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1 Introduction 

Let J1 be an open bounded region in JR" with smooth boundary and consider the semilinear 
parabolic problem 

{ 
ttt(x, t) = .6.u(x, t) + J(u(x, t)), x E J1, t > 0 
u(x, t) = 0, x E an, t > 0. 

It is well known that, under appropriate growth condit ions for the nonlinearity J, the prob­
lem (1.1) is locally well-posed in various functional spaces (see [9]) and, with some additional 
dissipative conditions, the associated (global) dynamical system has a global attractor (see, for 
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example [5), [6), (14).) The dependence of the global attractor of (1.1) with respect to parame­
ters present in the equation is also an important object of study (see for example (7), [8), (12]). 
An excellent review of the subject can be found in (15). 

Our purpose here is to address the problem of continuity of attractors for (1.1) when the 
parameter involved is the domain where the problem is posed. That is, we assume that n is 
a small perturbation of a fixed smooth region n 0 and we want to discuss the changes of the 
attractor of (I.I} with respect to the region n . As we shall see, small perturbations of no cause 
small perturbations of the attractors. We say that n is a Ck small perturbation of n 0 if there 
exists a ck diffeomorphism h: no ➔ rn.n such that n = h(no) and llh - in.lie• is small (cf. 
Section 2) and closeness of attractors means upper semicontinuity and/or lower semiconlinuity 
. One of the difficulties here is that the functional spaces change as we change the region . Our 
first task is then to find a way to compare the attractors of problem (I.I) in different regions. 
One possible approach is the one taken by Henry in [10) which we describe very briefly. 

Given an open bounded cm region n c rn.n, consider the following open subset of cm(n, IR.n) 

Diff"'(n) = {h E cm(n, IR.n); his injective and I det ~'(x)I is bounded inn} 

and the collection of all regions 

{h(no}; h E Diff"'(no)} . 

We introduce a topology in this set by defining a (sub-basis of} the neighborhoods of a given 
n by 

{h(n); llh - inllcm(n,R") < c, c > 0 sufficiently small}. 

When llh - iollcm(O,R") is small, his a cm embedding of n in IR\ that is, a cm diffeomor­
phism to its image h(n). Michelleti [13) has shown this topology is metrizable, and the set of 
regions cm-diffeomorphic to n may be considered a separable metric space, which we denote 
by Mm(O), or simply Mm• We say that a function F defined in the space Mm with values 
in a Banach space is cm or analytic if h t-+ F(h(n)) is cm or analytic as a map of Banach 
spaces (h near i0 in cm(n, IR.n)). In this sense, we may express problems of perturbation of the 
boundary of a boundary value problem as problems of differential calculus in Banach spaces. 

If h : n t-+ rn.n is a Ck embedding, we may consider the 'pull-back' of h 

h• : Ck(h(!1)) ➔ Ck(n) (0 ~ k ~ m) 

defined by h"(ip) =<po h, which is an isomorphism with inverse h-1•• Other function spaces 
can be used instead of Ck, and we will actually be interested mainly in Sobolev spaces and 
fractional power spaces. If Fh(O) : Cm(h(n)) ➔ C0 (h(n)) is a (generally nonlinear) differential 
operator in nh we can consider Ji• Fh(O)h·-

1
, which is a differential operator in the fixed region 

n. 
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Now it is easily seen that v(·, t) satisfies (1.1) inn,.= h(Oo) if and only if u(·, t) = h"v(•, t) 
(that is, u(x, t) = v(h(x), t)) satisfies 

{ 
u,(x, t) = h"b.n,h·-1u(x, t) + f(u(x, t)), x Eno, t > 0 
u = 0, x E ano, 

(1.2) 

where h"b.n,h•-1 
: H2 n H 1(f!o) ➔ L2 (f!o) is defined by 

[h"b.n,h·-1 u] (x) = b.n,(u o h-1 )(h(x)). · 

In particular, if Ai. is the global attractor of (1.1) in HJ(Oi.), then .A,.= {v oh Iv E Ai.} is the 
global attractor of ( 1.2) in HJ (00) and conversely. In this way we can consider the problem of 
continuity of the attractors as h ➔ in. in a fixed phase space. 

For simplicity, we work here in L2 spaces, assuming that the nonlinearity f is globally 
Lipschitz and satisfies the standard dissipation condition 

limsup /(u) $ 0. 
Jul➔oo U 

This is not such a stringent requirement as it may seem at first in the problem at hand. We 
may, as is done in (14] for example (see also (3]), pose the problem in U' spaces. Choosing p 
big enough, we can, without assuming any growth condition, prove existence of the attractors 
and find estimates on their size in L00

• It turns out that this bound depends only on a linear 
problem that can be chosen independently of the parameter in the problem we treat. This 
in turn allows as to perform the standard trick of 'cutting' f outside a ball containing the 
attractors so as to have it (and as many of its derivatives as wished), globally Lipschitz without 
changing the attractors. 

