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Abstract 

Let G be a free product of cyclic groups of prime order. The struc­
ture of Lhe unit group U(QG) of the rational group ring QG is given 
in terms of free products and amalgamated free products of groups. 
As an application, all finite subgroups of U(QG), up to conjugacy, are 
described and the Z888enhaus Conjecture for finite subgroups in ZG is 
proved. A 11trong version oC Uic Tit.II Alkrnat.ivc for U(QG) is obtained 
as a corollary of \he structural result. 

1 Introduction 

Let U(ZG) denote the unit group of the integral group ring ZG of a group 
G and let U1 (ZG) be the group of units of augmentation 1 in ZG. Similar 
notation shall be used for the rational group algebra QG. The Conjecture 
of Zassenhaus, denoted (ZC3) (14], states that if G is finite and H is a 
finite subgroup of U1 (ZG) then H is conjugate in U(QG) to a subgroup of 
G. A restricted version of this conjecture, denoted (ZCl) [14], says that 
every torsion unit of U1 (ZG) is conjugate in U(QG) to an element of G. It 
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is known that (ZC3) holds for finite nilpotent groups [16), [17), finite split 
metacyclic groups (12), (15) and some particular groups . However, (ZC3) 
is false in general and the counterexamples show that it does not hold for 
finite metabelian groups [7] and [13]. The Zassenhaus Conjecture restricted 
to finite p-subgroups of U1 (ZG) has been established for finite nilpotent-by­
nilpotent groups G [4], for finite solvable groups G whose Sylow p-subgoups 
are either abelian or generalized quaternion [4] and for Frobenius groups G 
which cannot be mapped homomorphically onto S5 [5]. More information on 
the Zassenhaus Conjecture and its various versions can be found in (3],[13], 
[14]. It is interesting to know which infinite groups satisfy (ZC3).In [11) 
an infinite nilpotent group is constructed which does not satisfy (ZCl) 
(compare with [21). Problem 39 of [14] asks whether (ZCl) holds for a 
free product of finite cyclic groups. 

Torsion units in integral group rings ZG where G is a free product of 
abelian groups were studied by A.I. Lichtman and S.K. Sehgal [10]. They 
proved that if u E U1 (ZG) has order m < oo then one of the free factors of G 
contains an element h of order m. Moreover, if G is a free product of a finite 
number of finite abelia.n groups then u is conjugate to h in a large averring of 
QG (Theorem 1 of [101). In a particular case when G is the infinite dihedral 
group the conjugating element can be taken even in z[½]G [9]. 

In this pa.per we study the free product G = •Ga (a E /) of cyclic 
groups of prime order I Ga I= Pa (the Pa's are not necessarily distinct and 
/ may be infinite). In Section 2 by applying Gerasimov's Theorem [6] we 
prove that 

where *u<•! denotes the amalgamated free product over the multiplicative 
group U(QJ of Q and Aa, Ba are abelia.n groups isomorphic to the additive 
groups of some infinite dimensional vector spaces over Q (Theorem 2.3). As 
a consequence we prove that every nonabelia.n subgroup of U(QG) either con­
tains a free noncyclic subgroup or is metabelian (Corollary 2.4). In Section 
3 we use Theorem 2.3 to prove that every finite subgroup of U1 (QG) is con­
jugate in U(QG) to a subgroup of U1 (QG0 ) for some a E / (Theorem 3.4). 
As a corollary the Zassenhaus Conjecture (ZC3) is proved for G (Corollary 
3.5). 
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2 The structure of the rational unit group 

Let/( be an associative ring with identity and G = •8 G0 (a E /) be the free 
product of groups G0 with amalgamated subgroup H. It is easy to verify 
that KG is isomorphic to the coproduct lIKH KGa,(a E I) of rings /(Ga 
over K H. In particular, if G = •G0 (a E /) is the free product of groups 
Ga, then KG~ lIK I(G0 (a E /). Thus, Gerasimov's Theorem on units in 
coproducts of rings [6] can be used in the study of U(J(G)." 

An element of KG of the form 1 + xvy where x, y E KG0 , yx = O, v E 
KG is called a KGa-tmnsvection. Let r(KGa) be the subgroup of U(KG) 
generated by U(I(Ga) and all the KGa•transvections of KG. A ring R with 
the identity element 1 is called I-commutative if xy = 1 implies yx = 1 (x, y E 
R). The following statement is an immediate consequence of Gerasimov's 
Theorem. 

