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Summary 

Thi■ paper develops ■imple and readily applicable formulae for the uymplotic expan­

aiona of the distributions of the likelihood ratio, Wald and score stati■tia in generalized 

linrar moJcb, under a ■equence of Pitman a!Lernatives. The asymptotic distribution■ of all 

three criteria arc obtained for testing a subset of linear parameters when the dispersion pa­

rameter is known, for testing the dispenion parameter and for testing the whole set or linear 

parameLen asauming that the dispersion parameter is unknown .. The fonnulae derived offer 

advantages for numerical purposes because they require only simple oper~iona O!) maLricea. 

They are also simple enough to be used analytically lo obtain closed-form expressions for 

these expansions in special models with a Fisher information matrix in closed-Conn. The 

powen of all three criLeria are compared under specific conditions. 

Some key words: Asymptotic Expansion; Bartlett-type Corrections; Chi-squared Distri­

bution.; ComposiLe Hypothesis; Generalized Linear Model; Llkeliboo.d Ratio St.aiiatic; Power 

Fun(;tion; Score Statistic; Wald'• Statistic. 
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1. Introduction 

In this paper we derive simple matrix formulae for the nonnull uympt.otic expansio1111 or 

the distributions of three rival test statistics, namely Wald's, the score and the likelihood 

ratio statistics, in generalizt'd linear models (GLMs) (McCullagh and Nelder, 1989). We 

al110 compare the power functions or these tests for some special cues. All these statistics 

have identical asympt.otic properties to first order. To distinguish between their nonnull 

disiributions, it is necessary t.o consider the nonnull asympt.otic cxpan11ion of each statiYtic 

under a sequence of Pitman alternatives converging to the null hypothesis with rate of 

convergence n-112, where n is the sample size. The nonnull asymptotic expansions to this 

order of approximation for the densities of Wald's and of the likelihood ratio statistics were 

obtained by Hayakawa. (1975). An analogous result for the score statistic was derived later 

by Harris and Peen (1980). 

Consider a set or n observations y = (y1o ••• , y,.)T which is independent but not nrc<$sari_ly 

identically dist.ri~uted and whose total log-likelihood function L = L(P) drpendio upon an 

unknown paramet"f"r 'p. Let U and "/( de~ote ~he total score fun~tion And the total Fisher 

information matrix for /J, respectively. Further, consider the 1>artition pr= (/1[,/lf}, whrre 

/Ji = (Pi, ... ,P;,)T And /J2 = (P,+1, .•. ,/J~)T with q $; p. In this setting, we focus on Lc:;ting 

a composite null hypothesis Ho : /J1 = Pl01 again!t a composite alternative H : /31 -# Pl01, 

where t.he ~tor /J2 is a nuisance parameter and P!01 is some spc,ified q-dimcnsional v«tor. 

In practice, such a Lest is often based on the likelihood ratio, Wald's or the score statistic. Let 

iJ be the unrestricted ma"ximum likelihood estimate of fJ and p2 be the rei;trictcd maximum 

likelihood estimate of /32 under H0• 

The partition for /J induces the corresponding partitions UT= (U[,Ul), 

K - 1 
K-1 - A -

( 
Kn I( 2 ) ( K

11 
K

12 
) ( O O ) 

- K21' - /(22 ' - K21 K 72 ' - 0 K;:} ' 

where K22
1 represents the asymptotic covariancf" matrix of P,. \Ve also define a p x p matrix 

M = K-1 - A • From this point forward, functions evaluated al the point iJ will be wriLlcn 

with a circumflex and functions evaluated at /JT = (P!0>7", /Jf) will be distinguished by the 
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addition of a tilde. Letting S; for i = 1, 2, 3 correspond Lo the likelihood ratio, Wald's and 

acore statistics respectively for LesLing Ho, we can express them as 51 = 2{L(P) - L(P)}, 

s, = (Pa -11-.01)'1' k•r'ciJ. - J3<0l) _and S:, = or k 110., where /(11 = {Kn - KnKn1 K21}-1 

ii the asymptotic covariance matrix of b1• It is well known that the limiLing distribution o( 

all t.heae 1L&tist.ics is x: under H0 and x~~.\• i.e. the noncentral chi-squared cliatribut.ion wiLb 

9 degrees or freedom and an appropriate noncentrality parameter .\, under H. 

In order to examine the properties of the nonnull distributions o( S1, S2 and S:s in GLM1, 

we summarize the works of H~yabwa (1975) and Harris and Peers (1980) on the expa.nsiona 

of these 11.&tistict under t.be particular teriea or alternatives H. : /31 = /Jio) + (, where ( is a 

q-dimensional parameter vector of order n-112• For this purpose, we introduce the slandt1rd 

notation for the cumulanta of log-likelihood derivatives (Lawley, 1956; Harris, 1985) in which 

the suffices all take the range l, ... , p. Let U; = DL/fJ/J;, U;; = 1J2 L/8/J;/J; and ao on. We 

have 11:ij = El(fij), '-i;t ;:: E(l/;,t), "iJ = E(U;Uj), i.;;.11 ;;; E(U;;U,), ";;.- - E(U.,U1ir) -

«;J"lm "1.;,1n- = E(U;U;U1,r )- '-iJ"ln- and "iJ,/r,r = E(U;U;U,Ur) - te;.;"•.r - IC;Jr#Cj., - ,c;,"J.t· 

All cumulants /C's refer to a total over lhe sample and are, in general, of order n. The 

Loi.al information matrix K has elements "i,i = -,c;;, and ";.; = -#Cu will repraen, the 

corresponding elements or its inverse. We then define a p x 1 vector 

(1) 

and a acalar parameter .\ = [JT K 6, where I, is t.he q x q identity matrix . . 