The paper is organized as follows. In section 2 we prove a result on continuity of linear 
semigroups with respect to variation of the generator following the same Jines of Theorem 1.3.2 
in [9) and apply it to the Laplacian operator in varying domains. We also prove a result on 
continuity of the unstable manifolds of the equilibria in the appendix. In Section 3 we prove that 
the nonlinear semigroup Th(t) generated by (1.2) is continuous with respect to all its arguments. 
Since continuity with respect tot and initial conditions follows easily from our assumptions, we 
concentrate in proving the continuity with respect to h, the 'perturbation' of the domain. In 
Section 4 we prove the main results of the paper, namely, that the family {Ah: llh -inll < co} 
is upper and, assuming hyperbolicity of the equilibria, also lower semicontinuous at in. 
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2 Continuity of linear semigroup with respect to param­
eters 

2.1 An abstract result 

Lemma 2.1 Suppose A i.s a sectorial operator with II(,\- At1 II ~ ,~~~I for all,\ in the sector 

Sa,¢,, = {,\ I ¢io $ iarg(,\ - a)I $ 1r,,\ =f' a}, for some a E IR and O $ <l>o < 1r/2. Suppose 

also /hat B i.s a linear operator with D(B)::) D(A) and IJBx -Axil$ cllAxll + KIJxll, for any 

x E D(A), where K and E: are positive constants with E: $ ◄(1+1LM)' K '.5 ?c{!, i/;l_~1
, for some 

L > l. 
Then B i.s also sectorial. More precisely, if b = Lf I a - "i?.!:.. lal, rp = max{ </>o, ¾} and 

M' = 2M ../5 then 
M' 

11(,\ - ar1
11 :5 '" - bl' 

in the sector Sb,9 ={,\I r/J $ iarg(,\ - b)I '.51r,,\ =f' b}. 

Proof. Simple computations show that in the sector Sb,9, we have 

Therefore 

Thus 

'"' :5 L, 
i>. - al 

I" - al 2: ( ~/_-1
1

) ial, 

'" - bl < vs. 
i" - al 

IIA(,\- At1 II :5 ll(A - ,\)(,\ - At'II + 1"111(>. - At1II 

= 11111 + l"IIH" -Ar111 
M 

:5 1 + i>.i I"_ al 
:5 l + LM by (2.3). 
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ll(A - B)(,\ - A)- 1 11 :5 ell A(,\ - At1 II+ KIi(..\ - At1 11 
M 

:5 E:(l+LM)+Kl..\-al 

1 :5 2 by (2.4). 

Therefore, I+ (A - B)(,\ - At1 is invertible with II(/+ (A - B)(..\ - At1J-1II :5 2. From 
this we obtain 

ll(..\-Bt1II = ll(..\-A+A-Bt1 II 

= 11 [u + (A- B)(,\ -Ar1
)(,\ - A)r 11 

= II(..\ - A)- 1
(/ + (A - B)(,\ - At1 

)-
1 II 

$ 11<,\ -Ar11111u + (A- s)(..\-At1r 111 
2M 

:5 l..\-al 
2M l..\-bl 

= l..\-bl l..\-al 
2Mv'5 

:5 I..\ - bl by {2.5) 

as claimed. I 

Remark 2.2 Observe that, b can be made arbitrarily close to a by taking L sufficiently large. 

In particular, if a > 0 then b > 0. 

Theorem 2.3 Suppose that A is as in Lemma 2.1, A a topological space and {A..,}-,eA is a 
family of operators in X with A..., = A satisfying the following conditions: 

1. D(A..,) ::> D(A), for all, E A; 

2. IIA..,x -Axil $ c(,)IIAxll + K(,)llxll for any x E D(A), where K(,) and E{,} are positive 

functions with lim..,➔..,o c(,) = 0 and lim..,➔•••0 K ( 1} = 0. 

Then, there exists a neighborhood V of ,o such that A.., is sectorial if I E \/ and the family of 
(lintar) stmigroups c-1A~ satisfy 
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!IA (e-1A, - e-lA) II $ 

II A a ( e-1A, - e-rA) II $ 

fort> 0, where bis as in Lemma 2.1 and C(--,) ➔ 0 as -y ➔ -Yo• 

Proof. If -y is sufficiently close to ,owe have e(,) $ 4 ,;.iM) and K(-y) $ lof., '1,}'_~1
. To 

simplify the notation we suppress, from now on, the depen~ence of K and e on , . By Lemma 
2.1, A-y is sectorial and the estimate 

M' 
II(>. - A-yr1 II $ I>. - bl 

holds in the sector Sb,6 ={>.I¢$ larg(>.- b)I $1r,>. ¥ a} with M' = 2../SM; M, band</> are 
independent of -y. 

