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Abstract

A key aspect of modeling the heat and mass transport of droplets is the description
of di↵usion transport, and multiple approaches exist to address it. While many con-
tributions focus on the description of the mass transfer, details about the energy for-
mulation to describe the droplet’s heat transfer are seldom developed in the literature.
This work demonstrates that a general gas-phase energy formulation can be obtained
independently from the species di↵usion transport modeling while incorporating multi-
species enthalpy di↵usion terms with a simple expression. Considering the ideal gas
simplification, it is shown that a simple choice of specific heats is su�cient to charac-
terize the inclusion or not of multi-species enthalpy di↵usion e↵ects. Furthermore, it is
also demonstrated that the final energy expression degenerates in the single-component
limit to the same energy formulation as in the model of (Abramzon and Sirignano, Int.
J. Heat and Mass Trans, Vol.32(9), pp.1605-1618, 1989), considered as a reference in
the literature. Simulations are conducted for droplets of multiple fuel compositions in
varied atmospheric conditions to represent spray combustion scenarios and evaluate the
impact of incorporating or not the enthalpy di↵usion term, and conclude on the need
and ease of use of the proposed energy formulation.
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1. Introduction

To characterize droplet phase-change mechanisms in spray configurations, fuels are of-
ten described using single-component models [1] based on a surrogate representation
of the fuel. However, realistic liquid mixtures are composed of a significant number
of species, making the use of multi-component models necessary. Further, for general
applications, the e↵ect of non-ideal mixtures should also be incorporated into the mod-
eling strategy. Non-ideality can be present for many mixtures, for instance, biofuels,
e.g., hydrophilic fuels such as alcohols in the presence of water [2], [3]. Even conven-
tional fuels, e.g., aeronautical kerosene, may require more complex modeling, since
hydrocarbons with ramified chains are often present [4], potentially raising non-ideal
e↵ects.

To take into account relevant non-ideal contributions, phase-change for groups of fu-
els must be described separately, and a primary requirement for this is the computa-
tion of mass transfer rates for each representative species. In this way, one additional
challenge lies within the mass di↵usion transport, specifically how to model di↵usion
velocities in a non-binary case [5], [6]. To tackle these issues, discrete component
models (DCMs) [7] characterize the fuel using a reduced set of species representing
the entire mixture’s main physics. By employing this type of modeling strategy, mass
transfer rates can be computed for each of the relevant species, instead of a single,
global mass transfer rate. Still, the mass di↵usion transport must be adressed. One
possibility is to suppose that all species have the same average di↵usion coe�cient D̄
in the gas phase, as done, for instance by Law et al. [2], [8]. However, this simple
solution has the drawback of missing di↵erential di↵usion e↵ects, thus overlooking
the complexity of multi-component phase change and therefore the main advantage of
a DCM. A possible improvement is allowing each species to have its di↵usion coef-
ficient [9, 10, 11, 3]. Di↵erent frameworks have been used to compute this di↵usion
coe�cient, for instance, Blanc’s model [12], Wilke’s model [13], or the Hirschfelder-
Curtiss formulation [14]. With such strategies, the species conservation equations can
still be analytically integrated to account for multi-component phase-change e↵ects
without additional complexity compared to the single-component case.

Still, current DCMs have been proposed not only with these di↵erent mass di↵usion
coe�cient closures but also using di↵erent energy formulations that are not always
comprehensively detailed. Energy results are used mainly to predict the evolution of
the droplet’s temperature and heat transfer rates between itself and the gaseous phase,
which can be of great importance. Even though the energy formulation is derived inde-
pendently from the mass transfer developments, the influence of the di↵usion velocities
still appears explicitly in the enthalpy di↵usion flux term. This creates an impact in the
energy results from choices made for the mass transport modeling, which have already
been shown to be potentially significant [15].

One hypothesis often used to develop the energy formulation is that specific heats are
equal for all species in the gaseous phase. This manuscript shows that this can be
equivalent to neglecting the enthalpy di↵usion term. Therefore, the assumption of
equal specific heats can be e↵ectively seen as a simplifying approach that avoids hav-
ing to describe the enthalpy di↵usion term altogether. A second possibility can be
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found in the droplet energy transfer models of Zhang and Kong [10], Grosshans et al.
[16], Mahiques et al. [17], and Shen et al. [18], which were formulated by incorpo-
rating only conducto-convective e↵ects through average heat transfer coe�cients from
classical boundary layer theory. However, when following this approach, the enthalpy
di↵usion and contributions from the Stefan flow generated from phase-change itself
are neglected. As detailed in several references, e.g., [19],[20], Stefan flow e↵ects can
be paramount and should be incorporated into droplet phase-change models.

To include enthalpy di↵usion e↵ects, di↵erent strategies have been proposed by the
literature. For instance, Lupo and Duwig [15] developed an analytical model following
specific droplet phase-change hypotheses. For their energy formulation, the computa-
tion of a modified Spalding heat transfer number is proposed through a mathematical
construct used to compute a quadrature at each time step involving di↵erences between
the average specific heats among fuel vapors and average specific heats among inert
gases. Similarly, the energy formulation of Ebrahimian and Habchi [9] also proposes
the introduction of a mathematical construct; in analogy with the binary case, a conver-
sion between molar fraction gradients to mass fraction gradients is performed, allowing
for the use of a correction velocity that ensures mass conservation. These remarks con-
cerning the model of Ebrahimian and Habchi [9] also apply to others that follow the
same general structure, e.g., the works of Long et al. [21] and Yi et al. [22]. Through
these mathematical constructs, the approaches of Lupo and Duwig [15] as well as of
Ebrahimian and Habchi [9] introduce functional dependencies into the energy equation
developments.

In this way, the first objective of this work is to demonstrate, through the analytical
derivation procedure, that enthalpy di↵usion e↵ects can be rigorously taken into ac-
count without needing more complex mathematical features. It is also demonstrated
that the mass di↵usion velocities closure should have no functional influence on the
energy counterpart. Therefore, the proposed energy formulation is shown to be general
concerning these choices while still applying to convective environments and rigor-
ously incorporating Stefan flow e↵ects. Furthermore, an additional contribution is that,
in the single-component limit, the proposed formulation degenerates to the validated
energy formulation proposed by Abramzon and Sirignano [23], and can therefore be
regarded as a suitable extension of that model toward a general multi-component sce-
nario. It is also shown that enthalpy di↵usion e↵ects can be impactful for droplet phase-
change modeling, particularly in high-temperature scenarios and when surrounding
conditions vary during the droplet’s lifetime, justifying the importance of the proposed
developments. To compute numerical results, our validated modeling strategy for the
mass transfer proposed in [3] is used in this work; a summary of its characteristics is
also provided here. The impact of considering or not enthalpy di↵usion is then assessed
for various liquid mixtures and environments representative of general applications.

