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ABSTRACT 

This paper gives a. general Bartlett correction formula to improve likelihood ratio tests in het­

eroskedastic t regression models where both location and dispersion parameters vary across 

observations through regression models. The correction covers many important and com­

monly used models and can be viewed as an extension of the results in Cordeiro (1993) and 

Botter and Cordeiro (1997). We present some Monte Carlo investigations of Bartlett cor­

rections that show that this approach have better performance than the classical likelihood 

ratio tests even under degrees of freedom misspecification. 

Key Words: Bartlett correction; Dispersion para.meter; Heteroskedastic model; Link function; 

Maximum likelihood estimate; Student t distribution. 

1. INTRODUCTION 

The asymptotic chi-squared distribution of the likelihood ratio ( LR) statistic is fre­

quently used to test hypotheses of interest in regression models. However, as the 

sample size n decreases, the use of such statistic becomes less justifiable. An alter­

native is to use higher order asymptotic theory. In a seminal paper, Bartlett (1937) 

proposed an improved LR statistic. His argument goes a.s follows. Suppose that under 

the null hypothesis E(LR) = q{l + ~ + o(n-3/ 2 )}, where bis a constant that can be 

consistently estimated under the null hypothesis and q is the difference of the dimen­

sions of the parameter spaces under the alternative a.nd null hypotheses. Then, the 

expected value of the transformed statistic LR" = LR/(1 + ~) is closer to the one 

from a. x: distribution than the expected value of LR. This became widely known 

a.s the Bartlett correction. LR statistics for nonlinear hypotheses on the regression 

coefficients can have sizes that are typically larger than their nominal sizes. Then, 

1Corresponding author: Lucia P. Barr080, Rua do Matao. 1010 - Sao Paulo, Brazil, CEP: 05508-

900, Fax: 65-11-3091-6130. 
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the Bartlett correction, under mild regularity conditions, guarantees that a.11 moments 
of the adjusted LR:' statistic are equal to those of the asymptotic x; distribution up 
to order n-1 (Lawley, 1956; Cordeiro, 1987). In fact, the Bartlett correction l + ~ 
not only corrects the mean of the LR statistic to order O(n-1) but also corrects its 
distribution to this order. An approximation with the same order of error is obtained 
if the modified LR statistic is defined as LR= LR exp(-~) which always produces a 
valid (i.e. positive) statistic. The null distribution of the modified statistics LK" and 
LR remains x: with approximation error of order O(n-2

) when bis replaced by a ../n 
consistent estimate (Barndorff-Nielsen and Hall, 1988). 

General formulae for Bartlett corrections have been obtained explicitly in sever­
al regression models by Cordeiro (1983, 1987), Porteous (1985), Cordeiro and Paula 
(1989a), Cordeiro, Paula and Botter (1994) and authors cited therein. DiCiccio and 
Stern (1994) provide a good recent discussion of the Bartlett correction in both the 
frequentist and the Bayesian setting. We believe that more is needed, applying these 
techniques in more general settings. 

In this paper we present, in matrix notation, a general Bartlett correction formula 
to improve likelihood ratio tests in heteroskedastic t regression models, thus generaliz­
ing results by Cordeiro (1993) and Batter and Cordeiro (1997). Although the algebraic 
form of the Bartlett correction is cumbersome, it can be easily incorporated in a com­

puter program. This might be a worthwhile practice, since the Bartlett correction is 
always in the right direction and, in general, gives a substantial improvement. 

Lange, Little and Taylor (1989) introduced the regression models with t distributed 
errors as a robust extension of the traditional normal models. It is well known that 
the t distribution provides a convenient description for regression analysis when the 
residual term has a density with heavy tails. Unlike the normal models, the t models 
lead to inferences about the regression parameters based on asymptotic theory. 