Under the sequence of alternatives H., the distributions of the three st.&tiati<:5, excluding 

lattice problems, admit. an asymptotic expansion of \he form 

3 

pr(S; $ r) = G,,.\(l') + L b;,G,♦2j,.\(r) + o(n-113), 
;..o 

(2) 

where G.,.\(.r) is the distribution function of a X~..\ random variable. Here the b;/s for 

i = l, 2, 3 and j = 0, .•. , 3 are complicated functions or the joint cumulanu of log-likelihood 

derivatives for the full data and all a.re of order n-1/2. Making use o( the notation introduced 

a.hove, the expressions £or the b;;'s are 1iven by 
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1 " 
6 E {(11:;;" - 2ic;.; .• )6;6;6• + 3(ic;;• + 2ic;.;.)a,;61rl 

iJ,bl 

1 ' " -- E r: (ic;;• + 1t;.;1r)e;6;6,. t 
2 ;.,;.,., 

1 . , 
6.2 = 6 E te;.;,1r6;6;6,. , 

i.j,bl 

613 ... 0' 
1 , 

1,;. .. 2 E {(,c;;i. + 2";.;1o)s;s;s, - 211:;.;,m;;s, 
i.j,lr•1 

.. J ' " 
+(1t;;• + 2..:;.;,,)"''".s .. 1 - i E E '";;i. + ,.,,.;.,)e;.s;.s•. 

ialj,bl 

1 " ~ = - 2 E (te;.;1r6;.s;.s, + ic;;,m;;.s•>, 
iJ,bl 

1 " ~ = --
6 

E 1e;;1,6;6;6•, 
iJ.nl 

I ,. 
o.i, = 6 . E {(ic;;" - 2";.;Jcl6,.s;6• - 31C;.;.1rm;;6, 

IJ,t=l 

1 ' , . 
+3(1C;;• + 2";.;,)a;;6,} - 2 E E (ic;;• + ,t;.;,){;6;.s,, 

i•l j.Jcal 

I " '-'2 = 2 E "i.;,.m;;.s•, 
iJ,ksl 

I " 
~ = 6 L IC;,;,1,6;_6,6 • • 

i.j,lr=l 

(3) 

(4) 

The coefficient.I b;o are obtained from 6;0 = -( b; 1 + b;, + 6;3 ) for i = 1, 2, 3. }n the precccding 

equation•, 6; i1 the ith component of the vector 6, and a;; And m;; represent lhe (i,j)th 

elements of the matrices A and M, respectively. In formulae (3)-(5) all qnantiti~ exrcpt { 

are e\'aluated .under the null hypothesis Ho, 

From the expansions given in (2), it is po11sible to sec that the nounull distributions of 

the statistics S11 S2 and $3 are identical to a x';,,. distribution to first order. Even though 

they are different to order n-112, there may exist identical nonnull distributions to this order 

for some special structures of parameters (sec Harris and Peers, 1980 and Hayakawa aml 

Puri, 19S5). 
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In Section 2 we renew Cordeiro and Ferrari'• (1991) genenlizatioa of BartJeu ~ 
lion, to impl'O\'e a clua of test eWistica, which indudea Sh S, and ~. ia order to ■how 

th~ the impt'Offli statistic■ and the corresponding unmodified ones h~wi the Ame oonnull . 

distribution■ to order n-1/2• We then u~ tbe result■ (3)-(5) in Section 3 to obi.in 1imple • 

expan11ion1 for the di11tribution1 of. all three criteria under H. for testing a sub.et or linear 

parameters in GLM1 when t.he dispenion parameter is known. The lenns of' t.hex expansions 

are written in matrix formulae and are readily computable. In Section 4 some important 

special cues of these asymptotic expansions are derived and checked by direct evaluation. 

Section 5 compares the power functions of the three criteria in special models. An explicit 

and easily applicable formula for the difl'erence in power or any two criteria corrected to 

order n-1/1 is ·also presented. Under specific conditions it is possible to clusiry the three 

crit~.ria in appropriate regions or the puameter space. SecLion 6 givtS the nonnull expansion 

for the di11tribut.ion11 of S1, S2 and S:, tor kiting the dispersion parameter in GLMa. F"au-1171 

Sectien 7 deal, wit.b the nonnull expansions or t beae sWiatica for testing the complele Id 

of lilM!Ar paramet.en in GLMs when the dispersion parameter i1 un_known. 

2. Nonnull .Asymptotic Distribution• for Bartlett-type Corrected Statietia 

Let. S be a test. statistic having continuous distribution which con~ to a x! disuibu­

tion under the null hypothesis H0 • In regular problems, the null density (unction of' S, say 

/s(z), admit.a an expansion of the following form (Chandra, 1985) _ 

l 

/s(z) = g,(z) + E4if.+2i(z) + o{n-1
), (6) 

i-0 

i.e. it can be-written u a finit.e linear combination of ch"a-squareds, where g,.(z) denot.el the 

density function or a x!. random variable and the «. 's arr; all ·of order .,.-s. For S1, S2 and 

S3 the a;'1 are fonctions of joint cu_mulanls of log-likelihood deri,-atives evalualed under Ho­

For Sa, k = 1 and for S2 and S3 , k = 3. Some expansions o£ t.he form (6) were obt.ained 

by Hayakawa. {1977) for .S1, Harris (1985) for S3 and Hayakawa and Puri (1985), Taniguchi 

(1988, 1991) a.nd Hayaka,•a (1990) for the three criteria. 

