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Abstract

In [Ho,l] we gave a characterization of the functions F : [a, 6] — A' that are 
Kurzweil-Henstock integrals. In this paper we extend this result to dimension n > 1. 
A theorem of Saks, (S], proves that this is impossible with the usual definition of 
derivative for dimension n > 1. Hence we use the more general regular derivative 
and in order to keep the correspondence with the integration we use the more general 
regular integral.

§1 - BASIC DEFINITIONS (In order to simplify the exposition we will consider 

dimension n = 2)

We work in a bidimensional interval R = (a,6] = [ai,6i] x [02,62]. All intervals we 

consider have their sides parallel to the coordinate axis. For G IR2 we write x < y if 

3*1 < 2/i and x2 < 2/2- By [x,y] we denote the corresponding closed interval: analogously
o

for ]x,y[ etc. J.Ji etc. always denote closed intervals: J denotes the interior of J, |J| 

denotes the area of J: m denotes the two-dimensional Lebesgue measure.

For £ e R and a > 0 we define Ba{{) = {.r e R | ||r - (|| < ^}-
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If (J,’)«si,2... n is a division of R in nonoverlapping intervals and given points f; £

tags, we say that ((j,«/j)tsi.2... or simpl}', (£,, Jt), is a tagged division (TD) of 72. If the

union of the J, is not all R we say that we have a tagged partial division (TPR) of R.

Given c (E]0,1] and an interval J whose sides have length h and k we say that J is 

c-regular if c < £ < we say that a TD or a TPD is c-regular if all its intervals are 

c-regular.

For E C R a function 6 : £ —♦ (0,oo[ is called a (defined on E). We say that a

TD [TPD] {ZiJi) is 6-fine, where <5 is a gauge on R, if for every i we have

4« £ J, C .

If c G]0,1 [ it is immediate that we can divide R in a finite number of c-regular intervals; 

by further bisections it follows easily that for every gauge 6 : 7? —♦]0.oo[ there exists a 

c-regular, 6-fine TD of R\ see [Ho, 2], Teor. 3.1.

Given a function / : R —► X, where X always denotes a Banach space, we say that / 

is Kurzweil-Henstock integrable, we write / € fC(R, X), or simply / € X. if there exists 

] £ X such that for every e > 0 there exists a gauge 6 on R such that for every 6-fine TD 

(', J{) of R we have

we write J f{t)di =

If f € ACIR. I), for everv t £ R there exists f(t) = / f.
J[a.t]

simply J f =/ or 7.

We denote by Jr the set of all closed intervals J C R'. we say that a function F : 

Jr —* X is additive if we have F(J) = F{J\) + F(.Ji) whenever ./ = J, U J>. with Ji% J2 

nonoverlapping: we denote bv A{Jr.X). or simply by A. the set of all additive functions

F : Jr —* X.
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We say that a function / : R —♦ X is Henstock or variationally integrate, we write 

/ € 'H(R.X), or simply / € H if there exists a F € such that for every e > 0

there exists a gauge 6 on R such that for every <5-fine TD (&,«/,') we have

it is immediate that 7i C fC.

If F € A(Jr.X) and £ € R we write (£>F)(£) = /(£) if there exists

1
lim — F( J) = /(0 .

J3CUI-0 |J|(1)

One would expect that if / € £i(/2) then for almost every (ae) £ € R we have

(2) lim

however Saks in [S] proves that with the exception of the functions belonging to a subset 

of first category of £\{R). for all other functions / we do not have (2) at any point £ 6 /2! 

This fact suggests the necessity of generalizing the notion of derivative in dimension

n > 2.

For F € A{Jr.X) and c G]0.1] we say that F is c-differentiable at £ 6 R. and that 

/(£) is its c-derivativc. we write (DCF){£) = /(£). if wc have (1) when we take there only 

c-regular intervals. We say that F is regularly diffei'eniiablc at { € R, and that /(£) is 

its regular derivative, we write ( rDF)(£) = /(£). if wc have (DCF)(£) = /(£) for every

c €)0,1].

We sav that f : R —* X is a regularly Kurzwtil integrable. we write / € *X(/2.X) or 

simply / 6 TX. if there exists J 6 A’ such that for every c > 0 and every c e]0. l[ there 

exists a gauge 6 on R such that for every c-regular. <5-fine TD ({,,/,•) of R we have

IIE/KMI'/IK*:
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J f(t)dt = /, or simply jf / = /, and for every i € R there existsthen we write

7(0 = 7 /w*.•'KO
AC(R, A') C rX(R,X) and for / € AC we have 7 = /•

We say that / : R —* A' is regularly Henstock integrable. we write / € r'H(R,X) or 

simply / 6 rW, if there exists F 6 A{Jr,X) such that for every e > 0 and every c €)0,1[ 

there exists a gauge 6 on R such that for every c-regular, 6-fine TD (£,, J,) on R we have

(3)

It is immediate that 7i C r'H and T/H C rK.