The paper is organized as follows. First, the general equations and preliminary inte-
grations are presented along with simplifying assumptions. Then, the detailed devel-
opments of the energy equation are presented, highlighting di↵erent options and the
respective consequences on the final model. Details are also given on the species in-
tegration and the used numerical procedure. It should be noted that all of this work’s
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developments are carried out for spherical droplets and therefore do not directly ap-
ply to sessile droplets or other general shapes. Still, there is no theoretical barrier to
deter the extension of the proposed results toward more general droplet shapes, which
have been the focus of some recent publications specifically for spheroidal and ses-
sile droplets [24], [25], [26]. Finally, numerical simulations are performed on cases
of varying complexity to show the impact of the energy formulation, with a particular
focus on including the enthalpy di↵usion term through di↵erent expressions of specific
heats. The paper ends with a summary of the main conclusions and perspectives.

2. Conservation equations and preliminary integrations

The gas-phase conservation equations for mass, species, and energy can be written as
follows [5, 6, 27]:
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where ⇢ is the density, u the velocity, Yi the mass fraction, vm
i the average molecular

velocity, !̇i the species source term for chemical reactions, hs the sensible enthalpy,
vD

i = vm
i � u the mass di↵usion velocity, p the pressure, ⌧ the viscous tensor, � the

thermal conductivity, T the temperature, fi the volumetric forces, R the universal gas
constant, Xi the molar fraction, DT

j,k the thermal di↵usion coe�cient, Wi the molecular
weight, D̃i,k the binary di↵usion coe�cient in a multi-component mixture, qR the ra-
diative flux and !̇c the energy source term due to chemical reactions. Subscripts i, j, k
identify specific species.

The following assumptions for the gas phase are made:

1. Quasi-steadiness i.e @/@t = 0;
2. Spherical symmetry i.e. r · � = d

dr [r2�] for any � (only the radial dimension r is
retained);

3. No chemical reaction i.e. !̇k = 0 8k, !̇c = 0;
4. Low-Mach, dilatable flow i.e. ⌧ = 0, rp=0;
5. Negligible volumetric forces i.e. fk = 0, 8k;
6. Negligible Dufour e↵ects, i.e.:

PN
j=1

PN
k=1

✓
Xk DT

j
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◆ ⇣
vD
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k

⌘
= 0;

7. Negligible radiation e↵ects, i.e. qR = 0.

4



This allows us to simplify Eqs. 1,2,3, respectively into:
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The term
PN

k=1 YkvD
k hs,k in Eq. 6 represents the enthalpy di↵usion flux.

Integration of Eq. 4 over the spatial coordinate r leads to the result that defines the
Stefan flow, which relates the advective velocity u to the droplet’s global mass transfer
rate ṁ:

ṁ = 4⇡r2⇢u. (7)

Similarly, integrating the simplified species conservation Eq. 5 over the spatial coordi-
nate r yields:

ṁi = 4⇡r2⇢Yivm
i . (8)

Opening up the molecular velocity as vm
i = u+ vD

i while using the result of the integra-
tion of global mass conservation Eq. 7 to substitute for the advective velocity u leads
to:

ṁi � ṁYi = 4⇡r2⇢YivD
i . (9)

3. Energy integration

Using the same set of hypotheses as in Sec. 2, an analogous integration procedure is
carried out for the energy. Integrating the simplified energy conservation Eq. 6 over
the spatial coordinate r and using Eq. 7 leads to:
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where Q̇ is the heat transfer rate reaching the surface of the droplet. The middle term
in the LHS can be recast as:
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Performing the substitution of Eq. 9 into Eq. 11 leads to:
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The summation term in the LHS can be split, and the whole equation rearranged as:
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The sensible enthalpy for the whole gaseous mixture can then be written as the sum
of its components, i.e. hs =

PN
k=1 Ykhs,k, canceling out the first term in the LHS and

yielding:
NX

k=1

ṁkhs,k � 4⇡r2�
dT
dr
= Q̇. (14)

Equation 14 is a general energy formulation for multi-component droplets with respect
to the mass di↵usion closure, provided that hypotheses #1-#7 of the previous section
are made, which are customary for most models in the literature. It states that the heat
transfer rate reaching the droplet’s surface equals the di↵erence between the enthalpy
di↵usive fluxes and the heat conduction in the gaseous phase.

A second analytical integration usually follows to be consistent with typical film theory
treatments used to incorporate convection e↵ects and avoid spatial discretizations. The
following supplementary hypotheses must then be made:

8. Ideal gases i.e. dhs,k = cp,kdT ;
9. Constant properties cp, � in space.

In CFD codes, the results from the second spatial integration are usually computed once
for each time step, with properties also assumed to be constant within. Therefore, for
most CFD codes, the assumption of constant properties during time steps is reasonable,
as argued by Sazhin [1]. To average the properties in space, the so-called "one-third
rule" [28],[29],[23] is here employed, as customary in the literature.

With these additional assumptions, Eq. 14 then becomes:
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Eq. 15 above is then integrated by separation of variables from the surface of the
droplet r = Rd where T = T s toward an arbitrary coordinate R with temperature T :
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The multi-component Spalding heat transfer number can then be defined as:

BT =
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Q̇
, (18)

Which allows Eq. 17 to be recast as:
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In particular, attention is drawn here to the appearance of an absolute value operator
on the RHS. As discussed in [3], this is due to the rigorous definition of the analytical
integration performed on the logarithm term. This can be important for the general
multi-component case since it is physically possible to have BT < �1 if some species
undergo condensation.

In the literature, it is also customary to define the fractional evaporation rate for each
species "i:

"i =
ṁi

ṁ
. (20)

Notice that
PN

k=1 "k = 1 by definition. Fractional evaporation rates can then be used in
Eq. 19 to isolate the global mass transfer rate:
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In the special case where the integration is done from the surface of the droplet toward
infinity, R! 1 and Eq. 21 becomes:
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�
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ln|1 + BT |. (22)

Alternatively, to account for convection e↵ects in the gas phase, a boundary layer the-
ory can be used with R = Rd + �T in Eq. 21, with �T being the thickness of the thermal
boundary layer:
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In practice, Eq. 23 is typically recast into a more usable form by using the definition
of the thermal boundary layer thickness for the pure di↵usive case (when the advective
term, representative of the Stefan flow, is neglected) as suggested first by [30], [31]:

�T =
2Rd

Nu0 � 2
, (24)

where Nu0 is the Nusselt number computed assuming that no Stefan flow is present. In
so doing, Eq. 23 becomes:

ṁ = 4⇡Rd
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2

� �
PN

k=1 "kcp,k
ln|1 + BT |. (25)

However, the energy formulation derived so far was obtained from Eq. 6, incorporating
Stefan flow e↵ects. So for consistency, the same must be done for the Nusselt number.
One possible strategy is the one proposed in [23], where the thermal boundary layer
thickness is corrected to add these e↵ects through a modified Nusselt number Nu⇤,
defined as:

Nu⇤ = 2 +
Nu0 � 2

FT
, FT = (1 + BT )0.7 ln(1 + BT )

BT
, (26)
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and this correction allows for the obtention of the Stefan-flow corrected version of Eq.
25:

ṁ = 4⇡Rd
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In the particular case of a single-component droplet, by indexing the single fuel species
in the gaseous phase as V for vapor and the single inert species as I, then
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As presented in the methodology of Abramzon and Sirignano [23], species and energy
results are coupled through the relationship of mass and heat Spalding numbers BM , BT .
For a single-component droplet, it is physically impossible to have BM < �1 since
mass fractions would need to be greater than one. Therefore, due to their coupling,
it would also be impossible to have BT < 1; the absolute value operator in Eq. 28
can therefore be dropped, leading to identical energy formulations between ours and
the one in [23]. This way, the proposed formulation in this section is demonstrated to
consistently degenerate the multi-component theory to a validated single-component
one while considering the Stefan flow, enthalpy di↵usion, and gas-phase convection.

