








through regression models which are parameterized as p; = g(n;) and ¢ = h(w),
where g(-) and h(-) are known one-to-one continuously differentiable functions, and ;
and 7; are linear combinations of some explanatory variables. The linear predictors
n=1{m,...,m)" and 7 = (7y,...,7.)7 are given by the relations n = Xg and v = Z+,
respectively, where X is a specified n x p matrix of full rank p < n,8 = (B1,...,8,)7
is a set of unknown parameters, Z is a specified n x g matrix of full rank ¢ < n and
¥ = (",---,7)" is a set of unknown parameters. The functions g(-) and A(:) are
usually called the mean and dispersion link functions. The dispersion link function
h(-) must be a positive-valued function. A simple choice for h(-) is A(7) = exp(7). The
dispersion covariates in Z constitute, in general, although not necessarily, a subset of
the mean covariates in X. The parameters 8 and y are assumed to be functionaily
independent which leaves us p + g parameters to be estimated.

The paper is organized in the following form. In Section 2 we obtain a general
formula for the expectation of the LR criterion which may be handled to derive Bartlett
corrections for testing several hypotheses concerning the parameters § and v in model
(1). We also discuss improved LR tests on mean and dispersion effects separately. Since
the general formula is difficult to interpret, special models are considered in Section 3,
consisting of the simple linear regression structures and of the one-way classification
structures for both linear predictors n and 7. Finally, in Section 4, the performance of
the correction is evaluated by simulation which shows that the correction adjusts the
size in the right direction even when v is replaced by a consistent estimate or under
degrees of freedom misspecification.

2. BARTLETT'S CORRECTION
From the density in (1), we can easily derive the total log-likelihood function ¢(8,7)
giveo the sample y1, .. ., y» for the (p+q) x 1 parameter vector 67 = (B7,7") in model
(1) as

UB,x) = gle+ Tlog hlr) — (v + 1) X logly + h(r)a ~ )M, (2)

where c 1s given by ¢ = 2nlog {%ﬂ%} and ¥°; runs over all n observations. The
quantity c does not depend on the parameters of the model (since v is assumed known)
and is, therefore, not relevant for our purposes. We assume that some standard regular-
ity conditions on £ = £(8,) and its first four derivatives hold (Cox and Hinkley, 1974,
Chapter 9) as n goes to infinity. These conditions are the same regularity conditions
required for Edgeworth expansions and are indeed fulfilled in this context.

We use the notation where joint cumulants of log likelihood derivatives are indicated
by lower-case indices r, 5,1, . .. if they correspond to the § parameters, while upper-case
indices R, S,T,... correspond to the 7y parameters. We can obtain
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where g} = 0g(n:)/Oi, h; = Oh(1;)/07;, etc. Several other joint cumulants for the 8
and v parameters needed to find the Bartlett correction in the class of models under
study follow by simple differentiation and using standard regularity equations. They
are not given here but can be obtained from the authors upon request.

We immediately observe that the parameters 8 and -y are globally orthogonal (Cox
and Reid, 1987) since kg = O for all r = 1,...,pand S = 1,...,q. Therefore, the
joint information matrix K for @ = (87,97)" is block-diagonal, K = diag{K3, K.},
and the information matrices K and K., for B and 7 are given by K5 = X W, X and
K, = Z"W1Z, where W; and W, are the n x n diagonal matrices W, = [(v+1)/(v +
3)|diag{¢:g;%} and W3 = [v/(2v + 6)diag{(h!/#:)?}. In view of the block-diagonality
of K, Fisher's scoring method can be used to obtain the maximum likelihood estimates
(MLEs) $ and 4 simultaneously by iteratively solving the following equations

XTWl(m)Xﬂ(m+l) i T XTWl(m)Zgn), Zng(M)z,y(m-H) = ZTWz(m)zS,m)l (3)
where zp and z, are n x 1 vectors whose components are given by

(v +3)(yi — mi)g; ™" (v + 3)¢i [1 — ilyi — i)’
v+ dilyi — )’ R: v+ iy — pa)¥’

Each loop, through the iterative scheme (3), consists of a Fisher scoring step to optimize
the log-likelihood (2). Equations (3) show that any software with a weighted linear
regression routine can be used to calculate the estimates 8 and # iteratively. Jorgensen
(1984), Green (1984) and Cordeiro and Paula (1989b) implemented equations of this
type in the GLIM system using an iterated weighted least squares (IWLS) algorithm
involving a working dependent variable and a weight matrix that are updated at each
iteration.

