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In this paper we study d-Koszul algebras which were introduced 

by R. Berger. We show that when d ~ 3, these are classified by the 

Ext-algebra being generated in degrees 0, 1, and 2. We show the Ext­

algebra, after regrading, is a Koszul algebra and present the structure 

of the Ext-algebra. 
AMS Classification: 16S37, 16E30, 16E65,16W50 

1 Introduction 

In [2], Roland Berger introduced what he called "generalized" Koszul 

algebras. He became interested in this class of algebras since Artin­
Schelter regular algebraB of global dimewion 3 which are generated 

in degree 1 are such algebras. The generalized Koszul algebras are 

graded algebras A = K EB A1 EB A2 EB• • • which are generated in degrees 

0 and 1 such that there is a graded projective resolution of K for which 

the n th projective in the resolution is generated in degree d(n) where 

_ ~d if n is even 
8(n) - { n-1 d 1 if . dd for some d. 

2 + nlSO , 

We generalize this definition to the nonlocal case, i.e., K is replaced 

by a semisimple K-algebra and we call this class of algebras d-Koszul 

algebras. We give a formal definition in section 4. 
The paper begins with a section on notation. Section 3 pro-

vides some general tools to study when the Yoneda product map 
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Ext~(Ao,Ao) ® HomA(M,Ao) ➔ Extn(M,Ao) is surjective where 
A= AoEBA1 EB·• • is a graded algebra and Mis a graded left A-module. 
We introduce d-Koszul algebras in section 4 and prove (Theorem 4.1) 
that an algebra with generating relations in degree d is d-Koszul if 
and only if the Ext-algebra E(A) = EBn~oExt1 (Ao, Ao) is generated 
in degrees 0, 1, and 2. In section 5, we define d-Koszul modules and 
show that other than projective and simple modules, then 2nd syzygy 
of d-Koszul module {shifted) is a d-Koszul module. In this section, we 
also show that the first syzygy of rM is d-Koszul {shifted), where M 
is a d-Koszul module and r is the graded Jacobson radical of A. 

Sections 6 and 7 we prove that the even Ext-algebra of a d-Koszul 
algebra is a Koszul algebra and the whole Ext-algebra of a d-Koszul 
algebra, after a regrading, is also a Koszul algebra (Theorems 6.1 and 
7.1). It is also shown that the Ext of a d-Koszul module is a Koszul 
module over the regraded Ext-algebra. In Section 8, we provide a new 
proof Berger's result that there is a generalized Koszul complex which 
is exact if and only if the algebra is a d-Koszul algebra {Theorem 8.3). 

Section 9 gives a description of the Ext-algebra of a d-Koszul al­
gebra by generators and relations. In particular, we show how the 
Ext-algebra can be described using the dual algebra A1• The final 
section of the paper shows that algebras with relations generated in 
a fixed degree d of global dimension 2 are d-Koszul. A classification 
of monomial algebras which are d-Koszul is also given in this final 
section. 

2 Notation 
Let K be a commutative ring and A = Ao EB A1 EB A2 EB · · · be a 
graded K-algebra where the direct sum is as K-modules. Assume 
that A is generated in degrees O and 1; that is, Ai • A; = Ai+; for all 
0 :5 i,j < oo. Let Gr{A) denote the category of graded A-modules 
and degree O homomorphisms and Mod(A) denote the category of left 
A-modules. We denote by gr(A) and mod{A) the full subcategories 
of Gr(A) and Mod(A) respectively, consisting of finitely generated 
modules. Let F : Gr(A) -+ Mod(A) denote the forgetful functor 
and Gro(A) (respectively gr0(A)) be the full subcategory of Gr(A) 
whose objects are the graded modules (respectively, finitely generated 
modules) generated in degree 0. 

We assume Ao is a semisimple Artin algebra.. The graded Jacobson 
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radical of A, which we denote by rA, or simply r, when no confusion 
can arise, is A1 EB A2 EB···. Since A is generated in degrees 0 and 1, 
it follows that ri = Ai EB Ai+1 EB··•. For the remainder of this paper, 
we fix a minimal graded projective resolution of Ao, 

p• : ... ➔ pn ➔ ... ➔ pl ➔ pO ➔ Ao ➔ 0, 

where Ao is viewed as a graded A-module generated in degree 0. (Here 
"minimal graded" means that the image of pi ➔ pi-l is contained 
in rpi-l and, since Ao is semisimple, minimal graded resolutions of 
graded modules exist in Gr{A).) 

Note E(A) = Iln>O Ext'.Ji. (F(Ao), F(Ao)) is a graded algebra using 
the canonical grading; that is, E(A)n = Ext'.Ji. (F(A0 ), F(Ao) ). 

In this paper, there will be a number of different gradings occurring 
and we will be careful about which grading we are using. The grading 
described above for the Ext-algebra E(A) will be called the ext-grading 
and the degree of an element will be called the ext-degree. 

If M = Ili Mi is a graded A-module, we denote the nth-shift of 
M by M[n] where M[n] is the graded A-module X = IliX; where 
Xi = Mi-n• Thus, if M is generated in degree d, M[-d] is gener­
ated in degree 0 and if M E Gro(A), then riM[-i] E Gro(A). Let 
M = Ili Mi and N = Ili Ni be graded A-modules. If M is finitely 
generated, then we may grade the abelian group HomA(F(M), F(N)) 
by setting HomA(F(M),F(N))i = HomGr(A)(M,N[i]). This grad­
ing will be called the horn-grading. More generally, if Q• : · · · ➔ 
Qn ➔ ... ➔ Q1 ➔ Q0 ➔ M --t 0 is a graded projective resolution of 
M, we may apply the ith-shift to the resolution Q•. Thus, we get a 
graded resolution ,r[i] : .. · ➔ Q1[i] ➔ Q0[i] ➔ M[i] ➔ 0. IT Qn is 
finitely generated, we grade Extl(F(M),F(N)) as follows. For each 
i E Z, consider the complex induced by applying HomGr(A)(-,N[i]) 
to Q•. Define Ext'.Ji.{F(M),F(N))i = Extc;r(A)(M,N[i]), which is the 

homology of the complex obtained by applying HomGr(A) (-, N[i]) to 
Q•. We call this grading on Extn(F(M),F{N)) the shift-grading. It 
is routine to check that the shift-grading grades Extl(F(M),F(N)) 
as a K-module. 

We have the following useful result. The proof relies on the semisim­
plicity of N and is left to the reader. 
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Proposition 2.1 Let Q• be a minimal groded projective resolution of 
a groded A-module M. Assume that Q" is finitely generoted. Suppose 
that N is a groded A-module such that rN = (0). Then 

Exfl(F(M), F(N)}i ~ HomGr(A) (O"(M), N[i]) 

~ HomGr(A) (O"(M)l-i], N), 

where O"(M) denotes the n th syzygy of M with respect to the resolu­
tion Q•. 0 

If .J is a subset of the nonnegative integers, then we say a graded 
module Mis supported in .J if Mi= 0 whenever i ff:. ,J. Note that if 
Mis generated in degreed then Mis supported in {i Ii~ d}. 