To highlight the analytical impact of the enthalpy di↵usion, it is useful to note that
hypothesis #8 (ideal gases) can directly be made on Eq. 10, leading to:

ṁcp(T � T s) + 4⇡r2⇢
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Now, a common strategy mentioned in the introduction is to assume that specific heats
for all species in the gas phase are equal, say c̄p. With this assumption, it follows that
cp,k = c̄p 8 k and also that cp =

PN
k=1 Ykcp,k =

PN
k=1 Ykc̄p = c̄p such that the middle term

of the LHS of Eq. 29 above can be rearranged:
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However, from global mass conservation, it must follow that
PN

k=1 YkvD
k = 0, canceling

out the middle term of the LHS. Eq. 30 then becomes:

ṁc̄p(T � T s) � 4⇡r2�
dT
dr
= Q̇, (31)

This result can be retrieved from Eq. 6, if the enthalpy di↵usion term
PN

k=1 YkvD
k hs,k is

neglected, and if the equal specific heat of the gaseous mixture is expressed as cp = c̄p.
Therefore, the hypotheses of equal specific heats in the gaseous phase and negligible
enthalpy di↵usion flux are demonstrated to be equivalent whenever hypothesis #8 (ideal
gases) is enforced.
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Integration of Eq. 31 above follows the same steps as done for Eq. 15 and so the final
result with convection e↵ects can be rearranged as:

ṁ = 4⇡Rd

"
Nu⇤

2

#
�

c̄p
ln|1 + BT |, BT =

ṁc̄p(T s � T1)
Q̇

. (32)

Notice that the multi-component Spalding heat transfer number di↵ers from the one
presented in Eq. 18.

Now, when assuming equal specific heats for all species, there is an arbitrariness when
choosing the value of the equal, average specific heat. This information is often opaque
in most multi-component treatments in the literature. For instance, in [32], the author
explicitly states that the specific heat of the fuel vapor should be used as the average
specific heat for single-component droplets, as in [23]. However, no information on this
is given when tackling the multi-component counterpart. In [33] it is stated that, for
single-component droplets, when the Lewis number of the gaseous phase is assumed
as unitary Le = 1, specific heats between the unique fuel vapor V and inert species I
must be equal, i.e., cp,V = cp,I . This approach has been extended to a multi-component
scenario for instance in [34], but no details are given on how the equal specific heat is
computed; this also applies to other works of the same group [35]. In [22], even though
a DCM is not used, a heat balance equation is given in terms of the specific heat of the
whole gaseous mixture, cp; in [8], no specifications are given on how their specific heat
cp is defined, even though a unitary Lewis number is also assumed. In [36], the author
sums the contributions of the heat of each individual species as if they were evaporating
in a single-component scenario, obtaining an expression that includes specific heats for
each fuel vapor, and this by definition neglects the enthalpy di↵usion. As shown in
this derivation, the consistent way to incorporate enthalpy di↵usion is through Eq. 25.
Therefore, to the best of our knowledge, models that suggest that the specific heat in
the multi-component case should include only fuel vapors, do so in analogy with the
single-component case, where using cp,V is the reference solution.

To illustrate the two di↵erent possibilities of the average specific heat approach and to
compare them with our proposed formulation, we recast all models in the following
generic form:

ṁ = 4⇡Rd

Nu
2

� �
c̃p

ln|1 + BT |, (33)

with the average specific heats c̃p and the nomenclature used for the remainder of this
manuscript defined in Table A.1. This is a simple method to describe the influence of
including or not enthalpy di↵usion e↵ects1.

In particular, we note that the summation
PN

k=1 "kcp,k for when enthalpy di↵usion is
incorporated takes into account all species in the gaseous phase, including inert ones.
However, a common hypothesis is that there is no net dissolution of inert gas species,
and this is naturally incorporated into the proposed result since "k = 0 for all inerts in

1In Eq. 33, we can use Nu = 2 for non-convective cases and Nu = Nu⇤ as computed from Eq. 26 for
instance, for convective cases.
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that case. On the other hand, inert gases may still participate in the average specific
heat if the c̃p,8 strategy is used. As shown in the derivation process, when neglecting
enthalpy di↵usion, cp may represent the whole mixture. Also, the use of fractional
evaporation rates " means that condensating species bring negative contributions to
the average specific heat, which cannot be captured with both strategies that neglect
enthalpy di↵usion.

4. Species integration and global numerical procedure

To obtain the mass transfer rate for each species, the same procedure as in [3] is used.
The di↵usion velocities are computed through an equation analogous to Fick’s law for
the binary case, which, when assuming spherical symmetry, yields:

YivD
i = �Di

dYi

dr
. (34)

Here, the di↵usion coe�cient formulation for each species Di is credited to Wilke,
and can be found in the publication of Fairbanks and Wilke [13] as well as Co↵ee and
Heimerl [37], and has also been recently used in [38] for instance. The formulation
reads:

Di =
(1 � Xi)

NP
k=1
k,i

Xk/Di,k

. (35)

As shown in [3], the substitution of Eq. 34 in Eq. 9 followed by a second integration
leads to the following result:
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ṁk � ṁY1k
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k
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It must be noted that to obtain the above, the product ⇢Di is assumed to be constant
in space. Alternatively, one can assume both transport properties ⇢, Di to be constant
in space each independently; with hypothesis #9 made before for the energy, this es-
sentially characterizes a single hypothesis of constant properties in space for the whole
heat and mass transfer problem. Furthermore, to obtain the above mass transfer for-
malism, Soret e↵ects (thermal di↵usion impacting mass di↵usion) were neglected to
simplify the Stefan-Maxwell equations. However, since the proposed energy formula-
tion does not include any explicit function from the mass transfer, it could be coupled
with a more general mass transfer formulation that can incorporate Soret e↵ects.

