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Abstract 

A weaker form of Zassenhaus' rnnjerture is proved for some iulinit<­
groups. 

Introduction 

Let G be a group and let V7lG be the group of units of augmentation 
one of the integral group ring 7l(;_ Given elements o = E o(g)g E 7lG and 
g E G, we denote by C:9 the conjugacy class of g and set o(g) = E n(g). 

hEC9 
If G is a finite group a well-known Conjecture of Zassenhaus states: 

ZCl: Let G be a finite group and a E V7ZG a torsion unit; then there exist 
/3 E QG suc/i that p-1 0/3 E G. 

For finite groups it is proved in [4] that the following is an equivalent 
form of ZCI. 1 

Lemma 1: Let C: be a finiLf' gr-oup rmd a E V7lG a to1·sio11 unit. Then 
the1-c exi.,t /3 E QG ,,ucl& that tJ- 1od E G if and only if for nicry dn11c11t "'f 

1 AMS Subject Classifiation: Primary :!0C:05. :Wt:07, 16S34. Secun<lary l•il l fi l l 
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of the .~ubgroup generated by o there exi.~t an element go E G, unique up to 
conjugacy, such that i(go) ,:/ 0. 

As in [I) we say that a group G has the unique trace property (UT­
property) if given an element o E V7LG of finite order, there exists an 
element g E G, unique up to conjugacy, such that o(g) ,;/ 0. 

It is known that nilpotent groups a.re UT-groups,(see (II). We find some 
other classes of UT-groups. The dificulty arrise exactly when we have to 
decide whether o(g) = 0 for elements of infinite order. The first results in 
this direction are from 11). It seems essenciaJ to varify this case. 

The Results . 

We begin by extending a result of (1] supplying at the same time a. shorter 
1>roof. 

Propositon 2 : let G be a group containing a normal subgroup H, which 
i.~ locally noctl1ef'ian, and such that G/ H is a torsion group. If o E V7LG is 
,1 torsion unit and g E G is an element of infinite order then a(g) = 0. 

Proof: Suppose that o(g) "f:. 0. Then, by (l, Prop.2] there exist an integer 
k > I and an element z E G such that x- 1 gx = g'=. lf x is of finite order, 
set m = n(x ). Then g = x-"'gx"' :c:: g""' and hence we have a contradiction. 
If x is or infinite order, since G/ H is a torsion group, there exist an integer 
m > 0 s11d1 that x"' and g"' arf' in /I. Sf't t = x'", h = grn, 11 = k"'. Then 
i - 11it = h". Let Ho = (t,li}. Then, by our hypotesis, Ho is noetherian 
hence, by [7, 1.2. 7 J, 11 = I and consequently k = I, a contradiction. □ 

Note that to provf' the proposition we do not need H to be normal. Let 
u E \ 7l(; be a. torsion unit. The proof of our next result shows why it is 
11ec.-ssary to decide whether o(g) = 0 for elements of infinite order. 

Propositon 3 : Let G and H be as in the preuiou.~ Proposition. Suppose 
further that H is torsiou free, that the torsion element.~ of G form a subgroup 
T( G) and that G / H is a UT-group. Then, G is a UT-group. 

Proof: Let rt E V7lG be a torsion unit and g E G an element. If g is of 



• 

infinite order then, by the previous Proposition, we have that o(g) = 0. 
If g has finite order, denote by /J and g the projections of a and g in 

V'll(G/ H). Let Cg be conjugacy class of /J. Then, it is easy to see that Cg 
is the projection of the subset 
S = {k E G : k = r•gth, h E H t E G}. Now since T(G) is a normal 
subgroup and H is normal and torsion free we see that Sn T(G) = C9 • 

Furthermore, if we write S = S1 U C9 , where S1 are the elements of infinite 
order of S, then S1 is a normal subset of G. Writing Si as a disjoint union 
of conjugacy classes and applying the previous Proposition, we see that 
L a(h) = 0 and hence we have that ij(g) = L a(h) = o(g). Since, by 

hES1 hES 
our assumption, G/ H is a UT-group the result follows. D 

As a consequence we obtain in a similar but shorter way, llw following 
result of [ 1 ]. 

