





is known that (ZC3) holds for finite nilpotent groups [16], [17], finite split
metacyclic groups [12], [15] and some particular groups . However, (ZC3)
is false in general and the counterexamples show that it does not hold for
finite metabelian groups [7] and [13]. The Zassenhaus Conjecture restricted
to finite p-subgroups of U; (ZG) has been established for finite nilpotent-by-
nilpotent groups G [4], for finite solvable groups G whose Sylow p-subgoups
are either abelian or generalized quaternion [4] and for Frobenius groups G
which cannot be mapped homomorphically onto Ss [5]. More information on
the Zassenhaus Conjecture and its various versions can be found in [3],[13)],
[14). It is interesting to know which infinite groups satisfy (ZC3).In [11]
an infinite nilpotent group is constructed which does not satisfy (ZC1)
(compare with [2]). Problem 39 of [14] asks whether (ZC1) holds for a
free product of finite cyclic groups.

Torsion units in integral group rings ZG where G is a free product of
abelian groups were studied by A.I. Lichtman and S.K. Sehgal [10]. They
proved that if u € Uy (ZG) has order m < oo then one of the free factors of G
contains an element A of order m. Moreover, if G is a free product of a finite
number of finite abelian groups then u is conjugate to h in a large overring of
QG (Theorem 1 of [10]). In a particular case when G is the infinite dihedral
group the conjugating element can be taken even in Z[3]G [9].

In this paper we study the free product G = *G, (a € I) of cyclic
groups of prime order | G, |= p. (the po s are not necessarily distinct and
I may be infinite). In Section 2 by applying Gerasimov’s Theorem [6] we
prove that

U(QG) = #,q) (4o * Ba) n U(QGL)),

where %, o denotes the amalgamated free product over the multiplicative
group U (QS of Q and A,, B, are abelian groups isomorphic to the additive
groups of some infinite dimensional vector spaces over Q (Theorem 2.3). As
a consequence we prove that every nonabelian subgroup of U {QG) either con-
tains a free noncyclic subgroup or is metabelian (Corollary 2.4). In Section
3 we use Theorem 2.3 to prove that every finite subgroup of U;(QG) is con-
jugate in U(QG) to a subgroup of U)(QG,) for some a € I (Theorem 3.4).
As a corollary the Zassenhaus Conjecture (ZC3) is proved for G (Corollary
3.5).



2 The structure of the rational unit group

Let K be an associative ring with identity and G = + uGala € I) be the free
product of groups G, with amalgamated subgroup H. It is easy to verify
that K'G is isomorphic to the coproduct L, KGa,(a € I) of rings KG,
over KH. In particular, if G = *G4(a € I) is the free product of groups
Gq, then KG 2 I, KGa(a € I). Thus, Gerasimov’s Theorem on units in
coproducts of rings [6] can be used in the study of U(KG).

An element of KG of the form 1 + zvy where z,y € KG,,yz = 0,v €
KG is called a KGq-transvection. Let I'(KG,) be the subgroup of U(KG)
generated by U(KG,) and all the K G,-transvections of KG. A ring R with
the identity element 1is called 1-commutativeif zy = 1implies yz = 1 (z,ye
R). The following statement is an immediate consequence of Gerasimov’s
Theorem.

Statment 2.1. Let G = #Gq(a € I) and K be a division ring. If each KG,
is 1-commutative then

U(KG) 2+, (KGs), (a€l),
where U(K') denotes the multiplicative group of K.

It is easy to see that the subgroup T'(K'G,) generated by all the KG,-
transvections of KG is normal in I(KG,).

Suppose now that K = Q and that each | G, |= p, is a prime (a € I).
The pa's are not necessarily distinct and I may be infinite. Let .S be the
disjoint union of the G, {1}, (a € I). We say that the product g = g; « - - gn,
(9: € S) is reduced if either n = 1 or # > 2 and no adjacent factors belong
to the same G,. In this case n is called the length of g and shall be denoted
by £(g).

