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1 | INTRODUCTION

Our aim in this paper is to give a positive solution for the denominated “the #,-problem” (see
[6, p. 138]) in certain Banach spaces. Indeed, in 1977 Valdivia [15] showed that a complex Banach
space E is reflexive if and only if every weakly continuous function on bounded sets is weakly
uniformly continuous on E. Motivated by this result Aron et al. [1] showed that for every Banach
space E, every polynomial which is weakly continuous on bounded sets of E is uniformly con-
tinuous. So, the reflexivity is not a necessary condition for the polynomial case. A holomorphic
version of this problem was proposed by these authors and it is considered an open problem.

Problem1.1. If f : E — Cisaholomorphic function which is weakly continuous on bounded sets
is f weakly uniformly continuous?

Dineen in [7] showed that this question has a positive answer if E = ¢, (the spaces of all null
sequences). A careful analysis of the techniques given by Dineen allows us to conclude that the
results follows true for all Banach space with unconditional and shrinking basis. So the reflexivity
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of E is not a necessary condition for giving a positive answer to Problem 1.1. In [2] there is a
version of this result generalized to functions defined in balanced open sets of a Banach space
E, with unconditionally and shrinking basis. The name given to Problem 1.1 must be awarded to
Aron et al. [1], who proved that a positive answer to Problem 1.1 for #,, the spaces of summable
sequences, implies a positive answer for all Banach spaces E.

A partial answer to Problem 1.1 was given, by the author of this paper, in [3] for separable dual
Banach space. However, some years later Valdivia found some mistakes in the technique used.

In this paper we extend the result of Dineen given in [7], and we show that Problem 1.1 has
a positive answer when the Banach E has the U-property and does not have a copy of #;. We
finished the paper giving some examples.

2 | NOTATION AND BASIC DEFINITIONS

Now we give some notation. Let E be a complex Banach space with unity sphere S(E) and with
dual space E’. We denote by P("E, F) the space of all continuous n-homogenous polynomials and
by H(E, F) the space of all entire functions from E into F. We denote by H, (E, F) the space of
all functions in H(E, F) which are bounded on weakly compact subsets of E and by H,(E, F) all
functions in H(E, F) which are bounded on bounded subset of E. If F = C, as usual we denote

P("E) :=P("E,F)and H(E) := H(E,C). For each P € P("E) we denote bylVJ the unique contin-
uous n-linear symmetric mapping associated to P. If f : E — C is a function and Q is a compact
subset of E, we denote || |l = sup,eq | f ()], the uniform norm of f on Q.

For background material about polynomials and holomorphic functions in Banach spaces, we
refer the reader to [12] or [6].

Let (y;) be a sequence in E. Consider the formal series y = Zzl y; and for each m,n € N, 0 <
m < n, define

n

n
q"y =) yrandqly i= Y ¥

i=1 i=m+1

Let (P,) C P("E, F) be a sequence of n-homogeneous polynomials where, n = 1,2, ... and (m;) C
N a strictly increasing sequence (m,, := 0). Then, if n > m;, we obtain by Leibniz‘s formula [12,
Theorem 1.8] the following inequality:

n

1P.(@" DIl = ;) j!(nn—ij)llv’n <(q’"l ' (a,y )n_j>
“ ! M m i n =i
<X e (@ (a2) )|

Thus for some j, , € Nwith 0 < j, , <nwe have

n!

jn,mll(n - jn,ml >!

[P.(@" )| < (n+1)

\ . n=jpm
P, <(q”’1y)1”"”1 (qfn1y> ] > H
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128 | CARRION V.

If n > m, take
M m ] n n_jn,ml
QW) =Py ((q ty)mm (qmly) >
then using again the Leibniz‘s formula, we obtain

n— i .
Jnmy (I’l —Jnm )l

OEEDY

17 (= G, )"

\ ; ] n_jn,m _j
P, <(qm1y)1n,m1 <QZfJ’> <q}r1,,2y> 1 >
Now for some j, ,,, € Nwith 0 < j, ,, <71 — jp,, We have that

(I’l - jn,m1>!

