





Ext’ (Ag, Ao) ® Homa(M, Ag) = Ext®(M, Ay) is surjective where
A= AyDA®- - is agraded algebra and M is a graded left A-module.
We introduce d-Koszul algebras in section 4 and prove (Theorem 4.1)
that an algebra with generating relations in degree d is d-Koszul if
and only if the Ext-algebra E(A) = @®n>0Ext% (Ao, Ag) is generated
in degrees 0,1, and 2. In section 5, we define d-Koszul modules and
show that other than projective and simple modules, then 2™ syzygy
of d-Koszul module (shifted) is a d-Koszul module. In this section, we
also show that the first syzygy of rM is d-Koszul (shifted), where M
is a d-Koszul module and r is the graded Jacobson radical of A.

Sections 6 and 7 we prove that the even Ext-algebra of a d-Koszul
algebra is a Koszul algebra and the whole Ext-algebra of a d-Koszul
algebra, after a regrading, is also a Koszul algebra (Theorems 6.1 and
7.1). It is also shown that the Ext of a d-Koszul module is a Koszul
module over the regraded Ext-algebra. In Section 8, we provide a new
proof Berger’s result that there is a generalized Koszul complex which
is exact if and only if the algebra is a d-Koszul algebra (Theorem 8.3).

Section 9 gives a description of the Ext-algebra of a d-Koszul al-
gebra by generators and relations. In particular, we show how the
Ext-algebra can be described using the dual algebra A'. The final
section of the paper shows that algebras with relations generated in
a fixed degree d of global dimension 2 are d-Koszul. A classification
of monomial algebras which are d-Koszul is also given in this final
section.

2 Notation

Let K be a commutative ring and A = Ay @ A, ® Ay ®--- be a
graded K-algebra where the direct sum is as K-modules. Assume
that A is generated in degrees 0 and 1; that is, A; - 4; = Aiy;j for all
0 <4,j < co. Let Gr(A) denote the category of graded A-modules
and degree 0 homomorphisms and Mod(A) denote the category of left
A-modules. We denote by gr(4) and mod(4) the full subcategories
of Gr(A) and Mod(A4) respectively, consisting of finitely generated
modules. Let F : Gr(A) — Mod(A4) denote the forgetful functor
and Gro(A) (respectively gro(A)) be the full subcategory of Gr(A)
whose objects are the graded modules (respectively, finitely generated
modules) generated in degree 0.

We assume Ay is a semisimple Artin algebra. The graded Jacobson



radical of A, which we denote by r 4, or simply r, when no confusion
can arise, is Ay @ A2 @ ---. Since A is generated in degrees 0 and 1,
it follows that r* = A; ® Ai+1 ® ---. For the remainder of this paper,
we fix a minimal graded projective resolution of Ay,

P': ..o P ... P 5 PO 40,

where Ay is viewed as a graded A-module generated in degree 0. (Here
“minimal graded” means that the image of P* = P'~1 is contained
in rP*~! and, since Ay is semisimple, minimal graded resolutions of
graded modules exist in Gr(A).)

Note E(A) = [1,>0 Ext’ (F(Aq), F(Ag)) is a graded algebra using
the canonical grading; that is, E(A), = Ext%(F(4o), F(A4p)).

In this paper, there will be a number of different gradings occurring
and we will be careful about which grading we are using. The grading
described above for the Ext-algebra F(A) will be called the ezt-grading
and the degree of an element will be called the ezt-degree.

If M =[I; M; is a graded A-module, we denote the nth-shift of
M by Min] where M[n] is the graded A-module X = [];x, where
Xi = M;_,. Thus, if M is generated in degree d, M[—d] is gener-
ated in degree 0 and if M € Gro(A), then r'M{—i] € Grg(A4). Let
M = 1; M; and N = []; N; be graded A-modules. If M is finitely
generated, then we may grade the abelian group Hom 4(F(M), F(N))
by setting Hom4(F(M),F(N))i = HomGr(A)(M, N[i]). This grad-
ing will be called the hom-grading. More generally, if Q* : - =
Qr— - 5 Q! 5 Q% — M -+ 0 is a graded projective resolution of
M, we may apply the i*#-shift to the resolution Q°. Thus, we get a
graded resolution Q°[i] : --- = Q'[i] = Q°[i] - M[i] - 0. Q" is
finitely generated, we grade Ext (F(M), F(N)) as follows. For each
i € Z, consider the complex induced by applying Homg A)(—, N[
to Q°. Define Ext; (F (M), F(N))i = Ext’(';r(A)(M, N[i}), which is the
homology of the complex obtained by applying Homg A)(—, N[i]) to
Q°. We call this grading on Ext™(F(M), F(N)) the shift-grading. It
is routine to check that the shift-grading grades Ext’y(F(M), F(N))
as a K-module.

We have the following useful result. The proof relies on the semisim-
plicity of N and is left to the reader.



Proposition 2.1 Let Q° be a minimal graded projective resolution of
a graded A-module M. Assume that Q" is finitely generated. Suppose
that N is a graded A-module such that rtN = (0). Then

Ezfi(F(M), F(N)); ~ HomGr(A)(Q"(M),N[‘i])
= Hom @y 4)(Q"(M)[-1], N),

where Q*(M) denotes the n'* syzygy of M with respect to the resolu-
tion Q°. a

If J is a subset of the nonnegative integers, then we say a graded
module M is supported in J if M; = 0 whenever 1 ¢ J. Note that if
M is generated in degree d then M is supported in {i]{ > d}.

To simplify notation, we will omit the functor F' in the Ext and
Hom g notation.

3 Fundamental Results

In this section, we provide results, Proposition 3.5 and its consequence,
Proposition 3.6, which are fundamental in what follows. These re-
sults, when applicable, provide necessary and sufficient conditions for
a Yoneda product map to be surjective.

Lemma 3.1 Let M be a graded A-module supported in {i|i > k} and
Q°* be a minimal graded projective resolution of M. Then, for each
n2>0,(Q");=0, foralli <k+n.

Proof. If f : Q° - M — 0 is a graded projective cover, then fj :
Q) —» M is an isomorphism. Hence, !(M) is supported in {i|i >
k +1}. The result now follows by induction. 0

Recall that P*® is a fixed minimal graded projective resolution of
Ao where Ay is viewed as a graded A-module that has support in {0}.

Lemma 3.2 Let M € Gro(A) with a minimal graded projective reso-
lution Q°. Let n > 1. Assume that P™ is supported in {j | j > s}.
Then Q" is supported in {j | 7 > s}.



Proof. If s < 0, the result is obvious. Assume s > 1. For ¢ > 0,
consider short exact sequences

(1) 0-rM o 'M o MM 0.

Since M is generated in degree 0, r*M/r**! M is semisimple and sup-
ported in {i}. Let (£{{}*) be a minimal graded projective resolution
of ' M/r**1 M and (R{i}*) be a minimal projective resolution of r' M.
Note that r*M[—i] € Grg(A). Hence, by Lemma 3.1, R{s}" is sup-
ported in {j | j > n+ s}. Note n+ s > s. Since rM/rit1 M is sup-
ported in {i} and is semisimple, L{i}" is supported in {j | j > i+s}.
Note i + s > s. Thus both R{s}" and L{s — 1}" are supported in
{i | @ > s}. Using (1), for i = s — 1, we conclude that R{s — 1}" is
supported in {i | ¢ > s}. Since L{i}" is supported in {j |7 > i + s},
we may repeat the argument above to show R{s —2}" is supported in
{i]¢ > s}. Continuing, we get that R{0}" is supported in {i |7 > s}.
But R{0}" = Q" and we are done.

