





example [5], [6], [14].) The dependence of the global attractor of (1.1) with respect to parame-
ters present in the equation is also an important object of study (see for example [7], [8], [12]).
An excellent review of the subject can be found in [15].

Our purpose here is to address the problem of continuity of attractors for (1.1) when the
parameter involved is the domain where the problem is posed. That is, we assume that Q is
a small perturbation of a fixed smooth region )y and we want to discuss the changes of the
attractor of (1.1) with respect to the region (1. As we shall see, small perturbations of Qp cause
small perturbations of the attractors. We say that Q2 is a CF small perturbation of S if there
exists a C* diffeomnorphism h : {y = IR™ such that & = A(Qp) and ||k — ig,||c+ is small (cf.
Section 2) and closeness of attractors means upper semicontinuity and/or lower semicontinuity
. One of the difficulties here is that the functional spaces change as we change the region. Our
first task is then to find a way to compare the attractors of problem (1.1) in different regions.
One possible approach is the one taken by Henry in [10] which we describe very briefly.

Given an open bounded C™ region {2 C IR", consider the following open subset of C™ (2, IR")

Diff™ () = {h € C™ (R, IR™); h is injective and is bounded in 2}

1
| det R'(z)|
and the collection of all regions

{h(S0); k € Difi™(0)}.

We introduce a topology in this set by defining a (sub-basis of)) the neighborhoods of a given
Q by
{h(); Ik — tallemarmy < €,6 > 0 sufficiently small}.

When ||k — ig]lem(a,rm) is small, A is a C™ embedding of € in IR", that is, a C™ diffeomor-
phism to its image h({2). Michelleti [13] has shown this topology is metrizable, and the set of
regions C™-diffeomorphic to {) may be considered a separable metric space, which we denote
by Mn(9), or simply M,,. We say that a function F defined in the space M,, with values
in a Banach space is C™ or analytic if & — F(h(R2)) is C™ or analytic as a map of Banach
spaces (h near ig in C™(2, IR™)). In this sense, we may express problems of perturbation of the
boundary of a boundary value problem as problems of differential calculus in Banach spaces.

Ifh:Q+ IR" is a C* embedding, we may consider the ‘pull-back’ of &

h*: CE(R(Q)) = C*(Q)) (0<k<m)
defined by A*(¢) = ¢ o h, which is an isomorphism with inverse A=!". Other function spaces
can be used instead of C*, and we will actually be interested mainly in Sobolev spaces and
fractional power spaces. If Fiq) : C™(h()) = C°(h(Q)) is a (generally nonlinear) differential
operator in €, we can consider h* Fyqh"~", which is a differential operator in the fixed region

.



Now it is easily seen that v(-,t) satisfies (1.1) in 2 = k() if and only if u(-, ) = k(- )
(that is, u(z,t) = v(h(z),t)) satisfies
w(z,t) = h"Ag,‘h'_’u(z,t) + f(u(:z:, t)), z€,t>0 (1.2)
u=0, z € 8%, '

where A" Aq, h*7! s H2 N H'(Q) = L?(8) is defined by

[k Aq,h~"u] (z) = A, (uo h™')(A(z))."

In particular, if Aj is the global attractor of (1.1) in H2(f), then A, = {voh | v € A3} is the
global attractor of (1.2) in H}(f25) and conversely. In this way we can consider the problem of
continuity of the attractors as A — ig, in a fixed phase space.

For simplicity, we work here in L? spaces, assuming that the nonlinearity f is globally
Lipschitz and satisfies the standard dissipation condition

QP

limsup —=
|ul-}ocp u

This is not such a stringent requirement as it may seem at first in the problem at hand. We
may, as is done in [14] for example (sce also {3]), pose the problem in L? spaces. Choosing p
big enough, we can, without assuming any growth condition, prove existence of the attractors
and find estimates on their size in L*. It turns out that this bound depends only on a linear
problem that can be chosen independently of the parameter in the problem we treat. This
in turn allows as to perform the standard trick of ‘cutting’ f outside a ball containing the
attractors so as to have it (and as many of its derivatives as wished), globally Lipschitz without
changing the attractors.