1R < (7= Jium, +1)- —
Jn,mz!(n - .]n,ml - Jn,mz)!

M ; jn,m n_jn,m _jn,m
Pn<(qmlJ’)J””"l (amey)™ " (any) ™" 2)

X

Set dn,O -=n, dn,l =n- Jn,my> dn,z =n-— Jnmy = Jnm,-

Therefore

n!

IPu(a" O] < (1 +1)- (= Jnm, +1)

Jn,ml!(n - jn,rnl)!

<n —jn,ml)!

jn,m2!<n - jn,ml - jn,m2>!

M ; jn,m n_jn,m _jn,m
Pn<(q’”1y)’"v'"1<qﬁfy) (any) 2)

X

X

]n,m1 !]n,m2!<n - ]n,ml - .}n,m2>!

M ; jn,m n_jn,m _jn,m
Pn<(qml)’)h”’"1 (aney)™"(any) ™™ 2)‘

n!

=n+ 1)<n = Jnm, T 1)

X

|
= (dpo+1)(dy; +1)- n =

.]n,ml Un,mz *“n2°

M z jn,m dn,Z
Pn<(q’"1y)’"v’"1<q$fy) 2(q,’;%y) )

X
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By induction we obtain for n > m

n!

1P OV < TG (s + 1) — @D

S=1Jn,ms'dn,k!

< st(H’;l(qr’ﬁz-xy))j”’ms-(qﬁ«é”)dw)H’

where for all r with 0 < r < k, we have that 0 < Y7 _, Jnm, <n,and

v
dn,r =n- Zjn,mk’
k=0

(nm, 1= 0). Now, by the Cauchy’s inequality combined with [12, Corollary 7.10] we have

|
P OD < T (dy g + 1)
§= 1Jnm dnk

M jn,ms dn,k
| (1 ()™ () ™)

k
P, (Z O’ , () + Orci1dpy, (y)> “
s=1

< HIS‘:‘O1 (dps+1) sup
|QS|=1

Theses inequalities will be used extensively throughout this article.
The following result is well known, see [6], we include it here for the sake of the reader.

Lemma 2.1. Let (P,),5, be a sequence of polynomials such that for all n € N, we have P, €
P("E,F). Then

1) f=2,P, € HE,F)ifand only iflimsup, ||P, ||1/” = 0 for all compact subsets K of E;

@) f=2,P, € Hy,(E F)ifand only iflimsup, [P, ||1/" = 0 for all relatively compact subsets W
of E;

(3) f=2,P, € H(E,F)ifandonly iflimsup || P, ||§g)

Lemma 2.2. Let (d,) C N be a strictly increasing sequence with d,, < n, for every n. For each n let
P, € P(“E) be a polynomial of degree d,,. Suppose that

@ G Gps > Gidn C N are sequences such that 0 < Y5 _, ju < 1, for everyn € N,

) W On2dns > Onidn C E are weakly convergent sequences to y, € E, k = 1,2, ...,1,

(3) (Q,) is a sequence of homogeneous polynomials with degree deg(Q,) :=d,; :=n— Z;;o Jnk
(jno := 0), defined by:

- d! Yo i
Q) =TI (e + 1) P (T (v =) ™ ).
k=1]n,k' n,i*
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130 | CARRION V.

Suposse in addition that for all weakly compact subsets W of E, (P,,) satisfies that
1
limsup ||P,||;;, = 0.
n
Then for all weakly compact subsets W of E we have

1
limsup ||Q,||;;, = 0.