To simplify notation, we will omit the functor Fin the ExtA and 
HomA notation. 

3 Fundamental Results 

In this section, we provide results, Proposition 3.5 and its consequence, 
Proposition 3.6, which are fundamental in what follows. These re­
sults, when applicable, provide necessary and sufficient conditions for 
a Yoneda product map to be surjective. 

Lemma 3.1 Let M be a graded A-module supported in { i I i ~ k} and 
Q• be a minimal groded projective resolution of M. Then, for each 
n ~ 0, (Q")i = 0, for all i < k + n. 

Proof. If f : Q0 ➔ M ➔ 0 is a graded projective cover, then fk : 
Q2 ➔ Mk is an isomorphism. Hence, 0 1 (M} is supported in { i Ii ~ 
k + l}. The result now follows by induction. 0 

Recall that p• is a fixed minimal graded projective resolution of 
Ao where Ao is viewed as a graded A-module that has support in {O}. 

Lemma 3.2 Let ME Gro(A) with a minimal groded projective reso­
lution Q•. Let n ~ 1. Assume that pn is supported in {j I j ~ s }. 
Then Q" is supported in {j I j ::::: s}. 
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Proof. If s ~ 0, the result is obvious. Assume s ~ 1. For i ~ 0, 
consider short exact sequences 

(1) 

Since M is generated in degree 0, ri M /ri+1 M is semisimple and sup­
ported in {i}. Let (.C{it) be a minimal graded projective resolution 
ofri M/ri+1 Mand (7?.{i}•) be a minimal projective resolution ofriM. 
Note that riM[-i] E Gr0 (A). Hence, by Lemma 3.1, R{s}n is sup­
ported in {j I j ~ n + s }. Note n + s ~ s. Since ri M /ri+1 M is sup­
ported in { i} and is semisimple, L{ i? is supported in {j I j ~ i + s }. 
Note i + s ~ s. Thus both R{ s }n and L{ s - l }n are supported in 
{i I i ~ s}. Using (1), for i = s-1, we conclude that R{s- l}n is 
supported in { i I i ~ s }. Since L{ i}n is supported in {j I j ~ i + s }, 
we may repeat the argument above to show R{ s - 2}n is supported in 
{ i Ii ~ s }. Continuing, we get that R{0}n is supported in { i Ii ~ s }. 
But R{0}n = Qn and we are done. 0 

We have the following immediate consequence. 

Corollary 3.3 Let M E Gr0 (A) with minimal graded projective res­
olution Q•. Assume that pn is generated in degree s and Qn is gen­
erated in degree t. Then t ~ s. □ 

If M1, M2, M3 are A-modules, we let 

Ym,n: Ext1(M2,M3) ©x Ext1(M1,M2) ➔ ExtA+n(M1,M3) 

be the Yoneda product. We will usually write Ym,n as Y when no 
confusion can arise. Furthermore, we will denote the image of Y in 
Ext':+n(M1, M3) by Ext1(M2, M3) · Ext1 (M1, Mz). 

Lemma 3.4 Let M be a finitely generated graded A-module. The map 
Y: Ex~(Ao,Ao) ©x HomA(M,Ao) ➔ Ex~(M,Ao) factors through 
E~(M/rM,Ao) ➔ E~(M,Ao), the map induced from the canon­
ical surjection M ➔ M/rM. Furthermore, the induced map Y' : 
Ex~(Ao,Ao) ©x HomA(M,Ao) ➔ Ex~(M/rM,Ao) is surjective. 

Proof. The first statement is clear. Since we have HomA(M, Ao) ~ 
Hom A ( M Jr M, Ao), the same isomorphism implies that it suffices to 
show that the Yoneda product map: 

Y: Ext~(Ao,Ao) ©x HomA(M/rM,Ao) ➔ Ext1(M/rM,Ao) 
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is a surjection. Let M /r M ➔ Ilm Ao be a split monomorphism ( which 
is possible since Mis finitely generated). Noting that Extn(Ao, Ao)®K 
HomA(Ilm Ao,Ao) ➔ Extl(llm Ao,Ao) is an isomorphism, the result 
follows from the following commutative exact diagram. 

Extn(Ao,Ao) ®K HomA(Ilm Ao,Ao) 

-l-
Ext1(Ao,Ao) ®K HomA(M/rM,Ao) 

-l-
0 

and the proof is complete. 0 

➔ Ext1(llm Ao, Ao) ➔ 0 
-l-

➔ Ext1(M/rM,Ao) ➔ 0 
-1-

0 

Note that if (Q•) is a graded projective resolution of a graded 
module M such that Qn is finitely generated and is supported in .:T, 
then Extl(M, Ao), in the shift-grading, is supported in .:Ti that is, 
Extn(M,Ao)i = 0 for i # .:T. This is a consequence of 

ExtA(M,Ao) = HomA(nn(M),Ao) 

= HomA(On(M)/rOn(M),Ao) = HomA(Qn/rQn,Ao). 

The next proposition is of fundamental importance in that it has 
many important consequences in what follows. 

Proposition 3.5 Let ME Gro(A} be finitely generated with minimal 
graded projective resolution ( Q•). Assume that pn is generated in 
degree s and Qn is finitely generated. Then Qn is generated in degree 
s if and only if Ex~(Ao,Ao) ®K HomA(M,Ao) ➔ E~(M,Ao) is 
surjective; that is, E~(Ao,Ao) • HomA(M,Ao) = E~(M,Ao). 

Proof. Consider the graded short exact sequence 

0 ➔ rM ➔ M ➔ M/rM ➔ O. 

Apply the functor HomA(-,Ao), we obtain an exact sequence 

ExtA(M/rM, Ao) ➔ ExtA(M,Ao) ➔ Ext1(rM,Ao). 

By Lemma 3.2 and the remarks before the proposition, since r M[-1] E 
Gro(A), we see that, in the shift-grading, Ext1(rM, Ao) is supported 
in {iii~ ll + l}. In particular, Extn(rM,Ao)a = 0. Since M/rM is 
semisimple and supported in {O}, Ex(HM/rM,Ao) is supported in 
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{s}. It follows that Extl(M/rM,Ao), ➔ ExtA(M,Ao)s is surjective. 
Since maps from M to Ao factor through M/rM, it follows that the 
map ExtA(Ao, Ao) ®K HomA(M, Ao) ➔ ExtA(M, Ao) factors through 
ExtA(M/rM,Ao). 

Now ExtA(M/rM,Ao) is supported in {s}. Next we note that Qn 
is generated in degrees if and only if Extl (M, Ao) is supported in { s }. 
Hence, Qn is generated in degrees if and only ifExtA(M/rM,Ao) ➔ 
ExtA (M, Ao) is surjective. The result now follows from Lemma 3.4. 0 

We apply the above proposition to get a result that will play an 
important role in what follows. 

Proposition 3.6 Suppose that pi is finitely generated with genera­
tors in degree £4, for i = a, /3, a+ f3. Assume that 

da+fJ = da + dp. 