Corollary 4 :Let G be a nilpotent group. Then (J is a UT-group. 

Proof: We may suppose that G is a finitely generated and hence we have, 
by [5, 5.4.6 ], that G is a polyciclyc group. So G is noetherian and, by [5, 
5.4.15 ], has a normal torsion free subgroup H of finite index. By a result 
of Weiss (see (9] ), G/ His a UT-group. Also, since G is nilpotent, we have 
that T(G) is a subgroup of G and consequetly is in the centalizer of II. It 
follows by the previous Proposition that G is a UT-group. D 

If G is a group and g E G is an element we denote by /\(g) = [g, GJ. 
Let now G be a group generated by an element t and an abelian normal 
subgroup A such that t- 1at = a- 1 for any a EA and t2 EA. Leto E V'llG 
be a torsion unit. By Lemma 2 we have that o(g) = 0 for every elemeut of 
infinite order. Now Jet g = ta E G be an element which is not iu A. We 
compute K(g). If b E A then [g,bj = [t,b] = b-2• If h = tb then [g,hj = 
[ta,tb] = [tb,tl[a,tb] = [b,tl[a,t] = (ba)- 2

• Hence K(g) = {a1
: a EA}. So 

we have the following result: 

Lemma 5 : let G be a group generated by an abelia11 subgroup A and ,m 
element t E G, such that t- 1at = u-• for any a E .4 and t2 E A. Then 

I. For e11ery g ¢Awe ha11e that l\(g) = {a2
: a EA} 

2. If g ¢ A then gK(g) = C9 . 
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Proof: The considerations above show that (1) holds. So, let 98 E 9/{(g). 
Since g ¢ A we have that conjugation by g inverts the elements of A. By 
( 1) we have that 8 = ,;,2 for some ,;, E A. Setting t = g<p we see easily that 
t-lg(Jt = g. □ 

Remark : Note that item (2) of the previous Lemma. holds whenever the 
elem<'nts of K(g) a.re squares and are inverted by g. 

We can now prove: 

Theorem 6 : Let G = (t, A : t1 E A. t- 1at = a- 1 , Va E A) whe1-e A is 
an abdian normal .~ubgroup of G. Thm G is an UT-group. 

Proof: Let n E V7lG be a torsion unit and g E G an element of the 
support of a. Suppose first that o(g) = co. Note that (G : A] = 2 and 
hence, by Proposition 2 , o(g) = 0. Secondly, suppose that g (/. A. By 
Lemma 5 we have that gK(g) = C1 • Now the element gK(g) is central 
in the <p10cient group G //((g) and hence, by [I, Prop. 4 ], we have that 
a{g) = I: o(g) = O or I. Finally if g E T(A), since the support of o is 

hEg/\"(g) 

finitf> and fl E A, we may suppose that A is finitely generated. In particular 
A is a policyclk group and hence. by [5, 5.4.15), we have that there exist 
fl <J A, which is torsion free and of finite index. Note that, since A is abelian 
and conjugating by t inverts the elements of A, H will also be normal in G. 
Consider the quocient group V = (;/H. This is a metabelian group which 
ronta.ins a. normal abelian subgroup of index 2. Hence, by [:J, Theorem 4.1], 
we have that V is a UT-group. Let g E A be an element and let g be its 
projection in V. Then it is easily seen that (.'9 is the projection of the subset 
S ;: {b E A : b = x- 1axh, h E H x E G}. Note that we may write Sas a 
disjoint union S = C9 U S1 where S1 = { b E .'i : h # l}. Note that S1 is a 
normal subsf>t of(,' and its elenwnts are all of infinite order. Hence, writing 
S1 a.s a disjoint union of ronjugary classes we ronclude, !Jy Proposition 
-.!, that E o(h) = ii(g). Now ronsider the projection lit : 7lG :- 7lG 

hES 

and )pt /J = llt(o). Then, since V is a UT-group, we have that jj(g) = 
E /J(h) E { 0, I}. Hence o( g) E { 0, I} and so also In this case we have that 

hEC9 

<t(g) E {O, I}. Since o has augmentation 1 the result follows. D 



.. 
A group G is called a T-group if normality is transitvP in G. Let G be a 

solvable T-group and set A = Ca(G'). If A is not a torsion group then, by 
a result of (5, page 394 ), we have that G satisfies the condition of Theorem 
6 and hence G is a UT-group. 