Proof. Let W be a weakly compact subset of E. By the Eberlein—-Smulian theorem, it is not difficult
to verify that the set

i
ORW = {Zak(yn,k—yk) +6,1x 1 n>1,|6] =1,k=1,2,...,i+1,er}
k=1

is a relatively weakly compact set of E. Since

M (dnye +1)" <(dy + D7 < (n+1)n,

then by the the Cauchy’s inequality we have

i 1
|Qn(x)|1/n — 1 (dy e+ 1)
1
d,! v _ . L
an (szl (yn,k - yk)]"’kxdn,i )
k=1/n.k%n,i-
1

) i
g(dn'i'l); sup Pn<zek(yn,k_yk) +ei+1x>
k=1

16c]=1
i 1
<@+ D) |Puflgguw
i 1
<+ )Pl

where ® ® W is the closure in the weak topology of ® @ W in E. Since x € W is arbitrary, we
have

1 i 1
n < ; n .
|1Qully < (2 + D)7 ||Po 5
By hypothesis we have that lim sup,, ||P,, ||;g == 0. So the claim follows. O
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ENTIRE FUNCTIONS ON BANACH SPACES WITH THE U-PROPERTY 131

3 | RESULTS

In 1983 Dineen [7] showed that if E = ¢, the space of null sequences, then

Hy(co) = Hp(co)-

Here we extend this result to Banach spaces E with the U-property and without a copy of #;.
Now, we recall that a series )..° | y; in E is weakly unconditionally Cauchy (wuC)if for all p € E’,
we have that 221 lo(y;)| < oo.If the series Zz 1 Vi iswuC and (ny), (my,) are sequences of strictly
increasing positive integers with m; < n_ for all k, the sequence (Z?z"mk ¥i)x weakly converges to
zero. Also if (@;) is a scalar sequence with lima; = 0, then Y | a; ¥, converges unconditionally
in norm, see [11] or [4].

Definition 3.1. A Banach space E is said to have the U-property if for every weakly Cauchy
sequence (x,) C E, there exists a wuC-series ), y; such that the sequence (x,, — Y\, ¥;),5; con-
verges to zero in the weak topology.

This property was defined by Pelczynski in [14].

Lemma 3.2. Let E be a Banach space, ). i>1 Yir @ weakly unconditionally Cauchy series and r € N.
Suposse that (d,,, ), (n;) are strictly increasing sequences of positive integers and (P, ) is a sequence of
polynomials such that:

(1) foreveryi €N,

dni S nl;
(2) foreveryi €N, P, € P(d"iE) and
1
P, <Z ys> >1;
s=1
(3) for all weakly compact subsets W of E
lim sgp | Py, w= 0.

Then, there are a positive integer my and sequences (i(t));, (1)), ( Jn, (z)’ml)t of positive integers
such that:

ey)

(a) The sequences (i(t));, (nyy);, and (d,, = — jnim’m1 ); are strictly increasing with

Ri(r)
(miy), € (my),
i(1)>r,

ni(1)>m1 .
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132 | CARRION V.

(b) Foreveryt € N,

0< j”i(t)’Wh < d";(t)‘

(2) The limit

jni m
§ :=lim —2~
SRL )
existsand 0 < 6 < 1.
(3) Foreveryt € N,
(a)
jn» m
i(t)""1
7T <28,
Mir)
and
(b)
d,
1< <dn + 1> . i)
i(t) ,]
Rj(1)»1My
v my Iny(eym M) gy gy
Pl 20 Vs
s=1 s=my+1
Proof. For each m € N, with m < n;, we have
i d,!
1<[P( Yo )| < (dn,- + 1) ‘ (3.1)
s=1 jni,m!(dni - jn,-,m)
v m jni,m n; dni _jni,
x P, [ D ¥s >
s=1 s=m+1
for some j,, ,, € Nwith j, ,, <d,, .
‘We claim that there exists a m such that
Jn
0 < liminf kil
i n

i

Jnim

Indeed, if lim inf; = 0 for all m, then given m there exists n; > m such that

i
Jnim,m

n;

1
< —.
m

m
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ENTIRE FUNCTIONS ON BANACH SPACES WITH THE U-PROPERTY 133

Now, we get

SO

lime,, =0

Jni m Jn; .m
m _ m

. s . nj
lim(a,,) "m =lime mo=1,
m m

nim
s=m+
weakly compact subsets W of Elim sup,, ||P,,||

Since the sequence (Y 1 Ys)m Weakly converges to zero, lim,, ||am(zgi LYl =0, and for all
1/n

w = 0;by Lemma 2.2 we have

1

e d, !

