same behavior. Loss of capacity for the NN2 is much smal-
ler here, since NN1 is not harmful. (D) ¢; =¢3 =10 for € =0,0.1,0.4. Interaction
between well-trained peers is helpful.

difference of t, the first shows that with enough interaction, it is possible to extend
the capacity to regions where it was impossible before the interaction. This retrieval
above T'=1 occurs because the coupled system acts as a system with a higher number
of neurons. An interesting detail shown in figure 2(B) is that for low values of the
interaction, only agent 1 has an increase in the capacity, while agent 2 is unchanged.
It only modifies its retrieval capacity when the capacities start matching. The former
student reaches the level of the professor and both can profit from the interaction.
Figures 2(C) and (D) show the behavior for the low temperature region 7' =0.2.
Figure 2(D) shows that for low differences of ¢ we still have a qualitatively similar
behavior as in figure 2(B). However, for big differences in dreaming load, there is a
discontinuous transition at high values of the interaction in which the capacity of agent 2
decreases substantially. It is easy to see that this behavior is consistent with figure 1(B).
Of course, the critical capacity of agent 2, despite having no benefit from the interaction,
is still larger than in the high temperature case shown in figure 2(B). For the parameters
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B Critical a as a function of £ for §=0.95, , =10 and t; = 10 w Critical @ as a function of € for =2, t, =0 and t, = 10

A + Both NN B T

+ NN1

(X3

0.6 0.6
5 El

0.4 0.4

s Critical a as a function of £ for =5, t; =0 and t; = 10 i Critical o as a function of e for =5, t1 =2 and t; =4

‘ ® NN2 D
+ NN1
08 08

............'...O.......
®
06 0.6 - [ ]
R ® o @ 0 @ ¢ o ceneete 5'9'.
!

0.4 0.4

] +
02 .

Figure 2. Critical capacities o ;(€;t1,t2,T). (A) §=0.95 and ¢; =ty = 10, there is
only one critical line since t; = ty; we see a typical situation of mutualism, where
the two agents manage to obtain non-zero magnetization with strong interaction.
(B) =2, t1 =0, to = 10, typical student—professor situation for small interaction,
the critical capacity of NN2 is constant up to e ~0.12 and then turns to mutualism.
(C) B=5,t; =0 and t; = 10, the student—professor phase turns to amensalism, with
NN2 harmed by the interaction. (D) =05, t; =2 and t3 = 4. A student professor
situation at low € turns to mutualism for larger e.

where the two agents are beneficial to each other, the increase in their interaction is
not detrimental. We see this in the increase of the upper boundary of the yellow region.
But this cannot improve forever, and the alphas (figures 2(A), (B) and (D)) tend to a
limit value.

2.3.3. €-T, plane. Here, we fixed t1,t9,T and varied ¢ and T to obtain the value of
T.(e) such that for T'> T,.(e) we have m; =0 or my = 0. In these, differently from the
previous diagrams, we incorporated the denomination of different phases mentioned in
section 2.2, as they are easier to visualize. The main results can be seen in figure 3.
The indifferent phase is usually small and only appears in models where the ¢; and
ty difference is high, in our examples it can only be visualized in the first case. The
mutualism phase only increases as the interaction increases, and tends to a plateau
for high values, as expected. The reinforced delusion only appears for high values of
interaction and increases beyond the mutualism phase plateau. It is important to explain
that the behavior visualized in figure 3(A) is not in contradiction with figure 2(C), as in
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Critical B~ as a function of £ with a = 0.08, t; =0 and t,=10

Critical B~* as a function of € with &= 0.12, t;=2 and t,=3

Paramagnetic phase

Paramagnetic phase

Reinforced delusion phase

| - Reinforced delusion phase
- |
= X «Q

Indifferent phase

Indifferent phase

5 Critical B~ as a function of € with a = 0.02, £;=10 and t,=10

Reinforced delusion phase

Paramagnetic phase

Paramagnetic phase

Reinforced delusion phase

Indifferent phase

Indifferent phase

Figure 3. Phase diagram in the temperature T,e plane for fixed ti,t9, ).
(A) For fixed a=0.08, t; =0 and ¢y = 10. Since the difference between ¢; and to
is large, both the insufficient phase and the student—professor phase are present.
(B) With a=0.12, t; =2 and ¢, =3, the student-professor and the insufficient
phases have disappeared due to a small difference between ¢, and t5. (C) a=10.02
and t; =ty = 10. Same dreaming loads leads to symmetry and therefore no student—
professor nor insufficient phases. This also happens in (D) a =0.08 and ¢; = t, = 10,
note that the disordered and reinforced delusion phases increase and the mutualism
phase decreases significantly.

the figure 3(A), we have a low a value, so the phenomenon of decreasing magnetization
with interaction does not occur. Additionally, we do not see the amensalism phase in
figure 3 because we are only considering relatively low capacities, where this phase is
not present.