The paper is organized as follows. In section 2 we prove a result on continuity of linear
semigroups with respect to variation of the generator following the same lines of Theorem 1.3.2
in (9] and apply it to the Laplacian operator in varying domains. We also prove a result on
continuity of the unstable manifolds of the equilibria in the appendix. In Section 3 we prove that
the nonlinear semigroup T (t) generated by (1.2) is continuous with respect to all its arguments.
Since continuity with respect to ¢ and initial conditions follows easily from our assumptions, we
concentrate in proving the continuity with respect to h, the ‘perturbation’ of the domain. In
Section 4 we prove the main results of the paper, namely, that the family {4, : ||h —ig|| < &0}
is upper and, assuming hyperbolicity of the equilibria, also lower semicontinuous at iq.






I(A=BYA= A < ellA(~ A7+ KII(A = 4)7')

5(1+LM)+K—-M—
A = qf

IA

IA

1

Therefore, I 4+ (A — B)(A — A)™! is invertible with ||[] + (4 — B)(A — A)~']7Y|| < 2. From

this we obtain

IA=B)' = IA-A+A-B)"|
= I+ @A-BR-a0- a7
= (A=A + (A= B)A - A7)
< WA= AU + (A= BYA— A
< M
= D=4
_2M Ay
T =br—ad
< lziw :/bs_l by (2.5)
as claimed. 1

Remark 2.2 Observe that, b can be made arbitrarily close to a by taking L sufficiently large.
In particular, if a > 0 then b > 0.

Theorem 2.3 Suppose that A is as in Lemma 2.1, A a topological space and {A,},ea 15 a
family of operators in X with A, = A satisfying the following conditions:

1. D(A,) D D(A), ferally € A;

2. |A,z — Az|| € ()| Az|| + K{(7)liz|| for any z € D(A), where K(v) and e(y) are positive
functions with limyyq, €(y) = 0 and lim,4, K(7) = 0.

Then, there exists a neighborhood V' of yo such that A, is sectorial if v € V end the family of
(linear) semigroups e~*Av satisfy

lle*4r — ™) < Cly)e™
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JA (e - ) < Clge™

4 (= e )| < Ol e

g for t >0, where b is as in Lemma 2.1 and C(4) = 0 as v — 7o.
]
1 Proof. If v is sufficiently close to 4o we have g(7) < =tror i3z and K(-y) < ﬁ%%‘l— To

simplify the notation we suppress, from now on, the depenc{ence of K and ¢ on 7. By Lemma
2.1, A, is sectorial and the estimate

-1 M’
(A = A7 < ]

holds in the sector Sy = {A | @ < Jarg(A — b)| < 7, A # a} with M/ = 2o/5M; M, b and ¢ are
independent of 7.
H T is a contour in ~5; 4 with |argh — b| = 7 — ¢ as |A\| = oo then, for any z in X

1
etz —e My = i;r_z./r [(A +A) - (A + A)”la:] eMdh.

We estimate the integrand as follows. Firstly we have, for A € Sy 4

IA= A" = (A=A < A=A [T= (A= 4= A7)

< =AD" [I= (A= A+ A= A)A- 47
< M- 4) (A= a)( - )
< A= A)I(A = A7) - (A = AL

) Proceeding as in the proof of Lemma 2.1, we obtain

| I(A=4,) A=A < (1+LM)+K|,\A:I|

It follows that

!

=) == A7 < G (e o + k).
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Therefore

1
e = H) < L [0 )7 = (A

1 M(L? 1)
< —M L K —bt (A'Hi)l Y
< gt (e can+ g 2D Yoo Loy

< Glyes [ ‘ 'ldl

where Cy(7) = 0 as v = 0, as claimed.

Now, we have

1A =AD" == A I < 1A= A)NI(A = A))- (A - 4)1).