Cordeiro and Ferrari (1991) showed that; in general \crms, Scan be modified according 
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Lo Lhe formul& 

' ' s· = s{1-2})I:0,>,,;-1s;-11, (7) 
isl l•i 

where p~ = zir(½f + i)/r(½9) ia the ilh moment &bout zero of a x! distribution, so lhat 

/r(z) = g1(z) +·o(n-1). The bra.ckel.ed quantity in (7), containing a polynomial which 

includes the unmodified· st&list.ic, is a Bartlett-type correction for obtaining improved test 

at&listic:,. The classic Bartlett corn:cLion to improve S1 comes Crom (i) as a special case for 

k= 1. 

We shall ahow now that. the two test atatiatica s• and S have identical nonnull distri· 

butiona Lo order n-1/z. This very useful result shows that th~ adjusted statistics•, which 

improvca the test o( Ho in Lerma of size, also maintains the same order n-a~a local power 

properties of Lhe unmod ified stalislic S. Using formula (I) of Cox and Reid (1987) we can 

wri&e Crom (7) under the sequence of alternatives H,. 

" " Fs-(z) = F.(z) + 2/s(z) ~)I::0,)1,:-azi + o{u-1
), 

i•l l-i 

where the second. term in the right~hand side is O(n-1 ). Thus, if one ignores the l.ennH of 

order las than -n-112, it follow, that Fs-(z) = Fs(z) + o(n-1/"a) under H,., i.e. s• and S 

have identical local power properties to order n-112• 

3. Nonnull Asymptotic Distribution• in GLMs 

We present in Lbis section simple asymptotic expilllSions to order u-1/ 2 iu matrix notation 

for t.be nonnull distributions of the likelihood ratio, Wald'• and score slatistir.s for Lci,lillg a. 

subset of linear paramelers in GLMs. These expansions offer great adva11Lages for nunwrical 

purposes and_ can be expressed in closed-form for some.- models by exploiting special forms 

of the information matrix. In GLMs the random \'al'iables II = (y., .•. • y,.f arc a..,,;:;unl<'d lo 

· be independent ~d each YI haa a. densil.y of lhe fonu 

(8) 

where a(.,.) and 6(.) are know~ functions and,> O. We have E(yi} = µ1 = db(O,)/d.01 and 

var{y1) = ~-1v,, where V = V(1,) = dµ/dO is the variance function. The natural paramrtcr 
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lJ ia a known function of p only, I ""' v(p) =- / v-1c1,,. A GLM i• defined by (8) and by 

the syatematic pad cl{p,) = 'Jr relating the mean p =- (p1, ••• , p.)T with the linear predictor 

'I = X /J, where 'I = ('111 ... , q.t, X is an n x p known model malrix of full rank p and 

fJ = (/111 ,,, ,/J~)T' i11 a wet of unknown paramet.en to be esLimAt.ed. We uaume t.hat cl(.) la a 

one-t~one continuously twioe differentiable function. Further, the dispersion parameter,-• 

is_ assumed to be known for the purposes of Sections 3, 4 and 5. 

As discussed in Section 1, we consider the partition fl a: (flf,pf)T for fl, where we are 

intemited in testing H0 : /Ji = /J~o) against. H : fJ1 'F J11°) • The corresponding partitioned 

model matrix is X = (X1,X2). The total score function and the total information matrix 

for /j are U = ,xTw•12v-•t2(y- p) and /( = ,xTwx, where V = diag{V., ... , V..} and 

W = diag{w., ... ,w.} with w1 = v,-'(dp,/dq1) 2• We define Z = {i,"'} = X(XTwx,-•xT 

and Z2 = {i21"'} = X2(XfW X2)-1 XJ' which, except £or the multiplier ,-•, have simple 

interpretations u asymptotic covariance structures of Jj = X/J and ;; = X,P!01 + X,/Ja 
l'C!!pedively. We tan easily show that the st.at.ist.ia S2 and S3 for testing H0 ha'Ve the following 

forms s, = ~/J. - pj01t(kTw R)(/J1 - pf01) and S3 = aTw•t2x,(kTw .R)-1 x;W•/J;, 

Here a = (a., ... ,a,S1\ where a, = •''2(y1 - ,,,)v,-•12, i1 the Pearson residual ¥Kt.or and 

R = Xi - X2C, where C = (XfWX2)-'X:fWX1 repl'e8ellts a mat.rix whose wlumn11 an: 

vectors of regression coefficient.a in the normal linear regression or the wlumns of X 1 on tbe 

model matrix X2 with W working as a weighting matrix. A simple way t.o compute $3 u 

the difference between the re1idual sum or square1 from two weighted linear regrasions wu 

given by Pregibon (1982). It i• dear that the likelihood ratio S1 ia easily calcu!Ated u the 

difference between the deviances or the models defined by the matrices X2 and X. 