To get a more clear view of the phase changes in this model, we add figure 4 that
shows how Amy, Amo and Ah change with temperature for fixed €, «, t; and to
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e B
0.8
08 Ind. Mut. Dis.
Ind S-P Ins. Dis.
0.6
0.6 <
3 — Ay (0.05) 2‘ — Am(0.2)
5 — A2(0.05) Kl m— Am2(0.2)
3 —A(0.05) £0.4 we—pAh(0.2)
Eoal 3
) L | _’/
0.0 .i— o — — 0.0
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.2 0.4 0.6 0.8 10 12
Temperature Temperature
C 1.0
) 0.8
Ind. Mut. Dis. .
Ind. Dis.
06 0.6
50
3 == Am(0.35) g
5§ | AR(0.35) K
0.4 | 504
0.2 0.2
— A (0.45)
m— AM,(0.45)
00 0.0 — AR(0.45) -
|
0z 04 06 08 1.0 12 14 16 02 0.4 0.6 08 1.0 1.2
Temperature Temperature

Figure 4. Am;(T';t1,t2,a,€) and Ah(T;ty1,t,,€). The legend shows Am,Ah for
the parameter €. (A) A cut with «=0.12, e=0.05, t; = 0 and ¢, = 10; it is interest-
ing to compare it with figure 3(A), as they are similar situations. Disordered phase
here corresponds to the spin-glass phase. (B) A cut with a=0.08, e=0.2, t; =2
and ty = 3; compare it to figure 3(B). Disordered phase here corresponds to the
paramagnetic phase. (C) a=0.02, e=0.35 and t; =ty = 10, we write m =m; = my
as they are equal, compare it to figures 3(C) and (D). Disordered phase here corres-
ponds to the paramagnetic phase. (D) With a=0.08, ¢ =0.45, t; =0 and t, = 10,
see that the small tail in the Ah at high values of € indicates the reinforced delusion
phase; compare this image to figure 3(A). Disordered phase here corresponds to the
spin-glass phase.

3. Conclusions

Statistical mechanics techniques were used to model and study the interaction between
information processing machines. Simple exposure to information, without the benefit
of post-processing, in the form of dreaming, is not efficient. The agents received the
same information in the form of P = a/N patterns. The removal and reinforcement
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of minima can be thought of as a further exercise, of duration ¢; and %9, that the
agents undergo after being exposed to the information in the memory patterns; in a
metaphorical sense, the agents ponder, meditate, think over, dream about the received
information. In addition to the individual learning process, further changes in their
properties are elicited by an interaction quantified by €, and a rich and non-trivial
behavior ensues; interactions can be irrelevant, beneficial or harmful to the information
retrieval. We return to what is meaningful information processing? It depends on who
assigns meaning. If the retrieval is used to gauge the success of the machines, as an
independent third party would, the region of reinforced delusion shows no meaningful
information processing. However, from the perspective of the agents, it seems to be
fine. They agree on their version of what is correct, despite it does not reflect the
objectively relevant information in the memory patterns. The ubiquitous use of machines
that learn demands the study of their interactions, not only with other machines, but
with humans too. Modifications, generalizations or simplifications of our approach are
needed.
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Appendix A. Details of the solution

The average over the patterns of the replicated partition function is

n 1+t a __a
(7 >:<U§le’<p LNZZZ“ (M; ) ot
M v 1+t2 a Qa 1 a oa ’
ZZZ&S (]l+t C) SIS} +BeN | Dot D (A.1)
a i,j MV i
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Introducing integrals to remove the inverse matrix and considering that we are only
dealing with one condensed pattern (£') :

(zm=>Y" / HDaz Dy1HD<I>“Dq§ HDh“

on. Sn

1+t b 3

X exp [\/72 i€ ( ﬂ(t1+1)¢>
Bl+ta) v qa, s f :
TN vk (Siﬂ m@)

a p=2 i,a (=2
ﬁ(tl + 1) t1 “
Xff[ —~N Z u( +1 m@)