Statment 2.1. Let G = •Ga(a E /) and K be a division ring. If each KG a 
is I-commutative then 

U(KG) ~ *u(Kl(KGa), (a E /), 

where U(J() denotes the multiplicative group of/(. 

It is easy to see that the subgroup T(l(Ga) generated by all the KGa­
transvections of KG is normal in r(KGa)• 

Suppose now that K = Q and that each I Ga I= Pa is a prime (a E /). 
The Pa's are not necessarily distinct and / may be infinite. Let S be the 
disjoint union of the Ga,{1}, (a EI). We say that the product g = 91 • • ·9n, 
(9i E S) is reduced if either n = 1 or n ~ 2 and no adjacent factors belong 
to the same Ga• In this case n is called the length of g and sha.11 be denoted 
by l(g). 

Let /J be a fixed index and Gp =< c > . Take any ordering on each 
Ga, {1}, (a-/; /J). Set c' < c' if and only if a< 1, (0 < 1,1 ~ 1' - 1,p = p.,). 

Now take an ordering on I such that /J < a for every a E I, (a -/; /J) 
and assume that the identity element 1 E G has length 0. This determines 
an ordering in S. 

Suppose now that every element of G is given as a reduced product and 
order them first by their length and then lexicografically from left to right. 

For a" e KG the leading term, lead(v), of v is the maximum of 
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{g : g E supp(v)}, that is lead(v) ~ g for every g of the support of 11. 

Let CfJ be the Q-subspace of QG generated by all reduced products 
c1g1 · "9n, (gJ E S,n ~ 1,gn ¢ G/J,O ~ , ~ p- 2) and let D/J be the Q­
subspace of QG generated by all reduced products 91 .. •gnc\ (gJ E S, n !'.'. 
l,91 ¢ GfJ,0 ~, ~ p- 2). 

Set c = 1 + c + • • • + cP-l and consider the following maps: 
<p : C/J -+ U(QG) and v, : D/J -+ U(QG) defined by cp(11) = 1 + (1- c)11c, 
and ,J,(11) = 1 + cv(l - c). It is easily seen that <p and ,J, are homomorphisms 
from the additive groups C/J and D/J respectively into T(QGp). 

Lemma 2.2. Set Ap = lmtp and Bp = lm,J,. Then T(QGp) =< AIJ, Bp > 
and tp : Gp -+ AIJ, ,J, : Dp -+ B/J are isomorphisms. 

Proof. It is easily seen that if xy = 0 for some x, y E QG/J then one of 
these elements belongs to {1- c)QGp and the other to Qc. Hence T(QGp) is 
generated by all elements of the form 1 + {1 - c)11c, 1 + cv(l - c), 11 E QG. 
Then it follows from the equality 

(1- c)cP-1 = -(1 - c)(l + c + ~,, + cP-1) 

that T(QGp) is generated by lm<p and /mt/,. This proves the first statement. 
It remains to be shown that Ker<p = Kerv, = {O}. 

Let O =f II E Gp and lead(v) = c1g1 •••Un, (n ~ 1,0 ~ a ~ p - 2} be 
written as a reduced product. 

Let c'h1 · • • hk =f lead(11) be a reduced product from the support of 11. 
Observe that since /3 < a for every a E J, (a =f {J), we have that k ~ n. 
(Note that this observation will be used in {8)). Then either k < n or k = n 

and J < i or k = n,J = i and h1 • · •hn < 91 • · ·Dn• 
It is easy to see that in a.II cases c1+l 91 • • • 9n > cJ+l h1 • • • hk and, conse­

quently, 

lead((l-c)v) = c1+lg1 "'9n, 

lead(cp(v)) = c1+lg1 · • • 9nc1'-1 = c(lead(v})cP-l, (1) 

Thus, cp(v) =f 1 and Ker<p = {O}. 
Let O =f II E Dp and for a reduced product g = h1 • • • hkc' from the 

support of 11, set w(g) = h1 • • •hk, Let 

91 • • • 9n = max{w(g) : g E supp(v)} 
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and 

91 · · ·9nc' = maz{9 E aupp(v): w(9) = 91 · · ·9n}• 

If h1 · · · h1.cl is any other reduced product from supp(v), then either 
h1 • • •h1c < 91 · · •gn or k = n, h1 · · •h1c = 91 · · '9n and J < a. In both cases 
we have that h1 · • · h1ccff 1 < 91 · · · 9nC1+1, therefore, 

lead(v(l - c)) = 91 · .. 9nc•+l, 

lead,J,(11) = lead(cv(l - c)) = c"-191 • • • gnc•+l. (2) 

Thus Ken/,= {O}. a 
Now we shall prove the main result of this Section. 