In GLM1 the cumul&nt.1 ,c'1 are invariant. under permutation or the fl'• and can be~ 

tained euily (Cordeiro, 1983). We get Ki;• - -,r:.u + 2g},z1;z1;Zll, !Cf.;• .. ,-r:.,,zuz,;z,. 
Md tc.J,. = ~'E(/- g),z1;z1;:rtt, where 

. 3 1 tip d'p 1 tlp '211 1 dV (dp) 
I = v d'I ,1,,2 • g - V d,,cl,,2 V2 dp d'I 

(9) 

and.zu ii the (l,i)th element of X. Some ldMioo i• now inuoduced. Define &be ~-

\on I • (e., ... ,C.)T = X6 and e = (e ..... ,e,.)" = X1( and the diagonal matrica 

T • diag{t., .. . ,C.), T2-= diag{tf, ... ,t!), T' .. diag{tf, ... ,~), E • diag{e., ... ,e,.), 
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Z,1, = diag{zu, .•• ,:,..} and Z2,1, = diag{z211 1 ••• ,z2,,.}. Further, let. F = diag{/1, •• ,,/n} 
and G = diag{ga, •.• , g,.} be defined Crom (9) and 1 be an n x 1 vector oC ones. 

By replacing t~e previous expressions for the cumula.nt.s ,e's in equations (3)-(5), summing 

owe ,he sample alter evaluating the sums over the parametcra and utilizing the definitions 

above, we can find, after some algebra, the following formulae for the 6i/• 

(/,{ T 2 T"""3 } 1 T 611= 2 1 (F+G)ET 1-l ri l - 21 FZ2,Tl, 

612 = t 1T(F - G)T31, 613 = 0, (10) 

hia = ft1 7(F+ G)ET21 - 1TF'J'31} - ~{21TG{Z-Z,),Tl + 1TFZ,Tl}, 

hi2 = -f 1TGT31 +_ ~lT(F + 2G)(Z - Z2).iTl, 6u = t1r(F + 2G)T31, (11) 

,►.,1 = t{lr(F + G)ET2l - lr FT31} - ~{lT(F -G)(Z - Z2).iTl + 17 FZ2,Tl}, 

(12) 

The details of the computation of (10)-(12) are straightforward and follow from similar 

algebraic development.I of Cordeiro (1983) and Cordeiro, Ferrari and Paula {1993)._ For that 

ruson we omitted the calculationa here but they may be obtained from the authors upou 

request. All of the terms in these equations a.re of order n-112• The noncentrality parameter 

l, which is 0(1), ii given by 

(13) 

It is interesting to note that formulae (10)-(12) are functions of the model matrix, of the 

unknown means and of the dispersion parameter. They involve the link function a.ud it.s fin,l 
and second derivatives and the variance function with its first. derivative. Clearly, all of .the 

tams in these formulae depend on the particular para.meteriza.Lion adopLed and a.re easy Lo 
' -

compute since they only require simple operations on n:iat.riccs ... Formulae (10)-(12) arc also 

simple enough to be used analytically to obtain &ever~ closed-form expression11 in a varic~y of 

important situations where the information matrix has a. closed-form formula. Regrettably, 

they are very difficult to interpret. The fundamental difficulty is that the interpretation of 

the individual terms in th_e 6ij '• depends ·on the coordinate system chosen. 
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The dist.ribut.ion or Sa, s, and Sa under t.he sequence of alternatives H. : /J1 = tr.0> + ( 
therefore follows from (2) with ~he bi;'s gimi by (10)-(12) and the noncentralily parameter A 

by ( 13). They are usdul when examining the prop<.>rties of these criteria in the neighbourhood 

of the hypothetical vector ·p~01• 

According to expansion (2) we can wr_iLe the rth cumulant of S;, for i,r = 1,2,3, under 

H. up to order n-112 as 

' Pil,l = q + ~ + 2(b;, + 2b;1 + 36;3) 

µ;2,J. = 2(q + 2~) + S(b,1 + 3b;2 + 6bi3) 

µ,a,,. = B(q + 3~) + 48(b;1 + 4b,2 + lOb;a) . 

(14) 

It is easier t.o obtain the nonnull moments of all criteria in OLMs to order n- 112 via combi­

nation of formulae (10)-(12) and (14) than through direct evaluation to order n-•/2, which 

is, in general, very complicaLed. However, for special cases, we can check the accuracy of 

formulae (10)-(12) by replacing t.h<.>se b;/s in ( 14) to derive the order 11-1/ 2 terms ~£the first. 

three uonnull rnomeuls of 8, anJ . by comparing them Lo those moments obtained under H. 

by direct. evaluation to this order. Clearly, this is a partial check oft.he resulu (10)-(12). 

Although for a lauice disLribuLion Lhe error in (2) is noL of order less Lhan n-112, we may 

still compare the order n- 1/ 2 terms in the expansion of the moments. 

We have provided this check for special GLMs, such as the simple model, corresponding 

to the case of identically diaLribuLed observations, although in many commonly occurring 

situation, the required momenta may be difficult or impossible to compute directly. Even 

for the simple model, the explicit. determination of the first three cumulaota iovolvea several 

Taylor series expansions under H. and lengthy algebra. For this reason we have omitted 

those calculat.ions in.this paper. 

4. Some Special Models 

This aection present.a simple asymptotic expansions for the nonnull distribution, oC S1, S, 

and S3 to order n-1/a uoder special GLM1. Some relevant reductions in formulae (10)-(12) 
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can be achieved by examining special models because of the conceptual adva11lagcs of lh<-s<' 

formulae which involve only simple mittrix operation~. 