Then the Yoneda maps 

Ex~(Ao,Ao) ®K Ex~(Ao,Ao)-----+ Ext~+P(Ao,Ao) and 

Ex~(Ao,Ao) ®K Ex~(Ao,Ao)-----+ Ext~+fJ(Ao,Ao) 

are both surjective. Thus, 

Ext~+P (Ao, Ao) = Ex~ (Ao, Ao) · Ex1 (Ao, Ao) 

= Ex~ (Ao, Ao) · Ex~ (Ao, Ao). 

Proof. By hypothesis, nP(Ao) is generated in degree d13. Applying 
Proposition 3.5 to M = nP(A0 )[-dp], we conclude that 
Ext~(Ao, Ao) ®K HomA(flP(Ao), Ao) ➔ Ext~(nP Ao,Ao) is a surjec­
tion. SinceExt!(Ao, Ao)~ HomA(OP(Ao),Ao) and Ext~+/J(Ao,Ao) ~ 
Ext~(OP(Ao), Ao), we have shown the first surjection. The second sur­
jection follows in a similar fashion. 0 

We conclude this section with an application of Proposition 3.5 
and, although it is not needed in the remainder of the paper, it is of 
some independent interest. Let /J : {O, 1, 2, ... } ➔ {O, 1, 2, ... }. We say 
a graded A-module M E Gro(A) has a Ii-homogeneous resolution if M 
has a graded projective resolution ( Q•, ~ such that Q" is generated 
in degree /J(n) for n ~ 0. in p• in generated in exactly degree. If 
Ao has a 5-homogeneous resolution, we say a graded A-module Mis 
relatively Koszul if M has a 8-homogeneous resolution. 
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Theorem 3. 7 Let A = Ao+ A1 + A2 + · · · be a graded K -algebra where 
K is a commutative ring and 6 : {O, 1, 2, ... } ➔ {O, 1, 2, ... }. Assume 
that Ao is a semisimple K-algebm with a 6-homogeneous resolution. 
Then a graded A-module M is relatively Koszul if and only if, as 
an E(A)-module, E~(M,Ao) = EBn>oExt1(M,Ao) is generated in 
degree 0.0 

Of course, if A is either a Koszul algebra or a d-Koszul algebra, 
then Ao has a 6-homogeneous resolution for some 6. 

4 d-Koszul Algebras 
Let A= Ao+A1 +A2+· •·be a graded K-algebra generated in degrees 
0 and 1 where K is a commutative noetherian ring. Assume that~ 
is a finitely generated semisimple K-algebra, A1 is a finitely generated 
K-module and that p• is a minimal graded A-projective resolution of 
Ao. We say that A is a d-Koszul algebra if, for each n;::: 0, pn can be 
generated in exactly one degree, o(n), and 

!d if n is even 
tS(n) = { 

(
1121d) + 1 if n is odd 

By our assumption that A is generated in degrees O and 1, we 
see that A is a quotient of the tensor algebra TAo(A) = Ao+ Ai+ 
(A1 ®Ao A1) + (®~0A1) + · · ·. ff A= TA0 (A1)/I is a d-Koszul algebra, 
we see that I is finitely generated and can be generated by elements 
in ®i

0
A1 since P 2 can be generated in degree d. Furthermore, the 

finiteness assumptions on Ao and A1 and that K is noetherian imply 
that each pn is finitely generated. 

We note that if d = 2, then A is a Koszul algebra since Ao has 
linear projective resolution [4]. Ford~ 3, A is not a Koszul algebra. 
We now fix a representation of A as a quotient of the tensor algebra 
TA0 (A1). Let A= TA0 (A1)/I where I c E;2:2~AoA1, We note that 
P2 can be generated in degree d if and only if I can be generated by 
elements in ®1i,(A1). We now present a characterization of d-Koszul 
algebras. 
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Theorem 4.1 Let A= TA0 (A1)/I where I can be generated by ele­
ments of ®i

0
A1 for some d ~ 2. Then A is a d-Koszul algebra if and 

only if the Ext-algebra E(A) can be generated in degrees 0, 1, and 2 
in the ext-degree grading. 

Proof. First assume that A is a d-Koszul algebra. We proceed by in­
duction on n, to show that Ext~ (Ao, Ao) is generated by Ext~

0 
(Ao, Ao) 

for i = 0, 1, 2. For n = 0, 1, 2, the result is trivial. Assume true 
for n ~ k and consider Ext~+l(Ao, Ao)- If k + l = 2m is even, 
then 8(2) + 8(m - 2) = d + m22 d = rq.a = 8(2m). Thus we may 
apply Proposition 3.6 with a = 2 and /3 = m - 2. We have that 
Exti(Ao,Ao) ®K ExtA-2 (Ao,Ao) ➔ Ext~+l(Ao,Ao) is surjective. By 
induction, ExtA-2 (Ao, Ao} is generated by Exti(Ao, Ao) for i = O, 1, 2 
and we conclude that Ext~+l (Ao, Ao) is generated by Exti(Ao, Ao) for 
i = 0, 1, 2. If k+ 1 = 2m+ 1, then 8(1) +8(2m) = 1 +id= 8(2m + 1). 
Again we apply Proposition 3.6 with a = 1 and fl = 2m this time to 
conclude that Ext~+l(Ao, Ao) is generated by Exti(Ao, Ao) for i = 
0, 1, 2 and proof of the only if part is complete. 

Now assume that E(A) is generated in degrees 0, 1, 2 in the ext­
degree grading. We begin with cased= 2. Then P 1 is generated in 
degree 1 and P 2 is generated in degree 2. Applying Proposition 3.6 
with a= /3 = l, we conclude that Ext1(Ao, Ao) ®K Ext1(Ao, Ao) ➔ 
Ext~(A0 , Ao) is surjective. Hence, E(A) can be generated in degrees 
0, 1. It follows by [4] that A is a Koszul algebra and hence a 2-Koszul 
algebra. Now assume that d > 2. First, we note that since P 1 is gen­
erated in degree 1, and since Ext1(Ao,Ao) ~ HomA(P1,Ao), every 
extension in Ext1(Ao, Ao) is of the form O ➔ Ao[-1] ➔ E ➔ Ao ➔ 0 
as a short exact sequence of graded modules. If O ➔ Ao[-1] ➔ 
E' ➔ Ao ➔ 0 is another short exact sequence, then we may shift 
the sequence by -1 to get O ➔ Ao[-2] ➔ E'[-1] ➔ Ao[-1] ➔ 0. 
Pasting the sequences together gives O ➔ Ao[-2] ➔ E'(-1] ➔ E ➔ 
Ao ➔ 0. It follows that the image ofExt1(Ao,Ao) ®Ext1(Ao,Ao) ➔ 
Exti(Ao,Ao) lies in Ext~(Ao,Aoh- But by hypothesis, 
Ext~(Ao, Ao) = Ext~(Ao, Ao)d (the shift-grading) and d > 2. Thus, 
Ext1(Ao, Ao)2 = 0. Now Ext~(Ao,Ao) is generated by 
Ext~(Ao,Ao)Ext1(Ao,Ao) + Ext1(Ao,Ao)Ext~(Ao,Ao)- Since 
Ext~(Ao, Ao) = Ext~(Ao, Ao)d and Ext1(.Ao, Ao) = Ext1(Ao, Aoh, 
it follows that Ext~ (Ao, Ao) = Ext~ (Ao, Ao)d+I · Hence, P3 must be 
generated in degreed+ 1. But now we may apply Proposition 3.6 to 
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a = 1 and /3 = 2, to see that 