B(tQ + 1) a a . to a
— N Y (sz +1 m@)] }> (A.2)

The average over the patterns can be done explicitly when we have only one condensed
pattern, as it turns out to be a sum of exponentials:

<eXp{ZZ§M[/ t1+1) ot 4818 + [3( t2+1 (S0 +1400)
{cosh[ZZ(\/ (th+1) z(of +167) +1\ ) —— t2+1 S“—HQCI)“)

ia p=>2
ia p=2

)

= exp{%ZZ(l +t1)(of + 167 (o] + 1 6))

iab p=2
+ (14 t2)yiyp (S7 + 657) (S7 + 1,7)

+2¢(1+t1><1+tz)[(o?+t{¢?>(S£’+té¢?>xzyz]}
= / qué’bdqudq;’f drgydrg,dr,driy
ab

X exp {NZirgb[ng — (0" +t1¢") (0" +t{4")]
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+ N irslah, — (8 +1327)(S" + 158"

ab
+ N irg g — (o + 6" (S + t5D)]
ab

8
+5 0 | D+ t)ghage + (L b)ya,

ab n=2

+VITF VT + (g a5yl + 2bylany )] } (A.3)

where in the third equality we introduced Edward—Anderson variables and their auxil-
iary variables via the integral representation of delta function.
Now we look at the integrals in the non-condensed part:

/ [[P2"Dy exp { g > [(1 ) ggate’ + (14 t2)y"y 4z, (A.4)
a,b

ab

)T+ ) (a2 + 2"y e }
a 1 a a g a
= /qu dy® x eXp{§zb:_6abx a’ — Sy y’ + B [(1 +t1) g x’

H(L+ )y "y qs, + VI+ aVI+ ba(qg oy) +abylans)] }

= /Hdaz“dybexp (—%ZT {]l - 562) Z} : (A.5)

a,b

where ¢ is a square matrix with dimension 2n x 2n and the vector of dimension 2 n:

) (1+t1)q° V) (1+12)q"°
q =
V(1) (1 +t)(¢7%)" (1+12)q°
z= (xl,...,:):n,yl,...,yn)T. (A.6)
We have that
/Hdz“exp {—%z(]l - 5@)2} = [det(1 — 5@)]%. (A7)
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We rescale the auxiliary Edwards—Anderson variables and the magnetization

variables:
| BN / ﬁN a
rh — z—r " Vp;h" — /2¢BNR. (A.8)

With these changes, we get the following expression for the average of the replicated
partition function:

(Z") = / Hdmi‘dmgdh‘l qugbdqlfbdqgf drgydroydriy
a ab
BN
X exp{ - ;
Na/BQ g (o2
- Z( oo+ Ty + T 4%

2
>/ [I1]pe:pet exp( v Dot + 400t +

on. Sn

+ 1 (8¢ +t2<1>?)(55’ +1®0) + 15y (0 +t cb?)(Sf )

83 mi(of 4+ 467) + my(SE+ th®)) +28e > Siafha>] } (A.9)

(mt)? | (m)?
14+t 14+t

+ 2e(ha)2] — log[det(1 — 4)]?

+ log

Now we apply the replica symmetry ansatz:

1 (m§)*> | (mg)° 2 m? m3 )
o 2 ha - ha
2n;(1+t1+1+t2+ e(h") 512t 2t ¢

(A7 —1) (14t
aﬁz Tab ab_ 2352( i 2)Q0+%ﬁrg (Qg_qg)ﬂ
AS—1)(1+¢
aﬁ%}: ab4 ab 2)t( I)QS—F%TS (QS_qS>7
VS -t I @),
ab
with
o S S Shy.
A —1+O‘B1+t1(R riAT=14a 61+t2(R -
AT = B(RUS r7%). (A.11)
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The matrix ¢ has four eigenvalues, their degeneracies and values are

g =1\ = %{a+(n—1)b+c—i—(n—1)d
—[(a4+ (n—1)b+c+ (n—1)d)>?
—4((a+(n=1)b)(c+ (n—1)d) = (e+ (n—1)f)*)]
go=1, = %{a+(n—1)b+c+(n—1)d
+ @+ (n—1b+c+ (n—1)d)?
—4((a+ (n=1b)(c+ (n—1)d) - (e+ (n—1) )]},
gg=n—1,A3= %{a—b—{—c—d
—V(a—b+c—d?+4[(—a+b)(c—d)+(e— )2},