In [5], for instance, it is mentioned that, except when assuming equal di↵usion coe�-
cients for all species, i.e. Di = D̄, then the structure of Eq. 34 is such that global mass
conservation is not organically preserved in general, i.e.,

PN
k=1 YivD

i , 0. To circumvent
this, Eqs. 36 are solved for N�1 species, with a last species⌦ chosen to enforce global
mass conservation through:

Y⌦ = 1 �
NX

k=1
k,⌦

Yk. (37)
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Then,⌦ is chosen to be an inert species i.e., ṁ⌦ = 0 such as air, and this approach is not
expected to significantly impact the computation of the droplet’s heat and mass transfer;
the impact would mostly lie on mass fractions and, therefore, on the computations of
average properties. Within this framework, Eq. 36 represents N � 1 equations being
solved for N variables: all ṁk 8 k , ⌦ and the global mass transfer rate ṁ. To close
the mass transfer system, the final equation is obtained trivially:

ṁ =
NX

k=1

ṁk. (38)

For the numerical resolution procedure, Eq. 36 is recast in two equations to open up
the absolute value operator. In this way, the mass transfer rates of each species are
isolated:

ṁk = ṁ

0
BBBBBBBBBB@

Y1k � Y s
k exp


ṁ

2⇡RdS h⇤k⇢Dk

�

1 � exp


ṁ
2⇡RdS h⇤k⇢Dk

�

1
CCCCCCCCCCA
, if

ṁk � ṁY1k
ṁk � ṁY s

k
> 0 (39a)

ṁk = ṁ

0
BBBBBBBBBB@

Y1k + Y s
k exp


ṁ

2⇡RdS h⇤k⇢Dk

�

1 + exp


ṁ
2⇡RdS h⇤k⇢Dk

�

1
CCCCCCCCCCA
, if

ṁk � ṁY1k
ṁk � ṁY s

k
< 0. (39b)

As for implementing the energy formulation, the variable of interest is the heat transfer
rate Q̇. Eq. 27 can be then recast to isolate Q̇ and open up the absolute value operator:

Q̇ = ṁc̃p(T s � T1)

exp
h ṁc̃p

2⇡Rd Nu⇤�

i
� 1
, if 1 + BT > 0, (40a)

Q̇ = �
0
BBBBBB@

ṁc̃p(T s � T1)

exp
h ṁc̃p

2⇡Rd Nu⇤�

i
+ 1

1
CCCCCCA , if 1 + BT < 0. (40b)

As discussed and shown in [3], care must be taken when implementing Eqs. 39 and
40 in a version that utilizes fractional evaporation rates, e.g., with c̃p =

PN
k=1 "kcp,k per

Eq. 27. This is because there are cases where the global evaporation rate ṁ might cross
from positive to negative values (global evaporation to global condensation behavior)
or vice-versa during the droplet’s lifetime. This crossing of zero can create a singular-
ity, as seen in Eq. 20, with ṁ ! 0 but with any ṁi 9 0. Numerically, an overshoot
is seen for the fractional evaporation rates "k followed by their abrupt change of sign.
When using the c̃p," formulation, the handling of this sharp behavior can be avoided by
solving Eqs. 40 directly with individual evaporation rates through the following set of
equations:

Q̇ =
PN

k=1 ṁkcp,k(T s � T1)

exp
PN

k=1 ṁkcp,k

2⇡Rd Nu⇤�

�
� 1

, if 1 + BT > 0, (41a)

Q̇ = �

0
BBBBBBBBBB@

PN
k=1 ṁkcp,k(T s � T1)

exp
PN

k=1 ṁkcp,k

2⇡Rd Nu⇤�

�
+ 1

1
CCCCCCCCCCA
, if 1 + BT < 0. (41b)
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In the following numerical investigations, infinite liquid conductivity is assumed, with
the droplet’s internal temperature is uniform spatially but still updated between time
steps. To update this temperature, the heat transfer rate reaching the droplet Q̇d = �Q̇
is split into sensible and latent heat:

Q̇d = mdcL
dTd

dt
+

NX

k=1

ṁkLk, (42)

where md is the droplet’s mass, cL the average specific heat of the liquid mixture and Lk
the latent heat of vaporization of each species. Following previous hypotheses, these
properties are also assumed constant during time-steps.

A vapor-liquid equilibrium (VLE) is assumed at the droplet’s surface, allowing for the
computation of fuel mass fractions there. This was achieved using the UNIFAC [39]
activity coe�cient method to incorporate non-ideal mixing e↵ects, as in [3]. Mass
fractions inside the droplet are updated between time steps from mass conservation
and are also assumed to be homogeneous inside the droplet, i.e., infinite liquid mass
di↵usivity.

The infinite liquid thermal conductivity and mass di↵usivity hypotheses are frequently
employed in the literature, and so they are also applied here. Still, it must be pointed
out that the energy results developed in Section 3 of this work are derived for the gas
phase. Therefore, they could be coupled with di↵erent treatments for the liquid phase
without additional complexities.

Finally, even though a particular emphasis is placed here on the enthalpy di↵usion
and the computation of the average specific heat c̃p, it should be highlighted that our
proposed formulation expands further than this, through the use of the absolute value
operator as an extension toward more general condensation/evaporation scenarios, the
consistent incorporation of convection and Stefan flow e↵ects, and also through its
coupling with a robust mass transfer counterpart validated in [3]. In this way, we high-
light that this proposed novel heat and mass transfer coupled formulation is structurally
di↵erent from previously mentioned approaches in the literature.

5. Results

Four di↵erent liquid mixtures are studied that can represent typical fuels or fuel addi-
tives to measure the impact of including the enthalpy di↵usion. Single-droplet simula-
tions are conducted, with droplets composed of ethanol and water (E/W), ethanol and
iso-octane (E/O), acetone, ethanol, butanol, and water (A/E/B/W) and finally n-octane,
n-decane, n-dodecane, n-tetradecane, and n-hexadecane (Alk), with their initial com-
positions listed in Table A.2.

Shared parameters to all simulations conducted in our study are the droplet’s initial
temperature and velocity, Td,0 = 300K and Ud,0 = 0m/s respectively. The droplet
velocity is left free and thus varies throughout its lifetime, such that Ud ! U1 as the
momentum relaxation time is reached. Four other main parameters have been varied
in the simulations: the droplet’s initial diameter D0, surrounding gas velocity U1,
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surrounding gas temperature T1, and surrounding gas composition Y1. The numerical
study swept droplets with initial diameters spanning the range 10µm < D0 < 40µm and
surrounding gas velocity 0m/s < U1 < 30m/s. However, for all results depicted here,
the initial diameter D0 = 20µm and the surrounding velocity U1 = 10m/s are fixed,
since their variation was not impactful for the analysis of enthalpy di↵usion models.

Simulations are conducted with only air as the inert species, such that ⌦ is air in Eq.
37, and the presence of fuel vapors in the atmosphere was varied as follows. First,
each droplet is exposed to a pure air atmosphere as a control case, namely [⌦] = 1.0
or equivalently Y1 = 0 for all fuels. This control case is referred to here as "Air". For
the other cases, fuel concentrations are varied in terms of the Relative Vapor Presence
(RVP) parameter 0 < �RVP

i < 1:

X1i = �
RVP
i

"
psat,i(T = Td,0 = 300K)

patm

#
, (43)

which is here used to compute a molar fraction characterized by the ratio of the vapor
pressure for each species at the droplet’s initial temperature (300K) to the maximum
theoretical value corresponding to the atmospheric pressure patm = 101325Pa. All
depicted test cases are summarized in Table A.3, using the �RVP

i factor from Eq. 43 for
each liquid composition. The remaining molar fraction at infinity is always attributed
to air through Eq. 37.