(2) Ext~(Ao, Ao) = Ext~(Ao,Ao)Ext1(Ao, Ao) 

= Ext1 (Ao, Ao)Exti (Ao, Ao), 

Now consider Ext1(Ao,Ao), Since (Ext1(Ao,Ao))2 = 0, by (2), and 
by our hypothesis, we see that Ext1(Ao,Ao) = (Ext~(Ao,Ao))2 • As 
above, we conclude that P 4 is generated in degree 2d. For Ext~ (Ao, Ao), 
using that (Ext1(Ao,Ao))2 = 0 and (2), we conclude that 

Ext~ (Ao, Ao) = Ext1 (Ao, Ao)Ext~ (Ao, Ao)Ext~ (Ao, Ao) 

= Ext~ (Ao, Ao)Ext1 (Ao, Ao)Ext~ (Ao, Ao) 

= Ext~ (Ao, Ao)Ext~ (Ao, Ao)Ext~ (Ao, Ao). 

It follows that P5 is generated in degree 2d + 1. 
Continuing in this fashion, the result follows. 0 

;,From the proof of the above theorem, we get the following impor­
tant result. 

Corollary 4.2 If A is a d-Koszul algebra, with d > 2, then 

for all n,m ~ 0. 0 

5 d-Koszul Modules 
Throughout this section, A = Ao+ A1 + · · · will denote a d-Koszul 
algebra. We say a left graded A-module M is a d-Koszul module if 
there is a graded A-projective resolution ... ➔ Q2 ➔ Q1 ➔ Q0 ➔ 
M ➔ 0 such that Qn is generated in degree o(n) where 

~d if n is even 
o(n) = { 

( n2 l d) + 1 if n is odd 

If Mis a d-Koszul module then ME Gr0 (A) since Q0 is generated in 
degree 0. Note that if d = 2, then a module is d-Koszul if and only if it 
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bas a linear projective resolution. Thus, in this case, being a d-Koszul 
coincides with being a Koszul module. 

We begin by showing that if Mis a d-Koszul module, then there 
are exact sequences of the form 

fort ~ 1. Assume that M is a d-Koszul module. Then, in degree 0, 
we have an isomorphism M0 ➔ (M/rM)o induced from the canonical 
surjection M ➔ M/rM. Hence, the graded projective cover Q0 ➔ M, 
when composed with M ➔ M /r M, is also a graded projective cover. 
From these observations, we see that we have an exact commutative 
diagram 

0 0 

t t 
0 ➔ rM ➔ M ➔ M/rM ➔ 0 

t t 
0 ➔ Qo = Qo ➔ 0 

t t 
0 ➔ !11(M) ➔ !11(M/rM) ➔ rM ➔ 0 

t t 
0 0 

By assumption, A is a d-Koszul algebra and it follows that M/rM, be­
ing a semisimple Afr-module, is a d-Koszul module. Hence, 
n1(M/rM) is generated in degree 1. Hence rM is generated in degree 
1. We now have a short exact sequence O ➔ !11(M) ➔ !11(M/rM) ➔ 
rM ➔ 0 where each module is generated in degree 1. If follows that 
if Q1 ➔ !11(M) and L0 ➔ rM are graded projective covers then we 
get an exact commutative diagram 

0 0 0 

t t t 
0 ➔ 0 1(M) ➔ 0 1(M/rM) ➔ rM ➔ 0 

t t t 
0 ➔ Ql ➔ Ql EB Lo ➔ Lo ➔ 0 

t t t 
0 ➔ !12(M) ➔ !12 (M/rM) ➔ 0 1 (rM) ➔ 0 

t t t 
0 0 0 
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Since the top row of the diagram is composed of modules, all gener­
ated in degree 1, we see that Q1 EB L0 ➔ 0 1(M/rM) is a projective 
cover. Since Mand M/rM are d-Koszul modules, both 0 2(M) and 
0.2(M/rM) are generated in degreed. It follows that 0 1(rM) is gener­
ated in degreed. Proceeding by induction, we obtain exact sequences 

fort ~ 1 and that each of the modules is generated in degree o(t). 
We apply the above result in the following proposition. 

Proposition 5.1 Let A be a d-Koszul algebra and M a left A-module 
which is d-Koszul. Then, for n ~ 1, we have exact sequences 

0 ➔ Ex~- 1(rM,Ao) ➔ Ext1(M/rM,Ao) ➔ Ext1(M,Ao) ➔ 0. 

In the shift-grading, E~-1(rM,Ao), Exfl(M/rM,Ao), and 
Ext1(M,Ao) have support in degree iS(n). 

Proof. We have seen that under the hypothesis of the proposition, we 
have exact sequences 

for n 2::' 1 and that each of the modules is generated in degree o(n). 
It follows that, applying Hom A ( - , Ao) to sequences, we obtain short 
exact sequences 

0 ➔ HomA(r,,n-1 (rM),Ao) ➔ HomA(On(M/rM),Ao) 

➔ HomA(On(M), Ao) ➔ 0. 

The result now follows. 0 

The next result provides a method for constructing new d-Koszul 
modules from known ones. For t 2::' 0, we use the formula 

(*) 15(t + 2) = 15(t) + d, 

whose proof we leave to the reader. 
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Proposition 5.2 Let A be a d-Koszul algebra and Ma d-Koszul mod­
ule. Then 0 2(M)[-d} and f! 1(rM)[-d} are both d-Koszul A-modules. 

Proof. Let M be a d-Koszul module. Then 02(M) is generated degree 
6(n + 2) - d = 6(n) and we conclude that 0 1(rM)[-d} is a d-Koszul 
module. This completes the proof. 0 

We end this section with a result for modules analogous to The­
orem 4.1. HM is a left A-module, let e(M) denote the left E(A)­
module EBn?oExtn(M, Ao), where the module structure is given by the 
Yoneda product. 

Theorem 5.3 Let A= Ao+A1 +···be a d-Koszul algebra with d ~ 3 
and let M be a graded left A-module. Then M is a d-Koszul module 
if and only if e(M) can be generated in degree 0. Moreover, if M is a 
d-Koszul module, then Ext2n+l(Ao, Ao)• Ext2m+1 (M, Ao)= (0) for all 
n,m ~ 0. 

Proof. Applying Proposition 3.5, we see that 

Extn(Ao,Ao) · HomA(M, Ao)= Ext~(M,Ao) 

for each n if and only if M is a d-Koszul module. Using this and 
Corollary 4.2, we conclude that Ext2n+l (Ao, Ao) · Ext2m+l (M, Ao) = 
{O) for all n,m ~ 0. 0 

6 The Even Ext of Modules 
In this section, we investigate the properties of the even Ext-algebra 
E(A) of a d-Koszul algebra. We show that this algebra is a Koszul 
algebra after a regrading. We also show that the even Ext of a d-­
Koszul module is a Koszul module over the even Ext algebra. For the 
remainder of the section, assume that A is a d-Koszul algebra. 