1
g4:n—1,)\4:§{a—b—|—c—d

+V{a=bre—dP+A(—a+b)c—d)+ (e~ 7]} (A.12)

NI

}7

where
a=1-5Q°(1+t), b=—Pq" (1+t),
c=1-pQ°(1+1ty), d=—PBq°(1+1ts)
e=—BQV(1+t)(L+t2), f=—B¢""V(1+t)(1l+1t). (A.13)

The last step is to do two Hubbard—Stratonovich transformations on the quadratic
variables, but first we need to massage to terms to get an useful formula:

D (o N0+ 1) + ) (S + 1507 (S" + 1)
ab

ab
2
T,O'S
<1 * 2 7“"7“5>
2 oS
\/FEO;(JG +tlp") — \/ﬁ%:(sa +th D7) (1 - 2&@) . (A14)

Only now we do the Hubbard—Stratonovich transformations in these quadratic terms. If
we have an arbitrary number of agents N, we can always do an analogous transformation,
as it is equivalent to a change of coordinate system & — &’ such that the ZZN r?+
Zfﬂﬁ A;T;T; = Zf :(:{2 with arbitrary coefficients a;, but it is not hard to notice that
this procedure leads to many additional terms, whose number scales faster than linear

+ D7 (0" +1¢")(S" + 1)

ab

1 a ! a a / a
:5[\/70;(0— o )+\/r_5;(s + 15D

1
2
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in the number of agents. For comparison, the formula that should be used with three
agents is the following:

2
1 a c+b
2., .2 .2

'ty + 2" tary+brz+cyz = — x+ 1+—-+= 1+ —
y Y Y 4{{( Y1+ 3 ] ( 5 1+§>

[ a 1 c+b
Fl@t+y)Jl+s -2 [1-——
iyt e
[ a 1’ c—b
+lly—2) 11— 42| [1+——=
A A AV

[ a 1 c—b
+_(?J—l’)\/1—§—z_ 1_2\/T—§ } (A.15)

This is the main reason why we believe that it is not easy to generalize our results
for interactions between 3, 4, or more neural networks.
After that manipulation, we can sum over the spin states and get the free energy.

Appendix B. Free energy expression and equations of state

The free energy for two interacting agents is

f(m17m27thaastQ057q07q57q057t17t27/8va76)

2 2 A% —1)(1 1 AO’AS_ 12412 QA(ISQ
__m ™ +eh2+( )( +t1)Qa+ og| trty B (A7)

242t 242t 2ty 28
S _
+ (g + 80 g (g8 )

2
+AO’SQO’S 6 (QO’S a )
+gstonf 3 [2+5<1+t1><q Q)+ B0+ )~ Q)

~B(A+1)(¢" —Q7) — (L +t2)(¢” — Q%))
HL )L+ ) QS+ )] |

#aslon{ 3 2480400 - Q)+ AL+ )0 - @)
FO(( 1)@~ @)~ (4 12)(d — @)
FAL+ ) (14 8)(-Q75 +¢%))3 | |

—a{g"(1+t)[1 - B(Q° —¢°) (1 +t2)]
+q°(1+1)[1 = B(Q7 — ¢") L+ t1)] + B+ 1) (1 +t2)¢” (¢ + Q") }
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< 21 - BL+4)(Q7 —¢")|[1 - B(L+12)(Q7 — ¢°)]
=282 (1+ 1) (1 +2)(-Q7 +¢7°)*} !

- %/Dnylog(Ll)

1
S o o S
— [A t{Q (ar —|—m1 54 /4> + A t'2 (ar +m%+62—té4>

-1
+ 2t 2t B2 AS (% + m1m2> 2ATAS — 2287 (AS) | (B.1)
where we use the auxiliary definitions
\/ 7“” \/ t1—|—1 \/ tz—i—l
n = 2¢eh
A AS t/2t/262 (AO’S)
[ [arS
v= { my + r+x+r y) | +t2BAT |my + T(nrx—r_y)] }
% AUAS t{2t52 2 (AO’S) :| ’
{ ma + ow; (ryx—r_y) +t{25A05 mi+ 4/ a;J (rez+r-y) } )
% AUAS t{2t/2 2 (AUS)2i| _1’
Ly —Cosh[ﬁ(erT)]e p(8n) + cosh [B (v —T)]exp (—5n),
Ly =cosh[B(v+T)]exp(Bn) — cosh[B(v—T)]exp(—PFn),
Ly =sinh [3 (v + T)]exp (81) +sinh [3 (v — T)]exp (—Bn)
Ly=sinh[B (v+T)]exp(Bn) —sinh [ (v —T)]exp (—fn). (B.2)

Using the variational principle that the partial derivatives of the free energy must be
0 at the equilibrium point, we get 15 different equations for 15 different variables. We
can simplify them by writing 6 of the variables as functions of the other 9, we call them
former dependent and the latter independent.