If r is a contour in -Sb,6 with larg>. - bl ➔ 1r - <p as l>-1 ➔ oo then, for any x in X 

We estimate the integrand as follows. Firstly we have, for >. E Sb,6 

11(>.-A-y)-1 
- (>.-A)- 1 11 $ II(>. -A-y)-1 [1 - (>.-A-y)(>.- A)-1

) II 

:5 11<>- - A-yr1 [1 - <>- - A+ A - A-y)(>. - A)-1) 11 

$ 11<>- - A'Yr· [<A - A-y)(>. - A)-1
) 11 

$ 11<>- -A-yr 11111<A-A-y). <>- -At1)11 . 

Proceeding as in the proof of Lemma 2.1, we obtain 

It follows that 
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Therefore 

IJe-A..,c - e-A,11 $ 
2
~ J ll(A + A..,t1 

- (A+ At11ll e.\111 dAI 

$ .!._M, (e(l + LM) + K M(L
2 

- I) ) e-b, f - 1 -le(.\+b)cl ldAI 
2,r (--/2£-I)lal /riA+bl 

$ C1(,)e-61 { i_dl dµI Ir lµI 
where C1(,) ➔ 0 as -y ➔ 0, as claimed. 

Now, we have 

Proceeding as in Lemma 2.1 

and 

KM 
ll(A-A..,)(A-At

1
II < e(l+LM)+IA-al· 

From (2.6) and (2.7), we obtain 

(2.7) 

IIA ((A-A..,t 1 
- (A-A)-1

) II $ { 1 ~e Ct~I +I+ LM')} {e(l + LM) + ,:.~al} 
= C2(-y), 

where C2 (-y) ➔ 0 as -y ➔ 0. 

We then have 
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The last inequality follows immediately from Theorem 1.4.4 of (9]. I 

2.2 Application to the Laplacian operator in varying domains 

Suppose fl is a C2 domain in IR" and h : fl ➔ IR" is a C2 imbedding, i.e., a C2 diffeomorphism 
to its image. 

Let Lih(O) represent the Laplacian operator in the region h(fl). Then we can consider the 
differential operator h" Lih(n)(h")~1 defined in the fixed region fl. More explicitly, ifu E C2(h(fl)) 
and X E n, then 

We need to express the coefficients of h" Lih(n)(h"}-1 in terms of h. To this end, we write 

h(x) = h(x1,x2,··•,x,.) = (h1(x),h2(z) .. •,h,.(x)) = (Y1,Y2," · ,y,.) = y. 

Then, we have 

" au = I:;b;,;(x) -
8 

_(x), 
j=I x, 

where b;;(x) is the i,j entry in the inverse-transpose of the Jacobian matrix h., = [~]~. . 
Qr, t,J=l 

Therefore 
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= tb;,k(x) t [(
8
8 

b;,;)(x) · {}{Ju (x) + b;,;(x){}{}
2

{}u (x)] 
k=I j=t Xk x; Xk x; 

= t b;,k(x)b;,;(x) (a
82

au .) (x)+ t b;,k(x) ({}
8 

b;,;) (x){}au_(x) 
j,k= I Xk XJ j,k=I Xk XJ 

= (::,(u)) (x) + L,(u)(x), 

where 

L;(u)(x) = (b;;(x)- 1/8

2

~ + :t (1- o;,;,k)b;,k(x)b;,;(x) (
8

82

8
u .) (x) 

X, j,k=I Xk XJ 

+ t b;,k(x) (~b;,;) (x)~(x) 
j,k=I 8xk 8x; 

with O;,;,k = l if i = j = k, and O otherwise. Thus 

with n 

Lu= :EL;u. 
i= l 

Since b;,k ➔ Oj,k in C2(!1) as h ➔ in in C2 (!1 , .IR"), the coefficients of L go to O ash ➔ in in 

C2 (!1, .IR"). From the results in (l], we obtain 

IILull ~ e(h)ll.6.null + K(h)liull (2.8) 

with t:(h) and K(h) going to Oas h ➔ in in C2 (!1, IR"). (When dealing with Dirichlet boundary 

conditions, we can take K(h) = 0.) Therefore, the estimates obtained in Theorem 2.3 hold for 

the linear semigroup generated by the operators h".6.h(n)h"-1(u) in L2(!1). 

3 Continuity of the nonlinear semigroup 

We work first in a abstract setting. 

Lemma 3.1 Suppose Y is a Banach space, I\. is an open set in Y, {A>.heA is a family of 

operators in a Banach space X satisfying the conditions of Theorem fUJ at ,\ = .\o, U is an 

open set in rn.+ X X 0
, 0 ~ a< l and f : U x /1. ➔ X is Holder continuous int and satisfies 
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llf(t,x,A) - J(t,y,A)II::; Lllx - Ylla for (t,x), (t,y) in U and A EA. Suppose also that the 
solutions of 

{ 
¥t- = AAx + f(t, x, A), 
x(to) = Xo. 

t > to 
(3.9) 

exist and satisfy llx(t, A, zo)II ::; N, for Xo in a bounded subset B of U, A in a neighborhood of 
Ao and to $ t ::; T. Then the function A >-+ x( t, zo, A) is continuous at Ao uniformly for Xo E B 
and t0 ::; t::; T. 