Let M be a left d--Koszul A-module. We let 

Eet1(A) = EBn?oExt2n(Ao,.Ao) 

and 
eev(M) = ffin~oExt2n(M,Ao)-

We grade Eet1(A) by _Eet1(A)n = Ext2n(Ao,Ao) and view eev(M) 
as a graded ~(A)-module where eet1(M)n = Ext~"(M, Ao)- We call 
this the even-grading. 

The following result is the main result of this section. 
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Theorem 6.1 Let A= Ao+ A1 + · · · be a d-Koszul algebra and M 
a d-Koszul module. Then, in the even-grading, Ee"(A) is a Koszul 
algebra and ee"(M) is a Koszul Eev(A)-module. 

Proof. Let M be a d-Koszul A-module. We begin by showing that 
ee"(M) is generated in degree 0 (in the even-grading). Now Ee"(A)n · 
£(M)o = Ext2n(Ao,Ao) · Hom(M,Ao) and £(M)n = Ext2n(M,Ao). 
By Proposition 3.5 we see that Ee"(A)n · e(M)o = e(M)n and we 
conclude that e(M) is generated in degree 0. 

Next we show that ee"(M) has a linear Eev(A)-projective resolu­
tion in the even-grading. By Proposition 5.1, we have exact sequences 

0 ➔ ExtA-1(rM,.Ao) ➔ Extl(M/rM,Ao) ➔ Ext'.l(M, Ao) ➔ 0. 

In the shift-grading, Ext~r1{rM,Ao),Ext~(M/rM,Ao), and 
Ext~(M,.Ao) have support in degree 6(n). 

Now ee"(M/rM) is a projective Ee"(A)-module generated. in de­
gree 0. Thus, we have a projective cover ee"(M/rM) ➔ eev(M). The 
first syzygy is EBn>1Ext~-1 (rM,Ao) = EBn>oExt2n-2 (O1 (rM),Ao), 
We have seen that-O1(rM) is generated in degreed. By Proposition 
5.2, O1(rM)[-dJ is a d-Koszul A-module. We have just seen that if 
X is a d-Koszul module then £(X) is generated in degree 0. Thus 
ee"(O1(rM)[-dJ) is generated in degree 0 (in the even-grading). In 
the shift-grading ee11 (O1(rM)) is generated. in degreed. But degree 1 
in the even-grading is degree d in the shift-grading. Hence the first 
syzygy of ee"(M), as an Eev(A)-module, is eev(O1(rM)) and is gen­
erated in degree 1. Furthermore, O1(rM)[-dJ is a d-Koszul module 
and we now may repeat the above argument to show that the second 
syzygy of eev(M) is generated in degree 2 (in the even-grading) and 
is of the form ee"(N) where N[-2d] is a d-Koszul module. Continu­
ing in this fashion, we see that eev(M) has a linear Ee"(A)-projective 
resolution in the even-grading. 

Since EetJ(A) = £e"(A0), we see that Ee"(A) has a linear graded 
projective resolution (in the even-grading). Hence ee"(A) is a Koszul 
algebra. This competes the proof. 0 

If A is a d-Koszul algebra. and M is a d-Koszul A-module let 
£°""(M) = EBn>oExt2n+1(M,.Ao). We view this as a graded object by 
£°""(M)n = E~t2n+l(M, Ao). We note that 

Ext2m(Ao, Ao)·Ext2n+l(M, Ao) = Ext2m(.Ao, Ao)·Hom(O2n+l(M), Ao) 
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= Ext2m(g2n+l(M},Ao) = Ext2(n+m)+l(M,Ao), 

where the second equality follows from Proposition 3.6. Thus, eodd(M) 
is a graded Eev(A)-module and is generated in degree 0 (in the even­
grading). If Mis a d-Koszul module, it is open whether or not e0 dd(M) 
is a Koszul module. 

7 Ext of d-Koszul Algebras and Mod­
ules 
In this section we show that the Ext-algebra of a d-Koszul algebra is 
a Koszul algebra after regrading. Furthermore, we show that the Ext 
of a d-Koszul module is a Koszul module over the Ext-algebra after 
regrading. If A is a Koszul algebra, then these results are well-known 
[5]. Throughout this section, let A be a d-Koszul algebra where d ~ 3. 
We begin by describing the new grading. 

We let E(A) be the Ext-algebra E(A) graded as follows. E(A)o = 
0 A 1 2 A 

ExtA(Ao,Ao), E(A)i = ExtA(Ao,Ao) EB ExtA(Ao,Ao), E(A)2 = 
Ext3 (Ao, Ao) EB Ext4(Ao, Ao)- In general, if n ~ 1, 

E(A)n = Ext~n- 1(Ao,Ao) EBExt~n(Ao,Ao). 

This is a well-defined grading by Corollary 4.2. 
If M is a d-Koszul A-module, we define €(M) to be e(M) with 

grading given as follows. If n ~ 0, 

&(M)n = Extt-1 (M,Ao) EB Ext~(M,Ao), 

where Ext-1(M, Ao) = (0). By Theorem 5.3 we see that &(M) is a 
graded .E(A)-module. We will call this grading the hat-grading and 
the degree_ is call the hat-degree. We now state and prove the main 
result of this section. 

Theorem 7.1 Let A= Ao+A1 +· · · be a d-Koszul algebra with d ~ 3. 
Let M be a d-Koszul A-module. Then E(A) is a Koszul algebra and 
&(M) is a Koszul E(A)-module. 

Proof. We begin by showing that (graded) semisimple .E(A)-modules 
have linear presentations. First consider 0 ➔ L ➔ E(A) ➔ E(A)o ➔ 
0. By Theorem 4.1, we see that L, which is iln>l Ext~ (Ao, Ao), is 
generated in hat-degree 1. If W is a graded semis1mple module with 
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support in hat-degree O, then W is a summand of a direct sum of 
copies of E(A)o- It follows that W has a linear presentations as an 
E(A)-module. 

Next we show that £ ( M) has a linear presentation. By Theorem 
5.3 £(M) is generated in degree O as a E(A)-module. Apply Proposi­
tion 5.1, we see that we have a short exact sequence of E(A)-modules 

O ➔ N ➔ E(M/rM) ➔ E(M) ➔ O 

where N = lln> Ext1 (rM, Ao) with Extn(rM, Ao) in ext-degree n-1. 
In hat-degree, Nn = Ext"- 1(rM,Ao) + Ext"(rM,Ao). Thus, N' = 
lln>oExtn('11(rM),Ao) is E(A)-submodule of N. We have the fol­
lowing short exact sequence 

(4) 0 ➔ N' ➔ N ➔ HomA(rM,Ao) ➔ O. 