1-'or canonical link models (77 = 0) such as lin<'ar logistic models for binomial data, log­

linear models for Poisson data and inversr. linear models for exponent.ia.l ,la.ta, the <fiago1111l 

matrix G vanishes and we obtain "2; = "3; for j = 0, ... ,3. This implies that. Wa.1<1'1:1 an<l t.he 

score statistics have identical nonnull distributions to order n-1/2. The non null propcrt.ic:. or 
the likelihood ratio and Wald statistic." up lo this order coincid" ir and only if 1" == -2G or 

.Pµ/d71 2 = 2/(3V)dV/d1l(d1,fd71)2• This equation holds for GLMs with link fonctious defined 

by 'I = J v-312dµ, so that the log-likelihood function L(/J) is locally symmctrica.l n"ar the 

tru~ para.meter {J. For Poisson and gamma models these links nre ,, = ,,1/ 3 and , 11 = ,,-11\ 

r<!Spccti,·ely. 

The nonnull distribution of the likelihood ratio statistic is the s11me 11s the distribution 

of the score statistic, both to order 11 - 1/ 2 , if and only if F = G. ll is ohvious thal I his 

happens only for the normal model rega.rdless 0£ the link function. For nny <list rihnlion in llir 

exponential family (8) with identity link function, Fis a null matrix, G = <liilg{.., V:_ 2,/\//,111} 

and the bi;'s can be expressed in terms of 611 = (t/,/2)1 7 GET21, 612 = -(ef>/G)ITC:-r'l aml 

"32 = -(1/2)1 TG(Z - Z2).rTI and the relations "21 = 611 + 2"32, bn = 3612 - 2b:11 • 

bu = -2612, "31 = bu - "32 and b:iJ = 612 • All of the bi, 's a.hove vanish for the uorm,ll 

linear model and therefore, as expected, the nonnull distributions of·all criteria agree with 

the x;). distribution. 

We now consider a. simple null hypothesis H0 : /J = p!0 l (q = p). By noting that Zi = 0, 

6 = (, t = e and T = E, it follows from (to)-(12) 

bu= ~lTGr'l, b12 = b:iJ = ~lr(F- G)T31, 

"21 = -"22 = !1rGT31 - !1r(F + 2G)Z.rT1, 
2 2 

~ = bu + b,2, b:,2 = ~ IT(F - G)Z,rTl, b-J1 = bu - "32 ( 15) 

and.\= 91TWT21. Formulae (15) have been checked by expa.nding the first three moments 

of S;, for i = 1 and 3 under Hn and up to order n-:-1/l, and comparing the expansion:; with 
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the corresponding exprasio111 (14). We have provided thi■ c:hedc for S2 only in the ■imple 

model described below. 

For a one dimensional parameter /J and identity link /JI = /Jzr. I = 1, .•. • n, we have 
l = 4,k2/V(', 6.1 = -fl:3/(2\12)dV/dµ{3

, where k; = I;z; for i = 2,3, t..,, = 
k3/(2Vk2)dV/dµ(, "12 = -bu/3, "21 = ba1 + 26:,,, bn = -bu - 26:n, bi:, • 2"11/3, 
b:,, = "1, - b:,2 and ~ = "12. It i1 also interesting to consider the ■imple model (X = 1), 
where Lhe common µ is related lo '1 = (J by d(p) = 'I· When testing the null hypoth­

esi■ that. the ■calar paramet~r /J is equal to a specified J1,0l • the criteria are given by 

s, = 2nf(y{q(j) - q(µ<01}} - {6(q(j)) - 6(q(µl0l))}], Si = n•w(P - p(0>)2 and S, :e: 

n~j - µ<0>)2 /VC0>, where j is the sample mean, to is the value of w at p • j, fJ = cl(j) and 

the quantities distinguished by the addition of a supencript <0> are eval~ &1 fl - fl<Ol. 
· From (10)-(12) Lhe 6;;'1 can be expressed u 

n• 3 L "•(/ ) 3 ,,.. = -ge . "12 = ~ = - - g e , · 2 6 

1 { 3 (/ + 2g) } "21 =: "22 =: 2 Rfg( - 1D ( I bi, =: 611 + 6-2, 

(/-g) 
b:n = ~(. b:,, = 6-1 - 6:n, (16) 

where { = /J - p<0l = d(1~) - d(µl0l) and / and g are obtained from (9). The nonc:entrality 

parameter reduces to .\ = n~(2• 

Finally, we consider the one-way classification model. Suppoae that p ~ 2 popul&liOM 

have density (8) and that independent random samples of sizes n., ... ,n,, (n; ~ 1,i = 
I, ... ,p) are drawn from the populations. Here the linear structure is written as 'Ii= /J+/J;, 
for i = 1, ... ,p, with /J, = 0 and we wish to lest Ho : /J1 = ... = /J,,_1 = 0 &&•inst 

JI: the '7; 1
9 are not constant. We denote the sample means by;, •.•. ,;, I the total number 

or obset-vations by n = o .. n; I "the grand mean by j = o .. n;j;/n and elements or the 
matrix W referring lo the iUi sample by to;, for i = 1, .•• ,p. The likelihood ratio, Wald and 

score 1tati11tics are given by S1 = 2, E:'.1 n;(j;{q{ji) - 9(j)} - {6{9{j;)) - 6{q(j))}), Si • 
,u:r.: P]n;w; -(Ef-: P;n;to;)2(D'.i n;to;)-1

} and S3 = 'u.. n;(j;-j)2 /V, respeciiffly. 

where 'V = V(j) . From {10)-(i2) the 6;;'1 and the noncent.rality parameter l may be written 

11 
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5, Power Comparison• 

In thi• aection we examine the perCormances oC _Lhe Lhree criteria and giv,- condilinn" 

which result in .comparisons 0£ their po\\:t'rs. Since the c-riicria have the ~amc 11izc up io 

order n-112 aod the same power up to fin;t. order, their perf~rm.ua~.s may bt" cc,1111mn"<I 

bued oo Uie _expansioos of their power fum;tions by ignoring terms of order less than n-11~. 
- . 