We have the following immediate consequence.

Corollary 3.3 Let M € Gro(A) with minimal graded projective res-
olution Q°. Assume that P™ is generated in degree s and Q" is gen-
erated in degree t. Thent > s.

If My, M3, M3 are A-modules, we let
Vimn : Ext?(Ma, M3) ®k Ext (M;, M2) —» Ext;t™(My, M3)

be the Yoneda product. We will usually write Yy, » as Y when no
confusion can arise. Furthermore, we will denote the image of ) in
Bzt " (M, Ms) by Ext} (M2, M3) - Ext}} (Mi, My).

Lemma 3.4 Let M be a finitely generated graded A-module. The map
Y : Eztfi(Ag, Ao) @k Homa(M, Ag) — Ext}(M, Ag) factors through
Eztfi(M/rM, Ag) — Ext}(M, Ap), the map induced from the canon-
ical surjection M — M/rM. Furthermore, the induced map ' :
Ext% (Ao, Ag) ®x Homa(M, Ag) — Ezfi(M/rM, Ap) is surjective.

Proof. The first statement is clear. Since we have Hom4(M, Ag) ~
Homa(M/rM, Ag), the same isomorphism implies that it suffices to
show that the Yoneda product map:

Y : Ext" (Ao, Ap) ®k Hom4(M/rM, Ay) — Ext(M/rM, Aq)
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is a surjection. Let M/rM — [[™ Ag be a split monomorphism (which
is possible since M is finitely generated). Noting that Ext™(Ag, Ag)®k
Hom 4 (JT™ Ao, Ag) = Ext’(I[I™ Ag, Ap) is an isomorphism, the result
follows from the following commutative exact diagram.

~

Ext"(Ag, Ao) ®x Homa([I™ 4g, 40) — ExtR(1I™A40,49) — 0

! {

Ext? (Ao, Ag) ®k Homa(M/rM, A)) — Exti(M/rM,A) — 0
1 i
0 0

and the proof is complete. O

Note that if (Q°) is a graded projective resolution of a graded
module M such that Q" is finitely generated and is supported in J,
then Ext’ (M, 4p), in the shift-grading, is supported in J; that is,
Ext™(M, Ap); = 0 for i # J. This is a consequence of ’

Ext’ (M, Ag) = Hom4 (" (M), Ag)
= Hom4 (2" (M) /rQ" (M), Ag) = Hom4(Q"/rQ™, Ap).

The next proposition is of fundamental importance in that it has
many important consequences in what follows.

Proposition 3.5 Let M € Gry(A) be finitely generated with minimal
graded projective resolution (Q°®). Assume that P™ is generated in
degree s end Q" is finitely generated. Then Q™ is generated in degree
s if and only if Exty(Ag, Ag) ®x Homa(M,Ag) — Ezti(M, Ao) is
surjective; that 1s, Ext)(Ag, Ap) - Homa(M, Ap) = Extl(M, Ay).

Proof. Consider the graded short exact sequence
0—=rM o> M- M/rM —0.
Apply the functor Hom 4(—, Ag), we obtain an exact sequence
Ext% (M/rM, Ag) — Ext (M, Ag) — Ext"(rM, Ap).

By Lemma 3.2 and the remarks before the proposition, since rM[~1] €
Gro(A), we see that, in the shift-grading, Ext’ (rM, Ap) is supported
in {i]i > s + 1}. In particular, Ext®(rM, 4;), = 0. Since M/rM is
semisimple and supported in {0}, Ext’(M/rM, Ap) is supported in
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{s}. It follows that Ext%(M/rM, Ag), — Ext’y(M, Ag), is surjective.
Since maps from M to Ag factor through M/rM, it follows that the
map Ext (Ag, Ao) ®x Homa (M, Ag) — Ext’y (M, Ap) factors through
Ext (M/rM, Ap).

Now Ext} (M/rM, Ay) is supported in {s}. Next we note that Q"
is generated in degree s if and only if Ext’; (M, Ap) is supported in {s}.
Hence, @" is generated in degree s if and only if Ext? (M /rM, 4y) —
Ext’ (M, Ao) is surjective. The result now follows from Lemma 3.4. 0

We apply the above proposition to get a result that will play an
important role in what follows.

Proposition 3.6 Suppose that P' is finitely generated with genera-
tors in degree d;, for i = a, 8, + B. Assume that

datp = do + dg.
Then the Yoneda maps
Ext5(Ag, Ao) ®k Eaxth(Ag, Ag) — ExtSH (A, Ap) and
Exty( Ao, Ao) ®x Bt (Ao, Ao) — ExtSt (Ao, Ag)
are both surjective. Thus,
Ez5tP(Aq, Ag) = Bzt (Ao, Ao) - Ext (Ao, Ag)
= Erth(Ag, Ao) - Ext3 (Ao, Ao)-

Proof. By hypothesis, 29(Ap) is generated in degree dg. Applying
Proposition 3.5 to M = Qf(Ag)[-dg), we conclude that
Ext$ (Ao, Ao) ®x Hom4 (0P (A4g), Ag) = Ext% (2P Ag, Ap) is a surjec-
tion. Since Ext?, (Ao, Ap) = Hom4(Q¥(Ag), Ao) and Ext ™ (Ag, Ag) =~
Ext% (2#(Ao), Ao), we have shown the first surjection. The second sur-
jection follows in a similar fashion.

We conclude this section with an application of Proposition 3.5
and, although it is not needed in the remainder of the paper, it is of
some independent interest. Let 6 : {0,1,2,...} = {0,1,2,...}. Wesay
a graded A-module M € Gry(A) has a d-homogeneous resolution if M
has a graded projective resolution (Q*,d® such that Q" is generated
in degree é(n) for n > 0. in P*® in generated in exactly degree. If
Ap has a é-homogeneous resolution, we say a graded A-module M is
relatively Koszul if M has a é-homogeneous resolution.
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Theorem 3.7 Let A = Ag+A1+Az+--- be a graded K -algebra where
K is a commutative ring and 4 : {0,1,2,...} = {0,1,2,...}. Assume
that Ay is a semisimple K -algebra with a d-homogeneous resolution.
Then a graded A-module M is relatively Koszul if and only if, as
an E(A)-module, Exty(M,Aq) = @®n>oExzt}(M, Ag) is generated in
degree 0.4

Of course, if A is either a Koszul algebra or a d-Koszul algebra,
then Ay has a d-homogeneous resolution for some 4.

4 d-Koszul Algebras

Let A= Ag+A;+Az+- - be a graded K-algebra generated in degrees
0 and 1 where K is a commutative noetherian ring. Assume that Ag
is a finitely generated semisimple K-algebra, A; is a finitely generated
K-module and that P*® is a minimal graded A-projective resolution of
Ag. We say that A is a d-Koszul algebra if, for each n > 0, P® can be
generated in exactly one degree, d(n), and

2d if n is even
d(n) ={ .
(®.2d)+1 ifnisodd

By our assumption that A is generated in degrees 0 and 1, we
see that A is a quotient of the tensor algebra Ty4,(A) = Ap + A; +
(A1 ®4, A1) + (®%,A1) + - . If A =Ty,(A;1)/I is a d-Koszul algebra,
we see that 7 is finitely generated and can be generated by elements
in ®%,41 since P? can be generated in degree d. Furthermore, the
finiteness assumptions on Ay and A; and that K is noetherian imply
that each P™ is finitely generated.