Let G be a group such that the derived subgroup of G is cyclic of infinite 
order, say G' = (p}. We shall use this notation in the following results. 

Lemma 7: Let G be a group with cyclic derived subgroup: then 

1. If g E T( G) centralizes p then g is central. 

2. Elements of odd order are central. 

3. {g2 : g E T(G)} ~ Z(G). 

,i. If g E G ha,q infinite order and o E V7lG i,q an element of finite order 

then o(g) = 0. 

Proof: (1) Let g E T(G) and x E G then, since (p) is normal in G, we 
have that g- 1xg = xpk for some integer k. Let m = o(g) then we ha.ve that 
x = g-'"xgm = xpkm. Since p has infinite order we must ha.ve that k = 0. 
(2) If g E G then g 2 centralizes p and hence is central. SincP g has odd order 

we have that also g is central. 
(:J) The proof of (2) applies. 
(4) Suppose that this is false; then, by (I, Prop.2], there exist k > I ,x E <: 
such that x- 1gx = g"=. This implies that yk-t = (g,x] E (i'. St>t 11 = 
k - I and h = g"; then the subgroup (h) is normal in G. Hence x- 1hx E 
{h,h- 1}. But on the other hand x- 1hx = hk a.nd hence we must ha.ve that 
k = 1. a contradiction. D 

Lemma 8: Let G be a group such that ( :' i.~ infinite ryclic. Then, for any 
torsion element g E G, we l1a11e that gA'(g) = (.'9 • 

Proof: Let G' = (p}. Then, since ( :' is a. normal subgroup, we ha.VP that 
g- 1pg E {p,p-1 }. [f g- 1pg = p then, by Lemma 7. g is ct>ntral. So WP ma.y 
suppose that y- 1 pg = p- 1 • In this ca.se also gpg-• = p-•. Hence we have 
that y- 1yp- 1g = gp i.e. gp- 1is conjugated to gp. WP now separate thP 
proof in two cases. 

!j 



Case l: K(g) -f. G'. •· 
Since g- 1pg = p-1 and K(g) is cyclic we must have that /((g) = (p2). 

Hence, by the Remark following Lemma 5, we have that gK(g) = C9 • 

Case 2: K(g) = G'. 
In this case, since G' is cyclic and p is inverted by elements not in its central­
izer, we see easily that there is an element t E G such that K(g) = ([g,t]). 
In particular, we have tha.t [g,t] E {p,p-1}. Hence g is conjugated either 
to gp or to gp- 1• Since we have already proved that gp is conjugated to 
gp- 1 , we only have to prove that an element of gK(g) is either conjugate to 
g or to gp. In fact, set h = g9 with 8 E K(g). If 8 is a square then, by the 
Remark following Lemma 5, h is conjugated to g. If 8 is not a square, we 
may write h = gp<p where 'f' is a square. Hence, again by the same Remark, 
we have that h is conjugated to gp which in turn is conjugated tog. □ 

We ran now prove: 

Theorem 9: let C,' be a group such tlia~ the deriued subgroup of G is infinite 
t:yclic. Th,·11 G is a UT-group. 

Proof: Let u E V7lG be a torsion unit and g E G an element. If g is 
of infinite order then, by lemma 7, we have that o(g) = 0. If g is a torsion 
element then, by Lemma 8, we have that o(g) == E o(g). Since the 

hEgK(g) 

element gA'(g) is central in the c111ocient group G/ K(g) we have, by, that 
E o(g) E {O, I}. Since o has augmentation I, the result is proved. D 

hEgh"(g) 
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