Let B be a fixed index and Gg =< ¢ > . Take any ordering on each
Ga~{1}, (a#8). Setc* < difandonlyifs <y, (0<1,7< p— L,p=p,).

Now take an ordering on I such that 8 < a for every a € I, (a # )
and assume that the identity element 1 € G has length 0. This determines
an ordering in §.

Suppose now that every element of G is given as a reduced product and
order them first by their length and then lexicografically from left to right.

For a v € KG the leading term, lead(v), of v is the maximum of



{g : g € supp(v)}, that is lead(v) > g for every g of the support of v.

Let Cs be the Q-subspace of QG generated by all reduced products
€91 "gn, (g, € §,m 2 1,9, € Gp,0 < 3+ < p—2) and let Dy be the Q-
subspace of QG generated by all reduced products gy ---gnc', (9, € S,n 2
L €Gp,0<1<p—2).

Set é=1+c+---+ ¢! and consider the following maps:
¢ : Cg — U(QG) and ¢ : Dg — U(QG) defined by p(v) = 1+ (1 — c)vé,
and ¥(v) = 1+ év(l — c). It is easily seen that ¢ and ¥ are homomorphisms
from the additive groups Cg and Dg respectively into T(QGj5).

Lemma 2.2. Set Ag = Imy and By = Imy. Then T(QGp) =< Ag, Bp >
and ¢ : Cg — Ag, ¥ : Dg — By are isomorphisms.

Proof. It is easily seen that if zy = 0 for some z,y € QG then one of
these elements belongs to (1 — ¢)QGp and the other to Qé. Hence T(QGp) is
generated by all elements of the form 1+ (1 - ¢)vé, 1+ év(1 - ¢), v € QG.
Then it follows from the equality

(I-c)eP'=—(1=-c)Q+c+---+ 2

that T'(QGj) is generated by Ime and Imi. This proves the first statement.
It remains to be shown that Kerp = Kery = {0}.

Let 0 # v € Cpg and lead(v) = c'g1+++gn, (R 2 1,0 £ ¢+ < p—2) be
written as a reduced product.

Let c¢?hy -« -hy # lead(v) be a reduced product from the support of v.
Observe that since 8 < a for every a € I, (a # ), we have that k < n.
(Note that this observation will be used in (8)). Then either k< nork=n
and y<tork=mn,pg=2and hy---h, < g1 -gn.

It is easy to see that in all cases c*tlg;-.-g, > ¢tk .- Ay and, conse-
quently,

lead((1 - ¢)v) = c*tlg; - .- gy,
lead(p(v)) = gy -+ gnc?™! = c(lead(v))cP—1. (1)

Thus, ¢(v) # 1 and Keryp = {0}.
Let 0 # v € Dg and for a reduced product ¢ = hy---hie’ from the
support of v, set w(g) = hy -« -hg. Let
91+ gn = maz{w(g) : g € supp(v)}
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and

91+ -gnc’ = maz{g € supp(v) : w(g) = g1 -+-ga}.

If hy - --hie’ is any other reduced product from supp(v), then either
hi---hy < g1+ -gnork=mn,hy---hy =g, -gu and 7 < 1. In both cases
we have that k) -« hic't! < gy -+ g e, therefore,

lead(v(1 —c)) = gy ++ - gncttl,
leadp(v) = lead(év(l — c)) =cPlgy---gac'th. (2)

Thus Kery = {0}. O
Now we shall prove the main result of this Section.

Theorem 2.3. Let G = #G,, (a € I) where | G, |= p, is a prime.Then

U(QG) = %,q)((4a * Ba) nU(QGa)), (a€l)

where A, * B, = T(QG,) is the group generated by all QG,,~transvections
of QG, A, and B, are abelian groups isomorphic to the additive groups of
some infinite dimensional vector spaces over Q (see Lemma 2.2).

Proof. Fix 8 € I. We shall use the notation and the ordering introduced
above. By Statment 2.1 and Lemma 2.2 it suffices to prove that T(QGg)Nn
U(QGp) = {1} and T(QGy) = Ag * Bg. We shall do this by calculating the
leading term of an arbitrary element of T(QGjp).