Theorem 2.3. Let G = •Ga, (a E /) where I Ga l= Pa is a prime.Then 

U(QG) = *uiei ((Aa • Ba) >4 U(QGa)}, (a E /) 

where Aa •Ba= T(QGa) is the group generated by all QG0 -transvections 
of QG, Aa and Ba are abelian groups isomorphic to the additive groups of 
some infinite dimensional vector spaces over Q (see Lemma 2.2). 

Proof. Fix /J E /. We shall use the notation and the ordering introduced 
above. By Statment 2.1 and Lemma 2.2 it suffices to prove that T(QGp) n 
U(QGp) = {l} and T(QGp) = Ap • Bp. We shall do this by calculating the 
leading term of an arbitrary element of T(QGp). 

We shall say that two QGp-transvections t1 and t2 have the same tJ/pe 
if t1,t2 E Ap or t1,t2 E Bp. A product of QGp-transvections u =ti .. •tn 
shall be ca.lied reduced if no adjacent factors have the same type. It is easy 
to see that an arbitrary reduced product u of transvectios is a sum of the 
identity and elements of the form 

0 :/: w = [(1- c)11oc]•1 c111 (1 - c)2"2c • • • 

C"2n-l {l - c)2"2nC[C"2n+J (1 - c)]•2
, (3) 

where 110,"2,• 00 ,"271 E Cp,111,"3,'"","2n+1 E Dp, and Et,E:i E {0,1}. 
We shall proceed by finding the leading term of v,(1- c)2v; where i < j, 

i < 2n + 1, i is odd and j is even. Write an arbitrary element g E G 
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as g = g1w(g)g2 where 91,92 E< c > a.nd w(g) does not begin or end in 

a nonidentity element of < c > . Set t1c = max{w(g) : g E supp(111c)}, 
0 S k S 2n + 1. If k is odd write 111c = t1cx1c + r1c, where z1c E Q < c > and 

for every g E supp(r1c), w(9) < t1c, For an even k, 0 S k S 2n write 

m 

111c = z1c<1>t1c<1) + Lz1c<•>t1c<•J + rk, (4) 

where z1c<1>, · · •,xk{m) E Q < c >, tk(l) = tk, l(t1c<•>) = l(tk), (2 S s $ m) 
and l(w(g)) < l(t1c) for every g E supp(rk)· 

Fix an odd i, 1 S i < 2n + 1, and an even j, j S 2n such that i < j. Let 

and 

/; = maz{t}'> : c1 E supp(zi(l - c)2z/'))} 

where t;<•> is defined in (4). We claim that c1 '1' 1 and that 

lead[11,(l - c)211;] = tic1 /;. 

In particular, 

(5) 

(6) 

Let ( be a. primitive p = P/J - th root of unity and r : Q < c >➔ Q(() be 

the map determined by r(c) = (, It follows from the definitions of Gp and 

Dp that cP-l does not belong to the supports of Zi and z;(,), (1 S s Sm), 
hence r(zi),r(z;<•>) :/: 0, (1 S s S m) and therefore ,r(zi(l - c)2x;<•)) :/: 0 

(1 S s S m). Consequently Xi(l - c)2z/•> :/: 0, (1 S s $ m) and as 

(1 - c)2 is not a unit in Q < c > we see that Xi(l - c)2x;<•> ¢ Q. Thus 

supp(xi(l - c)2x;<•>) contains a nonidentity element of < c > for every s, 

(1 S s $ m). In particular, c1 '1' 1. 
Let g1c0 g2 be an arbitrary element from supp(l/i(l - c)211;), where 91 = 

w(h1), 92 = w(h2) for some h1 E supp(vi) and h2 E supp(11;), It follows from 

the definitions of ti and /; that 91 S ti a.nd l(g2) $ l(/;). 
If 91 < ti then clearly g1c0 92 <tic'/;. So let 91 = t,. If l(g2) < l(/;) then 
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• 

• 

and therefore again 

Thus we may suppose that l(92) = l(/;). Then 92 = t;<•> for some .s, 
(1 S .s S m) and consequently ca E .,upp(zi(l - c)2z;<•>). Thus c1 ~ ca and 
sjnce c' > c8 implies . 

we may suppose that a= l. But then c' E aupp(zi(l - c)2z;<•>) and by the 
definition of/; we get that/; ~ 92• Fina.fly, as 92 < /; implies 

91C
0

92 = tic1
92 < tic1J;, 

we conclude that tic1/; is indeed the leading term of Vi(l - c)211;, proving 
our claim. 