We note that if d = 2, then A is a Koszul algebra since Ag has
linear projective resolution [4]. For d > 3, A is not a Koszul algebra.
We now fix a representation of A as a quotient of the tensor algebra
T4y(A1). Let A = Tpo(A1)/I where I C T 5, ®% A1. We note that
P? can be generated in degree d if and only if I can be generated by
elements in ®ﬁo(A1). We now present a characterization of d-Koszul
algebras.



Theorem 4.1 Let A = Tay(A;)/I where I can be generated by ele-
ments of ®ﬁoA1 for some d > 2. Then A is a d-Koszul algebra if and
only if the Ezt-algebra E{A) can be generated in degrees 0, 1, and 2
in the ext-degree grading.

Proof. First assume that A is a d-Koszul algebra. We proceed by in-
duction on n, to show that Ext (Ag, Ap) is generated by Extiqo (Ao, Ap)
for i = 0,1,2. For n = 0,1,2, the result is trivial. Assume true
for n < k and consider Ext’f{"l(Ag,Ao). If k+1 = 2m is even,
then 6(2) + §(m —2) = d + B;2d = Bd = §(2m). Thus we may
apply Proposition 3.6 with o = 2 and 8 = m — 2. We have that
Ext? (A, Ao) ®k ExtT2(A, Ag) — Extﬁ"'l(Aq, Ap) is surjective. By
induction, Eth"'z(Ao, Ap) is generated by Ext*(Ay, Ap) fori = 0,1,2
and we conclude that Ext’;“(Ao, Ay) is generated by Ext*(Aq, Ag) for
i=0,1,2. fk+1 = 2m+1, then 6(1) +6(2m) = 1+ Zd = 6(2m + 1).
Again we apply Proposition 3.6 with a = 1 and 8 = 2m this time to
conclude that Extﬁ"'l(Ao,Ao) is generated by Ext‘(Ag, Ag) for i =
0,1, 2 and proof of the only if part is complete.

Now assume that E(A) is generated in degrees 0,1,2 in the ext-
degree grading. We begin with case d = 2. Then P! is generated in
degree 1 and P? is generated in degree 2. Applying Proposition 3.6
with @ = 8 = 1, we conclude that Ext} (A, Ap) ®k Ext} (4o, Ag) =
Ext2 (Ao, Ap) is surjective. Hence, E(A) can be generated in degrees
0,1. It follows by [4] that A is a Koszul algebra and hence a 2-Koszul
algebra. Now assume that d > 2. First, we note that since P! is gen-
erated in degree 1, and since Extl(Ay, Ag) ~ Homa(P!, Ap), every
extension in Ext}(Ap, Ao) is of the form 0 —» Ap[~1] =+ E — Ag — 0
as a short exact sequence of graded modules. If 0 — Ag[-1] —
E' — Ag — 0 is another short exact sequence, then we may shift
the sequence by —1 to get 0 — Ap[—2] — E'[-1] = Ag[-1] — 0.
Pasting the sequences together gives 0 — Ag[-2] & E'[-1] = E —
Ap — 0. It follows that the image of Extl(Ap, 4p) ® Ext}‘(Ao, Ag) —

Ext% (Ao, Ag) lies in Ext% (Ao, Ap)a- But by hypothesis,
Ext% (Ao, Ag) = Ext% (Ao, Ao)a (the shift-grading) and d > 2. Thus,
ExtL(Ao,4)? = 0. Now Ext3(Ag,A¢) is generated by

Ext? (Ag, Ag)Ext (Ao, Ag) + Extl(Aq, Ao)Ext? (Ao, Ao). Since
Extlzq(Ao,Ao) S Exti(Ao,Ao)d and Extk(Ao,Ao) = Extk(Ao,Ao)l,
it follows that Ext3 (Ao, Ao) = Ext% (4o, Ap)d+1. Hence, P must be
generated in degree d + 1. But now we may apply Proposition 3.6 to



a=1 and 8 = 2, to see that

@) Ext} (Ao, Ao) = Ext? (Ao, Ao)Ext’y (Ao, Ao)
= Ext} (Ao, Ao)Ext? (Ao, Ao).

Now consider Ext (4q, Ag). Since (Ext}(4o, 40))? = 0, by (2), and
by our hypothesis, we see that Ext% (4, Ao) = (Ext% (Ao, Ao))%. As
above, we conclude that P* is generated in degree 2d. For Ext5A (Ao, Ao),
using that (Extl(Aq, 40))? = 0 and (2), we conclude that

Ext5 (Ao, Ao) = Ext}, (Ao, Ag)Ext%(Ag, Ag)Ext%(Ap, Ag)

= Ext (Ao, Ao)Exty (Ao, Ao)Ext? (Ao, Ao)
= Ext} (Ao, Ao)Ext’ (Ao, Ao)Ext)y (Ao, Ao).

It follows that P is generated in degree 2d + 1.
Continuing in this fashion, the result follows. o

iFrom the proof of the above theorem, we get the following impor-
tant result.

Corollary 4.2 If A is a d-Koszul algebra, with d > 2, then
Ezty™* (Ao, Ao) - Bty (Ao, Ao) = (0),

foralln,m >0. O

5 d-Koszul Modules

Throughout this section, A = Ag + A; + -+ will denote a d-Koszul
algebra. We say a left graded A-module M is a d-Koszul module if
there is a graded A-projective resolution --- - Q2 —» Q! = Q° —
M — 0 such that Q" is generated in degree d(n) where

5d if n is even
d(n) ={ .
(27ld) +1 ifnis odd

If M is a d-Koszul module then M € Gry(A) since Q° is generated in
degree 0. Note that if d = 2, then a module is d-Koszul if and only if it
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has a linear projective resolution. Thus, in this case, being a d-Koszul
coincides with being a Koszul module.

We begin by showing that if M is a d-Koszul module, then there
are exact sequences of the form

0 - QM) - QY(M/rM) - QM) = 0,

for t > 1. Assume that M is a d-Koszul module. Then, in degree 0,
we have an isomorphism My — (M/rM), induced from the canonical
surjection M — M/rM. Hence, the graded projective cover Q° — M,
when composed with M — M/rM, is also a graded projective cover.
From these observations, we see that we have an exact commutative
diagram

0 0
T T
0 - rM - M - M/rM - 0
T T
0 - Q@ = Q° = 0
T T
0 - QM) - QYM/tM) - ™M - 0
T 1l
0 0

By assumption, A is a d-Koszul algebra and it follows that M/rM, be-
ing a semisimple A/r-module, is a d-Koszul module. Hence,
04 (M/rM) is generated in degree 1. Hence rM is generated in degree
1. We now have a short exact sequence 0 — Q}(M) — QY(M/rM) —
rM — 0 where each module is generated in degree 1. If follows that
if @' - QY(M) and L° — rM are graded projective covers then we
get an exact commutative diagram

0 0 0
T 1 T

0 - QM) -» QA(M/tM) - ™M = 0
T T T

0 - @ - QoL -5 L -0
T T T

0 — (M) — Q*M/rM) - Q(rM) - O
T T T
0 0 0
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Since the top row of the diagram is composed of modules, all gener-
ated in degree 1, we sce that Q' @ L® - Ql(M/rM) is a projective
cover. Since M and M/rM are d-Koszul modules, both Q%(M) and
Q2(M/rM) are generated in degree d. It follows that Q! (rM) is gener-
ated in degree d. Proceeding by induction, we obtain exact sequences

(3) 0 = QYM) - QY(M/rM) - Q7 (M) = 0,

for t > 1 and that each of the modules is generated in degree 6(2).
We apply the above result in the following proposition.