We consider the hypothesis where both the parameter vector of interest and the
nuisance parameter vector may be regarded as being composed of some components
of £ and . Thus, the null hypothesis is devoted for testing the mean and dispersion
effects simultaneously. Next, we discuss Bartlett corrections for testing the mean effects
and the dispersion effects separately. Partitioning the parameters as 37 = 87, 85)
and 47 = (y[,77), where B, and v, are vectors of dimensions n<pand g < q,

respectively, we are interested in testing the null hypothesis H}:B = ﬁl(o),—n = —71(0)

versus H: violation of at least one equality, where ,B{o) and 7,(0) are specified vectors
of dimensjons p; and ¢, respectively. Following the partition induced by HL, let
X = (X),X;) and Z = (2,,2;) be the corresponding partitioned model matrices,
where Xy, X, Z;, and Z, are, respectively, n x py,n x (pP—m)inxgand nx(g—q)
matrices of full ranks. We denote the unrestricted MLEs of 8 and v by A and 3,
while the restricted MLEs of 8; and 4, under H} are denoted by 3, and ¥3. Similarly,
functions evaluated at the unrestricted MLEs will be denoted by the addition of a
circumflex and those evaluated at the restricted MLEs will be denoted by adding a

tilde.
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From Lawley’s (1956) expansion we can write the expected LR statistic to O(n™!)
as 2E{£(8,4) — £(B,7)} = P+ g + €p4q, Where €54, is a term of order n~?! evaluated at
the true parameter given by (see also Cordeiro, 1987)

Cptg = E,(lr'tu - lr:tuvw)v (5)

By

and 1
lrnu = nr:ﬂtu (Znutu - Kf:z + ﬁs“)) L] (6)

lrutuvw = l‘ir‘ﬂtulcw [ﬂrtv (%me - Kg:,)) + Krtu (%an - Kﬁ:}) + K.(-:)Nw + "1(-':‘)"%2] ?
(M
where —«™ and —«&®5 denote the typical elements of the inverses of Ky and K.,
respectively. We used the Einsteinian summation convention in which summation in
¥ is across parameters appearing both raised and lowered.

The LR statistic for testing H}: 81 = Bﬁ”’,-y. = 7 issimply LR; = 2{€(B1, B2, 31, 42)
—l(ﬂl(o), Ba, ,n(o), %)} which is, under Hj, asymptotically distributed as x:l +o- The ex-
pected LR for testing Hj is given by E(LR)) = p1 + @1 + €49 — €pp,+9-q;, Where
the term €y, 4q-q is defined analogously to €44, the only difference being that the
summation in this term is only over the unrestricted parameters 8; and v7;. We can
obtain ¢,4, by exploiting special properties of the heteroskedastic ¢ regression model

1).

( )Some additional notation is in order. We denote as 1 the n % 1 vector with ones
and tr(A) the trace of the matrix A. From the information matrices K and K, for
g and v, we define the n x n matrices Sp = XKz ' X7 = X(X W1 X)"' X7 and S, =
ZK;'ZT = Z(Z"W2Z)'Z". Thus, Sp and S, can be interpreted as the asymptotic
covariance matrices of 7 = X B and # = Z#4, respectively. From Sz and S, we also
define the n x n diagonal matrices Sga = diag(Ss) and S,¢ = diag(S,) such that
the diagonal elements of Sgs and S,q will be the diagonal elements of Sp and S,,
respectively. We also define Sg) =50 SB,S‘(ga) = Sg) © Sp, where © denotes the
Hadamard product. Analogous definitions are used for S,(,’) and S'.(,:’). We also define
in Appendix A the n x n diagonal matrices ®,,..., ®s.

The method used to compute €, (and ¢,_,) is not complicated and it consists of
the following steps (Cordeiro, 1983; Cordeiro and Paula, 1989a; Cordeiro, Paula and
Botter, 1994): (i) incorporate the joint cumulants of log likelihood derivatives into
formulae (6) and (7); (i) perform the sum 3" over the parameters using simple matrix
operations; (iii) then, do the same for the sum }° over the observations. The details of
the calculations are very tedious, yet elementary, and can be obtained from the authors
on request. All the summations are greatly simplified because of the orthogonality
between 3 and 7. After some lengthy algebra, the ¢, term can be decomposed into the
sum of three components as

£p+v:fl(Xal“th)+f2(zal")¢)+f3(xaz1p,¢)7 (8)
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1 iy e ;.
fu(X, p, @) = tr(9,53,) — Zle’('L’Séa‘)' X fﬂisﬁsﬂd)‘hla (9)