Proceeding as in Lemma 2.1

HAQA = A7 < 1A - A)X = A)7Y + 1A,(A = A7)
< gAA = A) Y+ — h—al L. 2t 1+ LM (2-6)
and
(4= A0 =47 < e(1+ L)+ Tl o (2.7)

From (2.6) and (2.7), we obtain

=1 _ [y _ ay-1 1 KM ; KM
4 (A= 47" = (A - 4) o< {1_6(“ j+1+LM)}{s(1+LM)+M ]}
= CZ('Y)» ;
where Cy(vy) = 0 as v = 0. I

We then have

"A (C:'Aﬂ — 5_44!) ” < 2—];'/;_“14 ((/\ + A_y)—l — ()‘ + A)—l) |||3“Hd1\|
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The last inequality follows immediately from Theorem 1.4.4 of [9]. |

IA

2.2 Application to the Laplacian operator in varying domains

Suppose £ is a C? domain in IR" and h :  — IR" is a C? imbedding, i.e., a C? diffeomorphism
to its image.

Let Ajq) represent the Laplacian operator in the region h(£2). Then we can consider the
differential operator h"Apn)(h")~! defined in the fixed region §2. More explicitly, if u € C*(h(f1))
and z € {1, then

[(h*Anay (B*) )] (2) = [Ah(ﬂ)(u o h71)] (h(=))-
We need to express the coefficients of h*Ajg)(h*)™! in terms of k. To this end, we write

h(ﬂ:) = h(zl:IZ: T )In) = (h](I),h;(I) e )hﬂ(z)) = (yl)y'h ot ,yn) =Y.

Then, we have

(M) @) = wen)bte)

_ e Ou g,y O (Y)
= ga_x,(h ](y))"‘ay'_—(y)

- z[(g—’)] (@) geta
= Lbhite) gz-j(x),

where b;;(z) is the 7, j entry in the inverse-transpose of the Jacobian matrix h; = [gi‘-:]" i
)=
Therefore

(h-aazh'-l(u)) (z) = Zb,k(z) - (Z 'Ja@u)( )

=1
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baleIs(e) (g ) 2+ 2 bale) () (et

Jik=1

where

Liu)(z) = (balz)— 1)%2;_: + i (1 = & )bik(z)bij(x) ( &u ) (z)

k=1 9z 0z;
o a du
+ j:gl bix(z) (5;';”-‘.:‘) (‘”)a—%(x)

with & ;5 = 1 if i = j = k, and 0 otherwise. Thus

(h'Ah(n)h'_l(u)) =Aq+ Lu

with u
Lu= Z L."u..

i=1

Since bjx — &; in C*(Q)) as h — ig in C*(,IR™), the coefficients of L go to 0 as k —+ ig in
C%(f),IR"). From the results in [1], we obtain

1Lull < e(R)|Aqul| + K (R) [l (2.8)

with £(h) and K(h) going to 0 as h = ig in €2({2,IR*). (When dealing with Dirichlet boundary
conditions, we can take K(h) = 0.) Therefore, the estimates obtained in Theorem 2.3 hold for
the linear semigroup generated by the operators h*Apyh® ! (u) in L} Q).

3 Continuity of the nonlinear semigroup

We work first in a abstract setting.

Lemma 3.1 Suppose Y is a Banach space, A is an open set in Y, {Ax}ren is a family of
operators in a Banach space X satisfying the conditions of Theorem 2.3 at A = Ao, U is an
openset in RY x X*, 0<a<land f:UxA— X is Hélder continuous in t and satisfies



T T TT TS

£
¥
X

NF,z,2) — f(t,y, Ml € Lz — ylla for (t,2), (L,y) in U and A € A. Suppose also that the -
solutions of

dr

ez = Ayz+ f(1,z,X), t>1o

a 3.9
{ z(tp) = To. (3.9)

ezist and satisfy ||z(t, A, zo)|| < N, for 2o in a bounded subset B of U, A in a neighborhood of
Ao and to < t < T. Then the function A — z(t,z0, A) is continuous at Ay uniformly for zp € B
andtp <t<T. .