Proof. Let b be the exponential rate of decay of the semigroup generated by AA, A in the 
neighborhood of Ao, given by Theorem 2.3. Writing xA(t) and x(t) for the solutions of (3.9) 
with parameter values A and Ao we have, from the variation of constants formula, 

llxA(t) - x(t)ll
0 

$ ll[eA,(Ho) - eA(t-tol]:z:olla + lt lleA,(t-•) (J(s, x,x(s ), A) - f(s, x(s ), A)) Ila ds 
to 

+ ft ll(eA,(t-a) - eA(t-•l]J(s, (x(s), A)ll
0 

ds 
lto 

::; C(A)e-b(t-to)(t - to)"llxoll + LM r (t - st"e-b(t-•>11xA(s) - x(s)lla ds 
lto 

+ C(A)MRjt(t-st"e-b(t-•lds. 
to 

For O < t < T, we have ft~(t - s)-acb(t-,) ds::; ll(t -t0 J-"e-b(t-to), where II is a constant. 

Therefore, it follows from Gronwall's inequality (see (91), that llxA(t)- x(t)lla $ C(A)K(t­
to)-" (1 + llxolla), where K is a constant depending only on the size of the ball. This proves 
the claim. I 

Lemma 3.2 Suppose, in addition to the hypotheses of Lemma 9.1, that the derivative *(t, x, A) 
exists, is continuous and bounded for O ::; t ::; T, A in a neighborhood of Ao, and x in the ball 
of radius N. Then, the map A >-+ ar(~.r,,A) is continuous at Ao uniformly for Xo E B and ~ro 
to $ t :5 T. 

Proof. The local existence and continuity of the derivative is shown in [9) (theorem 3.4.4). 

In fact the derivative vA(t) = iJr(~~:,A) · t.x0 is the solution of the initial (linear) value problem 

{ * = AAy + f,.(t, x(t), A)y, t > to 
y(to) = t.xo. 
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To prove continuity in A we again use the variation of constants formula as in Lemma 3.1. 
Due to the linearity in v, we obtain now llv>.(s) - v(s)Jl0 :5 C(A)K(t - tot" (ll~xoJl0 ), where 
K is a constant depending only on the size of the ball. From this, the result follow readily. I 

We now apply the results to our context. 

Let n C IR" be a C2 region, X = £2(!!) and a = 1/2. Using the results of section 2 and 
[9], it follows that (1.1) generates a nonlinear C"' semigroup T(t,h)x in X" = HJ(!!), for h in 
a neighborhood 1-l of the inclusion in in C2

• We then have the following result 

Corollary 3.1 Suppose f : 1-l x IR -+ IR is a C1 bounded function with bounded derivative, 
8 C HJ(!!) is a bounded open set and T(t, 1-l)B is a bounded set in X" fort E JR+. Then, 
the map h E 1-l t-+ T(t,h) E C1(B,HJ(!l)) is continuous with respect to hath= in fort in 
compact subsets of IR+. 

Proof. The result follows immediately from Theorem 2.3 and Lemmas 3.1 and 3.2, by 
taking U = xu = HJ(!!). I 

4 Existence and continuity of attractors 

We first mention some definitions and results from [6} that will be used in the sequel. Suppose 
A is a metric space, X a complete metric space, and, for each A E A, T(t, A) : X -+ X is a 
C'-semigroup with T(t , A)x continuous in t,A,x. For any A let T>.(t) = T(A,t) : X-+ X . We 
say that T>.( t) is asymptotically smooth if for any closed, bounded and positively invariant set 8 , 
there exists a compact set K>.(B) CB that attracts B. The family of mappings {T>.(t): A EA} 
is collectively asymptotically smooth if U>.eA K>.(B) is compact (for any B). 

Theorem 4.1 Suppose A is a metric space, X a complete metric space and T>.(t ) is a C' -
gradient semigroup on X, r ~ l , for each A E A. Denote by E>. the set of equilibria of T>.(t), 
for each A E A. 

If the family of semigroups {T>.(t) : A E A} is collectively asymptotically smooth and U>.eA E>. 
is bounded, then the global attractor A>. ofT>.(t) exists and A>. is upper semicontinuous at Ao E A. 

Let fl C IR" be cl C2-rcgion and h : fl -+ IR" the family of C2 embeddings with II h-io llc2 < 
e. Consider the family of semigroups T(h, t) generated by (1.2). 
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We know that (1.1) generates a gradient system in HJ(nh) with Lyapunov functional 

where F(v) = J; f(s)ds. 

We define vh in Hl{n) by 

( 4.11) 

Since u is a solution of (1.2) if a.nd only if 11 = h"-1u is a solution of (1.1), we immediately 

obtain 

Lemma 4.2 The system generated by {1 .2) is a gradient system with Lyapunov functional 

given by (1.11}. 