) inerg
1
FuZ, 1, 8) = t2(®3570) + 1517 Bef257 + 85,45, 5a) @11
+17 (g — B7)(SE + 5,38,5y4)s1, (10)
and (#2005 o ot

F(X, Z, 1, 8) = tr(®25545,a) w;tr{ﬁgﬁg”({!s —~206)S,]

1 -
+IITQ5SMS-, [Spa®s + F%{f(ZQB —&)]1. (11)

Equation (8) shows a simple decompositiodi for the Bartlett adjustment and repre-
sents the main result of the paper. Equation for €;_p, 49—, is obtained directly from

(8) with X; and Z; in place of X and Z. T’I}.ﬁﬂ the Bartlett correction for testing
AN

B : =B =+{"is 8 iles
& =1+ {A(X, 1, 9) + fo( Zri ) + Fo( X, Z, 1, §)
—Fi(Xa1:8) — fal Zay 11, 8) — fol X, Zos 1, )}/ (21 + 01), (12)

with the unrestricted parameters 8; and -y, beih@ sabstituted by their estimates 2; and
¥; under H}. Then, the improved test oompargméﬁ = LR, /& with the upper point
of the x3, ,,, distribution. ;

In small samples the asymptotic x? distribution for the LR statistic is dreadful
and the magnitude of the Bartlett correction seryes 16 warn of situations in which this
approximation can be improved. Thus, when the correction is small we can be assured
that no great error is committed by using the asymptotic x* approximation. When the
correction is large, caution is advisable. Expressifig the functions f,, f and f; in matrix
notation has great advantages to obtain closed-form Bartlett corrections for several
tests of practical use in heteroskedastic ¢ regrdssion models. The Bartlett correction
only involves simple operations on matrices and vectors and can be easily computed
using a computer algebra system such as MAPLE or a programming language with
support for matrix operations, such as Ox or 5-P Tus, ; Numerical computation involving
higher-order joint cumulants is thereby avoided.” n

We now investigate the problem of improvin%> LR tests on mean and dispersion
parameters separately. For testing H3 : 8 = ﬁ}o against the alternative hypothesis

H:: By # ﬁfo) , we have Z; = Z and the Bartlett correction reduces from (12) to

@ =1+{fi(X,11,8) — (X2, 1,8) + [s(Xo Z, 1, ¢) — f5( X2, Z, 5, 8)} 1,

with the unrestricted parameters 8; and + being substituted by their estimates B> and 3
under H3. The Bartlett correction associated with testing the hypothesis H : v, = 7°
is given by (here X; = X)

c3 = 1+ {fz(Z7I"1 ¢) - f?(zhﬂ', ¢) + f3(X7 Z”‘) ¢) = f3(X’ ZZ),‘) ¢)}/ql;

with 8 and 7y, being substituted by their estimates 8 and 42 under HS.
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3. SPECIAL MODELS

In this section we briefly discuss three special models: the simple model, the one-
way classification structures for both linear predictors  and = and the model defined
by simple linear regression structures for these predictors. For all these cases, the
mean and the precision parameters, under the null hypothesis, are constant over the

observations.
3.1. THE SIMPLE MODEL

We begin with the simple model where the observations are independent and iden-
tically distributed (iid). For this case, p= ¢ = 1 and X and Z are n-vectors of ones.
We consider a test of the null hypothesis H} : 8 = B®),y = 4© against H} : : Hy is
false. After some algebra, we obtain from (12) and (9)-(11)

(v+3)
12m/(u +1)(w+5)2w+7

€= )[uu‘ +1470° + 4610 + 681y 4 428].  (13)
When v — oo, equation (13) reduces to the classical Bartlett correction for the nor-
mal model, given by ¢ = 1 + i% The Bartlett correction (13) does not involve any
estimation since the null hypothesis specifies the model completely.