Proposition 5.1 Let A be a d-Koszul algebra and M a left A-module
which is d-Koszul. Then, for n > 1, we have ezact sequences

0 — Ezfy }(rM, Ag) = Exfy(M/rM, Ay) — Exzfi(M, Ag) - 0.

In the shift-grading, Ezfy'(rM,Aq), Ezti(M/rM,Ap), and
Ezt} (M, Ay) have support in degree 5(n).

Proof. We have seen that under the hypothesis of the proposition, we
have exact sequences

0 - Q™M) = Q*(M/rM) = Q"1 rM) - 0,

for n > 1 and that each of the modules is generated in degree §(n).
It follows that, applying Hom4(—, Ag) to sequences, we obtain short
exact sequences

0 — Hom4 (2" 1(rM), Ap) = Hom4(Q™(M/rM), Ay)
— Hom 4 (Q"(M), Ag) — 0.

The result now follows. O

The next result provides a method for constructing new d-Koszul
modules from known ones. For ¢ > 0, we use the formula

(*) ot +2) =8(t) + d,

whose proof we leave to the reader.
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Proposition 5.2 Let A be a d-Koszul algebra and M a d-Koszul mod-
ule. Then Q3(M)[—d] and Q'(rM)[—d] are both d-Koszul A-modules.

Proof. Let M be a d-Koszul module. Then Q?(M) is generated degree
6(n +2) — d = §(n) and we conclude that Q! (rM)[—d] is a d-Koszul
module. This completes the proof. O

We end this section with a result for modules analogous to The-
orem 4.1. If M is a left A-module, let £(M) denote the left E(A)-
module ®,>0Ext" (M, Ap), where the module structure is given by the
Yoneda product.

Theorem 5.3 Let A= Ao+ Ai+--- be a d-Koszul algebra with d > 3
and let M be a graded left A-module. Then M is a d-Koszul module
if and only if E(M) can be generated in degree 0. Moreover, if M is a
d-Koszul module, then Ext®™*1(Ay, Ag) - Ex2™ (M, Ag) = (0) for all
n,m > 0.

Proof. Applying Proposition 3.5, we see that
Eth(A01 AO) . HOIDA(M, AO) = EXtZ(M7 AO)

for each n if and only if M is a d-Koszul module. Using this and
Corollary 4.2, we conclude that Ext>*1(Ag, Ag) - Ext?™t1(M, 4o) =
(0) for all n,m > 0.

6 The Even Ext of Modules

In this section, we investigate the properties of the even Ext-algebra
E(A) of a d-Koszul algebra. We show that this algebra is a Koszul
algebra after a regrading. We also show that the even Ext of a d-
Koszul module is a Koszul module over the even Ext algebra. For the
remainder of the section, assume that A is a d-Koszul algebra.

Let M be a left d-Koszul A-module. We let

E®(A) = @nxoExt?(Ag, Ap)
and
£ (M) = BnxoExt? (M, Ap).

We grade E¥(A) by E**(A), = Ext?(Ag, Ap) and view (M)
as a graded E°¥(A)-module where £°¥(M),, = Ext%(M, A). We call
this the even-grading.

The following result is the main result of this section.
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Theorem 6.1 Let A = Ag+ Ay +--- be 6 d-Koszul algebra and M
a d-Koszul module. Then, in the even-grading, E¢'(A) is a Koszul
algebra and %Y (M) is a Koszul E®'(A)-module.

Proof. Let M be a d-Koszul A-module. We begin by showing that
£¥(M) is generated in degree 0 (in the even-grading). Now E*¥(A), -
E(M)o = Ext™(Ag, Ao) - Hom(M, Ap) and E(M)n = Ext™(M, Ao).
By Proposition 3.5 we see that E¥(A), - £E(M)o = £(M), and we
conclude that £(M) is generated in degree 0.

Next we show that £V(M) has a linear E®’(A)-projective resolu-
tion in the even-grading. By Proposition 5.1, we have exact sequences

0 — Exty ' (rM, Ag) — Ext%(M/rM, Ag) — Ext};(M, Ag) — 0.

In the shift-grading, Ext"'(rM,Ao), Ext}(M/rM, ), and
Ext’ (M, Ag) have support in degree §(n).

Now £%(M/rM) is a projective E®’(A)-module generated in de-
gree 0. Thus, we have a projective cover £Y(M/rM) — £*(M). The
first syzygy is @n>1Ext1(rM, 4o) = @,,ZoExtz"'z(Ql(rM),Ao).
We have seen that Q! (rM) is generated in degree d. By Proposition
5.2, QY(rM)[—d] is a d-Koszul A-module. We have just seen that if
X is a d-Koszul module then £(X) is generated in degree 0. Thus
£(Q}(rM)[—d]) is generated in degree 0 (in the even-grading). In
the shift-grading £°¥(Q} (rM)) is generated in degree d. But degree 1
in the even-grading is degree d in the shift-grading. Hence the first
syzygy of £%°(M), as an E®”(A)-module, is £5°(Q2(rM)) and is gen-
erated in degree 1. Furthermore, ' (rM)[—d] is a d-Koszul module
and we now may repeat the above argument to show that the second
syzygy of £%(M) is generated in degree 2 (in the even-grading) and
is of the form £°V(IN) where N[—2d] is a d-Koszul module. Continu-
ing in this fashion, we see that £¢(M) has a linear E*’(A)-projective
resolution in the even-grading.

Since EfY(A) = £°Y(Ag), we see that E®Y(A) has a linear graded
projective resolution (in the even-grading). Hence E*¥(A) is a Koszul
algebra. This competes the proof. O

If A is a d-Koszul algebra. and M is a d-Koszul A-module let
£°4(M) = Bp>oExt>™+1(M, Ag). We view this as a graded object by
£°44(M),, = Ext®" (M, Ag). We note that

Ext?™(Ag, Ag)-Ext?" (M, Ag) = Ext?™(Ap, Ap)-Hom(Q?* 1 (M), Ap)

14



= Ext®™(@*"1(M), 4o) = Ext?™™* (M, 49),

where the second equality follows from Proposition 3.6. Thus, £°%4(M)
is a graded E®(A)-module and is generated in degree 0 (in the even-
grading). If M is a d-Koszul module, it is open whether or not £°%(M)
is a Koszul module.

7 Ext of d-Koszul Algebras and Mod-
ules

In this section we show that the Ext-algebra of a d-Koszul algebra is
a Koszul algebra after regrading. Furthermore, we show that the Ext
of a d-Koszul module is a Koszul module over the Ext-algebra after
regrading. If A is a Koszul algebra, then these results are well-known
[5]. Throughout this section, let A be a d-Koszul algebra where d > 3.
We begin by describing the new grading.

We let E(A) be the Ext- a.lgebra. E(A) graded as follows. E(A)o =
Ext) (Ao, Ao), E(A)1 = Ext}(Ao,Ao) ® Ext}y(4o, 40), E(A)2 =
Ext3(Ay, Ag) ® Ext*(A4o, Ag). In general, if n > 1,

E(A)n = Ext?~1(4p, Ao) ® ExtZ (Ao, Ao).

This is a well-defined grading by Corollary 4.2.
If M is a d-Koszul A-module, we define £({M) to be £(M) with
grading given as follows. If n > 0,

E(M), = ExtP~1(M, Ap) ® ExtT (M, Ao),

where Ext~!(M, Ag) = (0). By Theorem 5.3 we see that E(M) is a
graded E(A)-module. We will call this grading the hat-grading and
the degree is call the hai-degree. We now state and prove the main
result of this section.