We consider a univariate ·nonlinear heteroskedastic t regression model where both 
location and dispersion parameters vary across observations through regression models. 
In our model the observations Yi., ... , Y,. are independent and each observation Y; has 
a Student t distribution with location parameter µ;, dispersion parameter <1; and v 
degrees of freedom. The density of Y; is given by 

v"/2r( .!±!) { y _ µ; 2}-(v+I)/2 

J(y;µ;,<T;,v)= <1;__✓,rr(i) v+(----;;-) ' (I) 

where y,µ; E IR, u, > 0 and r(-) is the gamma function. We treat v as a known constant 
throughout the paper. Although, it seems that this parameter will be hardly known in 
practical applications, this assumption is not a strong restriction for the application of 
our results, since we will show that if v is replaced by a consistent estimate, the Bartlett 
correction is still effective for improving the asymptotic x2 approximation of the LR 
statistic. The t distribution reduces to the normal and Cauchy distributions when 
v = oo and v = 1, respectively. We define the precision parameter</>, = u;2 for each 
observation. We then assume that the parameters µ; and ,p; vary across observations 
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through regression models which are parameterized as µ; = 9(17;) and tp; = h(r;), 

where g(·) and h(·) are known one-to-one continuously differentiable functions, and T/i 

and T; are linear combinations of some explanatory variables. The linear predictors 
1/ = (171, ... , f7n)T and T = (r1, ... , Tnf are given by the relations T/ = XfJ and T = Z1, 
respectively, where X is a specified n x p matrix of full rank p < n,/3 = (/Ji, ... , fJ,,? 
is a set of unknown parameters, Z is a specified n x q matrix of full rank q < n and 

1 = {11 , •.• , 19) T is a set of unknown parameters. The functions g( •) and h( •) are 
usually called the mean and dispersion link functions. The dispersion link function 
h(·) must be a positive-valued function. A simple choice for h(•) is h(r) = exp(r). The 

dispersion cova.riates in Z constitute, in general, although not necessarily, a subset of 
the mean covariates in X. The parameters f3 and 'Y are assumed to be functionally 

independent which leaves us p + q parameters to be estimated. 
The paper is organized in the following form. In Section 2 we obtain a general 

formula for the expectation of the LR criterion which may be handled to derive Bartlett 
corrections for testing several hypotheses concerning the parameters fJ and -y in model 
(1). We also discuss improved LR tests on mean and dispersion effects separately. Since 

the general formula is difficult to interpret, special models are considered in Section 3, 
consisting of the simple linear regression structures and of the one--way classification 
structures for both linear predictors T/ and T. Finally, in Section 4, the performance of 
the correction is evaluated by simulation which shows that the correction adjusts the 

size in the right direction even when v is replaced by a consistent estimate or under 

degrees of freedom misspecification. 

2. BARTLETT'S CORRECTION 

From the density in (I), we can easily derive the total log-likelihood function l(fJ,1) 
given the sample Y1, ... , Yn for the {p+q) X 1 parameter vector OT= (fJ\-y T) in model 

(1) as 

l(/3, 1) = ½[c+ ~log h(r,) - (v + I) I)og{v + h(r;)(y; - g(17;)f2}J, (2) 
I I 

{
.,.-f2r(u I)} 

where c is given by c = 2nlog .. , •r(fl and Li runs over all n observations. The 

quantity c does not depend on the parameters of the model (since vis assumed known) 
and is, therefore, not relevant for our purposes. We assume that some standard regular­
ity conditions on l = l(/J, 1) and its first four derivatives hold (Cox and Hinkley, 1974, 

Chapter 9) as n goes to infinity. These conditions are the same regularity conditions 
required for Edgeworth expansions and are indeed fulfilled in this context. 

We use the notation where joint cumulants of log likelihood derivatives are indicated 
by lower-case indices r, s, t, . .. if they correspond to the fJ parameters, while upper-case 
indices R, S, T, . .. correspond to the -y parameters. We can obtain 

(h') 2 

K,s = 0 and KRS = - 2(v: 3) ~ ¢,; z,RZ;s, 
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where!/;= 89(17,)/ar,;,h~ = oh(r;)/or;, etc. Several other joint cumulants for the /3 
and 'Y parameters needed to find the Bartlett correction in the class of models under 
study follow by simple differentiation and using standard regularity equations. They 
are not given here but can be obtained from the authors upon request. 