Now we obtain from (3) that 

lead(w) = (lead[(l - c)VoW'[c"-1lead[111(l - c)2112]c"-1
] • • • 

[c"-1 lead["2n-1 (1 - cf""2n)c"-1)(lead["2n+l (1 - c)W:2
• (7) 

Clearly this product is reduced if all the leading terms are given as re­
duced products. In particular, lead(w) ¢ Gp and consequently, T(QGp) n 
U(QGp) = {1}. 

Applying (1) and (2) to Vi and v; respectively, and keeping in mind the 
observation made in the proof of Lemma 2.2, we obtain 

l(lead[(l - c)v;]) = 1 + l(w(leadv;)) = 1 + l(t;) ~ 2, 
l(lead[vi(l - c)]) = 1 + l(ti) ~ 2. (8) 

Comparing (5) and (6) we see that 

l(lead[vi(l - cflv;]) ~ maz{l(lead[(l- c)v;]),l(lead[Va(l - c)])}. (9) 

Note that (8) holds for arbitrary even j, (0 S j S 2n) and for arbitrary odd 
i,(1 S i S 2n + 1). Observe that (7),(8) and (5) imply that 
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• 
• 

l(lead(w)) ~ 3 

for all w as in (3). • 
Now suppose that 1, 0 '# w' is obtained from w by dropping some consec- • 

utive factors cvi(l-c), (1-c)v;c. Then we can write w = w,w:zw3, w' = W1W3 ..­
where w2 has the form {3} with less v,/ a involved. We shall prove that 

l(lead(w)) > l(lead(w')). {11) 

Suppose first. that one of Wt or w3 is 1. It is enough to treat the case 

wi = 1, since the other one is similar. So let Wt = 1; then w = w2w3, w' = w3• 
If w2 ends in c then w3 begins with c and by (7) 

l(lead(w)) = l(lead(w:z)) + l(lead(WJ)) - 1. 

It follows from (10) that l(lead(w2)) ~ 3 and therefore 

l(lead(w)) > l(lead(WJ)). Let W:z be ending in 1 - c. Then W3 begins with 

1 - c and we can write w:z = w~cvk(l - c) and wa = (1- c)vk+icw~. 
Call 

~. _ { l(lead(tu;)) if wi :/: 1, 
' - 1 otherwise . 

. . 

It follows from (7) and (6) that 

l(leadw) = ~:z + l(t1) + l(tk+t) + 1 + ~3. 

By (7) and (8) we have 

l(leadw') = l(t1+1) + 1 + ~3 

Consequently, l(leadw) > l(leadw'). 
Now suppose that W1 '# 1 and W3 :/: 1. If w2 begins with c then Wt ends 

in c, and therefore wa begins with c and 102 ends in c. By (7) we get 

l(lead(w)) = l(lead(wt)) - 1 + l(lead(w:z)) - 1 + l(lead(w3)) 

l(lead(w')) = l(lead(wt)) +t(lead(w3)} - 1, 
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• 

t l(lead(w)) > l(lead(w')). 

If w:i begins with 1- c then w1 ends in 1 - c, w3 begins with 1 - c &nd 
w2 ends in 1 - c. Write w1 = tdiCVA:(1- c), w2 = (1 - c)vk+lcw;cv.(1 - c), 

,. wa = (1- c)v.+1cw3. Applying (7) a.nd (6) we obtain 

,. 

a.nd clearly t(lead(w)) > t(lead(w')) which completes the proof of (11). 
Now let 

n 

u = (1 +(I-c)11Qct1 Il((l +Cll:zi-1 (1-c))(l +(l-c)v2ic)](1 +cv2n+1 (l-c))'2 

i=l 

be an arbitrary reduced product of transvections. Assume that Ei, Vi are aa 
in (3). Then u = w + Lw'eJ w' + 1 where each w' E J is obtained from w 
by dropping some factors cVj(l - c), (I - c)v;c. · 

Fix a w' E J. Then there exists a sequence of elements w1 = w{, • • •, w~ = 
w such that each wA:, (1 5 k 5 a - 1) is obtained from ~+I by dropping 
some consecutive factors CJli(l - c), {l - c)v;c. 