Proof. Let b be the exponential rate of decay of the semigroup generated by A,, A in the
neighborhood of Ag, given by Theorem 2.3. Writing xzx(t) and z(t) for the solutions of (3.9)
with parameter values A and Ao we have, from the variation of constants formula,

foa) = (Ol < e = Azl + [ A (13, 2(3),3) = Fls,2(a), M) o ds
[ WA= = A9 (s, (a(s), ) s

< Nt = to)lzall + LM [ (¢ = 5 oe™ = ax(s) = a(s)lo ds

+

t
+ CO)MR ./: (t — s)"ebt=2) gs.

For 0 <t < T, we have [, (t — s)"“e '~} ds < 0(t — to)~*e~*'~%), where 0 is a constant.
Therefore, it follows from Gronwall’s inequality (see [9]), that ||za(t) — z(¢)}la £ C(A)K(t —

t0)™® (1 + |lzo|la), where K is a constant depending only on the size of the ball. This proves
the claim. 1

Lemma 3.2 Suppose, in addilion o lhe hypotheses of Lemma 8.1, thal the derivalive g{:(t,z, A)
ezists, is continuous and bounded for 0 < t < T, A in a neighborhood of Ao, and z in the ball
of radius N. Then, the map A — -‘?-‘i%':—:'ﬂ is continuous at Mo uniformly for zo € B and
to<t<T.

Proof. The local existence and continuity of the derivative is shown in [9] (theorem 3.4.4).
In fact the derivative vy(t) = 95%:—:-‘3‘1 - Azp is the solution of the initial (linear) value problem

& = Ay Lle(t) Ny, t>t
{;(to) = Azo. (3.10)
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To prove continuity in A we again use the variation of constants formula as in Lemma 3.1.
Due to the linearity in v, we obtain now ||va(s) — v(s)|la < C(A)K(t —10)~* (||Azo||a), Where

K is a constant depending only on the size of the ball. From this, the result follow readily. 1

We now apply the results to our context.

Let 2 C IR" be a C? region, X = L*(f2) and a = 1/2. Using the results of section 2 and
[9], it follows that (1.1) generates a nonlinear C* semigroup 7'(¢, k)z in X* = H{(S), for k in
a neighborhood # of the inclusion ig in C2. We then have the following result

Corollary 3.1 Suppose f : H x IR = IR is a C' bounded function with bounded derivative,
B C HA(Q) is o bounded open set and T(t,H)B is a bounded set in X° for t € R*. Then,
the map h € H — T(t,h) € CY{B, H}()) is continuous with respect to h at h = iq for L in
compact subsets of R*.

Proof. The result follows immediately from Theorem 2.3 and Lemmas 3.1 and 3.2, by
taking U = X* = H (D). |

4 Existence and continuity of attractors

We first mention some definitions and results from [6] that will be used in the sequel. Suppose
A is a metric space, X a complete metric space, and, for each A € A, T({,)): X - X isa
Cr-semigroup with T(t, )z continuous in ¢, A,z. For any A let T3(t) = T(A,t): X =+ X. We
say that T)(t) is asymptotically smooth if for any clesed, bounded and positively invariant set B,
there exists a compact set K\(B) C B that attracts B. The family of mappings {T(t) : A € A}
is collectively asymptotically smooth if Uyea Kx(B) is compact (for any B).

Theorem 4.1 Suppose A is a metric space, X a complete metric space and Ty(t) is a C"-
gradient semigroup on X, r > 1, for each A € A. Denote by Ey the set of equilibria of T)(t),
for each A € A.

If the family of semigroups {Ta(t) : A € A} is collectively asymptotically smooth and Uxey Ea
is bounded, then the global attractor Ay of Th(t) ezists and A, is upper semicontinuous at Ag € A.

Let © ¢ IR® be a C2-region and A : 1 =+ IR” the family of C? embeddings with || A —iq ||c2<
£. Consider the family of semigroups T'(k,t) generated by (1.2).

11
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Now Jh(z) is clearly bounded from above and below since it is a positive continuous function
in . The same is true for the norm of the operator || A || in L(IR™). From this the equivalence
of the norms follows immediately.

If h(z) = iq + r(z) with [|r(@)|, [["'(z)|| < 1 for z € Q, then

(Ullys@)? = [ @@+ T(h)™ - V(@) '] Th(z) | de. (4.13)
We have Jh(z) = det(I+r(z)) = ¥®, with A(z) = log(det(I+'(z))) = T CLH,.(2),

where H,, = trace (r'(z)™).