3.2. ONE-WAY CLASSIFICATION MODEL

We now consider the analysis of variance normal model. Each observation is clas-
sified into one of p different categories, where observations in the i-th category have
mean y4; and precision parameter ¢; and we express the linear predictors n; and 7; as
7 =P+ piand 7; =y + ¥, for each i = 1,...,p, where we fix B, = v, = 0. Then, we
have the one-way classification structure for both predictors 5 and 7. For this model,
we consider the test of Hy : fy = ... = By = 11 = ... = 7,_; = 0 against H} :
violation of at least one equality. Let n; be the number of observations in category i,
which means that n; + ...+ n, = n. After some algebra we can obtain from (12) and

9-1)
-1 __ -
o =1t {5 -
3.3. SIMPLE LINEAR REGRESSION MODEL

We now consider two-parameter regression models for both predictors 5 and .
The systematic components are expressed by 4 = g(m) = B2 + p1z) and ¢ = h(n) =
72 + T z1, where z; and z denote the values of the explanatory variables z and z, for
I =1,...,n. We consider the test of Hj : §; = v = 0 against H} : H} is false. We
use the notation &; = n™! Ty(x; — z)(2 — 2) for 1,5 = 0,...,4, where 2 = n~ ' Yz
and Z = n~' 37, 2. After some algebra, we obtain the Bartlett correction from (12) and
(9)-(11) as
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3(v+2)(v +3) {ao 3 +3v—13)2 o
by {2rw(u + 1) +8)r+7) (2 Em) T Bn(y + 57w + 78 (2 q 532)

WSl T 0)] (3 + 2%) wlv + 5)(w +7) (2 + 5,ogm)

_2v +2)(v +3)(+* + 9 +8)¢° (1 L X G )
n2 (v + 5)2 Exbor  EGoboa

(v+2)“(v+3)( & ) 6(v+2)(u+3)(v+6)( f:lfos)}
nu(v + 5) 3*&0502 i nv(v + 5)2 =y

4. SIMULATION RESULTS

Lange, Little and Taylor (1989) suggest that the number » of degrees of freedom in
model] (1) should be fixed for small data sets and estimated for large ones, since small
samples do not typically provide sufficient information about v for this parameter to
be estimated with enough precision. They point out that, for small samples, v = 4 has
worked well for many practical applications. We now show that a known value for v
is not a very strong assumption for the purpose of using equations (8)-(11), since the
Bartlett correction is still very effective when » is replaced by its MLE. Moreover, there
is some evidence that the sizes of the modified LR tests are not substantially affected
by the degrees of freedom misspecification. In other words, the Bartlett correction
substantially improves the accuracy of the type I error rates with either a consistent
estimate of v or the degrees of freedom misspecification.

For inference about v, we use the profile log-likelihood for v defined by

() = Lo ) = sup o, i, 0) = S logy + nlogP(* ) — nlogT(%)

(”+1)Elog{ (y‘ ) } Zlog (14)
i=1 0
where fi, and &, denote the restricted MLEs of u and & for v fixed.

The profile likelihood (14) is not a real likelihood function, in that it is not propor-
tional to the model density (1). We use the following two-step algorithm for maximum
likelihood estimation of v, p and o. 1) For given v, (2) is maximized with respect to
B and v, that is, we compute 8 and 4 using (3) to find i, = g(Xﬁ) and @, = h(Z'y)
Thus, we compute £,(v) from (14). 2) Vary v over a grid to obtain the estimate
which maximizes (14). We use a grid of 100 equally spaced v values in (1.5, 11.5). We
hence adopt this algorithm to obtain approximate MLEs of all parameters v, y and ¢
in model (1).

We now perform a Moate Carlo simulation study using a t regression model with
a three parameter nonlinear regression for the mean y = 8, + 8, + exp(fBaz;) and a
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two parameter regression ¢ = exp(y; + 121) for the dispersion parameter to compare
the performance of the LR test to those of the Bartlett corrected LR tests. The true
number of degrees of freedom were taken as vr = 4 and 1 = 6. We wish to test
the null hypothesis Hj : B3 = vz = 0 against H]: violation of at least one equality.
Clearly, the Bartlett correction (12) for this testing problem is a function of the degrees
of freedom v assumed to be known. In models with covariates the way in which they
are generated as the sample size increases must be specified. We assume that, as the
sample size increases, the covariates design is replicated. The number of observations
was set at n = 20, 30,40 and 50 and the number of replications at 10,000. The values
for the mean covariates z; and z, were obtained as random draws from the uniform
distributions on the intervals (0,5) and (0,1), respectively. The values for the dispersion
covariate z; were obtained from a chi-squared distribution with one degree of freedom.
The values of all covariates were held constant throughout the simulations with equal
sample sizes.