0 = limsup (dnl_ + 1) "im n (3.2)
" jnl—m,m!<dn,-m - jn,-m,m>

1

v m jnim m nim d"im _j"im ,m m
X \Pr, [ | @m D s >
s=1 s=m+1
On the other hand, the inequality (3.1) implies that
1
i
1 d, !
(d + 1) "im o
nl-m | d
Jn; m* n, Jn; m
m Jni m n; Ay, —jn; m nL
v i im im im im
X Py, || @m s >
s=1 s=m+1
1
Jn; m i
m” 1 dni !
m
Jn; m (dn,- In; ,m)
m m m

v m j,,im,m n, M jnl m\ | niy,
X P, [{ 2 PIR2
s=1 s=m+1
jnim,m
2 (a,) "m
jnim,m
and limsup,,(«,,,) "m = 1. This is a contradiction to (3.2).
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134 | CARRION V.

We fix m,, satisfying the above condition. Then

Jn;
0< 6 :=liminf 222
L

n;

We choose a strictly increasing sequence (i(¢)) such that (n;)) is strictly increasing

i(1)>r, njgy >m

jn», my _]'nA m
lim—2— = liminf 2L
L) P

‘]ni(t)5ml

<28, foreveryt=1,2,..
Mir)

As (n;)) C (n;) then for every ¢ we have

1< (d + 1) @
=\ i

J TORGE
v m jni(t),ml 010 d"i(t) “Injymy
x Pni(t) Z Vs 2 Vs
s=1 s=m;+1

. Jn; m T Jn; m
Now we show that lim, % < 1.1In fact, if lim, % =1, then
i(t) it)

ity = Jnygp,
‘m i) ()M -0
t 10

Asd, ;) < ny(t) then we have

n; _jn,- ,m
lim —2 O g, (3.3)
! L0

Equation (3.3) leads to a contradiction. In fact, consider

_ ")
dni _jn' m
. \ iy “Imiym -
a, i=1¢€ lf dnl-([) - Jn,-([),ml #0

1/t if dni(t) - jni@,ml =0,

d"i(t)_j"i(t)!ml
thenlim, a, = 0 and lim, «, o = 1. Now, since lim, ||oct(z:"=(’r)nl+1 ¥l = 0and Z;"zll Y, is
a fix vector of E, Lemma 2.2 implies that
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ENTIRE FUNCTIONS ON BANACH SPACES WITH THE U-PROPERTY 135

1 )

0 = limsup (dn, + 1)%
t i(t)

!
LLT0)

i | — 7 |
‘]ni(t)’ml : (dni(t) ‘]ni(t)’ml ) :

v ny Inyym Ri(r) ny gy ey | My
Pni(t) Z s % Z s
s=1 s=m+1
1
nige) “Iniym . | i)

Mi(ry”

i | —j |
‘]ni(t)’ml : (d"i(o J”i(t)’ml ) )

= lim supa, i <dni ot 1) (o)

1
v my Jnyiym i) gy =Inygeym || Moy
Pni(t) Zy i Z s
s=1 s=my+1

d”i(t) _j"i(t)-ml

. njy
> limsupa, i® =1,
¢

which is a contradiction. Thus

.]n,-(t),ml

0<d :=1lim < 1.

T0)

Finally, the sequence (d,, o~ JIn; ([),ml)t is unbounded. Otherwise

d”i(t) - J”i(t)’ml

lim| ————— ) =0
! Mi(o)
and we have already shown that this equation leads to a contradiction. O

Lemma 3.3. Foreachn € N, let P,, € P("E) be a polynomial. If for all weakly compact subsets W

1
of E, limsup ||P, ||}, = 0, then for all weakly unconditionally Cauchy series, }} y;, we have

n n
limsup (P, Z Vs =0.
n s=1

Proof. We will show the existence of subsequences (P, ); (k = 1,2,...) of the sequence of poly-

My (1)
nomials (P,), which satisfy some properties. Indeed, using the diagonal process we choose the

sequence (Pni (k)), and we obtain a contradiction.
k
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136 | CARRION V.