Let llullH•(n) (resp. llullH•(n,)) denote the H 1 norm inn (resp. nh.) 

Define a new norm llullt,(n) in H'(n) by 

(4 .12) 

Lemma 4.3 Suppose !l is a C2 region and h: n ➔ nh is a C2-diffcomorphism. Then, we have 

1. llullt,(nJ and llullH•(n) are equivalent norms in H 1 (U) , that is, there are positive con­

stants K1(h) and K2(h) such that K1(h)llull~,,(nJ ~ llullH•(n) ~ K2(h)llullt,(n)' for any 

u inH1(!l). Furthermore K1(h), K2(h) ➔ I ash ➔ in in the C2 norm. 

2. Ki(h) I V(u) l~I \lh(u) I~ J(l(h) I \l(u) I, for anyu inH1 (n) . Furthermore K1(h), K2(h) ➔ 
I as h ➔ in in the C2 norm, 

Proof. We prove item i), the proof of item ii) is similar. 

= r (u O h-1(y))2+ I 'vh(u O h-1) 12 dy Jn, 
= fo(u(x)) 2+ I T(hr)- 1 

• v'u(x) 1
2 

I Jh(x) I dx, 

where T(hr )-1 is the inverse transpose of the Jacobian matrix hr = [~]~i=I and Jh(x) = 
det hz. 
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Now Jh(x) is clearly bounded from above and below since it is a positive continuous function 

in IT. The same is true for the norm of the operator II h% II in L(IR.n). From this the equivalence 
of the norms follows immediately. 

If h(x) =in+ r(x) with llr(x)II, llr'(x)II $ I for x En, then 

We have Jh(x) = det(l+r'(x)) = e,\(%), with A(x) = log(det(l+r'(x))) = I:r' Hr-' Hm(x), 
where Hm = trace(r'(xr). 

Now t? (%) = I + Lk=I tr", and 

If A: I$ IAI f IAk~1I $ IAI f IAk- 11 I $ IAlel,\I. 
k=l k. k=I k. k=l (k - l). 

Since IHm(x)I = ltrace(r'(xr) I$ nllr'(x)llm, it follows that 

IA(x)I $ nf llr'(x)llk = nln(l -llr'(x)II). 
k=I k 

Therefore, we obtain 

IJh(x)l-1 $ -nln(I - llr'(x)ll)(l - llr'(x)llt- (4.14} 

Furthermore 

T(l + r'(x)r1 =(I+ T r'(x))-1 = f + 't(-Il T r'(xt. 
k=I 

Thus 

00 

T(l + r '(x)r1 · v'u(x) = v'u(x) + 1)-l)kT r'(x))k · v'u(x) 
k=I 

and so 
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tu+ r'(xn-1
. v'u(x), T(l + r'(x)t1 

• v'u(x)) 

= (v'u(x), v'u(x)) + 2(E(-llTr'(x)l · v'u(x), v'u(x)) 
k=l 

00 00 

+ (1)-llTr'(x)l · v'u(x),2)-llTr'(x))k · v'u(x)). 

Since 

we obtain 

k=I k=I 

IIT(l + r'(x)t1 • v'u(x)ll2 - !lv'u(x)ll2 $ 2 llr'(xll llv'u(x)ll2 

1 - llr'(xll 

( 
llr'(xll ) 

2 
2 

+ 1 - llr'(x)II llv'u(x)II . 

From (4.13), (4.14) and (4.15), we obtain (taking llr'II = sup,,en llr'(x)II $ 1/2) 

( 4.15) 

(4 .16) 

(llui1~1(n/ - (llullH•(ni)2 $ (llullH•(n/ · (-n ln(l - llr'll)(l - llr'llt) + 21 ~r;i'~,
11

1lv'ull2 

+ (-1tL) 2 !lv'ul12 
I - llr'/1 

From this we get finally 

proving the claim. 

$ (llullH1(ni)2 ( n(l - /lr'llf-
1 
+ ,t-=- l:~:'

1
l~2) llr'II 

$ (llullH•(ni/ (n + 8) /lr'/1. 

( 4.17) 

I 

Lemma 4.4 The family Eh of equilibria of {J.!!} is uniformly bounded for h in a neighborhood 
of in. 
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Proof. The equilibria of (I.2) in nh are the solutions of 

{ 
Au(x) + f(u(x)) = 0 !n nh 

u = o 10 anh. (4.18) 

Multiplying by u and integrating, we get 

f ull.udx=- f f(u)udx 
lo. lo. 

and, therefore 

f j'\7uj2 dx = f f(u)udx. 
lo. lo. 

Since limsuplul➔oo ~ $ 0, there exist e > 0 and M(e) > 0 such that f(u)u < eu2 for 

iul> M. 