Theorem 7.1 Let A= Ag+Ay+--- be qd-Koszul algebra withd > 3.
Let M be a d-Koszul A-module. Then E(A) is a Koszul algebra and
E(M) is a Koszul E(A)-module.

Proof. We begin by showing that (graded) semisimple E (A)-modules
have linear presentations. First consider 0 = L — E(A) - E(A)o —
0. By Theorem 4.1, we see that L, which is [],; Ext}i(4o, 4a), i

generated in hat-degree 1. If W is a graded semisimple module with
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support in hat-degree 0, then W is a summand of a direct sum of
copies of E(A)o. It follows that W has a linear presentations as an
E(A)-module.

Next we show that £(M) has a linear presentation. By Theorem
5.3 £(M) is generated in degree 0 as a E(A)-module. Apply Proposi-
tion 5.1, we see that we have a short exact sequence of E(A)-modules

0 N EM/rM) > EM) -0

where N = [],,5 Ext}(rM, Ap) with Ext"(rM, Ap) in ext-degree n—1.
In hat-degree, N, = Ext" }(rM, Ag) + Ext®(rM, Ap). Thus, N’ =
Lo Ext™(Q!(rM), Ap) is E(A)-submodule of N. We have the fol-

lowing short exact sequence
(4) 0 — N' - N — Homu(rM, Ag) — 0.
Grading N’ by N| = Ext®(Q!(rM), Ag) and, for n > 2,

N}, = Ext®3(Q}(r M), Ag) + Ext?"~2(Q}(r M), Ao),

and grading Hom 4 (rM, Ap) to have support in degree 1, we see that
(4) is a short exact sequence of hat-graded E(A)-modules. But
E(Q(rM)[-d])[1] = N’ where the shift —d is as graded A-modules
and the shift 1 is in the hat-grading. But Q!(rM)[—d)) is a d-Koszul
A-module by Proposition 5.2. Thus, N’ is an E(A)-module generated
in degree 1. We conclude that N is generated in degree 1 and hence
£(M) has a linear presentation.

Consider (4) again. We have seen that this is an exact sequence of
E(A)-modules all generated in degree 1. Furthermore, Hom 4(rM, Aq)
is a semisimple £(A)-module and N is of the form £ (M')[1] for a d-
Koszul module M’. But both Homu(rM, Ay) and £(M’) have linear
presentations by our work above. We will show that a semisimple
E(A)-module supported in degree 0 has first syzygy U such that there
is a short exact sequence of graded £(A)-modules all generated in hat-
degree 1,

0 EM)>U -V =0,

where V' is semisimple and M’ is d-Koszul. From this, by a standard
induction argument, conclude that £(M) has a linear E(A)-projective
resolution.

We need to show that a semisimple £(A4)-module has first syzygy
U such that there is a short exact sequence of graded £(A)-modules,
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generated in hat-degree 1
0 MUV S0,

where V' is semisimple and M’ is d-Koszul. Let W be a semisimple
E(A)-module supported in degree 0. There is a semisimple A-module
S such that Hom4(.S, Ag) = W. Consider the short exact sequence

0— H Ext? (r ®4, S, Ag) = £(A®a, S) > W — 0.
n>1

Then, in a similar fashion to our investigation of NV above, we get a
short exact sequence of graded E(A)-modules

0= & r @4, S, Ao)[—d])[1] = £(A ®4, S) = Homy(S, Ag) — 0.

It follows that E£(Qr ®4, S)[~d])[l] has hat-degree 1,
QL r ®4, §)[—d] = Q*(S)[—d] is a d-Koszul module and Hom4(r ®4,
S, Ap) is a semisimple F(A)-module supported in hat-degree 1. This
is the desired result.

_ Finally, to show that E(A) is a Koszul algebra, we note that
E(A)y = £(A) and hence E(A)o has a linear projective resolution
in the hat-grading. It follows that E(A) is a Koszul algebra and the
proof is complete.

8 Generalized Koszul complexes

As mentioned in the introduction, R. Berger introduced d-Koszul al-
gebras and generalized Koszul complexes. We briefly summarize some
of his results in [2] and provide a new proof of one of his main results.
We also extend the definitions to the nonlocal case.

We begin with some notation and conventions. Recall that we
have A = T4,(A1)/I where I is generated by elements of degree d.
Let R=1InN (®dA°A1). Note that R is an Ag-Ag-submodule of ®j’40A1.
We now assume K is a field and that Ag is not only semisimple, but,
asaring, Agis K x K x --- x K. Let T = T4,(A1) and if z € T,
let Z denote w(z) where m : T — A is the canonical surjection. In
this case, T is isomorphic to a path algebra KT for some quiver T
Let {v1,...,v,} be the arrows of I'. Then the v;’s are a full set of
orthogonal idempotents. We say a nonzero element z € T is left
uniform if there exists a vertex v; such that z = viz. If z is left
uniform, we let o(z) = v; if z = v;z.

17



We define the generalized Koszul complez of R as follows. Let
fﬂ)=.A0,fﬂ_=.A1,and,ﬁH112¢L

H, = ni+j+d=n(®f40A1) ®4a, R® 4, (®{40A1).
As usual, we let

84 if n is even
={ 2
b(n) ={ (252d) +1 ifnisodd

We define Q" = A ®4, Hyn) and note that Q" is a projective left
A-module for n > 0.

We wish to define maps d* : Q* — Q™! for n > 1. For this
we need the following lemma which relates to the condition (ec) in
Berger’s work. To simplify notation, we will denote ®f%A1 as simply
A} and write ®,4, as simply Q.

Lemma 8.1 Keeping the above notation, if A is d-Koszul then, for
2<i<d, _ _ _
(R®ANN(AQR)CA'@R® A.

Proof. To prove this result, we use the results in [6]. Since we are
considering left modules in this paper, we switch their notation from
right modules to left modules. It is shown in [6] that, for each n > 0,
there are subsets of left uniform elements of T, {g7}icu,, {g*" }ievi»
and {h?,}n_l}iev.. €U, such that

D) (@icvn1 T )N (Bictn-o 197 "%) = (Biev,T9}) @ (®icv, Tg+?).
(ii) For i € Uy, g7 ¢ ®icv,_, Tol "
(iii) For i € Vi, g*? € @icy,_, TP

(iv) Fori e Uy, gP = 2 ieUn h?f_lg;'l .

(v) Setting L™ = @;cp,Ao(gl), then {L",d"} iz a minimal
A-projective resolution of Ag where

d*(o(gf) = Y R o(gf ).
J€Un

Since A is a graded d-Koszul algebra, we may assume that the g2's
are homogeneous left uniform elements of degree §(n). Furthermore,
A1 = ®,ev, Aog} and R = @,cy, Aog?. Note that the g! are just the
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arrows of @ and are of degree 1. The element g2 are homogeneous of
degree d and the elements g3 are homogeneous of degree d + 1.
Now, from the above, we see that

(41 ® R) = ®scv, 41 ® Aogi = (@set,T9P)asi
where the last subscript denotes the elements of (©scy,Tg?) of degree
d+\‘;\./e see that R ® A} C @,cp,Ig} since i > 2 and R C I. We also
have that A} ® R C ®4ep,Tg2. Hence
(R® A4}) N (4] ® R) C (®se1,T93) N (Dscvr I9;)-
By (i) above,
(R®A}) N (4] ® R) C (®setaT9l) © (@seaTgs).