Suppose that limsup |P, (¥, y)I/" = p > 0. So, taking a subsequence of (P,), if necessary,

and the series p~1 Y j¥j» We can suppose that

n
Pn<2 ys> >1
s=1
for all n.

Now, we use a procedure analogous to that given in [7, Theorem 7]: As lim, n/(In(n + 1)) =
+00, given i € N there exists n; > i such that n; /(In(n; + 1)) > i. So we obtain 1/(n; + 1) > 1/e"i/!
and therefore

1 — L51 foreveryi=1,2,. (3.4)
(i + D)V er @
and
i
Pni<zys) >1
s=1
for every i.

By Lemma 3.2, there exist a positive integer m, and strictly increasing sequences (i,(1)), (n; (1)),
(g, — jni1<z)sm1) with i;(1) > 1, n; (1) > my, and

0< jnl_l(t)’m1 < My, foreveryt=1,2,..

. J CTORG! J iy (1)’
0< lim—— =96, <1, with <26,, foreveryt=1,2,..
R0 M ()
and

iy ()

i | . — |
]nll(t)’ml : (nll(F) ']nil(t)’ml ) :

v my j"il(t)’ml n; nil(t)_jnil(t),ml
Pnil(t) 2 s Z s
s=1 s=my+1

Now we define d”il(t)smo i=n;and d,

1< (nil(t) + 1)

hom = d"il(t)’m() = Jngy o Then we have that

n; (t)!

1

1< (d"h(t)’mo + )j 'd !
My ()M " g (1),

\

i ) d
Jn; y.m M (1) i) ()M
X Pnil(t) <(qm1y) ip ()™ (qmi y> 1 ,

n; n;
where g™y = Z:';ll y, and qmi([)(y) = 2S=1l§:l)1+1 Vs
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For t with n; (;y > m, consider the polynomial Q : E — C defined by

nil([)! \%

Qi(x) = (dnil(,),mo +1

i !
gy 1. 'd”z‘l(t»ml ’

Then degQ,(x) = d < ny,(py and

Ry (1),
iy (0)
iy ()
'Qt(qmli )| =12 2 ys ||z L
s=m;+1

Jng ), dp;
IPni1(t) <(qM1y) O () o™ >

As g™y is a fixed vector and, by hypothesis, for every weakly compact subsets W C E, we have

1/n

limsupy, [[Pplly,

1

lim sup @ ||$1(’) =0.

= 0, by Lemma 2.2, we have that for every weakly compact subsets W C E

Since the sequence (dnl_ O ); is strictly increasing, by Lemma 3.2, there exists a positive integer
L0

m, > my, and strictly increasing sequences (i,(t)), (1)), (di, 1) = Jn, © m,) With
ir(1)»

() € (D), (1) > 2, m;, (1) > m,,

0< ‘]niz(t)’m2 < d"iz(t)’ml S My 1) foreveryt=1,2,..

Jn; My
0<lim—222 =5, <1
i)
jl’l‘ m
(OLL)
——~<26,, foreveryt=1,2,...
iy (o)
and
]
1<(d 1 dniz(z),ml'
S\ @nyyym +1)- \(d ) |
J”iz(t),m2'< Ry (1M - J”iz(t)’m2>'
v Jn. . d, —jn.
m ENOUCN BRONG) N (1)M1 YNy (1)M2
X Qt(quy> A" (giy ) ’
or

|
Ry (6):M1°

1< <dni2(f)’m1 + 1) . i(d . '
J"iz(t)’m2'< Ry (1)1M1 - Jniz(t)’m2>'

Riy(r)!