We immediately observe that the parameters /3 and 1 are globally orthogonal ( Cox 
and Reid, 1987) since Krs = 0 for all r = 1, ... ,p and S = 1, ... , q. Therefore, the 
joint information matrix K for 9 = (P\1T)T is block-diagonal, K = diag{Kp,K7 }, 
and the information matrices Kp and K,., for /3 and 1 are given by Kp = xTw.x and 
K7 = ZTW2Z, where W1 and W:r are then x n diagonal matrices W1 = [(11 + l)/(11 + 
3)]diag{ipi!J?} and W2 = (v/(211 + 6)1diag{(h:f'P;)2

}. [n view of the block-diagonality 
of K, Fisher's scoring method can be used to obtain the maximum likelihood estimates 
(MLEs) ~ and 7 simultaneously by iteratively solving the following equations 

xTwt>x13cm+1) = xTwf"'>zt>, ZTWJ"'>z7Cm+1) = zTwJ"'>z~"')t (3) 

where zp and z., are n x 1 vectors whose components are given by 

(v + 3)(y; - µ,)g;- 1 

Z(J; = l"/i + .I. ( )~ , 
V + Y'i y; - µ; • (4) 

Each loop, through the iterative scheme (3), consists of a Fisher scoring step to optimize 
the log-likelihood (2). Equations (3) show that any software with a weighted linear 
regression routine can be used to calculate the estimates P and -y iteratively. J,argensen 
(1984), Green (1984) and Cordeiro and Paula (1989b) implemented equations of this 
type in the GLIM system using an iterated weighted least squares (IWLS) algorithm 
involving a working dependent variable and a weight matrix that are updated at each 
iteration. 

We consider the hyJothesis where both the parameter vector of interest and the 
nuisance parameter vector may be regarded as being composed of some components 
of fJ and,. Thus, the null hypothesis is devoted for testing the mean and dispersion 
effects simultaneously. Next, we discuss Bartlett corrections for testing the mean effects 
and the dispersion effects separately. Partitioning the parameters as f3T = (f3'!, f3i) 
and 'YT = (-r[ ,rn, where f11 and 11 are vectors of dimensions Pt $ p and q1 $ q, 
respectively, we are interested in testing the null hypothesis HJ ; /31 = .Bf 0>, 71 = ,J01 

versus Hl: violation of at least one equality, where pf> and ,}0> are specified vectors 
of dimensions p, and qi, respectively. Following the partition induced by HJ, let 
X = (Xi, X2) and Z = (Zi, Z2) be the corresponding partitioned model matrices, 
where X1,X2, Z1 and Z2 are, respectively, n x Pt,n x (p- Pt), n x q1 and n x (q- q1) 
matrices of full ranks. We denote the unrestricted MLEs of .8 and 'Y by ~ and 71 
while the restricted MLEs of /31 and -y2 under HJ are denoted by {h and '°Y"J· Similarly, 
functions evaluated at the unrestricted MLEs will be denoted by the addition of a 
circumflex and those evaluated at the restricted MLEs will be denoted by adding a 
tilde. 
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From .Lawley's (1956) expansion we can write the expected LR statistic to O(n-1) 

as 2E{ l(/3, i) - l(fJ, 1)} = p + q + fp+q, where fJ>+q is a term of order n - 1 evaluated at 

the true parameter given by (see also Cordeiro, 1987) 

and 

lp+q = L'(lrotu - lr•tuvw), 
{J ,-, 

(5) 

I · _ r• tu (1 (u) (•u)) 
rriu - K. K, 4K.r,tu - K.r,t + K.rt , ( 6) 

lr.tuvw = K.r•K/"K.""' [K.rt11 (~K..,..,, - K.~:J) + 11:rtu (¼K..,,.., - K.t?) + K.!:) II:~ + "!~) "~] , 
(7) 

where -K.r, and -,cRS denote the typical elements of the inverses of Kp and K.,, 
respectively. We used the Einsteinian summation convention in which summation in 

E' is across parameters appearing both raised and lowered. 

The LR statistic for testing HJ :/3, = Pl0>,--,, = --,l0) is simply LR1 = 2{l(,81,,82,11 , 12) 

- l(f3!0>,fJ2, 1t>, 12)} which is, under HJ, asymptotically distributed a.s x;.+q, . The ex­

pected LR for testing HJ is given by E(LRt) = Pt + q1 + lp+q - i,,_.p,+q-q" where 

the term fp-p1+9 - 91 is defined analogously to e,..h, the only difference being that the 

summation in this term is only over the unrestricted parameters /32 and -y2 • We can 

obtain iP+, by exploiting special properties of the heterosked.astic t regression model 