The left hand side are elements of degree d + ¢. Noting that each
g%% € ®¢Ig? and I is generated in degree d, we see that the gx3 are
degree at least 2d. But, 7 is assumed to be less that d. Hence we
conclude that

(5) (R ® A1) N (4] ® R) C (®sctT93)-

Now each g¢° is degree d + 1 since A is d-Koszul. By (iv) above,
g3 € @, Ig}. It follows by degree that each g3 = 3", , ctug7gs Where
ctu € K. Hence g3 € R® A;. Thus, from (5) and degree, that

(RANN(Ai®R) C A" @ R® A).
The proof is complete.D

The following result is an immediate consequence of the above
lemma and we leave the proof to the reader.

Corollary 8.2 Keeping the notation of this section, for n > 0,
Hinir= (R AP Y04, @ Re AP V)N
(A @R A I n (A @ Re A V)N

A e Re Ay) N (A% @ R),
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and

Hipm= (Re AN
(A1eRe AP N Al e (Re AN 2NN
(49 R@ A" 24 (41 @ Re AN V)N

(4" o Re A1) N (4] 9 B),

Using the result of the corollary we now define d™ : Q™ — Q™ L.
Recall that Q™ = A® Hy(yy,)- From the definition and that R C A%, we

note that Hg(m,y C Ai(m). We write elements of Hj() a8 21®- - -®Z5(m)
where the z; are in A;. If m = 2n, define

d"aQ®T1®  QTyy) =0T 1Z2 T4 1 QIT4® - ® Tgy.
If m = 2n + 1, define

d*"(e®T1® - @ Tnat1) =aT1 ®Z2 @ ® - ® Tndyl-

It is writing Hy(,) in the form of the corollary that shows that the
maps are well-defined. We now can state one of Berger's main results.

Theorem 8.3 [Thm 2.1 [2]] Let A = KI'/I where I is an ideal gen-
erated in degree d. The following statements are equivalent.

(i) A is o d-Koszul algebra.

(i) {Q",d"} is a minimal A-projective resolution of Ay.

Proof. Note that by construction, Q" is generated in degree d(n).
Hence, if {Q",d"} is a minimal A-projective resolution of Ay, then A
is a d-Koszul algebra.

Now suppose that A is a d-Koszul algebra. As pointed out, the
maps d" are well-defined. The proof of the exactness of d” is similar to
the usual proof found in [1] and we only give a brief sketch. Because
of the definition of H,, as an intersection, we note that if a ® z; ®
@ Ty(m) € H,, then 2125 --- 4 € R. From this, it is immediate that

d™1d™ = 0 for m > 2. It is immediate that Q' % Q° = A — 0 is
exact.

We now show exactness at P?", n > 1. By the definitions, it is
not hard to show that d?"+1(P?"+1) is generated in degree nd + 1 in
P2, Similarly, it is not hard to see that if 2 = ¥,6,® 21 ® - ® Tn i
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is in the kernel of d?", then each a; € A; @ Az @ ---. Thus, after
rewriting, we may write z = }_; b;a;®%1;®- - - @2y, ; where b; € A and
a; € A;. We may assume that each g; is left uniform. Considering
each degree, we see that } ;a; ® 1 ® --+ ® Tp,; is in the kernel of
d?". But then 2’ = 3;0(0;)) ® 2i ® 71,; ® - - ® Tp; is in Q! and
5 0(a;) ® ai ® 71, ® -+ ® Tn;) = 2. From this we conclude
that the image of d?**! equals the kernel of d*".
Exactness at P?**! is similar and we omit the proof.

We note that Berger also showed that A is d-Koszul if and only
if A%, the opposite algebra is d-Koszul. He also studied the A®-
projective resolution of A, where A® = A @x A% and related this to
the Hochschild homology of A.

9 Description of the Ext-algebra

In this section we provide a description of the Ext-algebra F(A) when
A is a d-Koszul algebra with d > 2.

We begin with well-known preliminaries. Recall that since 4y =
[Tie; K, indecomposable Ay-Ap-bimodules are 1-dimensional over K
and of the form Age; @k € Ag, where e; = (0,...,0,1,0,...,0) with 1
occurring in the it* component. Furthermore, AP = Ao since Ag is a
commutative ring. Since Ag®x Ao is a semisimple ring, it follows that
every Ag-Ap-bimodule is a direct sum of copies of the 1-dimensional
simple modules Age; ®k ejAg, 1 <4,j < n.

Let V be a finitely generated Ag-Ag-bimodule. If W is an Ap-
Ag-submodule of V, let W* = Hom (W, Ay) where the Hom is as
left Ag-modules. The right Ap-module structure on W gives W* a
left Ag-module structure. The right Ag-module structure on Ay gives
W* an Ag-Ag-bimodule structure. Note that * is a duality on Ag-Ag-
bimodules and that if V is a finitely generated bimodule, then V** is
naturally isomorphic to V as bimodules. Let W+ = {f € V*| f(W) =
0}. We see that W is an Ag-Aq-bimodule if W is.

We have the following facts, assuming all modules are finitely gen-
erated Ag-Ap-bimodules, which can be proved by adjusting the usual
proofs for vector spaces:

(i) If U and W are submodules of V, then (U + W)L =ULtnWw+,

(i) If U is a submodule of V, then, for each 4,5, 1 < 4,7 < =,
dime;Ute; = dime;Ve; — dime;Ue;.
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(iii) If we identify U** with U, (U1)1 =U.

(iv) If U is a submodule of V and W is a finitely generated bimodule,
then (U @4, W)t = UL @4, W*.

(v) If U is a submodule of V, and W and Z are finitely generated
bimodules, then (W @4, U @4, Z)L = (W* @4, UL Q4, 2Z)

(vi) (U* ®ap V*) = (U @, V)*.

We identify Ag and Aj. There is a natural isomorphism between
(Ai)* = (® A1)* and ® A} = (A})', which we view as an identifica-
tion. Let Rt = {f € (4})? | f(z) = 0 for all z € R}. Let T* be the
tensor algebra T, (A}) = Ao ® A} ® (A])2 @ ---. The dual algebra of
A is defined to be A' = T*/ < RL >.

We see that A' is a graded algebra since R* is contained in (A})%.
Thus A' = AJ @ A\ @Ay ®---. Let B=By®B; ® By ®--- where
B, = Af,(") as vector spaces. In the case d = 2, we recall that §(n) = n
and then B = A' as graded algebras, see, for example, [1]. If d > 2, we
define multiplication as follows: let z € B, and y € By, thenz-y =0
if both m, n are odd, and as zy where multiplication is in A' if at least
one m or n is even. It is easy to check that B is a graded K-algebra
generated in degrees 0,1, and 2.

Our goal is to prove the following result.

Theorem 9.1 If A is a d-Koszul algebra and d > 2 then E(A) is
isomorphic to B as graded algebres. In particular, Exfy(Ag, Ap) is
tsomorphic to A;',(n).

Before starting the proof, we review the notations of the previ-
ous section and assume that A is a d-Koszul algebra with d > 2.
Then (Q°,d*} is a minimal graded A-projective resolution of Ap. Re-
call that Q" = A® Hyyy, Hy = Ao, Hy = A, and, forn > d,H, =

Nitd+j=nAl ® R ® A] where A} =®:40 A;. Now H, C A7} and we
write elements of Hy, as 3>z, ® --- ® z,. The maps d" : Q" — Q"1
are given by
2621 ®T2 Q- ® Tg(n), if nis odd
dn(ZaQMl ® - Tmy) ={ Laz1+ 241 @14 ® @ Ty(y,
if n is even.