A first comparison is reported between Figs. A.1 and A.2, where only the surrounding
composition is changed, from E/W-Air in Fig. A.1 to E/W-RVP in Fig. A.2, following
Table A.3. In both figures, enthalpy di↵usion e↵ects are not impactful, with all three
models for the specific heat yielding essentially the same results in terms of mass and
heat transfer rates. Still, in Fig. A.2, it is possible to see that a significant di↵erence
is present for the average specific heat c̃p. This is because of local water condensation
(positive mass transfer rates for water, i.e., ṁd,H2O > 0) while ethanol, the second
component, exhibits a negative mass transfer. As previously mentioned, since mass
fractions Yk are always bounded between 0 and 1, fractional evaporation rates "k can
be negative or exceed 1, a more significant di↵erence between average specific heats c̃p
can generally be expected for such cases. Still, for these low-temperature scenarios, the
e↵ect of the inclusion of enthalpy di↵usion is negligible. This can be readily justified
through Eq. 33, where it is seen that if the temperature di↵erence |T s � T1| is small,
then ln(1 + BT )! BT , cancelling out the c̃p inside the BT expression with the other c̃p
outside of it, functionally eliminating the dependency on this average specific heat.

With this first observation in mind, it was found that in general the most critical param-
eter that highlights di↵erences among strategies for handling the enthalpy di↵usion was
the surrounding gas temperature T1. It was observed that as the temperature increases,
the impact is accentuated, especially for the c̃p,8 average specific heat formulation that
takes into account all gaseous species. This is directly visible when now comparing
Figs. A.2 and A.3, which still depict the E/W-RVP liquid composition from Table A.3,
but now at di↵erent temperatures, T1 = 300.01K versus T1 = 1800K, respectively.
It is remarkable that the strategy that neglects enthalpy di↵usion by assuming equal
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specific heats with only fuel contributions, c̃p,F in Table A.1, can predict similar re-
sults to c̃p,", which incorporates enthalpy di↵usion consistently, as seen in Fig. A.3.
This contrasts with the cp,8 formulation, which impacts the overall droplet lifetime of
around 30%. Even though this impact depends only on the choice of the average spe-
cific heat, a main quantity for the energy formulation, di↵erences in normalized heat
transfer rates still appear to not be too significant, so care must be taken when analyzing
these metrics.

In Figs. A.4, A.5 and A.6, results are presented for the remaining liquid compositions
from Table A.3. Due to the mentioned small importance of the average specific heat
for low-temperature scenarios, only results for high temperatures are depicted. For
all droplet compositions, we see that neglecting enthalpy di↵usion when taking inert
species into account, i.e., c̃p,8, tends to have a greater impact on mass transfer rates, as
opposed to heat transfer rates. Again, this may reinforce the idea that heat and mass
transfer are strongly coupled since the specific heat is an energy-related parameter.
Also, impacts are typically manifested through an "anticipative" behavior - for exam-
ple, mass tends to be released "sooner" when neglecting enthalpy di↵usion with inert
species taken into account in the specific heat. This may be quite impactful for spray
combustion applications when trying to predict a flame structure that accounts for all
participating fuel species. This behavior also leads to higher droplet lifetime predic-
tions when consistently including enthalpy di↵usion e↵ects, which is also among the
conclusions presented by Lupo and Duwig [15]. It is also possible to justify this using
a simple physical analysis. As seen in Figs. A.3 or A.4 for example, the inclusion of
inert species reduces the specific heat of the gaseous mixture. Since the specific heat is
a measure of how much energy is necessary to raise the temperature of a mixture, this
means that for a given supplied heat, more of it would be available to reach the surface
of the droplet if a smaller specific heat is computed. This supplementary energy is then
used to heat the droplet more quicker, leading to faster evaporation rates.

To better quantify the impact of high-temperature environments when taking inert
species into account, simulations following the same cases as in Figs. A.3-A.6 were
performed but with increasing surrounding gas temperature, from T1 = 300.01K to
T1 = 1800K in increments of �T1 = 100K. The following metric is then defined:

�tevap(%) =
0
BBBBB@

tc̃p,"
evap � tc̃p,8

evap

tc̃p,"
evap

1
CCCCCA ⇤ 100, (44)

where tc̃p,"
evap is the time to evaporate when including enthalpy di↵usion and tc̃p,8

evap is the
time to evaporate when neglecting enthalpy di↵usion by using an average specific heat
that takes inert species into account, see Table A.1. As discussed before, the initial
diameter D0 = 20µm and surrounding velocity U1 = 10m/s are kept fixed, since they
not play a significant role in the model comparison. Results are summarized in Fig.
A.7. For all observed droplets, a relative di↵erence of 10% is already visible starting at
around T1 = 700K. Since realistically even higher values of T1 can be expected for
spray combustion applications, the use of the cp,8 strategy is not recommended. It is to
be noted that the same overall trend can be seen for all droplet compositions.
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Still, for the cases in Figs. A.1-A.6, the strategy that neglects enthalpy di↵usion with
an average specific that only considers fuel species, c̃p,F , presents a good agreement
compared to our proposed approach based on a rigorous derivation. As discussed be-
fore, di↵erences between the two strategies are expected to be bigger when fractional
evaporation rates become negative, i.e., "k < 0. This happens when some species have
an opposite mass transfer mechanism to the global one; for example, one species is
condensating even though the droplet is globally evaporating (or vice-versa). To this
merit, in Fig. A.8 it is possible to see that indeed not much di↵erence is seen be-
tween fractional evaporation rates and normalized fuel mass fractions for the A/E/B/W
droplet (same simulation as in Fig. A.5), even though fuel vapors from all species are
present in the surrounding atmosphere. This motivates the search for cases where such
di↵erences may be significant.

In this optic, we now place droplets in flame-like conditions, by imposing fixed pro-
files for surrounding temperature, composition, and velocity following the theoreti-
cal framework described in [5] for one-dimensional premixed laminar flames. The
droplet’s position is tracked while it advances toward the flame. As a result, the droplet
is impacted by varying conditions at infinity. Main details of this theoretical tool can be
found in Appendix A. The flame used here was based on the one-step, stoichiometric
combustion of ethanol, and droplets composed of an acetone / ethanol / butanol / water
mixture were studied with varying initial compositions to try to map the impact of con-
sistently including enthalpy di↵usion. As seen in the Appendix, ethanol will be present
as a fuel vapor initially, and then will phase out in favor of water, a combustion product.
Also, for all cases with the imposed theoretical flame, the droplet’s initial velocity was
imposed to match the inlet velocity, i.e., Ud,0 = 0.5m/s. Coupled with the rising tem-
perature, this dynamic is expected to stress the system and make fractional evaporation
rates di↵er more from mass fractions. We omit results with the cp,8 approach on the
following figures for conciseness.