Now ¥ =1 4+ 752, 2%, and
00 )tk !Ak 1[

SacnE St sy

Since |Hm(z)| = [trace (r'(z)™}| £ n||[r'(z)||™, it follows that

IA"

;< [AleP.

o < S

= nln(1 = |Ir'(<)|l).

Therefore, we obtain
|[Jh(z)| =1 < —=nln(l = I (2)ID(1 = I (=)I)" (4.14)

Furthermore

TP = (4T = 14 D@
k=1

Thus

T(I+7'(z))™" - Vu(z) = Vu(z) + i":(ml)k'rr'(:;:))'t - Vu(z)

k=1

and so




T +r@) Vul@), T +r(@)™ - Vu(a))
= (Vu(z),Vu(z)) + 2(2(—1)" Tr’(:z:))'c - Vu(z), Vu(z))

+ <§( 1 Tr(2))* - Vu(a), 2( DM Tr(@))t - Vu(a)).
=1

Since

IIE 1)ET () - I|<ler NIE- V(=) < "r"'S"'(IL)”IIVu(I)II

we obtain

R e e ALk (4.15)

IRy :
* (1 — l|r’(a:)||) IV u(z)]I" (4.16)

From (4.13), (4.14) and (4.15), we obtain (taking ||r']| = sup.eq ||7'(2)]| £ 1/2)

(lthe) = (lolline)” < (ull)” - (=ningt = 0 = 1) + 2 L poue
+ (ll i) [Vu”2
< (Ihllw)” (nu Iy + 2l e
= b || Iy
< (lellm@)’ (n+8) 111
From this we get finally
[1ullisiey = lullin| < Nul (” "2+8\/H) (417)
proving the claim. ]

Lemma 4.4 The family Ey, of equilibria of (1.2) is uniformly bounded for h in a neighborhood
Of iﬂ.
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Proof. The equilibria of (1.2) in Q are the solutions of

(s Zont o

I\‘Iu]tlplymg by u and lntegra.tlng, we get
uﬂudx——f Iu)udﬁ:
.[n,. Qy f

and, therefore

./‘;h [Vu]? dz = /ﬂ.. f(u)udz.

Since lim supjyj_yo0 -f—‘(“—‘l < 0, there exist € > 0 and M(¢) > 0 such that f(u)u < eu? for
lu| > M.

Let Q) = {z € O | [u(z)| > M} and Q3 = 2, \ ;. We have

2 2 < 2
jn,. V| dzgeLl lu| dz+/nc Mf(u)dz _e[nh lul? dz + M| |||l

where || f]| = supj<um |f(s)] and [Qn] is the measure of Q.

Since [, [Vuldz > Ao [, lu|? dz, where Ao is the first eigenvalue of the Laplacian with
Dirichlet boundary conditions, we obtain

(1= ) [, 1Vul de < | FIM(E)I00]

Now, in a neighborhood of a fixed region Qg, both Ag and |Q] are continuous functions of h
and therefore bounded. If A* > Ao(h), | < K and € < ‘\2—', then

[, 19wl = < 21fIM(K

as claimed. - |

We are now in a position to prove our main results.

Theorem 4.5 The flow generated by (1.2) has a global compact attractor Ay for each h in a
neighborhood of iq. The family of attractors A, is upper semicontinuous al h = ig.

Proof. It follows from Lemmas 4.3 and 4.4 that, for each h in a neighborhood of iq,
the semigroup generated by (1.2) has an attractor and they are uniformly bounded in HL(8).
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From regularity properties of the flow (see [9], Theorem 3.3.6) they are also bounded in X# for
1/2 < B < 1, and, therefore, their union is a compact set in H3(2) = X/2. From this and
Theorem 4.1 the result follows immediately. |

We now prove the lower semicontinuity property near the inclusion for the semigroup gen-
erated by (1.2), under the additional assumption that the equilibria are all hyperbolic. We
observe that this property holds generically in k as proved by Henry in [10]. Our proof is based
on the following result of Hale and Raugel (see [8], or [6], Theorem 4.10.8).