We shall say that two QGg—transvections ¢; and {; have the same type
if 13,82 € Ag or t1,82 € Bs. A product of QGpg—transvections u = ) +- - ¢,
shall be called reduced if no adjacent factors have the same type. It is easy
to see that an arbitrary reduced product u of transvectios is a sum of the
identity and elements of the form

0Fw = [(1-c)ré]én (1 —c)mé---
&an-1(1 — ©)*vanélévangs (1=, @)
where Vo, U2y Vo € Cﬂ) Vi, V3, "y Vanq41 € Dﬂ: and £1,€3 € {Ov 1}'
We shall proceed by finding the leading term of v;(1 — c)?v; where § < j,
i < 2n+1,iis odd and j is even. Write an arbitrary element g€CG
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as g = giw(g)gs where g1,92 €< ¢ > and w(g) does not begin or end in
a nonidentity element of < ¢ > . Set ty = maz{w(g) : g € supp(nx)},
0< k< 2n+1. If kis odd write v, = 82k + i, where 2, € Q < ¢ > and
for every g € supp(ri), w(g) < tx. For an even k, 0 < k < 2n write

n =z WM 4 Z 2t 4 1t (4)
=2
where z;(1), .-, 2, (™ € Q < ¢ >, $;(V) = 1, Uti1) = L(te), (2 < s < m)
and £(w(g)) < £(tx) for every g € supp(r}).
Fix an odd i, 1 < i < 2n+ 1, and an even j, j < 2n such that i < j. Let

¢ = maz{g: g € U supp(zi(1 - )*z;())}

and
f; = maz{t;© : & € supp(zi(1 - ¢)z;)}
where t;{*) is defined in (4). We claim that c' # 1 and that

lead[vi(1 — ¢)%v;] = tic' ;. (5)

In particular,
(lead[v;(1 - ¢)?v;]) = L(t:) + 1 + £(1;) > 3. (6)

Let ¢ be a primitive p = pg — th root of unity and 7 : @ < ¢ >— Q(() be
the map determined by x(c) = (. It follows from the definitions of Cs and
Dg that cP~! does not belong to the supports of z; and z;(, (1< s < m),
hence x(z;)x(z;1) # 0, (1 € s < m) and therefore 7 (z;(1 — c)?z;(*)) # 0
(1 € s < m). Consequently z;(1 — ¢)?z;®) # 0, (1 < s < m) and as
(1 - ¢)? is not a unit in Q@ < ¢ > we see that z;(1 — ¢)?z;(®) ¢ Q. Thus
supp(zi(1 — ¢)z;(*)) contains a nonidentity element of < ¢ > for every s,
(1 € s < m). In particular, ¢! # 1.

Let gic®g2 be an arbitrary element from supp(vi(1 — c)?v;), where g; =
w(hy), g2 = w(hy) for some hy € supp(v;) and hy € supp(v;). It follows from
the definitions of ¢; and f; that g1 < ¢; and £(g2) < ¢(f;)-

If g1 < t; then clearly gi¢®gz < tic!f;. So let g1 = t;. If £(g2) < ¢(f;) then

Ugic*g2) < Lar) + 1+ Lga) < £E) + 14+ £(F;) = Ltic'S;)



and therefore again

91¢°g2 = tic*gy < tic' f;.

Thus we may suppose that £(gz) = £(f;). Then g; = t;(*) for some s,
(1 < s < m) and consequently c* € supp(zi(1 - c)?z;{*)). Thus ¢! > ¢* and
since ¢! > ¢ implies :

a1c°g2 = tic*t; () < ;! f;

we may suppose that a = I. But then ¢/ € supp(z;(1 — ¢)?z;(*)) and by the
definition of f; we get that f; > g;. Finally, as g5 < Jf; implies

91¢°g2 = tic'gs < id'fj,

we conclude that ;¢! f; is indeed the leading term of vi(1 - ¢)%v;, proving
our claim.
Now we obtain from (3) that

lead(w) = (lead[(1 - ¢)ig])*! [c””lead[ul(l - ¢)2n)er Y]
[P~ ead[van_1(1 = €)*v2n)e® ) (lead[v2n 1 (1 — €)])%2. (7

Clearly this product is reduced if all the leading terms are given as re-
duced products. In particular, lead(w) ¢ Gg and consequently, T(QG;s) N
U(QGp) = {1}.