(I). 
Some additional notation is in order. We denote a.a 1 the n x 1 vector with ones 

and tr(A) the trace of the matrix A. From the information matrices Kp and K-, for 

f3 and -y, we define then x n matrices Sp = X Kt XT = X(XTW1X)-1 XT and S., = 
ZK:;1zT = Z(ZTW2Z)- 1ZT. Thus, Sp ands., can be interpreted as the asymptotic 

covariance matrices of~= XP and f = Zi', respectively. From SfJ and S.,, we also 

define the n x n diagonal matrices Sp,1 = diag(Sp) and S-,r1 = diag(S.,) such that 

the diagonal elements of Spd and S-,r1 will be the diagonal elements of Sp and S-,, 

respectively. We also define si2) = Sp 0 Sp, Sb3
) = ~J) 0 Sp, where 0 denotes the 

Hadamard product. Analogous definitions are used for S~2
) and S~3l. We also define 

in Appendix A the n x n diagonal matrices il1 , ••• , iJ8 • 

The method used to compute fp (and l,,_9 ) is not complicated and it consists of 

the following steps (Cordeiro, 1983; Cordeiro and Paula, 1989a; Cordeiro, Paula and 

Botter, 1994): (i) incorporate the joint cumulants of log likelihood derivatives into 

formulae (6) and (7); (ii) perform the sum I:' over the parameters using simple matrix 

operations; ( iii) then, do the same for the sum I: over the observations. The details of 

the calculations are very tedious, yet elementary, and can be obtained from the authors 

on request. All the summations are greatly simplified because of the orthogonality 

between (3 and -y. After some lengthy algebra, the £p term can be decomposed. into the 

sum of three components as 

fJ>+9 = fi(X,µ,ef;,) + h(Z,µ,ef;,) + h(X,Z,µ,ef;,), 
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and 

fi(X, µ, <I>) = tr(~1s;d) - !1T~J(2s1i3i1 __r S~iiS.sS.sd)~4l, 
4 I \D,nm ~, 

h(Z,µ, <I>)= tr(~3S;.i) + l~IT t1Jc?~3~:f" 3S1'!s..,,s-,d)~rl 

+IT(ls - i1)(S~3> + S'..,1's.;S~)t;1, ' 
( 

')I) ' . . . l ]',\:.j 1 .- , . 1 ,II I! _ 

fa(X, Z,µ,ef,) = tr(l)2S1uS-,d)-/112t~sS!2>(~5 - 2is)S,.,] 

+~ 1 T ~sS.sdS-,[Spd-)5 + r{·d21)f·; ~7 ),

0

p. 

(9) 

(10) 

(11) 

Equation (8) shows a simple decompoaitioililor' the Bartlett adjustment and repre­
sents the main result of the pa.per. Equation f~r C,-p1+q-q1 i:i obtained directly from 
(8) with X2 and Z2 in place of X and Z. rr1~s't the'- Bartlett correction for testing 
Hl . /3 _ p(O) _ (0) • i'<...Llt... < -• 

o • 1 - 1 , 11 - 11 IS ~- iho •G. - • 
C1 = 1 + {J1(X,µ,</>) + h(Z,jr,,</>) +fa(X;-Z,µ,</>) 

-fi(X2,µ,</>) - h(Zi,µ,</>) - /3'.,.k, Z2,µ,4')}/(p,_ + q1), (12) 
with the unrestricted para.meters /:]2 and -y2 beilig'111ib~ifut.',d by their estimates/hand 
-'y1 under HJ. Then, the improved test comp~ ft/!;, = .. LR.i/c1 with the upper point 2 .,J.11! , . , . l;, 
of the Xp,+q, distribution. ~ , • ,, 

In small samples the asymptotic x2 distribution for the LR statistic is dreadful 
and the magnitude of the Bartlett correction sc'ry'~ to waro of situations in which this 
approximation can be improved. Thus, when t\l,e-coneciionis small we can be assured 
that no great error is committed by using the asymptotic x1 approximation. When the 
correction is large, caution is advisable. Expressir(g·the functions ft, / 2 and /3 in matrix 
notation has great advantages to obtain closel:i-form·Ba.rtlett corrections for several 
tests of practical use in heter05kedastic t regr&'sicfu~ models. The Bartlett correction 
only involves simple operations on matrices an<l ,vectors and can be easily computed 
using a computer algebra. system such as M1' tE"or a programming language with 
support for matrix operations, such as Ox or S- J;;;_ ; Nu'merical computation involving 
higher-order joint cumulants is thereby avoid .~ "' ' 

We now investigate the problem of improvi~g, lR tests on mean and dispersion 
parameters separately. For testing HJ : /J1 = Q~01 11gainst the alternative hypothesis 
Jlf : /31 f:. fJ!0