The equations of the six dependent variables are

P =g (L+0)*[1 - B(Q° — ¢%) (1 + 1)
+B(Q7 — ™)1+ 1)’ (1 + 1) (1 — BQ° — ¢%) (1 + 1))
+¢5(1+1)8(Q"° — )]}
x {[L-BQ° —¢") L+ t)][L — BQS —¢5)(1 +12)]
— (@75 — 7)1+ 1)(1+12) B2}, (B.3)
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A7 =1+at{(1-B(Q° —¢)(1+12))* (1 - B(Q" —¢")(1+ 1))
—(1-8Q° = ¢")(1+10))(Q7° —¢7°)*p’ (1+t1)(1+t2>}
X {[1—5(Q0—q0)(1+t1)][1—6(62s ¢°)(1+1ty)]
—(Q7 =™V +t)(1+18)5%}

¥ = (@ (1 +1)*(1-B(Q7 — ) (1 +t))*
+B(Q7 — ") A+ t1)(1+12)*(¢"° (1= B(Q7 —¢") (1 + 1))
+q7(1+4)B(Q7 —¢7)))
< {[1=B(Q7 = ¢) 1+ t)][1 - B(Q° — ¢°) (1 + t)]
—(Q7° = ¢ (1 +t1) (1 +t2) 87},

A% =1+ ab{[1-B(Q7 — ¢") 1+ 1)P[1 - B(Q° — ¢°) (1 + 1)]
—[1-B8(Q7 = ") (1 +t)](Q7 — "B (L +t1) (1 +t2)}
x{[1-B(Q7—¢") A+ t)][1 - B(Q° — ¢°) (1 + )]
—(Q7 =" (1+11) (1 +12)8%} 2,

A7 = af(—q" + Q) (1 +t1)(1+ 1)
X {21 - B(Q7 — ") (L +t)][1 — B(Q" —¢°) (1 +1)]
_262(_@05+qJS)2(1+t1)(1+t2)}—17

= (1+t)(1+t2){¢"° x [1=B(Q" —¢") 1+ 1)) (1 — BQ° — ¢°) (1 + 1))

— Q7 — ) (1 +t)(1+t2)]

+2[(—¢"5 +Q"%)B(¢"(1+ 1) (1 — B(Q° — ¢°) (1 + 1))
+q°(1+t2)(1-8(Q7 — ¢ >(1+t1>> 5(1+t1><1+t2>5<—q05+c2"5>)]
X [(1=B(Q7 —¢")(1+1t))(1 - B(Q° qS><1+t2>)
—B(Q7F — ") (1+ 1) (1 +t2)") ).

The equations of the nine independent variables are

Lo
h= [ DxD
/ * yLl

1 A5t
TN T, 7 ACAS _ 1721232 (A0S
o ATAS (24252 (AS)

1211202 A0S S
- nslztlf;g? 32+/DDy1< S A/2/L232 S
ATAS — 24282 (A7) ATAS — 24232 (A5)?

tEBAT L,
AO’AS _ t{2té262 (AO’S)Q
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1 A%t
M2\ TUNOAS _ 41241232 ( A0S\ 2
+t2 ATAS — 222 (AY)

mat’ty 2 AT - /D by L A7t Ls
) ATAS —

T ATAS 2252 (A7S L 124262 (A7S)
AL
+ ! 5| (B.11)
AO’AS _ t{2t5252 (AUS)
Q7 (1+1ty)
Q"(1+th) B.12
o, (B.12)

_ A5 _ (AS)Qt/QB(O”,J_i_mQ_*_L)
2BATAS — 221233 (ATS)? ! b

/ a ]‘ / o TUSa
+ P8 (A S) (ar5+m2 5275/4) + 2t 22 B2 A SAS( 5
9y —1
% {2 |:AUAS t{2t12 Q(AUS) i| }
+ / DaDy{Li[ATAS — {2257 (A5) ]2} !