Let 01 = {x E nh I iu(x)I > M} and !12 = nh \ !11. We have 

where llfll = supl•l:$M lf(s)I and l!lAI is the measure of n,.. 
Since In. jv7ul2 dx ~ >-o In. lul2 dx, where >-o is the first eigenvalue of the Laplacian with 

Dirichlet boundary conditions, we obtain 

Now, in a neighborhood of a fixed region !10 , both .>.0 and IOI are continuous functions of h 

and therefore bounded. If.>.• ~ >-o(h), 1111 $ /( and e $ f, then 

f 1'7ul2 dx $ 2IIJIIM(e)K 
lo. 

as claimed. I 

We are now in a position to prove our main results. 

Theorem 4.5 The flow generated by {1.f} has a global compact attractor Ai. for each h in a 

neighborhood of in. The family of attractors A,. is upper semicontinuous at h = in. 

Proof. It follows from Lemmas 4.3 and 4.4 that, for each h in a neighborhood of in, 

the semigroup generated by (1.2) has an attractor and they are uniformly bounded in HJ(!l). 
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From regularity properties of the flow (see [9), Theorem 3.3.6) they are also bounded in XfJ for 
1/2 < f3 < 1, and, therefore, their union is a compact set in HJ(!l) = X 1l 2• From this and 
Theorem 4.1 the result follows immediately. I 

We now prove the lower semicontinuity property near the inclusion for the semigroup gen­
erated by (1.2), under the additional assumption that the equilibria are all hyperbolic. We 
observe that this property holds generically in h as proved by Henry in [10]. Our proof is based 
on the following result of Hale and Raugel (see [8], or [6], Theorem 4.10.8). 

Theorem 4.6 Let X be a Banach space and, for 0 $ e $ e0 , let T,(t), t ;:: 0, be a family of 
semigroups on X. Suppose the following hypotheses hold 

((Hl )o] To(t) is a C1 -gradient system, asymptotically smooth with orbits of bounded sets bounded. 

((H2)0 ] The set E0 of equilibrium points ofT0(t) is bounded in X. 

((H3)o] Each element of Eo is hyperbolic. 

[(H4bis),) Fore# 0, T,(t) is a C1-semigroup which is asymptotically smooth. 

((H5),) If E, is the set of equilibrium points ofT,(t) and Eo = {4>1,1'2,• •· ,'PN}, then there 
exists a neighborhood Wo of Eo such that Won E, = { ef,1,., ef>z,, · · · <PN,,} where each 4>1,, 
I $ j $ N, is hyperbolic and 4>;,c ➔ <P; as e ➔ 0. 

[(H6).) ox(l,V,:c(<P;), w,:c,,(<P;,,) ➔ 0 as e ➔ 0. 

(( H7bis ),] T,(t)x is continuous in e uniformly with respect to (t, x) in bounded sets of IR+ x X . 

Then the family of sets {A,,0 $ e $ eo} is continuous ate= 0. 

Theorem 4.7 The family of attractors .Ah of (1.2) is continuous at h = in 

Proof. Hypotheses (Hl)o,(H2)o, (H4bis), and (H7bis), have already been proved, and 
( H3)0 is one of our hypotheses. ( H5 ), follows by the Implicit Function Theorem applied to the 
map 

F : H 2 n HJ(n) x 1l ~ L2(n) 
(u,h) ~ h"(ll. + >.)h"-1u + f(u), 
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where 1f. is a neighborhood of in, observing that the equilibria are all in a common compact 
set. 

Finally (H6), is a consequence of Lemma 3.1 and results of {16) or (4), as observed in [15). 
We also offer a direct proof in the appendix. 

From this (H6). follows and the result is, therefore, proved. I 

5 Appendix 

In this section, we study a more general equation than (1.1). In fact, given an open bounded 
region n in IR.n, a Banach space Xn composed by real valued functions in n and a sectorial 
operator An in Xn, we consider the equation 

{ 
Ve+ Ah(nJV = J"(v) in h(!l), t > 0 
v = 0 on 8h(!l), t > 0, 

(5.19) 

where h E Diff"'(!l), v E Xh(n) and J" E Ck(Xfcn)> X11(n)) for some k?: 1 and some O :5 a< 1. 

As in (1.2), we work with the problem 

{ 
u, + h" A11(n)h·-1u = Ji0 (u) inn, t > 0 
u = 0 on an, t > 0, 

(5.20) 

which is equivalent the problem (5.19). In fact, if h" is an isomorphism of Xh(n) in Xn we have 
that v is solution of {5.19) if and only if u = h"v E Xn is solution of (5.20). So, we always 
think that h" : X111n) ➔ Xn is an isomorphism with inverse h•- 1 = h-1•: Xn ➔ Xi.en) • 

Observe that {h"A11(n)h•-1u},.eDiff"(n) is a family of operators in Xn. We will assume in 
this section that this family satisfies the conditions of the Theorem 2.3. Our first result is 

Proposition 5.1 Given ho E Diff'(!l), assume that Jho : Xf
0

cnJ ➔ X11o1nJ and Xl
0

cnJ x 
Diff'(!t) ➔ X11o1nJ : (u,h) ➔ h"A111nih•-1u are C1 and that e is a hyperbolic equilibrium of 
(5.20) with h = ho. Then, there exist bounded neighborhoods Uo C Xlo(n) and 1f.o C Difj(!l) of 
e and ho, respectively, such that given h E 1f.o there exists an unique equilibrium e(h) of (5.20) 
in Uo with the same Morse index as the equilibrium e. Also, the map 11.0 -➔ Uo : h -➔ e(h) 
is C1• 

Proof. We may assume that h0 = in. Consider the map 
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' i 
' . 