Applying (1) and (2) to »; and v; respectively, and keeping in mind the
observation made in the proof of Lemma 2.2, we obtain

L(lead[(1 -~ ¢)v;]) = 1+ Yw(leady;)) =1+L(L;) > 2,
{(lead[vi(1-¢)]) = 1+ L) > 2. (8)

Comparing (5) and (6) we see that

L(lead[vi(1 — €)*v;]) > maz{t(lead[(1 - c)v;]), L(lead[vi(1 — )])}.  (9)

Note that (8) holds for arbitrary even j, (0 < j < 2n) and for arbitrary odd
i,(1 < i < 2n 4 1). Observe that (7),(8) and (5) imply that
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{(lead(w)) > 3 (10)

for all w as in (3).

Now suppose that 1,0 # w’ is obtained from w by dropping some consec-
utive factors év;(1—c), (1—¢)v;é. Then we can write w = wywaws, w' = Wyw;
where w; has the form (3) with less vy 's involved. We shall prove that

{(lead(w)) > L(lead(w")). (11)

Suppose first that one of w; or wj is 1. It is enough to treat the case
w; = 1, since the other one is similar. So let w; = 1; then w = wawz, w' = w3,
If wy ends in é then w3 begins with ¢ and by (7)

{(lead(w)) = £(lead(w3)) + {(lead(w3)) — 1.

It follows from (10) that {(lead(w;)) > 3 and therefore
t(lead(w)) > l(lead(w3)). Let wy be ending in 1 — ¢. Then wa begins with
1 — ¢ and we can write wy = whévi(1 — ¢) and w3 = (1 — ¢)veq1éws.

Call
foe {l(lead(w’)) if w) # 1,
Sk

otherwxse

It follows from (7) and (6) that
{(leadw) = Mg + £{tk) + Ltks1) + 14 Aa.
By (7) and (8) we have
{(leadw’) = L(tg41) + 1+ A3

Consequently, {(leadw) > £(leadw’).
Now suppose that w; # 1 and w3 # 1. If wy begins with ¢ then w,; ends
in ¢, and therefore w3 begins with é and w; ends in é. By (7) we get

L{lead (1)) = £(lead(wy)) — 1+ L(lead(w3)) - 1 + C(lead(ws))

{(lead(w')) = £(lead(wy)) + £(lead(w3)) — 1,

henge



{(lead(w)) > {(lead(w')).

If wy begins with 1 — ¢ then w; ends in 1 — ¢, w3 begins with 1 - ¢ and
wy ends in 1 — c. Write w; = wjén(1 - ¢), wa = (1 - ¢)vip1éwhév,(1 - ¢),
w3 = (1 ~ ¢)v,41éwy. Applying (7) and (6) we obtain

l(leadw) =A\+ t(tk) +1+4 t(tk+1) + A2+ t(t,) +14 l(ta+l) + A3,

Lleadw’) = Ay + L(te) + Lteg1) + 1 + A3,

and clearly {(lead(w)) > {(lead(w')) which completes the proof of (11).
Now let

n
u = (14+(1—-c)md)™ [][(1+évai1(1-€)) (14 (1 —c)v2id)) (14 évan41 (1~ €))%
i=1
be an arbitrary reduced product of transvections. Assume that ¢;,v; are as
in (3). Then # = w+ ¥ ,.cy ' + 1 where each w’ € J is obtained from w
by dropping some factors évi(1 — ¢), (1 - c)v;é.