It follows from (11) that l(lead(w)) > l(lead(w~_1)) > • • • > t(lead(w')). 
Thus, lead(u) = lead(w) and since l(lead(w)) ~ 3, u :/: 1. We conclude that 
T(QGp) is the free product of A0 and B/J and as /J E J is arbitrary, the 
theorem is proved. D 

AB a corollary we obtain a strong version of the Tits Alternative for U(QG). 

Corollary 2.4. Let G be as in Theorem 2.3. Then every subgroup of U(QG) 
either contains a free noncyclic subgroup or is solvable of derived length at 
most 2. 

Proof. Let H be a subgroup of U(QG) which does not contain a noncyclic 
free subgroup. AB 

U(QG) = •ucei (T(QGa) >4 U(QGa)), (a e /) 
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and U(Q) is central in U(QG), applying the Kurosh Subgroup Theorem [8, 
p.17] to the factor group U(QG)/U(Q) we conclude that, modulo U(Q), His 
either infinite cyclic, or a free product of two cyclic groups of order 2, or is 
conjugate to a subgroup of T(QG0 ) >4 U(QG0 ) for some a. In the first case 
H is obviously abelian, and in the second it is metabelian. In the third case 
we may suppose that H is a subgroup of T(QGa) :>4 U(QGa)• 

Now T(QG0 ) = Aa•Ba where Aa and Ba are torsion-free abelian groups. 
Since 

H nT(QG0 ) ~ Aa • Ba 

applying again the Kurosh Subgroup Theorem we see thatH n T(QGa) is 
abelian. But H/(H n T(QGa)) is isomorphic to a subgroup of U(QGa) and 
therefore is abelian. Hence H is either abelian or metabelian. D 

3 The Zassenhaus Conjecture 

Let G be a group, G(i) = {g E G : o(g) = i}, and C, be the conjugacy 
class of g E G. For u = E,eG u(g)g E QG set T(i)(u) = E,eG(i) u(g) and 
ii(g) = Lhec, u(h). We recall a result on generalized traces T(i) : 

Lemma 3.1. (see [1, Lemma 2.41) Let G be a group and p a prime. If 
u E U1(ZG) is a torsion unit of order p" then T(P")(u) = l(mod p) and 
T(P;)(u) = O(mod p) for all i < n. 

Lemma 3.2. Suppose that u, w E QG and :i:-1u:i: = w where :i: E U(QG). 
Then ii(g) = w(g) for all g e G. 

Proof. Let [QG,QG) be the Q-submodule of QG, generated by all 
gh- hg (g,h, E G). Then y = :i:-1u:i: - u = :i:-1(u:i:) - (u:i:):i:-1 E [QG,QG), 
and therefore jj(g) = 0 for all g E G. The result follows. □ 

The next result is an adaptation of [14, Lemma 37.13] to the case of an 
infinite group G. 

Lemma 3.3. Let G be a group, t = 1 + :i:vy where :i:, 11, y E QG, yz = 0 and 



let tw (w E U(QG)) be a torsion unit of order n such that 

(1 + xQGy) n < w > = {1}. 

If w commutes with x and y, then the element 

Z = 1 + t + ttw + ttwtw2 + • • • + ttw • • • tw"-:.i, 

where tw; = witw-i, is invertible in QG, and z-1twz = w. 