Grading N' by N{ = Ext0(n1{rM),A0) and, for n ~ 2, 

N~ = Ext2n-3(!l1(rM),Ao) + Ext2n-2(n1{rM),Ao), 

and grading HomA (r M, Ao) to have support in degree 1, we see that 
(4) is a short exact sequence of hat-graded E(A)-modules. But 
£('11{rM)[-d])[l] = N' where the shift -d is as graded A-modules 
and the shift 1 is in the hat-grading. But '11(rM)[-d]) is a d-Koszul 
A-module by Proposition 5.2. Thus, N 1 is an E(A)-module generated 
in degree 1. We conclude that N is generated in degree 1 and hence 
£(M) has a linear presentation. 

Consider (4) again. We have seen that this is an exact sequence of 
E(A)-modules all generated in degree 1. Furthermore, HomA(rM, Ao) 
is a semisimple E(A)-module and N is of the form E{M')[l] for ad­
Koszul module M'. But both HomA(rM,Ao) and £(M') have linear 
presentations by our work above. We will show that a semisimple 
E{A)-module supported in degree O has first syzygy U such that there 
is a short exact sequence of graded E(A)-modules all generated in hat­
degree 1, 

0 ➔ E(M') ➔ U ➔ V ➔ 0, 

where Vis semisimple and M' is d-Koszul. From this, by a standard 
induction argument, conclude that £(M) has a linear E(A)-projective 
resolution. 

We need to show that a semisimple E(A)-module has first syzygy 
U such that there is a short exact sequence of graded E(A)-modules, 
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generated in hat-degree 1 

0 ➔ £(M') ➔ U ➔ V ➔ 0, 

where V is semisimple and M' is d-Koszul. Let W be a semisimple 
.E(A)-module supported in degree O. There is a semisimple A-module 
S such that HomA(S, Ao)= W. Consider the short exact sequence 

0 ➔ II ExtA.(r ®Ao S,Ao) ➔ E(A ®Ao S) ➔ W ➔ 0. 
n2:1 

Then, in a similar fashion to our investigation of N above, we get a 
short exact sequence of graded .E'(A)-modules 

A 1 A 

0 ➔ l'(S1 (r ®Ao S, Ao)[-d])[l] ➔ £(A ®Ao S) ➔ HomA(S, Ao) ➔ O. 

It follows that £(f!1(r ®Ao S)[-d])[l] has hat-degree 1, 
S11(r ®Ao S)[-d] = f!2(S)[-d] is a d-Koszul module and HomA(r ®Ao 

S, Ao) is a semisimple .E(A)-module supported in hat-degree 1. This 
is the desired result. 

Finally, to show that E(A) is a Koszul algebra, we note that 
E(A)o = E(A) and hence .E(A)o has a linear projective resolution 
in the hat-grading. It follows that E(A) is a Koszul algebra and the 
proof is complete. 0 

8 Generalized Koszul complexes 
As mentioned in the introduction, R. Berger introduced d-Koszul al­
gebras and generalized Koszul complexes. We briefly swnmarize some 
of bis results in [2] and provide a new proof of one of his main results. 
We also extend the definitions to the nonlocal case. 

We begin with some notation and conventions. Recall that we 
have A = TA0 (A 1 )/I where I is generated by elements of degreed. 
Let R = In (®i

0
A1). Note that R is an Ao-Ao-submodule of ®ioA1. 

We now assume K is a field and that Ao is not only semisimple, but, 
as a ring, Ao is K x K x · · · x K. Let T = TAo(A1) and if x E T, 
let x denote 1r(x) where ,r : T ➔ A is the canonical surjection. In 
this case, T is isomorphic to a path algebra Kr for some quiver r. 
Let { v1, .•• , Vn} be the arrows of r. Then the vi's are a full set of 
orthogonal idempotents. We say a nonzero element x E T is left 
uniform if there exists a vertex Vi such that x = v1x. If x is left 
uniform, we let o(x) = Vi if x = ViX, 
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We define the generalized Koszul complex of R as follows. Let 
Ho= Ao, H1 = A1, and, for n;?: d, 

Hn = ni+Hd=n(®~0 A1) ®Ao R®A0 (@tA1). 

As usual, we let 

!!d if n is even 
o(n)={ (n21d)+l ifnisodd. 

We define Qn = A ®Ao H6(n) and note that Qn is a projective left 
A-module for n 2: 0. 

We wish to define maps ~ : Qn ➔ Qn-l for n 2: l. For this 
we need the following lemma which relates to the condition (ec) in 
Berger's work. To simplify notation, we will denote ®~ A1 as simply 

• 0 

A~ and write ®Ao as simply ®· 

Lemma 8.1 Keeping the above notation, if A is d-Koszul then, for 
2 :$ i < d, 

Proof. To prove this result, we use the results in [6]. Since we are 
considering left modules in this paper, we switch their notation from 
right modules to left modules. It is shown in [6] that, for each n 2: 0, 
there are subsets of left uniform elements of T, {gf}ieu,., fo*f hev,., 
and {hf/-1heu,.,.;eu,._1 such that 

(i) ( EBiEU,.-1 Tgf-l) n (EBieu,._2 /gf-2
) = ( EBieu,.Tgf) EB ( EBiev,.Tg*f ). 

(ii) For i E Un, gf (j. EBieU,,_ 1 Tgf- 1• 

(iii) For i E Vn, Y*f E EBieU,._1 Tgf-1
• 

(. ) F1 · E U. n '°' hn,n-1 n-1 
lV Or I n, Yi = L.JjEU,._ 1 i,j 9j · 

(v) Setting Ln = EBieu,.Ao(gf), then {Ln,~} is a minimal 
A-projective resolution of Ao where 

~(o(gf)) = L hff-1o(g'r1). 
jEU,._1 

Since A is a graded d-Koszul algebra, we may assume that the u:'s 
are homogeneous left uniform elements of degree E,(n). Furthermore, 
A1 = EBaeu1Aog! and R = EBaeu2Aog~. Note that the g! are just the 
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arrows of Q and are of degree 1. The element g~ are homogeneous of 
degree d and the elements 9! are homogeneous of degree d + 1. 

Now, from the above, we see that 

where the last subscript denotes the elements of (EBsEu2T9;) of degree 
d+i. 

We see that R ® A{ ~ EBsEUJY! since i ~ 2 and RC I. We also 
. 2 

have that Ai ® R C EBsEu2T98 • Hence 

. . 2 1 
(R ® AD n (Ai® R) C (EBsEU2Tg8) n (EBsEUJ9s)-

By (i) above, 

The left hand side are elements of degree d + i. Noting that each 
Y*! E EBtl 9'f and I is generated in degree d, we see that the 9*~ are 
degree at least 2d. But, i is assumed to be less that d. Hence we 
conclude that 

(5) 

Now each 9~ is degree d + 1 since A is d-Koszul. By (iv) above, 
g~ E EBtl9[. It follows by degree that each 9! = °2:t,u ct,ug'fg! where 
ct,u EK. Hence g! ER® A1. Thus, from (5) and degree, that 

(R® AD n (At® R) c At-1 ® R®A1. 