1
X (dniz(f)’mO + j Id !
Ry (1)1 " My (1),

\%

i i, . d,. —Jn:
my I my (o N nom2 (i@ \ $riyem T ema
X Pnizm((q 1y) o 1<quy> ? U, V) ° :

>
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this is,

1< (d”iz(f)’mo + 1) <d”i2(z)’m1 + 1) (3.5)

. |
y LNO)

i 1 | — i |
J”iz(r)’ml -Jniz([),mz . (dniz(t),ml ‘]”iz(t)’mz ) !

\/ Jn. ) dy.
m Jn;_m ny, iy (£)M2 N0) iy (£)M2
Pn <(q Ly) e 1(qmly ? A, V) *

Observe that i,(1) > 2 implies i,(2) > i,(1) > 2.

k]

where d”iz(t>’m2 - d”iz(t>’m1 = Inypmy

Proceeding inductively we find

(i) a strictly increasing sequence (m;);, of positive integer,
(ii) strictly increasing sequences (i (t));, (k = 1,2, ...) of positive integers such that every k

(i1 (D) C (i (D),
i (k)>k,

n;, (1)>my,

(iii) sequences ( j”ik o ); (k =1,2,...) of positive integers with

. j”ik(mmk
0 <lim——— =6, <1, foreveryk=1,2,..
L My
jni m
)"k
k < 26y, foreveryt=1,2,...
iy ()
and
k !
ni 0}
k
H( lk(t) M1 1) k (36)
st d T !
CAORL™ 'H‘]nik(t)’ms :
s=1
k . 4
My (1)™Ms i () M (1)K
ntk(t) H(qms 1y> (qu y
s=1
where d"ik(t)’mk 1= d"ik(t)’mk—l = Jny ;. d"ik ot S i@ and (dnzk (t)’mk)t are strictly creasing,
fork=1,2,...

We observe that (i, (t)) C (iy(t)) for k > s and therefore

‘]nik(t)’ms

=0, foreveryk =s,s+1,..
LMy
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Jny oo,
’:L <268, foreveryk=s,s+1,..andt=1,2,..
i (1)

Now, we show that the sequence (§; ) is summable. Indeed, as

=

0< Z ‘]nik(t)’ms < M),
s=1
itis
k
Z .]nlk(t)’m
=1 i

forallt =1,2,..and k =1, 2, .... Then we have

J”ik(t)’ml J”ik(:)’mz

k
o= lim +lim + -+ lim

s=1 Pie(t) Miw(t)

J iy (1) "Mk

M)

jni m jn- m jn~ m

. (GG IMORU] i (1) Mk

= lim X + = o
M) M) Mie(t)

Since k is arbitrary, we obtain that 377 | §;, <1
Consider («;) € ¢, such that

S
e o =2. (3.7)
. j”ik(t)’ms .
Since - — < 6, < 1,foreveryk >s,t =1,2,...and limg o, = 0 we can suppose that
i ()
j"ik(k)'ms
k Mg () k 255
Hs 1 S > Hs 1 S

Now, by the inequality (3.6) we obtain that

. | "y (k)
M (k)

G(y) 1=

Ik i
iy (k) Mk 'HS=1‘}nik(k)’ms

1
\ Jn; /on d,. i (k)

Kk mg i (k)™M i (k) My (k)M k
P”ik(k) <HS=1 (asqms—1y> Dmy. Y

1
" (k)

jnik(k)’ms '

T & iy (k) M ()*
= o %s

d

Ik g !
i () ok 'HSZI‘]"ik(k)vms :
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v jn« mg n; dnA m iy (k)
k mg if (k) Ms i (k) iy (k)M k
X P”ik(k) <Hs=1 <qms_1y> « (qu Y> k >
28, 1
> Ta” T
k i
Hs:l (dnik(k)’ms—l + 1)
Now by 3.4, as i; (k) > k, for every k = 1, 2, ..., we have
! Vo P ! Vo > lk > %.
k k k ik 0]
Hs:l(dnik(k),ms_l + 1) Hs=1<nik(k) + 1) eik®
Thus,
1 23,
G (y) > EH];ZI s
and by (3.7), we have
li G > i lnk 26 -4
im s%p () = lim SlIl(p B 1O =4/e. (3.8