X { — (AS)2 <m1 + a; (r+x+ry)>

123 NS ATS ar®
—ty" BAZ AT [ ma + 5 (ryx—r_y) || L3

S
. [W 2 (a%5)” <m2 Nt _r_y)>

)

+t2BA5 A7 (ml Yl (r+:1:—|—r_y))] Ly —ASAUSLQ}a

2
Q(+ty) A’ (B.13)
2t 2BA7AS — 24121233 (A7S)? '
o / 1 / / o ag 1
_ [(A )2t22 (arS+m2 i ) + e (A S) (ar +m? + 52tl4)

oS

+ 2t{2té2 QAO'SA(I (Ir « +m1m2> {Q[AUAS t{Qt/Q 2 (AUS) ] } 1

+ / DaDy{ Ly |A7AS — 1225 (A7) r}_l
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. { [— (a7 (m2 /i —r_y>>
-~ 12pATA"S <ml /2 r_y>) ] I

g

[t{Qt’Q 2(A"S) <m1+ ag (r+x+ry))

S
+t5 BATATS <m2 + % (ryz — r-@/)) ] Ly~ ATAT Ly }

t{thQBAUS t{Qt,Q 2 ( + m1m2>
_|_
ATAS — 124723 (A7S)?  ATAS — t/2t/252 (A7S)?

1
+{t{2t’2 2A75 [Ast 2B (ar +mi+ i >+A"t (ars+m%+—62té4)

oS -2
+ 2t P2 32 A0 <T 2a +m1m2)] } [A“AS — 122232 (A"S)Z}

2y —1
+/DmDy{L1 ? }
12,12 02 AGS A S ar? 12,1433 (ANS\2 | 12 A AT AS
x {L3 [2151 t232A75 A <m1+,/ ; (mm—i—r_y))—i—(tlt (A7) 442BAA )
O‘TS 2 2A0S5 ANO aTS
X m2+ (ryx—r_y) 22t BEATI A [ my + T(mx—r_y)
n <t’26A0AS+t’4t'2 3(A0’S) > <m1+ /a;“ (T+w+r_y)>]L4

ACAS 242 Q(A"S) ]L2}7 (B.14)

QG’S _

AJAS o t{2t§252 (AO’S)

+

_I_

AStP 1
AUAS—t{QtéZﬂQ (AO’S)Q aﬂ

X /Dny{L1[4A0AS_4t{2t (AUS) B
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aS 412 oS « x Yy
_yosirgacs [ —+—)
2P 2(ro)? (7“+ r_ ]
oS
2gnos (4 [0 oy
= ( 2r (rea+r-y)+ ro \ 2r% Ty +7“_

_ oS A 2(;)3 (%Jr%) } (B.15)

At 1
ATAS —t2t232(A°5)2  af

x / DaDy{ L [4A" A% — 4t B (A7)}

« r [a [ x Y
" {L4 AT g e =) =5 s (E + —>]
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Appendix C. Zero temperature equations

+ Ly

¢ =Q° -

qJS — QO’S .

+ Ly

To obtain zero temperature equations, it is necessary to deal with the three following
combinations:
Ly Ly Ly

11:_;I2 713_L_'
1
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They become

I = i{[sign(v +7T) + 1][sign(v — Y) + 1]sign(n + Y)

+ [sign(v+ Y) 4+ 1][—sign(v — T) + 1] sign(n + v)
+ [—sign(v+ T) 4+ 1][sign(v — T) + 1] sign(n — v)
+ [—sign(v+ T) 4+ 1][—sign(v — T) + 1] sign(n — 1) }.

L= i{[sign(v + 1) 4 1][sign(v — 1) + 1]

+ [sign(v+ Y) 4+ 1][—sign(v — T) + 1] sign(n + v)
+ [—sign(v+ T) 4+ 1][sign(v — T) + 1] sign(v — n)
— [=sign(v+7Y) 4+ 1][—sign(v — 1) + 1]}

I3 = i{[sign(v +7T) + 1][sign(v — Y) + 1]sign(n + Y)

+ [—sign(v + T) + 1][—sign(v — T) + 1] sign(T — n)
+ [sign(v + Y) + 1][—sign(v — ) + 1]
— [—sign(v+7Y) + 1][sign(v — 1) + 1] }. (C.2)

It is possible to remove one of the integrals as it is done in [9, 19], but in this case the
equations would become substantially bigger and there would not be a visible simpli-
fication. Besides that change, it is necessary to substitute ¢” by ¢ = (Q” — ¢”) in the
same way that it is done in [9, 19]. We did not find any particularly interesting property
in this region, so we did not focus on it.
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