Theorem 4.6 Let X be e Banach space and, for 0 < ¢ < &g, let T.(t),t > 0, be a family of
semigroups on X. Suppose the following hypotheses hold

{(H1)o] To(t) is a C'-gradient system, asymptotically smooth with orbits of bounded sets bounded.
[(H2)o] The set Ey of equilibrium points of Ty(t) is bounded in X.
{(H3)o] Each element of Eq is hyperbolic.

[(H4bis),) For e # 0, T.(t) is a C!-semigroup which is asymptotically smooth.

[(H3).] If E. is the set of equilibrium points of T.(t) and Ey = {¢1,¢2,-..,9n}, then there
ezists a neighborhood Wy of Ey such that Wo N E, = {¢1.c, P2, ¢N,} where each ¢y
1< j <N, is hyperbolic and ¢;,. — ¢; ase€ = 0.

[(H6)e] 8x (Wi (85), W, .(850) = 0 as & = 0.
[(H7bis),] T.(t)z is continuous in € uniformly with respect to (t,) in bounded sets of R* x X .

Then the family of sets {A.,0 < € < g9} is continuous at £ = (.

Theorem 4.7 The family of altractors Ay of (1.2) is continuous at h = ig

Proof. Hypotheses (H1)o, (H2)o, (H4bis), and (H7bis), have already been proved, and
(H3)o is one of our hypotheses. (H5), follows by the Implicit Function Theorem applied to the
map

F:HOHNQ) xH — [}Q)
(u,h) — h(A+ M)A u+ f(u),
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where H is a neighborhood of ig, observing that the equilibria are all in a common compact
set.

Finally (H6), is a consequence of Lemma 3.1 and results of [16] or {4], as observed in [13).
We also offer a direct proof in the appendix.

From this (H6), follows and the result is, therefore, proved. [ ]

5 Appendix

In this section, we study a more general equation than (1.1). In fact, given an open bounded
region £} in IR®, a Banach space Xn composed by real valued functions in Q and a sectorial
operator Ag in Xq, we consider the equation

v+ Apyv = f4(v) in A(R), >0
{ v=0on dr(N), t >0, (5.19)

where k € Diff"(2), v € Xjq) and fre C"(X,‘:(n),Xh(g)) forsomek > 1 and some0 < a < 1.
As in (1.2}, we work with the problem

(5.20)

Uy + h'Ah(n)h'-lu = f"“ (H.) in,t>0
u=00ndQ, t>0,

which is equivalent the problem (5.19). In fact, if h* is an isomorphism of Xj(q) in Xn we have
that v is solution of (5.19) if and only if u = h*v € Xq is solution of (5.20). So, we always
think that &* : Xj@) — Xqn is an isomorphism with inverse Rl =h1": Xp o Xu@)-
Observe that {h'A’l(ﬂ)h'_l"}heDiﬂ'“(n) is a family of operators in Xp. We will assume in
this section that this family satisfies the conditions of the Theorem 2.3. Our first result is

Proposition 5.1 Given ho € Diff*(Q), assume that f* : X7 o = Xaoq) and X}, q) %
Diff" () = Xuy(my : (u, k) = h* Ayayh™~'u are C' and that e is a hyperbolic equilibrium of
(5:20) with h = ho. Then, there ezist bounded neighborhoods Up C X}, (q) and Ho C Difi"(Q) of
e and hyg, respectively, such that given h € H, there ezists an unique equilibrium e(h) of (5.20)
in Up with the same Morse indez as the equilibrium e. Also, the map Ho — Uy : h — e(R)
is C'.

Proof. We may assume that ho = ig. Consider the map

F: X} x Diff™(Q) — Xa : (u,h) — k" Apayh™ " u — f2(u).