On the other hand, as Y j=1yjisa weakly unconditionally Cauchy series, then the series

Z{'fl ZT_‘m +1 Vi is also weakly unconditionally Cauchy and therefore the series
= =My

my my my
0‘1(2)’1‘)"'“2( Z Yi>+“'+0‘k< Z Vi
k=1 k=m;+1 k=my_,+1

is unconditionally convergent in norm and the sequence

iy ()

(q;liﬁ(k’(y)>k= >y

s=my+1 k

weakly converges to zero. Then the set

k
n;
W= {Z a5 (V) +Opr1 G ) 6| =1, k=1,

s=1

is relatively weakly compact. So by [12, Corollary 7.10],

k
s iy (k)
Gk(y) < su P”ik(k)<z asesqﬁs_ly + ek+1'qml,z y
s=1

|ej|=1

1
i (k)
w

< b

iy (k)

_1
) iy (o)

’
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where W is the weak closure of W. Now, by assumption, we have

_1
"y (k)

P “_ = 0.
mito |77

limsup G, () < limsup |
k k

It is a contradiction to inequality (3.8). O
The following theorem generalizes a result obtained by Dineen in [7] for the space c,,.
Theorem 3.4. Let E be a Banach space with the U-property and without a copy of ¢,. Then
Hy (E) = Hy(E).

Proof. 1t is clear that H,(E) C Hy(E). Consider f = > ' P, € H,(E) and suppose that f ¢
Hy(E), so lim sup ||P,1||1/ " = p > 0. We can choose a subsequence, if necessary, and we suppose
that ||P,,||'/" > p for all n > 1. Then, by continuity, there exist a sequence (x,,) C E with ||x, || = 1
for all n, such that

1
|Pn(xn)|" > p/2

or |Pn(%xn)| > 1forall n > 1. Since E does not have a copy of #; and the sequence (z,,) := (%xn)
is bounded, then by Rosenthal’s Theorem, there exists a weakly Cauchy subsequence (zni) 1=
(%xni) C (z,,). As E has the U-property, there is a weakly unconditionally Cauchy series (wuC)

Y ie1 Vi such that the sequence (z,,, — ZZ’:I ¥i); converges to zero in the weak topology. Now,
for each n; we have, by the Leibniz formula,

;i

P _ n;! PV n; IFrm i~
() = 2 S = (Z”f_g{yk> (giyk> '

Jj=0

So given n; there exist j, with 0 < j, < n; for each i such that

<m+1)———— (3.9)

We define the polynomials Q, : E—Cby

. Jn;

n,+Ln! Vv o ' i

Ql’li(x) = Qpni (Zni - Z yk) (x)ni J"[ ’ for i = 17 27 e
jni!<ni _jni>! k=1
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As f =Y P, € Hy(E) then for all weakly compact subsets W of E we have lim ||P,, |I%n =0,
then by Lemma 2.2, we have
0= hms?p | Qp, w
for all weakly compact subset W C E. By Lemma 3.3, this implies that
n; n;
0 = limsup |Q,, (Z yk>
i k=1
. oy L
i Ing / m; ni=Jn; V| "
n+ ! Vv o ! - !
= limsup ani <Z”i — Z yk) <Z Yk> )
i jni!(ni - jn,->! k=1 k=1
which is a contradiction by inequality (3.9). O

Corollary 3.5. Let E be a Banach space with the U-property and without a copy of l;. Then for every
Banach space F we have

H,,(E,F) = Hy(E,F).