I • 

! 
l: 
I 

' 

Of course, Fis C1 and F( e, in) = 0. Since e is hyperbolic we have that !~ ( e, in) = An-/'( e) 
is an isomorphism and, by the Implicit Function Theorem, there exists a neighborhood 11.o of in 
and a C1 map h ~ e(h) of 1/.0 in XA such that e(in) = e and, for all h E 11.o, F(e(h),h) = 0. 
Observe that the Implicit Function Theorem also implies that !~ ( e(h ), h) is an isomorphism for 
all h E 11.0 , that is, e(h) is a hyperbolic equilibrium for all h E 11.0 • Moreover, by the hypotheses 
of An and pn, there exist real positive continuous functions f(h) and o(h) defined in 11.0 such 
that for all h E 14, 

ll(An - g'(e) - h. A11(nih·-1 + g'(e(h)))ull :5 ll(An - h. A11(n)h•-1)ull + !lg'(e) - g'(e(h))II !lull 

::; f(h)IIAnull + o(h)llull, 

for all u E D{An). So, it follows from Theorems 2.14 IV and 3.16 IV of [11] that the Morse 
index of e( h) is constant in 11.o, I 

Let 11. a neighborhood of in in Diff"'{!l) such that e{h) is a hyperbolic equilibrium of (5.20) 
for all h E 11. with e(h) E U C Xn continuous in h. Suppose that Re o-(An) > 0 and the 
function f : X 0 = D(A0) ➔ X = Xn is G1 and satisfies 

(5.21) 

for all / E 11., with r(0, h) = 0, sup11,11.$e l!r{z, ho) - r(z,h)II $ Ch0 (h), Cho(h) ➔ 0 when 
h ➔ ho in 11., llr(z1,h) - r(z2,h)II $ k(11)1iz1 - z2lla for llzdla $ 11, 1iz2ll0 $ 11, k(11) ➔ 0 when 
11 ➔ 0+ and k( •) is nondecreasing. 

Assume also that the family of operators { h" Ah(nih•-1 he1t satisfies the hypotheses of The­
orem 2.3 and the Banach spaces D(h" Ah(n)h"-10) are all equivalent for some O $a< 1, that 
is, given O :5 a< l, there are positive constants m 0 and M0 such that 

mollh"Ah(ni/i"-10ull $ JIAnull $ Mollh. Ah(n)h"-10uJI Vu E D(An) and \/h E 11.. 

Since e(h) is a hyperbolic equilibrium of the equations (5.20), we have that L(h) = h" Ah(n)h•-1 
-

f'(e(h)) is an isomorphism for all h E 11.. We decompose X in subspaces X 1 and X2 corre­
sponding to the spectral sets o-1 = u(L(in)) n {Re>.< O} and u2 = u(L(in)) n {Re>.> O}. Let 
E1, ~ be the projections onto X1 and X2 , respectively. The hypotheses on An and / imply 
the existence of positive real continuous functions f(h) and o(h) defined in 11. such that for all 
h E 11., L(h) is a sectorial operator in X and for all u E D(An), 

ll(L(in) - L(h))ull $ f(h)IIAnull + o(h)llull-

By Theorem 2.3 and by Theorem 1.5.3 of (9], if f(h) and o(h) are sufficiently small in 11. the 
following est imates hold for positive constants M and b independent on h 

IIAne- L(h),•11 $ Mi', 11e-L(l,),•11 ::; M eb' ' t $ 0; {5.22) 

IIAne-L(h),•11 ::; Mt-oe-b', IIAfie-L(h),tE2Aii° II $ Me-b' t 2: 0. (5.23) 
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Theorem 5.2 Under the above hypotheses, there ezists {! > 0 such that, for h E 11. 

1. The stable local manifold of e(h) 

w,:h(h)) = { e(h) + Zo E X 0
; IIE1zollo $ 2~) llz(t, to, zo, h)II,, $ {! para t '2::. to} 

where z(t, t0 , z0, h) is the solution of the equation 

Zt + L(h)z = r(z, h) fort ~ to (5.24) 

with initial value zo. When zo + e(h) E W,~c(e(h)), llz(t, to, zo, h)ll0 ➔ 0 as t ➔ oo. 

2. The unstable local manifold e(h) 

where z(t, to, z0 , h) is the solution of the equation {5.24) in (-oo, t0) with initil,ll value z0 • 

When zo + e(h) E W1~(e(h)), llz(t, to, zo, h)llo ➔ 0 as t ➔ -oo. 