17



Of course, F is C' and F(e,in) = 0. Since e is hyperbolic we have that & (e, ig) = An— f'(e)
is an isomorphism and, by the Implicit Function Theorem, there exists a neighborhood H, of ig
and a C' map h — e(h) of Ho in X} such that e(in) = e and, for all h € Ho, F(e(k), k) = 0.
Obscrve that the Implicit Function Theorem also implies that %uE(e(h), h) is an isomorphism for
all h € Ho, that is, e(h) is a hyperbolic equilibrium for all h € Ho. Moreover, by the hypotheses
of Ag and fin, there exist real positive continuous functions e(h) and §(h) defined in Hp such
that for all h € Ho

Il(Aa — g'(€) = R~ Ak " + ' (e(R)))ull (A — k= Apayh " ull + llg'(e) — ¢’ (e(A)I Ilull

<
< e(h)|| Ayl + S(R)|lu,

for all u € D(Aq). So, it follows from Theorems 2.14 IV and 3.16 IV of [11] that the Morse
index of e(h) is constant in Hp. |

Let H a neighborhood of ig in Diff™(Q2) such that e(h) is a hyperbolic equilibrium of (5.20)
for all h € H with e(h) € U C Xq continuous in h. Suppose that Re o(Agq) > 0 and the
function f: X* = D(Ag) = X = Xgq is C! and satisfies

f(e(h) + 2) = h* Apgyh""e(h) + f(e(h))z + r(z, h), (6.21)

for all f € H, with r(0,h) = 0, supy,, <, ll7(z,ho) = r(2, h)|| < Chy(h), Cre(h) — 0 when
h = hg in H, |[r(z1,h) — r(2a, h)|| < k(o)llz1 — 22)|a for ||21)la < &, |22]le < 0, k(2) = 0 when
¢ — 0+ and k(-) is nondecreasing.

Assume also that the family of operators {h'A;,(n)h."'l }nen satisfies the hypotheses of The-
orem 2.3 and the Banach spaces D(h” Apyh*~'") are all equivalent for some 0 < a < 1, that
is, given 0 < a < 1, there are positive constants m, and M, such that

||k Anmh™ " ul| < ||Aqu € Ma|lh™Anayh” " u|| Vu € D(A3) and Vh € H.

Since e(k) is a hyperbolic equilibrium of the equations (5.20), we have that L(h) = h*Ap@)h~" —
f'(e(R)) is an isomorphism for all A € H. We decompose X in subspaces X; and X; corre-
sponding to the spectral sets oy = o(L(iq)) N {ReA < 0} and o3 = o(L{ia)) N {ReA > 0}. Let
E,, E; be the projections onto X; and X,, respectively. The hypotheses on Ag and f imply
the existence of positive real continuous functions €(h) and §(k) defined in H such that for all
h € H, L(k) is a sectorial operator in X and for all « € D(Aq),

I(L(ia) = L(R))ull < e(h)||Aqull + 8(h)]lull.
By Theorem 2.3 and by Theorem 1.5.3 of [9], if ¢(h) and é(h) are sufficiently small in H the
following estimates hold for positive constants M and b independent on h
Age ™M) < Me, |lemHMn) < MeM, 1< 0; (5.22)
lAge= Lt < Mi=@e7t ||Age MMt B, A% < Me™ t > 0. (5.23)

A
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Theorem 5.2 Under the above hypotheses, there exists p > 0 such that, for h € H
1. The stable local manifold of e(h)
Widle(h) = {e(h) + 20 € X% | Bazolla S 525, l12(t, toy 20, B)lla < & pora ¢ 2 to}
where z{t,t, 2o, h) is the solution of the equation
2+ L(h)z =r(z,h) fort > 1, (5.24)

with initial value z0. When zo + e(h) € Wi (e(h)), |z(t, to, 20, h)||la = O as t = oo.
2. The unstable local manifold e(h)

Wise(e(h)) = {e(h) + 20 € X%; || Eyz0lla <

< 525 lle(ty to, 20, B)la < € para t < to}

where z(1, Lo, zo, h) is the solution of the equation (5.24) in (—oo,t) with initigl value 2.
When zo + e(h) € Wi (e(R)), ||z(t, Lo, 20, A)|la = 0 as t = —co.