We deoot.e by Pa. "P2 and "P3 the po,,Jet functions of th~ likelihood ratio, Wald's an<I 

the acore test.a respectively. For the GLMs, under contiguous• ahcrnativ<'s, '".c haw P; = 
P;(z.) a: 1-P (S; :5 :i:0 ), where pr(S; S z0 ) is obtained from the comhination of cc111alio11M 

(2) and (10) • (13) where z,. is such that pr(x: :5 z 0 ) = 1 - o. Since we a.im to comp,w• 

Lhe powers to order n-112 , we denote by P;, for i = 1, 2, 3, the sum of the terms of order on,, 

and n-1/'l of P;. 

We can now state the conditions which result in comparisons of Pa, P3 a11d P3 a.ml show 

tba.t, in some specia.l cases, it. is possible to find regions of the para.meter space whl'fl' one 

test is more powerful th~ the others. IL is important Lo notice that all power comparisous 

performed here are va.lid t.o order n-1/ 2 • Therefore, whenever we establi:sh that ouc Lest is 

more powerful t.han t.he others, this statement is valid only if terms of order :1maller than n-111 . 
are ignored. Let m(r,l,z) = Gr+'.A(z)- G,+4,,\(z) and n(r,l,z) = G,+ 4,.\(z) - G,+1,.\(z), 

12 
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wh«;fC G,,>. wu defined in Section 1. IL is ea.1y Lo verify that for fixed rand..\, m(r,l,z) < O 
and n(r,..\,z) < 0, for z > 0. From equations (2) and (10) • (13) it follows Lh~t 

(17) 

where 

k1 = t 1T(F- G)'.1'31 , J:2 = ~lT(F- G)(Z - ~),Tl , l.:3 = t•TG'.1'31' 

J:4 = i1TG(Z - Z2),1Tl , J:, = tiT(F + 2G)7'31 and 1- = ~lT(F + 2G)(Z - Z2),Tl. 

Equations (17) show that for models with canonical link the diagonal matrix G vanishes 
which implies that. J:3 = l.:4 = 0, i.e. P2 = P3• However, if 1.:3 -~ 0 and 1.:4 ~ 0 with 1.3 + J:4 > 0 
we have P2 > P3 and if l.:3 S 0 and l.:4 $ 0 with k3 + J:4 < 0 we have P3 > P2 • On the 
other hand, Pi = P2 if J:1 = ~ = 0 (F = -2G), i.e . .l'µ/drr2 = 2/(3V)dV/dp (dµ/dr,)2

• 

The GLMs for which this equality is verified have link functions defined by '1 = J v-3/ 3 dp, 
i.e. their log-likelihood functions are locally symmetric in &.he neighbourhood of the true 
parameter {J. For the gamma model this function is '1 = ,r•/3. If J:, ~ 0 and l. ~ 0 with 
A:. + l. > 0, Pi > Pi and if I:, S 0 and ke S 0 with 1:5 + le < 0, we have Pi < Pi. Finally, 
Pa = P3 if ka = k2 = 0 (F = G). This occurs only for normal models with any link. Now, 
if J:, ~ 0 and I.a ~ 0 with J:1 + 1:2 > 0 we have P3 > Pa and if ka 5 0 and J:2 5 0 V'ith 
ka. + I.a 1< 0, P3 < Pi- The equality Pa = P2 = P3 is verified only for normal models with 
identity link. 

We now consider a GLM with I' > 0 and link and variance (undions defined by 

11= {
µ" '-, 1' 0 

logµ ,-,=O 
and V = µ'. 

For I/ (with '7 :f,. 0) and V given above we ha\/e 

13 



where B = diag{61,, .. ,6.} with b, = µf-,-3-i. From the combination or the equation!! in 

(17) and (18) we obtain 

9P ka = --o1 ' 6.,-3 ' 

3 (1- 'Y - p) k tp {3(1 - -y) - 2p} and 
k. = 2 -y3 02 ' '5 = 6 r a, ke = ! {3(1 - -y) - 2p} 0:,' 

2 -y3 

where a 1 = "£.6,q and a2 = E(z11 - z211)b1t,. 