S. If ho and hare sufficiently close in 11., the solutions z(t,t0 ,z0 ,ho) and z(t,t0 ,zo,h) of 
(5.24) are close in X 0 uniformly in (to,oo) (or(-oo, to]}, that is, the solution z(t,t0 ,zo, h) 
of (5.24) is continuous in h E 11. uniformly in the interval (to,oo) {or (-oo,to]) , 

4- If P( 0, Q) = sup0 eo inf9eq llq - ollo for 0, Q C X 0
, we have, for all ho E 11., 

P(W,~(e(h)) , W1~(e(ho))) ,13(W,:0 (e(ho)), W1~(e(h))), 

P(W,:Je(h)), w,:c(e(ho))) and P(w1: 0 (e(ho)), w,:0 (e(h))) ➔ 0 

as h ➔ h0 in 11.. 

Proof. The results 1 and 2 follow from Theorem 5.2.l of (9), the independence of M and b of 
the variable h in 11. and the equivalence of the spaces D(h· Ah{O)h•- 1

"). 

To prove 3 is enough to show that the map defined in the proof of the Theorem 5.2.l of [9) 
is a uniform contraction and is continuous in h. We prove 3 only in the interval (t0 ,oo), the 
other case is analogous. Let 

Uo = {a E X2 ; Ilalio$ 
2
~} and 

Zo = {z: [to, oo) ➔ X continuous with sup llz(t )ll0 ${!and E1z(to) = a with llallo $ 
2

~ }. 
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The contraction map in the proof of the Theorem 5.2.1 of (9) now depends on the parameter h 

and is given by G : Zo x Vo x \1;0 ➔ Zo defined by 

G(z, a, h)(t) = e-L(h),(i-,ola + f' e-L(h),(i-.) E2r(z(s), h)ds -100 

e-L(h),(t-,) E1r(z(s), h)ds. 
ho , 

Since estimates (5.22) and (5.23) are uniform in 11., we can choose e > 0 in the proof of 

Theorem 5.2.1 of (9) so small as to have 

Therefore, G is a contraction map uniformly in 11.. Now, we need to prove that G is continuous 

in 11.. If ho and h E 11., then 

IIG(z,a,ho)(t)- G(z,a,h)(t)II., $ ll(e-L(ho),(Ho) - e-L(hh(t-to))E2z(lo)lla 

+ 1' II ( e-L(ho),(i-.) - e-L(h)2(1-,))~r(z(s), ho)ll.,ds 
lo 

+ {' lle-L(h),(t-,) E2 (r(z(s ), ho) - r(z(s ), h)) II ads 
1,. 

+ 100 

II ( e-L(ho)l(t-,) - e-L(h)i(t-•)) E1 r(z(s ), ho)ll"ds 

+ 100 

lle-L(h)i(t-,) E1 (r(z(s ), ho) - r(z(s ), h)) II ads (5.25) 

and so 

IIG(z, a, ho)(t) - G(z, a, h)(t)II., $ Ca(h)e-b'llz(to)lla 

+c., .• (h)(ek(e)IIEdl fo00 

t!-b•du) + c.,,2(h)(ek(e)IIE2II fo00 

u-ae-budu) 

+ sup llr(z, ho) - r(z, h)II ( MIIE2II /"° u-c>e-b"du + MIi Edi 1
00 

e-b•du) 
llzll•$e lo lo 

where C.,(h), C.,,1(h), Ca,2(h) and sup 11,ll.$e llr(z, ho) - r(z, h)II goes to Oas h ➔ ho in 11.. 

Therefore, 
sup IIG(z,a,ho)(t)- G(z,a,h)(t)II., $ C(h), 

tE[lo,oo) 

(5.26) 

with C(h) ➔ 0 ash ➔ ho in 1i and so G is continuous em h0 • 

Now, we prove 4 only for W1~c(e(h)). The other cases are similar. For each h E 11. we have 

by Theorem 5.2.1 of (9] that W1~c(e(h)) is image of the Lipschitz map~,. : U0 ➔ X.,, defined 

by 
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where z(t, t0 , a, h) is the solution of the equation (5.24} fort> t0 with initial value z(t0 , t0 , a, h) = 
4>h(a). 

Since th(a) = G(z, a, h)(to}, it follows from (5.25) that 

ll4>ho(-) - 4ih(·)lla-+ 0 ash-+ ho . 

Since W1~e(e(h)) is the image of the application 4ih we have 

Then, since infbeUo ll4>A(a) - 4iho(b)lla $ ll4>A(a) - 4ih0 (a)lla for all a E Uo, we have 

.B(w1:e(e(h)}, W1:eCe(ho))) ~ sup ll4>A(a)- 4iho(a)lla-+ 0, 
AEUo 

when h -+ ho in 11., and the proof is finished. I 
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