In Fig. A.9, a case using the flame-like conditions keeping the original A/E/B/W
droplet composition from Table A.2 is plotted. Indeed, di↵erences between average
specific heats are visible, specifically at the beginning and at the later stages of the
droplet’s lifetime. Initially, a low-temperature scenario is present, such that this di↵er-
ence does not impact other metrics, as expected. It is seen however that mass transfer
rates for ethanol and butanol start to deviate by half of the droplet’s lifetime. This im-
pact is also seen through a larger peak of normalized heat transfer rates for the c̃p,F
approach. Fig. A.10 further expands this examination, with plots for fractional evap-
oration rates versus gaseous mass fractions and the droplet’s inner composition. As
expected for this more complex case, a significant di↵erence between fractional evap-
oration rates and gaseous mass fractions is observed, especially at the first moments
of evaporation. Still in Fig. A.10, the right image reveals that almost no di↵erence
is perceptible concerning the sequence and time in which species start to leave the
droplet.

In Fig. A.11, results for a di↵erent droplet are now depicted. Initial mass fractions in-
side the droplet are Yd,0,A = 0.4, Yd,0,E = 0.4, Yd,0,B = 0.1, and Yd,0,A = 0.1 for acetone,
ethanol, butanol and water, respectively. This can be regarded as a droplet dominated
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by the most volatile compounds. Particular focus is given to the later stages of evapora-
tion, where average specific heats separate sharply in di↵erent directions. This is better
explained through Fig. A.12, where it is seen that the two di↵erent approaches predict
completely di↵erent final compositions: the c̃p," approach predicts that the droplet will
converge toward a single-component butanol droplet, whereas the c̃p,F approach pre-
dicts a single-component water droplet. As discussed in [3] for instance, the sequence
in which species evaporate from a droplet can be a critical parameter for validating
models seeking to describe biofuel mixtures. Specifically, the A/E/B/W droplet mix-
ture was chosen to illustrate these conclusions since acetone/butanol/ethanol (ABE)
blends can be a useful additive to enhance combustion characteristics, as seen in [40]
and [41] for instance. Moreover, water is also included here as a fourth component due
to its presence in the atmosphere.

It should be noted that these results are performed in a one-way coupling framework,
such that the released vapor does not interfere with the flame dynamics. This is reason-
able since a single droplet is being injected toward the flame. It is fair to assume that
di↵erences between specific heat approaches and the inclusion of the enthalpy di↵usion
should be even more pronounced when multiple droplets are present and droplet-flame
interaction is rigorously accounted for.

6. Summary and conclusions

A general energy equation was derived in this work to describe the droplet heat transfer
independently from any choice concerning the mass di↵usion closure, i.e., the model-
ing of the di↵usion velocities in a multi-component mixture. The point of departure
is the general conservation equations of mass, species, and energy, and with common
hypotheses enforced, a reference framework was developed. Through the proposed
path of derivation, the e↵ects of enthalpy di↵usion, gas-phase convection, and Stefan
flow can all be rigorously incorporated. Furthermore, the resulting model equations do
not possess mathematical constructs that may complexify their numerical implemen-
tation or analytical structure. Simulations have then been systematically conducted to
evaluate the incorporation of the enthalpy di↵usion in droplet phase-change scenar-
ios. For that, ambient gas and droplet initial parameters were varied to map conditions
representative of spray combustion. In particular, a theoretical one-dimensional pre-
mixed flame was also used to represent a more complex scenario, where surrounding
conditions may vary during the droplet’s lifetime.

Throughout the derivation process, the proposed general multi-component formula-
tion was clearly shown to degenerate into the energy results of the so-called Abram-
zon and Sirignano model [23], a validated single-component formulation. It is thus
demonstrated that to obtain their established energy formulation, a development from
conservation equations must consider not only the Stefan flow, as discussed in their
original publication, but also enthalpy di↵usion fluxes, which were previously not de-
tailed. With this interpretation, it is possible to understand the underlying physics of
one of the most employed modeling approaches for single-component droplets.

Moreover, the resulting formulation is proposed in a framework that can handle general
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phase-change conditions, including extreme condensation scenarios where the Spald-
ing heat transfer number may be negative, i.e., BT < �1. The extension to convective
environments is also done in a consistent fashion, and the final set of equations is pre-
sented in a robust structure that avoids singularities, as done previously for the mass
transfer counterpart in [3].

Then, the impact of including the enthalpy di↵usion fluxes was evaluated following
our proposed approach against two possibilities encompassing strategies in the litera-
ture. Five parameters were varied to investigate the heat and mass transfer processes
a droplet faces in a gaseous flow: the initial droplet diameter and composition and the
gas temperature, velocity, and composition. The proposed configuration di↵ers from
the typical setup based on fixed droplets held in fibers; for this study, the droplet ve-
locity is left to vary, as expected for a droplet moving inside a combustion chamber.
In contrast to the previous studies presented in [3], not only binary but ternary, qua-
ternary, and quinary mixtures are also tested, revealing no constraints for the modeling
approach concerning the number or type of species. Non-ideal mixture e↵ects were
incorporated with the UNIFAC activity coe�cient method.

At first, results showed that the impact of including the enthalpy di↵usion is expres-
sive for high-temperature environments, specifically when assuming an equal specific
heat that considers all gaseous species (cp,8). For these simpler cases, neglecting
the enthalpy di↵usion by means of an average specific heat that only considers fuel
species, c̃p,F , proved to be a suitable approximation. This motivated using a theoretical
flame tool, first deployed in [3], to generate variable surrounding conditions during the
droplet lifetime while still keeping a scope oriented toward spray combustion applica-
tions. In this more complex case, di↵erences were spotted concerning the release order
of individual species, as well as di↵erent peaks for the heat transfer rate and species’
mass transfer rates. Even though this is an uncoupled theoretical tool, it highlights
a sensibility that the c̃p,F approach may face in more severe phase-change scenarios,
where mass fractions simply cannot capture the same physics as in our proposed frame-
work.

In summary, we encourage the implementation of the proposed formulation for any
gas-phase droplet phase-change treatment that shares the same fundamental hypothe-
ses as those established for the derivation of this work. Further extensions can be done
to relax some of the employed simplification hypotheses assumed here, including an
extension to more general droplet shapes, as well as its coupling with other mass trans-
fer formulations, which will be the subject of future works.
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Appendix A. Theoretical one-dimensional flame developments

Following the developments in [5], the following equations are presented to generate
an one-dimensional premixed laminar flame. First, the progress variable 0 < ⇥ < 1,
which is a function of the position x, is defined as:

⇥(x) =
 
1 � 1
�

!
exp

 x
�

�
, if x < 0, (A.1a)

⇥(x) = 1 � 1
�

exp
"
(1 � �)x
�

#
, if x � 0, (A.1b)

where the first rate parameter �, the second rate parameter ↵ and the di↵usional flame
thickness � are defined as:

� = ↵
✓TA

T b

◆
, (A.2a)

↵ =
(T b � T u)

T b , (A.2b)

� =
Du

th

sL
, (A.2c)

where TA = EA/R is the activation temperature, with EA being the activation energy
of the single-step chemical reaction and R the universal gas constant, T u and T b are
the temperatures of the unburnt and the burnt state respectively, Du

th = �
u/(⇢ucu

p) is the
thermal di↵usivity of the unburnt state, and sL is the laminar flame speed.