> , we have Z2 = Z and the Bartlett _correction reduces from (12) to , 
C7, = 1 + {f1(X,µ,t/>)-/i(X2,µ,</>) + h(X.Z.µ,,j,)-la(X2,Z,µ,</>)}/P1., 

with the unrestricted parameters /J2 and -y being substituted by their estimates ih and t 
under HJ. The Bartlett correction associated wilh testing the hypothesis Hg : 11 = 1!11> 
is given by (here X2 = X) 

I 1-''
1 f • 

C3 = 1 + {h(Z,µ,ef,)-h(Z2,µ,</>) + h(X.,Z,µ,</>)-fl(X,Z2,µ,<J,)}/q1, 

with fJ and° -y2 being substituted by their estimates p and -'y2 under IPo-
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3. SPECIAL MODELS 

In this section we briefly discuss three special models: the simple model, the one­
way classification structures for both linear predictors T/ and r and the model defined 
by simple linear regression structures for these predictors. For all these cases, the 
mean and the precision parameters, under the null hypothesis, are constant over the 
observations. 

3.1. THE SIMPLE MODEL 

We begin with the simple model where the observations are independent and iden­
tically distributed (iid). For this case, p = q = 1 and X and Zaren-vectors of ones. 
We consider a test of the null hypothesis HJ : f3 = 13<01, -y = ,<0) against Hf : HJ is 
false. After some algebra, we obtain from (12) and (9)-(11) 

(v + 3) f 4 3 2 
C1 = 1 + 12nv(v + l)(v + 5)2(v + ?) llv + 141v + 461v + 681v + 428). (13) 

When v ➔ oo, equation (13) reduces to the classical Bartlett correction for the nor­
mal model, given by c = I + /2~. The Bartlett correction (13) does not involve any 
estimation since the null hypothesis specifies the model completely. 

3.2. ONE-WAY CLASSIFICATION MODEL 

We now coDBider the analysis of variance normal model. Each observa.tiQn is clas­
sified into one of p different categories, where observations in the i-th category have 
mean µ; and precision parameter t/,; and we express the linear predictors Tli and r; as 
T/i = fJ + /3, and r, =,+,,,for each i = 1, ... ,p, where we fix /Jp = rp = 0. Then, we 
ha.ve the one-way dassification structure for both predictors Tl and T. For this model, 
we consider the test of HJ : fJ1 = ... = fJ,-1 = 11 = ... = -y,,,_1 = 0 aga.inst n: : 
violation of at least one equality. Let n; be the number of observations in category i, 
which means that n1 + ... + n,. = n. After some algebra we can obtain from (12) and 
(9)-(11) 

11 {f- -1 -1} c1 = 1 + ( _ ) L.J n; - n . 
12 p I i=l 

3.3. SIMPLE LINEAR REGRESSION MODEL 

We now consider two-parameter regression models for both predictors T/ and .,. . 
The systematic components are expressed byµ,= 9('11) = /32 + fJ1x1 and tJ,, = h(ri) = 
-y2 + -y1z,, where x, and z1 denote the values of the explanatory variables x and z, for 
l = 1, ... , n. We consider the test of HJ : fJ1 = -y1 = 0 against Hf : HJ is false. We 
use the notation fo = n-1 Ei(x, - x)i(z, - z)i for i,j = 0, ... , 4, where x = n-1 E, x1 
and i = n-1 E, z1• After some algebra, we obta.in the Bartlett correction from (12) and 
(9)-(11) as 
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C _ .!_ { 3(11 + 2)(11 + 3)2 ( 2 _ {,t0) 3(,r + 311 - 13)1 ( 2 {04) 
1 

-
1 + 2 2n11(11 + l)(v + 5)(v + 7) {i, + Bn(v + 5)2(v + 7)2rp4 + (i2 

+ 4(v + 3)(5,? + 811 - 40) (a+ {fu) + 6(v + 2)(v + 3) (2 + _fu_) 
6nv(v + 5)2 ~ 2 nv(v + 5)(v + 7) (:io{02 

2(v + 2)(v + 3)(v2 + 9v + 8)rp
3 (1 2{?1 e?1 ) +--+--mr( 11 + 5)2 6ofo (~(02 

+ (v + 2)
2
(v + 3) ( 3 + {i1 ) + 6(11 + 2)(v + 3)(v + 6) (a+ (21(03)}. 