For the size simulations the nuisance parameters were fixed at 8; = 3,5, = 2 and
71 = 1. IMSL subroutines were used to generate the data and the calculations were
done using FORTRAN 90 on a Pentium IV at 1.50 GHz. The convergence was not
achieved for all the 10,000 simulated samples and then we eliminated those samples
for which the iterative fitting method (3) fails to converge before 50 iterations. Such
failures were normally most uncommon and the proportion of eliminated samples was
smaller than 0.35% in each case. In each simulation, we generate ¢ Student data
Y1,-. -, Yn following (1) and compute the LR statistic and six different forms of Bartlett
corrected statistics, namely: the classical Bartlett corrected statistic LR" assuming the
true value vy of the degrees of freedom, the Bartlett corrected statistic LR calculated
using the MLE & of v obtained from the two-step algorithm and the forms of the
Bartlett corrected statistics LR*("), LE<®  LRE*® and LR*® when v is fixed at a wrong
value of vr—2, 11 —1, vy +1 and vr +2, respectively. Hence, the modified statistic LR*
corresponds to correct degrees of freedom specification whereas the modified statistics
LR*® for i =1,...,4 correspond to degrees of freedom misspecification.

We illustrate the various LR tests in this simulation study and then investigate how
the sizes of the LR test and its corrected versions are sensitive to misspecification of
the degrees of freedom. For doing this, we compute the distributions of the LR statistic
and its Bartlett corrected versions at some nominal levels. Under the null hypothesis,
we obtain the rejection rates of LR, LR*, LR and LR* () for i = 1,...,4 at the nominal
sizes of 5% and 10% of a x2 distribution. The percentage of times that these statistics
exceed the upper 5% and 10% points of x2 out of 10,000 simulations are given in Table
1 when v = 4. Table 2 does the same for v = 6.

The figures in Tables 1 and 2 convey important information: (i} the classical LR
test is shown to have a finite sample distribution which is poorly approximated by its
asymptotic x3 distribution. In fact, the conventional LR test yields type I error rates
that are higher than nominal. The x2 approximation for all statistics deteriorates
when the sample size n decreases; (ii) the empirical sizes of the test based on the
modified statistics LR* and LR are closer to the nominal levels than the empirical



sizes of the unmodified statistic LR. Thus, the Bartlett correction is very effective in
pushing the rejection rates of the modified statistics toward to the nominal levels even
when v is replaced by its MLE & since the estimated sizes of LR* and LR are in good
agreement. Thus, the Bartlett corrected statistic which uses the MLE of v seems to
offer at least some improvement over the use of the unmodified LR statistic; (¢i) the
empirical sizes of all corrected statistics are closer to the corresponding nominal levels
than the empirical sizes of the uncorrected LR statistics. Therefore, the sizes of the
modified tests are not substantially affected by the degrees of freedom misspecification,
at least for v in the interval (17 — 2,11 4 2), and that even when v is uncorrectly
specified, the modified statistics lead to some size improvements. In all cases, error
rates that are closer to nominal are achieved with the six Bartlett corrected statistics;
(#v) unsurprisingly the x3 approximation for the Bartlett corrected statistic deteriorates
as the distance between v and the true value w1 increases; (v) although we have only
considered a special { model, we have experimented with other variations of both
components for the mean and dispersion parameters and obtained roughly the same
conclusions as the ones reported before. We have also experimented with other choices
of values for the covariates but they had little impact on the final results.

In summary, the Bartlett correction was shown to be practical, effective and worth-
while techniques for improving small sample inference in the ¢ regression model even
when the degrees of freedom is uncorrectly specified.

Table 1: Size simulations (v = 4)
__Nominal level: 10%

n| LR LR LR LRW LR® LRG L[RpW

20193 147 153 169 162 155 168

30185 129 134 146 143 137 149

40 | 157 118 127 135 131 134 142

50 (131 107 112 124 120 117 129
" Nominal level: 5%

20/ 92 78 81 85 84 83 8.6

3087 61 6.7 8.2 8.0 8.1 8.3
40 | 83 57 64 8.0 7.8 7.7 8.2
8074 53 6.1 7.2 7.0 7.1 7.3
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[ Table 2; Size simulations (vr = 6)
Nominal level: 10%

n | LR LR LR LRW LRO® L[p® [p©
20186 132 150 153 149 144 155
30(17.8 121 132 145 141 135 1492
40 [15.1 109 128 138 127 132 134
50 (129 105 114 126 118 114 123
. Nominal level: 5% T i
2088 79 80 83 8.0 8.2 84
3083 62 63 7.9 7.5 7.7 8.0
40|81 55 62 7.3 6.6 7.2 7.8
50|72 52 58 6.7 6.4 6.6 7.0
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