With the progress variable, it is possible to define the temperature, velocity and mass
fractions profile that the droplet will face at the far-away state:

T1(x) = ⇥(x)(T b � T u) + T u, (A.3a)

U1(x) = Uinlet + sL

 
T1(x)

T u

!
, (A.3b)

Y1Fuel(x) = Yu
Fuel (1 � ⇥(x)) , (A.3c)

where Uinlet and Yu
Fuel are the pre-defined velocity and fuel mass fractions at the inlet

of the laminar flame. For our case, there is only a single fuel to characterize the flame,
and the combustion reaction is stoichiometric, i.e., Yu

Fuel = Y st
Fuel.

The progress variable equations are defined for �1 < x < 1, but for convenience the
study is here limited to a finite region scaled symmetrically through the flame thickness,
e.g., ��� < x < ��, with � being an arbitrary scaling factor. The droplet’s position is
handled such that x = 0 at the start of the simulation, and so the symmetric region is
shifted to only comprise positive numbers, i.e., 0 < x < 2��.

For this specific study, the following parameters were used:

• T u = 300.01K;

• Uinlet = 0.5m/s;
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• sL = 0.5m/s;

• � = 6;

• EA = 30kcal/mol! TA ⇡ 15096.6K.

The following single-step ethanol combustion reaction was used to generate the flame:

C2H5OH + 3O2 + 11.28N2 ! 2CO2 + 3H2O + 11.28N2

The burnt flame temperature was computed following the methodology in [5], consid-
ering the present species in the adopted combustion reaction for ethanol. Assuming
that each species has its own specific heat, the computed value is T b ⇡ 1886.4K. The
stoichiometric mass fraction for ethanol is computed as Y st

Fuel ⇡ 0.1006, and the ther-
mal di↵usivity at the unburnt state was computed as being Du

th ⇡ 1.89x10�5. With that,
the flame parameters are computed as ↵ ⇡ 0.841, � ⇡ 6.73 and � ⇡ 3.78x10�5. In Fig.
A.13, the profiles for temperature, velocity and mass fractions that the droplet face at
infinity are plotted.
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Nomenclature Definition Enthalpy di↵usion

c̃p," c̃p =
PN

k=1 "kcp,k Included

c̃p,8 c̃p =
PN

k=1 Ykcp,k Neglected

c̃p,F c̃p =
PN

j2vapors Y jcp, j
PN

j2vapors Y j
Neglected

Table A.1: Average specific heats used in Eq. 33, allowing for di↵erent strategies to incorporate or not
enthalpy di↵usion e↵ects.
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Droplet Initial composition (mass fractions)

E/W [C2H5OH] = 0.95, [H2O] = 0.05

E/O [C2H5OH] = 0.2, [C8H18] = 0.8

A/E/B/W [C3COCH3] = 0.3, [C2H5OH] = 0.1,

[C4H9OH] = 0.55, [H2O] = 0.05

Alk [C8H18] = 0.05, [C10H22] = 0.15,

[C12H26] = 0.4, [C14H30] = 0.25,

[C16H34] = 0.15

Table A.2: Initial droplet compositions in mass fractions used in the numerical investigations of this section.
"E/W" refers to ethanol/water, "E/O" to ethanol/iso-octane, "A/E/B/W" to acetone/ethanol/butanol/water,
and "Alk" to n-octane/n-decane/n-dodecane/n-tetradecane/n-hexadecane.
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Denomination Surrounding gas composition

E/W-Air �RVP
C2H5OH = 0, �RVP

H2O = 0

E/W-RVP �RVP
C2H5OH = 0, �RVP

H2O = 0.90

E/O �RVP
C2H5OH = 0.1, �RVP

C8H18
= 0.3

A/E/B/W �RVP
C3COCH3

= 0.1, �RVP
C2H5OH = 0.05

�RVP
C4H9OH = 0.25, �RVP

H2O = 0.6

Alk �RVP
C8H18

= 0.1, �RVP
C10H22

= 0.1,

�RVP
C12H26

= 0.4,

�RVP
C14H30

= 0.3, �RVP
C16H34

= 0.2

Table A.3: Surrounding gas compositions used in the numerical investigations of this section. In the
first column, denominations are presented for respective droplets of Table A.2, with "E/W" referring to
ethanol/water, "E/O" to ethanol/iso-octane, "A/E/B/W" to acetone/ethanol/butanol/water and "Alk" to n-
octane/n-decane/n-dodecane/n-tetradecane/n-hexadecane. The relative vapor presence parameter �RVP

i is
used in Eq. 43 to obtain molar fractions.
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Figure A.1: Ethanol/water (E/W) droplet with D0 = 20µm, Td,0 = 300K, T1 = 300.01, Ud,0 = 0m/s, and
U1 = 10m/s. The surrounding gas composition is "E/W-Air" from Table A.3. Results are displayed for the
non-dimensional global mass transfer rate ṁ/ṁ0, non-dimensional heat transfer rate Q̇/Q̇0, average specific
heat c̃p and individual mass transfer rates ṁk for each species, versus a reduced time t/D2

0.
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Figure A.2: Ethanol/water (E/W) droplet with D0 = 20µm, Td,0 = 300K, T1 = 300.01, Ud,0 = 0m/s, and
U1 = 10m/s. The surrounding gas composition is "E/W-RVP" from Table A.3. Results are displayed for the
non-dimensional global mass transfer rate ṁ/ṁ0, non-dimensional heat transfer rate Q̇/Q̇0, average specific
heat c̃p and individual mass transfer rates ṁk for each species, versus a reduced time t/D2

0.
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Figure A.3: Ethanol/water (E/W) droplet with D0 = 20µm, Td,0 = 300K, T1 = 1800, Ud,0 = 0m/s and
U1 = 10m/s. The surrounding gas composition is "E/W-RVP" from Table A.3. Results are displayed for the
non-dimensional global mass transfer rate ṁ/ṁ0, non-dimensional heat transfer rate Q̇/Q̇0, average specific
heat c̃p and individual mass transfer rates ṁk for each species, versus a reduced time t/D2

0.
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Figure A.4: Ethanol/iso-octane (E/O) droplet with D0 = 20µm, Td,0 = 300K, T1 = 1800, Ud,0 = 0m/s
and U1 = 10m/s. The surrounding gas composition is "E/O" from Table A.3. Results are displayed for the
non-dimensional global mass transfer rate ṁ/ṁ0, non-dimensional heat transfer rate Q̇/Q̇0, average specific
heat c̃p and individual mass transfer rates ṁk for each species, versus a reduced time t/D2

0.
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Figure A.5: Acetone/ethanol/butanol/water (A/E/B/W) droplet with D0 = 20µm, Td,0 = 300K, T1 = 1800,
Ud,0 = 0m/s and U1 = 10m/s and surrounding gas composition from Table A.3. Results are displayed
for the non-dimensional global mass transfer rate ṁ/ṁ0, non-dimensional heat transfer rate Q̇/Q̇0, average
specific heat c̃p and individual mass transfer rates ṁk for each species, versus a reduced time t/D2