2nv(v + 5)2 &{02 nv(v + 5)2 60(~2 

4. SIMULATION RESULTS 

Lange, Little and Taylor ( 1989) suggest that the number 11 of degrees of freedom in 
model (1) should be fixed for small data sets and estimated for large ones, since small 
samples do not typically provide sufficient information a.bout v for this parameter to 
be estimated with enough precision. They point out that, for small samples, v = 4 has 
worked well for many practical applications. We now show that a known value for 11 

is not a very strong assumption for the purpose of using equations (8)--(11), since the 
Bartlett correction is still very effective when vis replaced by its MLE. Moreover, there 
is some evidence that the sizes of the modified LR tests are not substantially affected 
by the degrees of freedom misspecification. In other words, the Bartlett correction 
substantially improves the accuracy of the type I error rates with either a consistent 
estimate of v or the degrees of freedom misspecification. 

For inference a.bout v, we use the profile log-likelihood for 11 defined by 

• • nv v+ 1 v lp(v) = l(v,µ.,,u.,) = supl(v,µ,u) = -
2 

logv + nlogr(--) - nlogf(-) 
""' 2 2 

(v+l)~l { +(y;-µ.;)
2

} l~l • 2 - --- L.J og v - .- - - LJ ogu;, 
2 i=l U; 2 i=l 

(14) 

whereµ., and u., denote the restricted MLEs ofµ and u for II fixed. 
The profile likelihood (14) is not a real likelihood function, in that it is not propor­

tional to the model density ( 1 ). We use the following two-step algorithm for maximum 
likelihood estimation of v, I-' and u. 1) For given v, (2) is maximized with respect to 
f) and 'Y, that is, we compute P and')' using (3) to findµ.,= g(XP) and¢,., :::z h(Z.:Y). 
Thus, we compute lp(v) from (14). 2) Vary v over a grid to obtain the estimate v 
which maximizes (14). We use a grid of 100 equally spaced v values in (1.5, 11.5). We 
hence adopt this algorithm to obtain approximate MLEs of all parameters v, µ and rp 
in model (1 ). .. 

We now perform a Monte Carlo simulation study using a t regression m~del with 
a three para.meter nonlinear regression for the mean µ = {31 + /32x1 + exp(,83X2) and a 
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two parameter regression u = exp(-y1 + 1iz1) for the dispersion pacameter to compare 
the performance of the LR test to those of the Bartlett corrected LR tests. The true 
number of degrees of freedom were ta.ken as "7' = 4 and "7' = 6. We wish to test 
the null hypothesis HJ : /33 = "12 = 0 against Hf: violation of at least one equality. 
Clearly, the Bartlett correction (12) for this testing problem is a function of the degrees 
of freedom v assumed to be known. In models with covariates the way in which they 
are generated as the sample size increases must be specified. We assume that, as the 
ea.mple size increases, the covariates design ie replicated. The number of observations 
was set at n = 20, 30, 40 and 50 and the number of replications at 10,000. The values 
for the mean covariates x 1 and x2 were obtained as random draws from the uniform 
distributione on the intervals (0,5) and (0,1 ), respectively. The values for the dispersion 
covariate z1 were obtained from a chi-squared distribution with one degree of freedom. 
The values of all covariates were held constant throughout the simulations with equal 
sample sizes. 

For the size simulations the nuisance parameters were fixed at /31 = 3, /32 = 2 and 
71 = 1. IMSL subroutines were used to generate the data and the calculations were . 
done using FORTRAN 90 on a. Pentium IV at 1.50 GHz. The convergence was not 
achieved for all the 10,000 simulated samples and then we eliminated those samples 
for which the iterative fitting method (3) fails to converge before 50 iterations. Such 
failures were normally most uncommon and the proportion of eliminated samples was 
smaller than 0.35% in each case. In each simulation, we generate t Student data 
yi, ... , y,. following (1) and compute the LR statistic and six different forms of Bartlett 
corrected statistics, namely: the classical Bartlett corrected statistic LR" assuming the 
true value llT of the degrees of freedom, the Bartlett corrected statistic LR calculated 
using the MLE v of v obtained from the two-step algorithm and the forms of the 
Bartlett corrected statistics £Jr(1), LR"<2>, LJr(3l and LJrC4) when vis fixed at a wrong 
value of l,>f'-2, ll'J"-1, "7' + 1 and "7' + 2, respectively. Hence, the modified statistic LR" 
corresponds to correct degrees of freedom specification whereas the modified statistics 
LR"(i) for i = 1, ... , 4 correspond to degrees of freedom misspecification. 