Now, considering-,= 0 (11 =log,,} we obtain 

F - G = pB , G = (I - p)B e F + 2G = (J - 2p)B , (HJ) 

where the (I, ')-element of the matrix B defined above reduces to 61 = p~-". Plugging (HJ) 

inlo (17) we obtain 

where o 1 and o 2 wtte given abov~ 

It is important to note that for O < p < I the model does not belong to the cxponrnlial 

fAlllily (Jurgensen, 1987). Moreover, for ol.h~r ,·alnt"S or p, such a., p = 1 (Poisson mo,ld), 

the distribution is not continuous. S\nce the result.!! in this paper 11re ,·alid for co11li1111011s 

distributions in GLMs, we can only compare power functions for certain valuf'S of p. In 

particular, we are interested in p = 2 and 3 which correspond to the gamma an,! invcr:.•~ 

normal models respectively. In Table 1 we compare the powers of the likelihood ratio, Wald 

and ICOre tests for p = 2 and 3. This table displays conditions for which one te8l is more 

powerful than the others. 

[TABLE 1 HERE) 
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6. Teat• for the Dlspenion Parameter 

In this section we derive asymptotic expansions for the nonnull distributions of the three 

11tatislics for testing the dispersion parameter ef, in GLMs. The problem conside~ is tlle 

one or testing a composite nuU hypothesis llo : ef, = 0101 ag11inst H ~ ef, ¥' 010) • "·here ~(O) is 

a specified value for~ with /J Ma nui11ance parameter. For two parameter full exponential 

family distributions with canonical parameters cf, and 4'), such u normal, gamma and inverse 

Gaussian distributions, equation (8) gives o(y, cf,)= 0 1(¢) +o2(y). We denote by L(fJ,cf,) the 

total log-likelihood for any GLM as a function of {J and cf, in some parameter space. The joint 

information matrix for (P7 ,ef,) is the block-diagonal matrix K = diag{ef,X7 WX,-no;(ef,)}, 

where primes indicate differentiation with respect to ef,. Therefore, the parameters f and 

p· are globally orthogonal and,'for this reason, the com"putation of the~/• for the test or 

ef, = ip<0J using (3)-(5) is gre11.tly simplified. Moreover, the unrestricted estimates /J and , are 

uymptotically independent because of their asymptotic normality and the block di~ aJ 

structure of I(. 

1:'he dispersion parameter ; does not enter into U,e estimation equations of /J, and ~ is 

given u a fundioo of the deviance D,(y,j,) or the model under investigation (Cordeiro and 

McCullagh, 1991) 
• 

2no~(c/l) = D.,(ir,µ}- 2 l)t~y,) + c(y,)}, (20) , .. , 
where ll(y) = rq(r)-6(q(y)) and D,(y,p) = 2E{ll{i,,)-ll(ii,)+(ii,-r,)q(µ,)}. For &eating 

Ho : ef, = •(o) the three statistics are expressed as follows 

S1 = 2n{a,(J)-a1(ef,1°l)-(i-;<0l)a~(J)}, 

S2 = -n(~- ef,10>)2a~(J), 
n{a~(~) - aHc/1(0))}2 

S:s = - nr(ef,IDI) (21) 

Fotmulae (21) are greatly simplified iF we examine special cases. For example, a1(c/l) = Jtog; 

for normal and inverse Gaussian models which yields S1 = n{log(i/ef,10>) +(;1°>-;)/~} and 

S2 = S3 = ( n/2){(\i- ;<01)/ ~ }2. The latter two a\&tistica are different for the gamma model 

for which a1(c/l) = ;logc/1- logf(ef,), where r is the log-gamma £unction. 
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The b;/s for tht" test of H0 : ; = cj><01 are simple lo obtain. This is a co11Nt•quc11cc or 

the orthogonality between /J and ; and of the_ special structure of the problrm considcn"I 

which allows us to apply formulae (3)·(5). The mixed cumulant.s of log-likelihood <ll'ri\'aLin is 

with respect. to t.he parameters f and {J follow from Cordeiro (1987): '-i,f,♦ = t.;,,. = 0, 

ICij,- •IC;;♦ = -ICi.i♦ = - Ew1zliz1;, where i and j represent. any components of /J. Furd1r.r, 

we ha\'e "•M = 0 and "•·•.- = -«♦♦♦ = -nar(t;). This ort.hogonality also impli<.-s that the 

first. component o( the (p+l)-dimensional vector6 in (1) is 1/1-q,1°> and th" other compoucuts 

vanish, and that. the partitioned ma.trix M for ; and /J baa only the ( 1/1,; )th clement., namely 

-{nar(9)}-1, different.from zero. 

We obtain simple expressions for the bi/s by including these ic'a in (3)-(5) and arranging 

the various summations with respect to the /J para.meters and tp in an appropriate ma1111er. 

We then arry out the sums over the data after evaluating the sums over the /J'lf. By noting 

th&L E,J ,;•.iz1;:r1; = zu, where :11 is the (l,1)-th elcmmt o( Zand that tr(IVZ) = p, i.e., tlw 

ruik of Lhe model matrix X, we get, after some algebraic manipulations 

L. _ L _ ar'(ef>IO)) t L - I.._ - -~ "'(~(O))t:1 
"'l2 - "3J - 2af(q,(0l) .. ' "'l3 - UJJ - 641 'I' .. I 

where ( = 1/1- 4i1o1 is assumed to be O(n-112). The noncent.rality parameter can be simply 

obtained by..\= -na;(;<01){2 and the asymptotic expansions under H,. : q, = q,1°1 + { follow 

directly from (2). 