0. In the
bottom right image, both approaches that neglect enthalpy di↵usion are depicted with the same color for
clarity.
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Figure A.6: N-octane/n-decane/n-dodecane/n-tetradecane/n-hexadecane (Alk) droplet with D0 = 20µm,
Td,0 = 300K, Ud,0 = 0m/s and T1 = 1800, U1 = 10m/s and surrounding gas composition from Table A.3.
Results are displayed for the non-dimensional global mass transfer rate ṁ/ṁ0, non-dimensional heat transfer
rate Q̇/Q̇0, average specific heat c̃p and individual mass transfer rates ṁk for each species, versus a reduced
time t/D2

0. In the bottom right image, both approaches that neglect enthalpy di↵usion are depicted with the
same color for clarity.
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Figure A.7: Normalized evaporation time di↵erence as described by Eq. 44 for simulations withD0 = 20µm,
Td,0 = 300K, Ud,0 = 0m/s and U1 = 10m/s. The surrounding gas composition for the "E/W" droplet is
"E/W-RVP" from Table A.3. Surrounding gas temperature is varied from T1 = 300.01K to T1 = 1800K in
increments of �T1 = 100K.
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Figure A.8: Acetone/ethanol/butanol/water (A/E/B/W) droplet with D0 = 20µm, Td,0 = 300K, T1 =
1800, Ud,0 = 0m/s and U1 = 10m/s and surrounding gas composition from Table A.3 (same case as Fig.
A.5). Results are displayed for the fractional evaporation rates or mass fractions, for models c̃p," and c̃p,F
respectively as defined in Table A.1, versus a reduced time t/D2

0.
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Figure A.9: Acetone/ethanol/butanol/water droplet with the A/E/B/W composition as in Table A.2, D0 =
20µm, Td,0 = 300K and Ud,0 = 0.5m/s. Surrounding conditions vary following a theoretical flame detailed in
Appendix A. Results are displayed for the non-dimensional global mass transfer rate ṁ/ṁ0, non-dimensional
heat transfer rate Q̇/Q̇0, average specific heat c̃p and individual mass transfer rates ṁk for each species, versus
a reduced time t/D2

0.
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Figure A.10: Acetone/ethanol/butanol/water droplet with the A/E/B/W composition as in Table A.2, D0 =
20µm, Td,0 = 300K and Ud,0 = 0.5m/s. Surrounding conditions vary following a theoretical flame detailed
in Appendix A. Results are displayed at the left for the fractional evaporation rates or gaseous mass fractions
and at the right for mass fractions of each species inside the droplet, versus a reduced time t/D2

0.
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Figure A.11: Acetone/ethanol/butanol/water droplet with initial composition Yd,0,A = 0.4, Yd,0,E = 0.4,
Yd,0,B = 0.1, Yd,0,A = 0.1, and D0 = 20µm, Td,0 = 300K and Ud,0 = 0.5m/s. Surrounding conditions vary
following a theoretical flame detailed in Appendix A. Results are displayed for the non-dimensional global
mass transfer rate ṁ/ṁ0, non-dimensional heat transfer rate Q̇/Q̇0, average specific heat c̃p and individual
mass transfer rates ṁk for each species, versus a reduced time t/D2

0.
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Figure A.12: Acetone/ethanol/butanol/water droplet with initial composition Yd,0,A = 0.4, Yd,0,E = 0.4,
Yd,0,B = 0.1, Yd,0,A = 0.1, and D0 = 20µm, Td,0 = 300K and Ud,0 = 0.5m/s. Surrounding conditions
vary following a theoretical flame detailed in Appendix A. Results are displayed at the left for the fractional
evaporation rates or gaseous mass fractions and at the right for mass fractions of each species inside the
droplet, versus a reduced time t/D2

0.
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Figure A.13: At the left, temperature (T ) and velocity (U) profiles and at the right, mass fraction (Y) profiles
generated using parameters described in this appendix for a single-step, one-dimensional premixed ethanol
laminar flame.
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Nomenclature

BM Spalding mass transfer number
BT Spalding heat transfer number
cp Gaseous specific heat at con-

stant pressure for the whole
gaseous mixture (J/(kg · K))

c̄p Gaseous specific heat at con-
stant pressure when the as-
sumption of equal specific heat
for all species is made (J/(kg ·
K))

c̃p Gaseous specific heat at con-
stant pressure used to compare
di↵erent models, per Eq. 33
(J/(kg · K))

cL Average specific heat for
the liquid mixture inside the
droplet (J/(kg · K))

cp,I Gaseous specific heat at con-
stant pressure for the single
inert species when consider-
ing a single-component droplet
(J/(kg · K))

cp,k Gaseous specific heat at con-
stant pressure for species k
(J/(kg · K))

cp,V Gaseous specific heat at con-
stant pressure for the single
fuel vapor species when con-
sidering a single-component
droplet (J/(kg · K))

D0 Droplet initial diameter (m)
Dk Average multi-component dif-

fusion coe�cient between
species k and the remainder of
the multi-component mixture
(m2/s)

Dk, j Binary di↵usion coe�cient be-
tween species k and j in a bi-
nary mixture (m2/s)

D̃k, j Binary di↵usion coe�cient
between species k and j in
a multi-component mixture
(m2/s)

DT
k, j Thermal di↵usion coe�cient

between species k and j
(kg/(m · s))

fk Volumetric forces field on
species k (N)

hs Sensible enthalpy (J/kg)
Lk Latent heat of vaporization for

species k (J/kg)
md Droplet mass (kg)
ṁ Gaseous mass transfer rate

(kg/s)
ṁd Droplet mass transfer rate,

ṁd = �ṁ (kg/s)
ṁk Mass transfer rate of species k

(kg/s)
Nu0 Nusselt number in the absence

of Stefan flow e↵ects
Nu⇤ Nusselt number with Stefan

flow e↵ects
p Pressure field (Pa)
qR Radiative flux (W/m2)
Q̇ Heat transfer rate (J/s)
Q̇d Heat transfer rate from the

droplet’s perspective, Q̇d = �Q̇
(J/s)

r Radial coordinate
R Universal gas constant (J/(mol·

K))
Rd Droplet instantaneous radius

(m)
S h⇤ Sherwood number with Stefan

flow e↵ects
t Time (s)
tevap Droplet lifetime (s)
T Temperature (K)
Td,0 Droplet initial temperature (K)
T s Temperature at the surface of

the droplet (K)
T1 Temperature far away from the

droplet (K)
u Velocity field (m/s)
Ud,0 Droplet initial velocity (m/s)
U1 Surrounding field velocity

(m/s)
vD

k Mass di↵usion velocity of
species k (m/s)

vm
k Average molecular velocity of

species k (m/s)
Wk Molar weight of species k

(kg/mol)
Xk Molar fraction of species k
Yk Mass fraction of species k
�T Thermal boundary layer thick-

ness (m)
"k Fractional evaporation rate of

species k, "k = ṁk/ṁ
� Thermal conductivity (W/(m ·

K))
⇢ Density (kg/m3)
⌧ Viscous tensor (Pa)
�RVP

k Relative vapor presence param-
eter for species k, as per Eq. 43

!̇c Chemical reactions energy
source term (W/m3)

!̇k Chemical reaction source term,
species k (kg/(m3 · s))
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