We illustrate the various LR tests in this simulation study and then investigate how 
the sizes of the LR test and its corrected versions are sensitive to misspecification of 
the degrees of freedom. For doing this, we compute the distributions of the LR statistic 
and its Bartlett corrected versions at some nominal levels. Under the null hypothesis, 
we obtain the rejection rates of LR, Llr, LR and LJr(i) for i = 1, ... ,4 at the nominal 
sizes of 5% and IO% of a x~ distribution. The percentage of times that these statistics 
exceed the upper 5% and 10% points of x~ out of 10,000 $imulations are given in Table 
1 when "7' = 4. Table 2 does the same for "7' = 6. 

The figures in Tables 1 and 2 convey important information: (i) the classical LR 
test is shown to have a finite sample distribution which is poorly approximated by its 
asymptotic X~ distribution. In fact, the conventional LR test yields type I error rates 
that are higher than nominal. The x~ approximation for all statistics deteriorates 
when the sample size n decreases; ( ii) the empirical sizes of the test based on the 
modified statistics LR" and LR are closer to the nominal levels than the empirical 
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sizes of the unmodified statistic LR. Thus, the Bartlett correction is very effective in 
pushing the rejection rates of the modified statistics toward to the nominal levels even 
when v is replaced by its MLE v since the estimated sizes of Lir and LR are in good 
agreement. Thus, the Bartlett corrected statistic which l18e8 the MLE of v seems to 
offer at least some improvement over the use of the unmodified LR statistic; ( iii) the 
empirical sizes of all corrected statistics are closer to the corresponding nominal levels 
than the empirical sizes of the uncorrected LR statistics. Therefore, the sizes of the 
modified tests are not substantially affected by the degrees of freedom misspecification, 
at least for v in the interval (Vr - 2,Vr + 2), and that even when 11 is uncorrectly 
specified, the modified statistics lead to some size improvements. In a.l1 cases, error 
rates that are closer to nominal are achieved with the six Bartlett corrected statistics; 
(iv) unsurprisingly the x~ approximation for the Bartlett corrected statistic deteriorates 
as the distance between 11 and the true value vr increases; ( v) although we have only 
considered a special t model, we have experimented with other variations of both 
components for the mean and dispersion parameters and obtained roughly the same 
conclusions as the ones reported before. We have also experimented with other choices 
of values for the covariates but they had little impact on the final results. 

In summary, the Bartlett correction was shown to be practical, effective and worth­
while techniques for improving small sample inference in the t regression model even 
when the degrees of freedom is uncorrectly specified. 

Table 1: Size simulations ("'1" ;::: 4i 
Nominal level: 10% 

n LR Lir LR LR"(l) LR"(2) Lfr(3) LR"(4) 

20 19.3 14.7 15.3 16.9 16.2 15.5 16.8 
30 18.5 12.9 13.4 14.6 14.3 13.7 14.9 
40 15.7 11.8 12.7 13.5 13.1 13.4 14.2 
50 13.1 10.7 11.2 12.4 12.0 11.7 12.9 

Nominal level: 5% 
20 9.2 7.8 8.1 8.5 8.4 8.3 8.6 
30 8.7 6.1 6.7 8.2 8.0 8.1 8.3 
40 8.3 5.7 6.4 8.0 7.8 7.7 8.2 
50 7.4 5.3 6.1 7.2 7.0 7.1 7.3 



Table 2; Size simulations ("T = 61 
Nominal level: 10% 

n LR LR' LR LJl'(l) urt2> LJl'(3) LJl'l4) 
20 18.6 13.2 15.0 15.3 14.9 14.4 15.5 
30 17.8 12.1 13.2 14.5 14.1 13.5 14.2 
40 15.1 10.9 12.8 13.8 12.7 13.2 13.4 
50 ' 12.9 10.5 11.4 12.6 11.8 11.4 12.3 

Nominal level: 5% 
20 IIS-8 7,9 8.0 8.3 8.0 8.2 8.4 
30 Ji&J 6.2 6.3 7.9 7.5 7.7 8.0 
40 8.1 5.5 6.2 7.3 6.6 7.2 7.8 
50 :i 7_2 5.2 · 5.8 6.7 6.4 6.6 7.0 111 . 
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