The proof is complete-□ 

The following result is an immediate consequence of the above 
lemma and we leave the proof to the reader. 

Corollary 8.2 Keeping the notation of this section, for n ~ 0, 

Hdn+l = (R ® Ain- l)d+l) n (A1 ® R ® Ain-l)d)n 
(Af ® R ® Ain-2)d+l) n (Af+l ® R ® Ain-l)d)n 
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and 

Hdn = (R ® Ain-l)d)n 
(At-1 ® R ® Ain-2)d+l) n At® (R ® Ain-2)d)n 
(At® R ® Ain-2)d+l) n (Af+l ® R ® Ain-l}d)n 

Using the result of the corollary we now define rJ"l : Qm -t Qm-1. 

Recall that Qm = A®H6(m)· From the definition and that RC Af, we 

note that H6(m) C Af (m). We write elements of H6(m} as x1 ®· · •®X6(m) 

where the Xi are in A1. If m = 2n, define 

If m = 2n + 1, define 

cJffl(a ® X1@ • · • (8) Xnd+l) = ax1 ® X2 ® ® · · · ® Xnd+l· 

It is writing H6(n) in the form of the corollary that shows that the 
maps are well-defined. We now can state one of Berger's main results. 

Theorem 8.3 [Thm 2.1 [2]] Let A = Kr/ I where I is an ideal gen­
erated in degree d. The following statements are equivalent. 

(i) A is a d-Koszul algebra. 

{ii) {Qn,~} is a minimal A-projective resolution of Ao, 

Proof. Note that by construction, Qn is generated in degree o(n). 
Hence, if { Qn , ~} is a minimal A-projective resolution of Ao, then A 
is a d-Koszul algebra. 

Now suppose that A is a d-Koszul algebra. As pointed out, the 
maps ~ are well-defined. The proof of the exactness of~ is similar to 
the usual proof found in [1] and we only give a brief sketch. Because 
of the definition of Hm as an intersection, we note that if a® x1 ® 
· • ·®X6(m) E Hm then x1x2 • • · Xd ER. From this, it is immediate that 

,rn-1r = 0 for m ~ 2. It is immediate that Q1 ~ Q0 -t Ao -+ 0 is 
exact. 

We now show exactness at P 2n, n ~ 1. By the definitions, it is 
not hard to show that d2n+1 (P2n+l) is generated in degree nd + 1 in 
P 2n. Similarly, it is not hard to see that if z = Ei ai ® x1,i ® · · · ® Xn,i 
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is in the kernel of JJ-n, then each ai E A1 EB A2 EB···. Thus, after 
rewriting, we may write z = Li bia;®x1,i®• · •®xn,i where bi EA and 
ai E A1. We may assume that each a; is left uniform. Considering 
each degree, we see that Li ai ® x1,i ® · · · ® Xn,i is in the kernel of 
J?-n. But then z' = Li o( ai) ® ai ® Xt,i ® · · · ® Xn,i is in Q2n+l and 
Jln+l(Li o(ai) ® ai ® x1,i ® · · · ® Xn,d = z'. From this we conclude 
that the image of ,Pn+ 1 equals the kernel of ,pn. 

Exactness at P 2n+I is similar and we omit the proof. 0 

We note that Berger also showed that A is d-Koszul if and only 
if Aop, the opposite algebra is d-Koszul. He also studied the Ae­
projective resolution of A, where Ae = A ®K Aop and related this to 
the Hochschild homology of A. 

9 Description of the Ext-algebra 
In this section we provide a description of the Ext-algebra E(A) when 
A is a d-Koszul algebra with d > 2. 

We begin with well-known preliminaries. Recall that since Ao = 
CTf=t K, indecomposable Ao-Ao-bimodules are !-dimensional over K 
and of the form Aoei ®K ejAo, where ei = (0, ... , 0, 1, 0, ... , 0) with 1 
occurring in the i th component. Furthermore, Ar = Ao since Ao is a 
commutative ring. Since Ao@K Ao is a semisimple ring, it follows that 
every Ao-Ao-bimodule is a direct sum of copies of the !-dimensional 
simple modules Aoei ®K ejAo, 1 $ i,j $ n. 

Let V be a finitely generated Ao-Ao-bimodule. ff W is an Ao­
A0-submodule of V, let w• = HomAo(W,Ao) where the Hom is as 
left Ao-modules. The right Ao-module structure on W gives w• a 
left Ao-module structure. The right Ao-module structure on Ao gives 
w• an A0-A0-bimodule structure. Note that• is a duality on Ao-Ao­
bimodules and that if V is a finitely generated bimodule, then V** is 
naturally isomorphic to Vas bimodules. Let WJ. = {IE V* I f(W) = 
0}. We see that WJ. is an Ao-Ao-bimodule if Wis. 

We have the following facts, assuming all modules are finitely gen­
erated Ao-Ao-bimodules, which can be proved by adjusting the usual 
proofs for vector spaces: 

(i) ff U and Ware submodules of V, then (U + W)J. = UJ. n WJ.. 

(ii) If U is a submodule of V, then, for each i,j, 1 S i,j S n, 
dimeiUJ.e; = dimeiVe; - dimeiUej. 
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{iii) If we identify U .. with U, (U.1).1 = U. 

(iv) If U is a submodule of V and Wis a finitely generated bimodule, 
then (U ®Ao W).1 = u.1 ®Ao W*. 

( v) If U is a submodule of V, and W and Z are finitely generated 
bimodules, then (W ®Ao u ®Ao z)l. = (W* ®Ao u1. ®Ao Z) 

(vi) (U* ®Ao V*) ~ (U ®Ao V)*. 

We identify Ao and Ao- There is a natural isomorphism between 
. i i . 

(Ai}* =(®Ai)* and® Ai = (Ai)', which we view as an identifica-
tion. Let Rl. = {! E (Ai)d I /(x) = 0 for all x E R}. Let T* be the 
tensor algebra TA0 (Ai) = Ao EB Ai EB (Ai) 2 EB···. The dual algebra of 
A is defined to be A1 = T* / < Rl. >. 

We see that A1 is a graded algebra since Rl. is contained in (Ai)d. 
Thus A1 = Ai) EB A\ EB Ak EB···. Let B = Bo EB B1 EB B2 EB··· where 
Bn = A~(n) as vector spaces. In the cased= 2, we recall that 6(n) = n 
and then B = A1 as graded algebras, see, for example, [l]. If d > 2, we 
define multiplication as follows: let x E Bn and y E Bm, then x • y = 0 
if both m, n are odd, and as xy where multiplication is in A' if at least 
one m or n is even. It is easy to check that B is a graded K-algebra 
generated in degrees 0, 1, and 2. 

Our goal is to prove the following result. 

Theorem 9.1 If A is a d-Koszul algebra and d ~ 2 then E(A) is 
isomorphic to B as graded algebras. In particular, Ext1(Ao,Ao) is 
isomorphic to Al(n). 