Since Ay is semisimple, for n > 0, there is a natural Ag-Ag-bimodule
isomorphism

Ext:;(Ao, Ag) ~ HomA(Q",Ao) = Homy4(A @40 Hn, Ao),
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which we view as an identification. When we “multiply” homomor-
phisms, we will mean the Yoneda product of the elements viewed as
elements in the Exts under this identification.

Proposition 9.2 Let f, € Homs(Q", Ag) and frm € Homa(Q™, Ao).
Then, fr - fm =0 if both m and n are odd. If at least one of m or n
18 even, then

(fafm)(Za®21® - Tsiny4a(m)) =
(X a®21 @ 24(n)-1 ® Ts(n) fm(1 ® Zs(ny41 ® * - - ® Tsny4a(m)))-

Proof. Since A is a graded algebra, we have two ring homomorphisms
i: Ay - Aand 7 : A = Ay where the first is the inclusion and
the second is the canonical surjection. Also recall that if at least one
of m or n is even, then §(n + m) = §(n) + 6(m). If both m and n
are odd, then all Yoneda products of elements are 0 by Corollary 4.2.
Assume that either m or n is even. Consider f,,, : Q™ — A;. We
lift fm to f%: Q™ — A by f0 = io f,,. We continue lifting f,, as
follows. Suppose we have fi-!: @Q™*~1 5 Q-1. We want to find
fi : Q™ 5 QF such that the following diagram commutes:

Qm+i amt Qm+i-1
1 _ Ay
Qi i_) Qi—l
Define

fa(e®z1® - @ Tsm+i) =
Ye®x1 a2 ®Td_1 - @ T56) [A (1 ® Ts(i)+1 ® Zo(itm))-

The reader can verify that fi7ld"+t™ = difi .
The Yoneda product f,fm is given by f, o . The proposition
now follows.

We prove Theorem 9.1. '
Proof. Now consider B,. By definition, B, = Afnn) and A =
Ta,(A})/ < Rt >. Hence,

_ (A1)
2 o0<i<é(n) (43)Sm-d-i @ RL ® (4})

Bn
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Dualizing and using our remarks above, we obtain
B ~ z((AI)ts(n)—i—d@RJ_@(A )z)i n(AJ(")“ d®R®A‘i) ~ HJ(n)-
Next, consider the natural isomorphisms

Ext% (Ao, Ao) ~ Homu (A ® Hy(z), Ao) =
Hom 4, (Hj(s), Hom g (4, Ag)) =

Hom 4, (4} )", Homa(Ao, A)) = Ay = Bn.

Let ¢ : By, — Homa(A ® Hy(y), Ao) given above. A careful analysis

of these isomorphisms shows that if f=H®-® fé(n) € By then
¥(f) € Hom4(A4 ® Hyy,), Ao) is given by

PO e@n®- ®$5(n)) =Y filz1) - fsmy(@s(m)) - &

Applying Proposition 9.2, we see that if f € By, § € By, and either n

or m is even, then
W(f -g) = ¥(f) - ¥(@),

where the product on the right hand side is given by the Yoneda
product of the elements as in 9.2. This completes the proofu

10 Concluding results

We end the paper with some examples of d-Koszul algebras with d > 2.

Proposition 10.1 Let Ag be a semisimple ring, A1 a finitely gener
ated Ag-Aog-bimodule, and T = Ty,(A1) the tensor algebra. Suppose

d
that A = T/I where I is an ideal in T with generators in @4, A;. If
the global dimension of A i3 2, then A is d-Koszul.

Proof. Since I can be generated by homogeneous elements, 4 has a
grading induced by A, =® AJIN@ A). 0= Q2= Q' = Q° »
Ap — 0 is a minimal graded A-projective resolution of A¢ viewed as
a graded module with support in degree 0, it is clear that Qy = A
generated in degree 0 and Q) is generated in degree 1 since the kernel
of A > Apis A; ® A @ - -. Since T is hereditary, we see that Q; is
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isomorphic to J/IJ = A@r J where J = A; @ Ay ® ---. The kernel
Q1 — J/Iis I/1J, which is generated in degree d and we are done. 0

For the remainder of this section, we restrict our attention to quo-
tients of path algebras. More precisely, let T' be a quiver, which is
just a finite directed multigraph with loops. Let K be a field and we
denote the path algebra by KT'. It is well-known that KT is isomor-
phic to a tensor algebra T4,(A;) where, for some n, 49 = [, K
and A; is a finitely generated Ag-Ag-bimodule. If p is a finite set of
paths in I and 7 is the ideal generated by p, we say the quotient alge-
bra, A = KT/I is a monomial algebra. We give a characterization of
monomial d-Koszul algebras. Berger gives such a classification in the
local case {2]. We need I to be generated in degree d so we assume
p is a set of paths of length d. We say p is d-covering if whenever
pq,qr € p with g of length at least 1, then every subpath of pgr of
length d is in p. .

Theorem 10.2 Let A = KT'/I where I is an ideal generated by a set
p of paths of length d, d > 2. Then A is a d-Koszul algebra if and only
if p is d-covering.

Proof. In (3], the authors give a construction of a minimal graded
projective resolution of Ay of the monomial algebra A. The degrees
of generators the projectives in P™ correspond to the lengths of the

admissible n-sequences. It is a straightforward combinatorial check
that if a path p is an admissible n-sequence (see [3] for a definition)
then length of p is §(n). From this we conclude that the nt* projective
in the minimal projective resolution is generated in degree d(n) and
hence A is a d-Koszul algebra.

Corollary 10.3 Let A = KT'/I where I is the ideal generated by all
paths of length d, for some d > 2. Then A is a d-Koszul algebra.
Proof. If p is the set of paths of length d, then p is clearly d-covering.
a

Corollary 10.4 Let A = KT /I where I is an ideal generated by some
paths of length d, for some d > 2. Suppose the longest path in T’ has
length d + 1. Then A is d-Koszul.

Proof. Let p be a set of path of length d. Since the longest path in T’
is of length d + 1, it is immediate that p is d-covering.

25



References

[1] A.A. Beilinson, V. Ginsburg, and W. Soergel, Koszul duality pat-
terns in representation theory, J. Am. Math. Soc. 9 (1996), 473-
527.

[2] R. Berger Koszulity of nonquadratic algebras, J. of Algebra, 239,
(2001), 705-734.

(3] E.L. Green, D. Happel, D. Zacharia, Projective resolutions over
Artin algebras with zero relations, Illinois J. Math. 29 (1985) 180-
190. '

[4] E.L. Green, R. Martinez-Villa, Koszul and Yoneda algebras Rep-
resentation theory of algebras (Cocoyoc, 1994), CMS Conf. Proc.,
18, Amer. Math. Soc., Providence, RI, (1996) 247-297.

[5] E.L. Green, R. MartinezVilla, Koszul and Yoneda algebras II
Algebras and modules, II (Geiranger, 1996), CMS Conf. Proc.,
24, Amer. Math. Soc., Providence, RI, (1998) (227-244).

[6] E.L. Green, @. Solberg, D. Zacharia, Minimal projective resolu-
tons, Trans. Am. Math. Soc., 353, (2001) 2915-2939.

26



TRABALHOS DO DEPARTAMENTO DE MATEMATICA
TITULOS PUBLICADOS

2002-01 COELHO, F.U. and LANZILOTA, MA. On non-semiregular
components containing paths from injective to projective
modules. 13p.