Fix a w' € J. Then there exists a sequence of elements v’ = w},---,w!, =
w such that each w}, (1 < k £ s — 1) is obtained from wi,, by dropping
some consecutive factors év;(1 - ¢), (1 — c)v;é.

It follows from (11) that {(lead(w)) > {(lead(w]_,)) > - - - > {(lead(w')).
Thus, lead(u) = lead(w) and since {(lead(w)) > 3, u # 1. We conclude that
T'(QGp) is the free product of A, and By and as B € [ is arbitrary, the
theorem is proved. O

As a corollary we obtain a strong version of the Tits Alternative for 4(QG).

Corollary 2.4. Let G be as in Theorem 2.3. Then every subgroup of U(QG)
either contains a free noncyclic subgroup or is solvable of derived length at
most 2.

Proof. Let H be a subgroup of #(QG) which does not contain a noncyclic
free subgroup. As

u(QG) = *u(.) (T(QGG) X”(QGG)), (a € I)
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and Y(Q) is central in U(QG), applying the Kurosh Subgroup Theorem [8,
p-17] to the factor group U(QG)/U(Q) we conclude that, modulo U(Q), H is
either infinite cyclic, or a free product of two cyclic groups of order 2, or is
conjugate to a subgroup of T(QG,) » U(QG,) for some a. In the first case
H is obviously abelian, and in the second it is metabelian. In the third case
we may suppose that H is a subgroup of T(QG4) % U(QGa.).

Now T(QG,) = Aq* B, where A, and B, are torsion-free abelian groups.
Since

HNT(QG,) C Aq * B,

applying again the Kurosh Subgroup Theorem we see thatH N T(QG,) is
abelian. But H/(H NT(QG,)) is isomorphic to a subgroup of #(QG,) and
therefore is abelian. Hence H is either abelian or metabelian. O

3 The Zassenhaus Conjecture

Let G be a group, G(i) = {g € G : o(g) = i}, and C,; be the conjugacy
class of g € G. For u = 3" ccu(9)g € QG set T (u) = Lgec() u(g) and
ii(g) = Tnec, 8(h). We recall a result on generalized traces T

Lemma 3.1. (see [1, Lemma 2.4]) Let G be a group and p a prime. If
u € Ui(ZG) is a torsion unit of order p" then T?")(u) = 1(mod p) and
T ) (u) = 0(mod p) for all § < n.

Lemma 3.2. Suppose that u,w € QG and z-'uz = w where z € U(QG).
Then ii(g) = ®(g) for all g € G.

Proof. Let [QG,QG] be the Q-submodule of QG, generated by all
gh — hg (g,h,€ G). Then y = z™'uz — u = 2~ (uz) — (uz)z~! € [QG, QG],
and therefore §(g) = 0 for all g € G. The result follows. O

The next result is an adaptation of [14, Lemma 37.13] to the case of an
infinite group G.

Lemma 3.3. Let G be a group, t = 1+ zvy where z,v,y € QG, yz = 0 and
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let tw (w € U(QG)) be a torsion unit of order n such that
(I +2QGy) n <w> = {1}.
If w commutes with z and y, then the element
z=l4t+ Y v’ oyt

where ¥ = w‘tw“, is invertible in QG, and z~twz = w.

Proof. Since w commutes with z and y we see that t*’ ¢ 1 + zQGy, for
all j. Therefore we get from (tw)™ = 1 that

wh = e et o (12)
We have that

z=1+4 (14 zvy) + (14 zvy) (1 + zv¥y) + - --
+(1+zvy)(1+ 2vy) - (L+ 207" " y) = n + ziy
for some 7 € QG. Thus, 2! = 1(1 - Lziy) € QG.
Now by (12) we get

twz = 12%w = Y1+ 4 094 oo "y =
(E+ 8%+t 4o it Y = 2w,
Hence, 2~'twz = w as desired. O
Let G be the free product G = +G,, (a € I) of cyclic groups of prime
order | G |= po (the pa's are not necessarily distinct and I may be infinite).
For a € I fix a generator ¢ = ¢, of G, and set
otherwise ,

where p=p, and é =14 ¢c+:--4 c~L. It is easy to see that w? = c2,

Theorem 3.4. A finite subgroup of U, (QG) is conjugate in U(QG) to a
subgroup of < w, > for some a € 1.
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Proof.Let H # {1} be a finite subgroup of U, (QG). By Theorem 2.3,

UQG) = *ua) (T(QG.) xU(QGa)), (a€l),

and T(QG4) = Aq* B, where A, and B, are the torsion-free abelian groups
defined in Section 2.