Before starting the proof, we review the notations of the previ­
ous section and assume that A is a d-Koszul algebra with d > 2. 
Then ( Q•, a-) is a minimal graded A-projective resolution of A0 • Re­
call that Qn = A® Ho(n), Ho = Ao, H1 = A1 and, for n 2:: d, Hn = 

. . i 
ni+d+j=nAi ® R ® A{ where Ai =®Ao A1. Now Hn C A1 and we 
write elements of Hn as E X1 ® · · · ® Xn, The maps an : Qn ➔ Q"-1 

are given by 

Eax1 ® x2 ® · · · ® Xo(n), if n is odd 
dn(La ®xi®··· Xo(n)) = { Eax1 · · ·Xd-1 ® Xd ® · · · ® Xo(n), 

if n is even. 

Since Ao is semisimple, for n 2:: 0, there is a natural Ao-Ao-bimodule 
isomorphism 

ExtA(Ao,Ao) ~ HomA(Qn,Ao) = HomA(A ®Ao Hn,Ao), 
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which we view as an identification. When we "multiply" homomor­
phisms, we will mean the Yoneda product of the elements viewed as 
elements in the Ex.ts under this identification. 

Proposition 9.2 Let fn E HomA(Qn,Ao) and fm E HomA(Qm,Ao). 
Then, fn · fm = 0 if both m and n are odd. If at least one of m or n 
is even, then 

Unfm)('E,a ® x1 ® · · ·X.s(n)+.S(m)) = 
f n(L, a® X1 ® · · · Xt1(n)-l ® X.s(n)/m(l ® X.s(n)+l ® · · · ® X.S(n)+6(m))). 

Proof. Since A is a graded algebra, we have two ring homomorphisms 
i : Ao ➔ A and 1r : A ➔ Ao where the first is the inclusion and 
the second is the canonical surjection. Also recall that if at least one 
of m or n is even, then t5(n + m) = t5(n) + t5(m). If both m and n 
are odd, then all Yoneda products of elements are 0 by Corollary 4.2. 
Assume that either m or n is even. Consider Im : Qm ➔ Ao, We· 
lift /m to /~ : Qm ➔ A by /~ = i o Im• We continue lifting fm as 
follows. Suppose we have J:;; 1 : Qm+i-l -+ Qi-l. We want to find 
J:,. : Qm+i ➔ Qi such that the following diagram commutes: 

Define 

Qm+i-1 

.!- ,:..-1 
Qi-1 

J:,. (E a ® xi ® · · · ® Xa(m+i) = 
Ea® x1 · · · Xa-2 ® Xa-1 • • • ® X.s(;)/~(1 ® X.s(i)+l ® X.S(i+m))-

The reader can verify that J:;; 1cr+m = cf/:,.. 
The Yoneda product fnfm is given by In o 1:;.. The proposition 

now follows.O 

We prove Theorem 9.1. 
Proof. Now consider Bn. By definition, Bn = A~(n) and A 1 = 
TAo(Ai)/ < R.L >. Hence, 

Bn = " (A•)6(n)-d-i ® Rl. '°' (A*)i. L.,0$i$6(n) l \(:,I 1 

(Ai)6(n) 
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Dualizing and using our remarks above, we obtain 

Next, consider the natural isomorphisms 

HomA0 (H6(n),HomA(A,Ao)) '.::'. 

HomA0 ((A1(n/\HomA(Ao,Ao)) '.::'. A1(n) = Bn. 

Let ,p : Bn --t HomA(A ® H6(n), Ao} given above. A careful analysis 

of these isomorphisms shows that if J = Ii @ • • • @ f 6(n) E Bn then 
,µ(/) E HomA(A ® H6(n), Ao) is given by 

,p(f)('f:, a @x1 ® · · · ® X6(n)) = L /1(xi) · · · /6(n)(x6(n)) · a. 

Applying Proposition 9.2, we see that if/ E Bn, g E Bm and either n 
or ,n is even, then 

,p(f. g) = 1/J(f) . ,p(g), 

where the product on the right hand side is given by the Yoneda 
product of the elements as in 9.2. This completes the proof"[] 

10 Concluding results 

We end the paper with some examples of d-Koszul algebras with d > 2. 

Proposition 10.1 Let Ao be a semisimple ring, A1 a finitely gener­
ated Ao-Ao-bimodule, and T = TA0 (A1} the tensor algebra. Suppose 

d 
that A= T/1 where I is an ideal in T with generators in ®Ao A1. If 
the global dimension of A is 2, then A is d-Koszul. 

Proof. Since I can be generated by homogeneous elements, A has a 

grading induced by An=® Ai/(In ® A1). If O --t Q2 --t Q1 --t Q0 --t 

Ao --t O is a minimal graded A-projective resolution of Ao viewed as 
a graded module with support in degree O, it is clear that Qo = A, 
generated in degree O and Q1 is generated in degree 1 since the kernel 
of A --t Ao is A1 EB A2 EB · • ·. Since T is hereditary, we see that Q1 is 
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isomorphic to J/IJ = A ®'r J where J = A1 ffi A2 EB•••. The kernel 
Qi ➔ J/1 is I/IJ, which is generated in degreed and we are done. 0 

For the remainder of this section, we restrict our attention to quo­
tients of path algebras. More precisely, let r be a quiver, which is 
just a finite directed multigraph with loops. Let K be a field and we 
denote the path algebra by Kr. It is well-known that Kr is isomor­
phic to a tensor algebra T.4o(A1) where, for some n, Ao = IIi=l K 
and A1 is a finitely generated Ao-Ao-bimodule. If p is a finite set of 
paths in r and J is the ideal generated by p, we say the quotient alge­
bra, A = Kr/ I is a monomial algebra. We give a characterization of 
monomial d-Koszul algebras. Berger gives such a classification in the 
local case [2]. We need J to be generated in degree d so we assume 
p is a set of paths of length d. We say p is d-covering if whenever 
pq, qr E p with q of length at least 1, then every subpath of pqr of 
length d is in p. 

Theorem 10.2 Let A = Kr/ I where I is an ideal generated by a set 
p of paths of length d, d ~ 2. Then A is a d-Koszul algebra if and only 
if p is d-covering. 

Proof. In [3], the authors give a construction of a minimal graded 
projective resolution of Ao of the monomial algebra A. The degrees 
of generators the projectives in pn correspond to the lengths of the 
admissible n-sequences. It is a straightforward combinatorial check 
that if a path p is an admissible n-sequence (see [3) for a definition) 
then length of pis c5(n). From this we conclude that the nth projective 
in the minimal projective resolution is generated in degree c5(n) and 
hence A is a d-Koszul algebra. 0 

Corollary 10.3 Let A = Kr/ I where I is the ideal generated by all 
paths of length d, for some d ~ 2. Then A is a d-Koszul algebra. 

Proof. If p is the set of paths of length d, then p is clearly d-covering. 

D 

Corollary 10.4 Let A = Kr/ I where I is an ideal generated by some 
paths of length d, for some d ~ 2. Suppose the longest path in r has 
length d + l. Then A is d-Koszul. 

Proof. Let p be a set of path of length d. Since the longest path in r 
is of length d + 1, it is immediate that p is d-covering. 0 
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