2002-02 COELHO, F.U., LANZILOTTA, M.A. and SAVIOLL, AM.P.D. On
the Hochschild cohomology of algebras with small
homological dimensions. 11p.

2002-03 COELHO, F.U,, HAPPEL, D. and UNGER, L. Tilting up algebras of
small homological dimensions. 20p.

2002-04 SHESTAKOV, LP., and UMIRBAEV. U.U. Possion brackets and
two-generated subalgebras of rings of polynomials. 19p.

2002-05 SHESTAKOV, LP. and UMIRBAEV. U.U. The tame and the wild
automorphisms of polynomial rings in three variables. 34p.

2002-06 ALENCAR, R. and LOURENCO, ML. On the Gelbaum-de
Lamadrid's result. 16p.

2002-07 GRISHKOV, A. Lie algebras with triality. 28p.

2002-08 GRISHKOV, AN. and GUERREIRO, M. Simple classical Lie
algebras in characteristic 2 and their gradations, L. 21p.

2002-09 MELOQ, S.T., NEST, R. and SCHROHE, E. K-Theory of Boutet de
Monvel's algebra. 8p.

2002-10 POJIDAEV, A.P. Enveloping algebras of Filippov algebras. 17p.
2002-11 GORODSKI, C. and THORBERGSSON, G. The classification of
taut irreducible representations. 47p.

2002-12 BORRELLI, V. and GORODSKI, C. Minimal Legendrian
submanifolds of $*™' and absolutely area-minimizing
cones. 13p.

2002-13 CHALOM, G. and TREPODE, S. Representation type of one point
extensions of quasitilted algebras. 16p.

2002-14 GORODSKI, C. and THORBERGSSON, G. Variationally complete
actions on compact symmetric spaces. 8p.

2002-15 GRISHKOV, AN. and GUERREIRO, M. Simple classical Lie
algebras in characteristic 2 and their gradations, II. 15p.

2002-16 PEREIRA, Ant6nio Luiz and PEREIRA, Marcone Corréa. A Generic
Property for the Eigenfunctions of the Laplacian. 28p.



2002-17
2002-18
2002-19
2002-20

2002-21

2002-22
2002-23
2002-24
2002-25

2002-26
2002-27

2002-28

2002-29

2002-30
2002-31
2002-32
2002-33
2002-34

2002-35

GALINDO, P., LOURENCO, ML. and MORAES, L.A.
Polynomials generated by linear operators. 10p.

GRISHKOV, A. and SIDKI, S. Representing idempotents as a sum
of two nilpotents of degree four. 9p.

ASSEM, 1. and COELHO, F.U. Two-sided gluings of tilted
algebras. 27p.

ASSEM, 1. and COELHO, F.U. Endomorphism rings of projectives
over Laura algebras. 10p.

CONDORI, LO. and LOURENCO, M.L. Continuous
homomorphisms between topological algebras of
holomorphic germs. 11p.

MONTES, RR. and VERDERESI, J.A. A new characterization of
the Clifford torus. 5p.

COELHO, F.U., DE LA PENA, J.A. and TREPODE, S. On minimal
non-tilted algebras. 27p.

GRISHKOV, AN. and ZAVARNITSINE, A.V. Lagrange’s theorem
for Moufang Loops. 21p

GORODSK], C., OLMOS, C. and TOJEIRO, R. Copolarity of
isometric actions. 23p.

MARTIN, Paulo A. The Galois group of x" —x"" ~..—x~-1. 18p.
DOKUCHAEV, M.A. and MILIES, C.P. Isomorphisms of partial
group rings. 12p.

FUTORNY, V. and OVSIENKO, S. An analogue of Kostant
theorem for special PBW algebras. 14p.

CHERNOUSOVA, Zh, T., DOKUCHAEV, M.A,, KHIBINA, M.A,,
KIRICHENKO, V.V., MIROSHNICHENKO, S.G. and
ZHURAVLEV, V.N. Tiled orders over discrete valuation
rings, finite Markov chains and partially ordered sets. I
36p.

FERNANDEZ, J.C.G. On commutative power-associative
nilalgebras. 10p.

FERNANDEZ, J.C.G. Superalgebras and identities. 11p.

GRICHKOV, AN. , GIULIANI, M.L.M. and ZAVARNITSINE,
A.V. The maximal subloops of the simple Moufang loop of
order 1080. 10p.

ZAVARNITSINE, A.V. Recognition of the simple groups Ls(q) by
element orders. 20p.

ZUBKOV, AN. and MARKO, F. When a Schur superalgebra is
cellular? 13p.

COELHO, F.U. and SAVIOLI, AM.P.D. On shod extensions of
algebras. 11p.



2003-01
2003-02
2003-03
2003-04

2003-05

2003-06

2003-07

2003-08

2003-09

2003-10
2003-11

2003-12
2003-13
2003-14
2003-15
2003-16
2003-17

COELHO, F.U. and LANZILOTTA, M.A. Weakly shod algebras.
28p.

GREEN, E.L., MARCOS, E. and ZHANG, P. Koszul modules and
modules with linear presentations. 26p.

KOSZMIDER, P. Banach spaces of continuous functions with few
operators. 31p.

GORODSK], C. Polar actions on compact symmetric spaces which
admit a totally geodesic principal orbit. 11p.

PEREIRA, A.L. Generic Hyperbolicity for the equilibria of the one-
dimensional parabolic equation u, = (a(x)u,), + f(x). 19p.

COELHO, F.U. and PLATZECK, M.. On the representation
dimension of some classes of algebras. 16p.

CHERNOUSOVA, Zh. T., DOKUCHAEV, M.A., KHIBINA, M.A.,
KIRICHENKO, V.V, MIROSHNICHENKO, S.G.,
ZHURAVLEV, V.N. Tiled orders over discrete valuation
rings, finite Markov chains and partially ordered sets. II.
43p.

ARAGONA, ], FERNANDEZ, R. and JURIAANS, SO. A
Discontinuous Colombeau Differential Calculus. 20p.

OLIVEIRA, L.AF., PEREIRA, AL. and PEREIRA, M.C.
Continuity of attractors for a reaction-diffusion problem
with respect to variation of the domain. 22p.

CHALOM, G.,, MARCOS, E., OLIVEIRA, P. Grobner basis in
algebras extended by loops. 10p.

ASSEM, I, CASTONGUAY, D., MARCOS, E.N. and TREPODE,
S. Quotients of incidence algebras and the Euler
characteristic. 19p.

KOSZMIDER, P. A space C(K) where all non-trivial complemented
subspaces have big densities. 17p.

ZAVARNITSINE, A.V. Weights of the irreducible SL3(q)-modules
in defining characteristic. 12p.

MARCOS, E. N. and MARTINEZ-VILLA, R. The odd part of a N-
Koszul algebra. 7p.

FERREIRA, V.0., MURAKAMI, L.S.I and PAQUES, A. A Hopf-
Galois correspondence for free algebras. 12p.

KOSZMIDER, P. On decompositions of Banach spaces of
continuous functions on Mréwka'’s spaces. 10p.

GREEN, E.L, MARCOS, EN. MARTINEZ-VILLA, R. and
ZHANG, P. D-Koszul Algebras. 26p.

Nota: Os titulos publicados nos Relatérios Técnicos dos anos de 1980 a 2001 estdo & disposi¢lio no
Departamento de Matemitica do IME-USP.

Cidade Universitéria “Armando de Salles Oliveira”

Rua do Matdio, 1010 - Cidade Universitaria

Caixa Postal 66281 - CEP 05315-970