Proof. Since w commutes with x and y we see that tu,i E 1 + xQGy, for 
all j. Therefore we get from (tw)" = 1 that 

_ 2 n-1 w" = tt"'tur ... tw = l. (12) 
We have that 

z = 1 + (1 + xvy) + (1 + xvy)(l + xv"'y) + • • • 
+(1 + xvy)(l + xvwy) · · • (1 + xvw"-

2 
y) = n + xiiy 

for some ii E QG. Thus, z-1 = ¼(l - ¼xiiy} E QG. 
Now by (12) we get 

Hence, z-1twz = w as desired. D 

Let G be the free product G = •Ga, (a E /) of cyclic groups of prime 
order I G0 I= Pa (the Pa1

$ are not necessarily distinct and/ may be infinite). 
For a E / fix a generator c = Ca of Ga and set 

Wa= , { 
1c- C if p > 2 
c otherwise , 

where p = Pa and c = 1 + c + • • •+ cP-1• It is easy to see that w! = c 2
• 

Theorem 3.4. A finite subgroup of U1 (QG) is conjugate in U(QG) to a 
subgroup of< Wa > for some a E /. 
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Proof.Let H '# {1} be a finite subgroup of U1(QG). By Theorem 2.3, 

U(QG) = *u<•> (T(QGa) >4 U(QGa)), (a E /), 

and T(QGa) = Aa * Ba where Aa and Ba a.re the torsion-free abelian groups 

defined in Section 2. 
Applying the Kurosh Subgroup Theorem to the factor groupU(QG)/U(Q) 

[8] or a subgroup theorem for amalgamated free products we get that H is 

conjugate in U(QG) (and therefore in U1 (QG)) to a subgroup of T(QGa) >4 

U(QGa) for some a E /. Thus, replacing H by its conjugate we may assume 

that 

Since every element of T(QGa) has augmentation 1, we really have 

Let u be a nonidentity element of H. Then u = tw where t E T(QG0 ) 

and w E U1 (QGa)- Moreover, since T(QG0 ) is torsion-free, w is a torsion 

unit of the same order as u. 

Take a p - th primitive root of unity ( and consider the isomorphism 

q, : Q < c >➔ Q EB Q(() defined by q,(c) = (1, () and linearly extended. 

Since the torsion units of Q(() a.re of the form: (" or -(", we see that 

q,(w) = (1, (") or q,(w) = (1, -("). If p > 2 then 4>-1(1, -() = !c - c = Wa• 
Thus, in any case w E < w0 > . 

Let":/:- 1 be another element of H. Similarly we can write"= fw' where 

/ E T(QGa) and 1 :/:- w' E < Wa > . Replacing u or" by an appropriate 

power of it we may suppose that v = Jw-1• Then 

UV= twfw-1 E T(QGa) n H. 

As T(QGa) is torsion-free T(QG0 ) n H = {1} and hence 11 = u-1• It follows 

that His cyclic whose order divides 2p, and we may suppose that H =< u > . 
We shall now show that u is conjugate to w in U(QG) and this wiU 

complete the proof of the theorem. 

Using the fact that T(QG0 ) = A0 * Ba , write t as a reduced product 

ti • · • tn of elements from A0 and B0 • Since the order of u = t1 · • • tn w divides 

2p we have (t1 • • •tnw)2P = 1 which implies that 

t • • •t (wt • • •t w-1)(w2t • • •t w-2) • • •(w2P-1t •• •t w-<21>-l)) = 1 
l n 1 n 1 • In • 
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Note that wAaw-• ~ Aa and wBaw-• ~ Ba, because to commutes with c. 
As the product t1 • • •tn is reduced and T(QGa) = Aa • Ba, we have that n 
is odd and that 

Thus, 

and u is conjugate by transvections to '<•+a)/aw. Since T(QGa)nH = {1} it 
follows from Lemma 3.3 that. t,,.+1,,1 w is conjugate in U(QG) to w. D 

The theorem implies the Zassenhaus Conjecture (ZC3) for G: 

Corollary 3.5. Let G be as in Theorem 3.4. Then every nonidentity finite 
subgroup of U1 (ZG) is conjugate in U(QG) to one of the Ga, (a E /). 

Proof. Let H :f:. {1} be a finite subgroup of UJ(QG). By Theorem 3.4 
z-1 Hz ~ < Wa >, for some z E U(QG) and some a E /. Thus H is cyclic; 
its order divides 2p if Pa is odd and is equal to 2 otherwise. Obviously, in 
the last case z-1 Hz = Ga, so we may assume that Pa > 2. 

Suppose that H contains an element u of order 2 and set w = z-1 uz. 
It follows from Lemma 3.1 that there exists an element g E G of order 2 
such that u(g) :f:. 0. Hence by Lemma 3.2, w(g) :f:. 0 which is impossible as 
w E QG.,., where G0 has order p.,. > 2. We conclude that the order of His 
Pa and that z-1Hz =Ga- □ 
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