IL lihould be emphasi~cd that the expressions in (22) depend on the model only tliru11,.;h 

the rank of X and t>, and lhey do nol involve the unknown param<'l.cr /3. Ex,·,•pt for normal 

and inverse Gaussian models, the forina of S2 and $3 for t.he tesL of 4' arc dilf crcnt, although 

their nonnull asymptotic expausions are identical to order n-1/ 2 • By examining the normdl 

model with identity link function, formulae (22) may be simplified and have been ch~·kcil 

directly Lhrougb the calculation of the first three moments of Si, i = 1,2,3, under /I,. am! 

up to order n-112• 
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7. Tests for /3 with unknown dispersion 

In lhis section we consider lest.s of lhe null hypothesis 1/0 : fJ = p1°1 against. t.he alternative . 

H: {J-; (JC0l, where pto) i, a p x 1 vedor of known constants and the dispersion parameter• · 

is asaumed lo be unknown. We develop asymptotic expansions for the oonnull distributiona 

of S., S2 and S3 under t.he sequence of a!Lernatives H,.: /J = p<0l +{, whero{ = ({1, ... ,(,)T 

with {; = 0( n- 112), for i = 1, •.. , p. The mAXimum likelihood estimate oC i under Ho, uy 

ef), is given by the solution of equation (20) with µ replaced by µ<0l, i.e. by the mean vector 

p. evaluated at pi0l. The likelihood ratio, Wald's and the score statistia foc the test of Ho 

against JI arc expressed, respectively, ai, 

S1 = 2n{v(~) - v(J)} , 

S2 = f(/J- {J<01f xr,v X(/J- p<0l), 

S3 = .;Tw(o)l/2x(xrwto1xr'xrw10)1/2.; I (23) 

where v(.) is defined in Section 6 and the vector a in Section 3. 

The global orthogonality of /J and • implie. that the (p + 1 )•dimenaional YeCtor 6, giVl!D 

in (1), ii 6 = ((r,0) and lhal. the maLricea A and M are 

( 
O O ) (· .-

1
cxrw xr• 00 ) • A= and M = 

0 -(naf(4>U-1 -0 

Now we show how lo obtain the coefficient b, 1• The remaining coefficients 6,, may be obtained 

in a aimiJar way. Since the last component. of lhe vector 6 ia.~o and t.he matrix A baa ODly 

t.he (;,;}-element. different from zero, it follows from (3) 

The second term in "11 vanjahes because",._,. s:: "•--" = 0. Now it is euy t.o verify that the 

expression (or 611 coincides wilh t.he corresponding expression in (15). Moreover, we have 

ahowo that the ·rernaining·coefficienla 6;; equal thoee in expression (15). In other worda, the 
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distributions of Si, S2 and S3 under II,. are identical Lo order n-1/ 2 to the corm1ponding 

diat.ribution1 obtained in t.hc case v.·here , is assumed to be known. 

As a part..iaJ check of our results, we consider a normal simple model (X = 1) whcrn 

p = '1 = fl, In this CMe we calculate from (15) that bi; = 0, for i,j = l, 2, 3. Wald's 11tatii1tic 

may be written as 

and consequently S2 = nTi/ {(n - l)T2}, where T1 and T2 ha\'e x?,l and _x!_1 distribution!! 

with A = u-i(p - 1110>)2 under fl,.. Therefore, S2(n - 1)/n has noncentral F clistrihution . . 
with l and n - 1 degrees of freedom and noncentrlllity parllmet.er l. From the first three 

moments of this distribution (Johnson and Kotz, 1970, v.3, p.190) we -get ,,;1,l = 1 + l, 
P.22,l = 2(1 + 2l) and µ 23.l = 8(1 + 3l) to order n-112• Plugging these monl<'nls inlo (1,1) 

we obtain, as expected, "2; = D for j = 1,2,3. 

In order to ve_rify. that the remaining c.oefficients are eqna.l to zero, we noticr that 83 = 
S2/{l+S;/n} and S. = nlog{l+S3 /n}. Therefore, S1 = S2+0,(n·-1) and S3 = S2+0,(u-1 ). 

Consequently, from the equivalence of formulae (:]b) 1111,I (-1/,) in Cox and llf'id'll ( l98i) pa.per, 

it. follows that t.he distributions of S1 and S3 under 1/,. a.re identical to order n-1/ 2 t.o the 

distribution of S2 • This implies that b;; = 0 for i ;,; I And 3 and. j = 1, 2, 3. 
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'r.ble 1. Compari1ons among power runctiona or the likelihood ratio (P1) 1 

Wald (P2), and score (P3) tesu 

a 1 ea2 

p o, SO a 2 S 0 01 2'. 0 OJ 2'. 0 

o, +02 <0 o, +02 >0 

p=2 ,, <-1 P1<P3<P2 P2<P3<P1 

(gamma model) , = -1 P1 <P2 =P3 P2 =P3<P1 

-1<7<-1/3 P1 <P2 <P3 P3 <P,<Pa 

7 = -1/3 P,=P2<P3 P3 <P,=P2 

-1/3 < 1 < 0 Pi< Pi< P:, P3 <Pa<P, 

..,~o P3 <P1 <P2 P2 <J\<P3 

p=3 ,<-2 P,<P3 <P2 P2<P3<P1 

(inverse normal model) 1= -2 P,<P2 =P3 P2 c P:, < P, 

-2 < 1 < -1 P,<P2<P:, P:,<P2<P1 

, = -) P1 =P1 <P3 P~<P,=P2 

-1 < 7 < 0 P.,<P1 <P3 P3 <P,<P2 

72'.0 P3 <J\<P2 P2 <P,<Pa 
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