Proof. 1tis clear that H,(E,F) C Hy(E,F). Consider f = X, * ' P, € Hy,(E,F) and suppose that
f & H,(E,F). Then there exist a sequence (x,) € S(E) such that lim,_, . || f(x,)|| = co. On the
other hand, we have that for every ¢ € F/, pof € H,, (E). Thus, by Theorem 3.4, there is M, s ER
such that for every x € S(E), [¢(f(x))| < My. This is, if y, = f(x,,) € F, then for every ¢ € F/,
we have that |¢(y,)| < My. By the uniform boundedness principle, we have that sup, || f(x,)|l =
sup, [l¥,ll < oo. A contradiction. Thus f € Hy(E, F) and therefore H, (E, F) = H,(E, F). O

We introduce some necessary notation for the next corollary. Let H,,(E, F) denote the space of
all entire functions on E into F which are weakly continuous on bounded sets of E. We denote
H,,,(E,F) the space of all entire functions on E into F which are weakly uniformly continuous on
bounded sets of E. In [1] Aron, Herves, and Valdivia posed the following question: Is every weakly
continuous function on bounded sets of E also weakly uniformly continuous on bounded sets of
E?oris H,(E,F) = H,,(E, F)? for all Banach space E? It is clear that the inclusion H,,,,(E,F) C
H,(E, F)is true. In [1, Example 3.5], they showed that the problem is equivalent to show that the
inclusion H,(E,F) C H,(E, F) holds. Since every weakly continuous function on bounded sets
on E is bounded in weakly compact sets on E, Theorem 3.4 implies that when E is a Banach space
with the U-property and without a copy of 7,, then H,,,,(E,F) C H,(E, F). So, for theses spaces
the Z, problem has a positive answer. Also it is true for all subspace G C E, since the U-property
is hereditary.

Let H,,..(E, F) be the space of all entire functions which apply weakly convergent sequences of
E into convergent sequences of F. So H,,,(E,F) C H,(E,F) C H,(E,F). In the next corollary
we give conditions on E such that we get equality between these spaces.
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Corollary 3.6. Let E be a Banach space with the U-property and without a copy of l,. Then
H(E,F) = Hy(E,F) = Hy, (E, F).

Proof. By [1, Proposition 3.3], H,(E,F) = H,(E,F) and by the remark above we have that
H,(E,F) = Hy,(E,F). ]

We recall that a Banach space has Dunford-Pettis property and does not contain a copy of ¢,
if only if E’ is a Schur space. This condition permits us to get the next corollary.

Corollary 3.7. Let E be a Banach space with the U-property such that E' is a Schur space. Then
H,,,(E) = H,(E) = Hy(E) = Hp(E).

Proof. Since E’ is Schur, then E has the Dunford-Pettis property and by [13, Proposition 4] we have
that Hy, (E) = H,(E), once E does not have a copy of #;. The corollary follows from Theorem 3.4
and Corollary 3.6 because E has the U-property. O

Now, we give some examples of spaces that satisfy the conditions of Corollary 3.7

Example 3.8. Every M-ideal in its bidual is an Asplund space and therefore does not contain a
copy of 7. This space has the U-property, see [9, Theorem 3.8] and [9, Theorem 3.1]). A list of
Banach spaces that are M-ideals in their bidual is given in [9, Example 1.4, p. 105].

The spaces ,(c,) and C®, c, are examples of Banach spaces without a copy of #; with the U-
property, which are not M-ideal in their bidual. These are examples of h — ideals. See [8, Examples
5, 6 of Section 4] and [8, final remark of Section 8].

There are spaces C(K) which are not M-ideals in their biduals, yet all separable subspaces of
C(K) are isomorphic to subspaces of ¢, in particular this is an Asplund space (see [10, Example
2]). For such space we have that the conclusion of Theorem 3.4 is true. In fact, if f € H}, (C(K))
and f ¢ Hy(C(K)), then there exist a bounded sequence (x,,) C C(K) such that |f(x,)| > n for
n. Now, consider G = span(x,,) the closed subspace generated by (x,), F a closed subspace of
¢y, T : F — G the isomorphism, and (a,) C F the bounded sequence in G such that T(a,,) = x,,.
Leti : G — C(K) be the inclusion operator. Then we have that foioT € Hy, (F). Since F C ¢, we
obtain that foioT € H,(F), that means (foioT(a,)), = (f(x,)), is bounded. It is a contradiction.
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