Applying the Kurosh Subgroup Theorem to the factor group #(QG) /U(Q)
[8] or a subgroup theorem for amalgamated free products we get that H is
conjugate in U(QG) (and therefore in U; (QG)) to a subgroup of T(QGa) %
U(QG,) for some a € I. Thus, replacing H by its conjugate we may assume
that

H C T(QGa) »U(QGa)-

Since every element of T(QG,) has augmentation 1, we really have

H C T(QGa) »Uh(QG.)-

Let u be a nonidentity element of H. Then u = tw where t € T(QGa)
and w € U;(QG,). Moreover, since T(QG.,) is torsion-free, w is a torsion
unit of the same order as u.

Take a p ~ th primitive root of unity ¢ and consider the isomorphism
$:Q < c > Q@ Q(C) defined by ¢(c) = (1,() and linearly extended.
Since the torsion units of Q(() are of the form: ¢k or —C*, we see that
B(w) = (1,¢¥) or $(w) = (1,~¢*). If p > 2 then ¢73(1,~() = 2é - c = w,.
Thus, in any case w € < wq > .

Let v # 1 be another element of H. Similarly we can write v = fuw’ where
f €T(QG,) and 1 # w' € < w, > . Replacing u or v by an appropriate
power of it we may suppose that v = fw™!. Then

uv = twfw™! € T(QG,) N H.

As T(QG,) is torsion-free T(QG,) N H = {1} and hence v = u~'. It follows
that H is cyclic whose order divides 2p, and we may suppose that H =< u > .
We shall now show that u is conjugate to w in U(QG) and this will
complete the proof of the theorem.
Using the fact that T(QG,) = Aq * Ba , write t as a reduced product
t; - - -1, of elements from A, and B,. Since the order of u = #; - - - t, w divides
2p we have (- - -t,w)? = 1 which implies that

i, oot (wt, -t w ) (W, ot w2 (w1, .. -t,,w‘(z"'l)) =
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Note that wA,w™! C A, and wB,w=! C B,, because w commutes with .
As the product t; -+ -2, is reduced and T(QG,) = A, * B,, we have that n
is odd and that

taww =t _w,wl=...= tq_“lwt" Lvt=l
Thus '
: = (t,t, 1 t L s L
u= (e, 5;_1__,) !l_#w(g;_l__l. 2 M1 )

and u is conjugate by transvections to tinsr)2 W- Since T(QG,)N H = {1} it
follows from Lemma 3.3 that ¢, . . w is conjugate in %(QG) to w. D

The theorem implies the Zassenhaus Conjecture (ZC3) for G:

Corollary 3.5. Let G be as in Theorem 3.4. Then every nonidentity finite
subgroup of U} (ZG) is conjugate in U(QG) to one of the Gq, (a € I).

Proof. Let H # {1} be a finite subgroup of &;(QG). By Theorem 3.4
z™!Hz C < w, >, for some z € U(QG) and some & € I. Thus H is cyclic;
its order divides 2p if p, is odd and is equal to 2 otherwise. Obviously, in
the last case z-'Hz = G, so we may assume that Pa > 2.

Suppose that H contains an element u of order 2 and set w = 2z~ 'uz.
It follows from Lemma 3.1 that there exists an element ¢ € G of order 2
such that i(g) # 0. Hence by Lemma 3.2, 1(g) # 0 which is impossible as
w € QG,, where G, has order p, > 2. We conclude that the order of H is
Po and that 2~ 'Hz = G,. O
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