3. If ho and h are sufficiently close in ‘H, the solutions z(t,lo,z0,ho) end z(,1o,z0,h) of
(5.24) are close in X* uniformly in [to, 00) (or (—oo0, o]}, that is, Lhe solution z(t, 1y, 2o, h)
of (5.24) is continuous in k € H uniformly in the interval [ty, c0) (or (—o0,t0)).

4. If B(0,Q) = sup,epinfieq llg — olla for O, Q C X°, we have, for all ho € H,
B(Wis.(e(h), Wi (e(ho))), B(Wid(e(ho)), Wik (e(h)),
B(Wis.(e(h)), Wis(e(ho))) and B(W;k.(e(ho)), Wi(e(h))) = 0

ash = hg in H.

Proof. The results 1 and 2 follow from Theorem 5.2.1 of [9], the independence of M and b of
the variable h in M and the equivalence of the spaces D(h” Apyh™"'").

To prove 3 is enough to show that the map defined in the proof of the Theorem 5.2.1 of [9]
is a uniform contraction and is continuous in h. We prove 3 only in the interval [t co), the
other case is analogous. Let

Up = {a € Xz |laf|a < ﬁ} and

Zp = {z : [to,00) =+ X continuous with sup [[z(¢)]l« < ¢ and Ejz(tp) = a with Jja]l, < 2%}
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The contraction map in the proof of the Theorem 5.2.1 of [9] now depends on the paramcter h
and is given by G : Zo x Ug x Vi = Zo defined by

t
G(z,a,h)(t) = e L(hllt=%)q 4 / e~ L1 (=2 Byr(2(s), h)ds — [oo e~ LN (-2 B, r(2(s), h)ds.
t t

Since estimates (5.22) and (5.23) are uniform in H, we can choose ¢ > 0 in the proof of
Theorem 5.2.1 of [9] so small as to have

20 00 ]_
MEk(o){IIE2 fo uee My + | Byl fo edu} < .

Therefore, G is a contraction map uniformly in H. Now, we need to prove that G is continuous
in H. If ho and k € H, then

1G(z, 3, ho)(2) = Glz,a, B)(t)lla < [|(e753022=10) — &= MM=00)) Byz(to) |
[ (er Mo — e EO) Bor(a(s),ho)lods
+ [ 1M By (x(5), o) = r(a(6), )l
[ (M) — L) Eyr(a(s), s
+ [ e BB (r(a(s), ho) = r(z(s), ) Hads (5.25)
and so

16z, ho)(t) = Glz,a, B)(Olla < Calh)e™ l2(te)lo
+Caa(W) (HNEN [ e du) + Coalt) (RN Ell | we™du)

+ sup HT(Z,ho) = T(z,h)n(MuEgu ./ow u""e‘budu + M"E]” /Ooo e—budu)

lizlla <o

where Cy(k), Cai(h), Caz(k) and supjy. <, lIr(z, ho) — r(z, h)|| goes to 0 as b =+ hg in H.
Therefore,

sup [|G(z,a, ho)(t) — Glz,a, h)(1)lla < C(h), (5.26)

t€[to,00)
with C(k) = 0 as h — ho in H and so G is continuous em ho.

Now, we prove 4 only for W, (e(k)). The other cases are similar. For cach h € H we have
by Theorem 5.2.1 of [9] that W} (e(h)) is image of the Lipschitz map 4 : Up = X°, defined
by

20



Op(a)=a- fm e L®nlo=9) B, r(5(s, 10, a, k), h)ds,
to
where z(t, 0, a, k) is the solution of the equation (5.24) for t > to with initial value z(to, to, a, h) =
®p(a).
Since ®x(a) = G(z,a, h)(to), it follows from (5.25) that

|84, (-) — Ba(-))la = 0 as 2 = ho.

Since W{ (e(k)) is the image of the application &5 we have
B(Wedle(W), Wid(e(ho)) = sup inf [1@5(a) = @4 (8}

Then, since infyey, ||Bn(a) — En, (8)lla < ||®n(a) — Bh,(a)||a for all a € Uy, we have

B(Wile(h)), Wile(ho))) < sup [[24(a) = nu(@)lla = 0,

when h = ho in H, and the proof is finished. |
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