1.1 (Lemma of Saks-Henstock) - For / 6 r/H[R,X), e > 0 and c 6]0,1[. let 6 be 

a gauge on R corresponding to the definition of / 6 rH. Then for any c-regular, 6-fine

TPD (&, J.-) of R we have (3).

The proof follows the usual ones for the Saks-Henstock Lemma: see for instance [Ho. 

2). Teor. 3.7.

If / € rAC, for every x G R we have

rf{x) = F([a.:r])- F([(a,.a2),(a,.X2)]) - F{[(au <<2), (*,. a2)]) + /^([ci, a]) .(4)

We may associate to Tf an additive function of intervals, which we still denote by r/.

7: »7a# A', defined by

7([*»»))= 7(y> — 7(^*1’ 1/2)“ 7(a*2,j/i)+ 7(*)•(5)

Reciprocally to F 6 >t(J/?.A') we may associate a function /? —► A', that we still 

denote by F:

F(x) = F(\a.x]) - r([(fli.a2),.(fli,ar2)]) - F(|(a„fl2)t(*,.a2)]) + F([a.a]) .(6)
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This function satisfies

ir(ai,x2) = -Pfx!,a2) = 0 for every x £ R .(7)

If F £ A{Jr, X) satisfies (7) we write F £ Ao{Jr,X) or simply F € Ao\ to every 

F € A(Jr, X) we can associate a F0 € A that also satisfies (7), with Fo{J) = F(J) for 

every J £ Jr. F0([a,x]) is given by the second member of (4) or (6).

1.2 - For / : R —* X with / = 0 ae we have / £ H(R,X) and / = 0.

The proof is routine; see for instance the proof of 3.2 in [Ho, 2].

1.3 - For / £ r7i{R. X) and g : R —* X with g — f ae we have g £ r7i and rg = rJ.

§2 - MAIN RESULTS

The lemma that follows is the bidimensional analogue of the Lemma of Austin, see

[Ho, 2).

Lemma 2.1 - Let (Ji)ieA, A finite, be a covering of R or. more generally, of a compact 

I\ C R, by c-regular intervals. 0 < c < 1. Then there exists B C A such that the intervals 

J,. i £ B. are disjoint with

c2
Y2 l*A! > Dcm(I\) where Dc = 7c2 + 2 '«€ B

Proof. Let us denote by J1 an interval J,, i £ A. with maximal area. If \Jl\ > Dcm(K) 

the proof is finished. If not we define A, = {i £ A | n J1 ^ 0} and I\\ = Ui€/ti from 

the maximally of |7M it follows that

Dc\Ki\<\J'\ ■

Let us denote by J2 an interval J,, i e A\A\, with maximal area. We have |J2| < |Jl| 

and J2 fl J1 = 0- ff l»72l + M’l > Dcm(K) the proof is finished. If not we define
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A2 = {i € I Ji n J2 = 0} and 1\2 = U,e,»2«/». We have jDc|/\2| < |J2|; let us denote 

bv J3 an interval J,-, i € ;4\(Ai IM2), with |J3| maximal. We have |J3| < |J2| and J1, J2, 

J3 are disjoint. If |J]| + |J2| + |J3| > Dcm(K) the proof is finished. If not, we proceed;

the process must finish after a finite number of choices J1, J2____ Ja since A is finite.

Then we will have

3-[|J,1l + \J2\ + •• • + \J‘\] > lA'il + |A'j| + ■ • • + |A',| > m(I<)

|J A', D U J,D 1< and £>C|A';| < |J'| for i = 1.2
ieA

Theorem 2.2 - If / 6 T'H(R,X) then there exists TD rj = f ae.

s.since
!<•'<*

Proof. Let us denote by E the set of all £ 6 R such that there does not exist ( rD r/)(0 

or such that ( rD r/)(f) ^ /(()• We will prove that mE = 0. Let us take £ € E\ then 

there exists c = j* (k G N; hence any J < J will also do) such that there does not exist 

(Dc 7)(0 or (Dc 7)(0 ^ /(£)• We write then { 6 £* and we have E = Uke/v Ek- We 

denote by the set of all £ 6 Ek that are such that any neighbourhood of £ contains a 

c-regular interval 3 £ such that

H7(J()-/(€)WII> Jmi-(a)

Since / € ’X, given - > 0 there exists a gauge 6 on R such that for any c-regular. 6-fine

TPD ((,, J{) we have

Eli rM)-mu\ iiW < c .

If £ 6 E'* we take such that we have (a) with

£ £ C J( C ,0(£) .

0

enough to prove that mL' < 2Dcri£ where l = U^€£J; ^ IS immediate that there
o

exists a compact K C V with mK > \mb and the open covering °f A contains

It is



-435-

o
a finite subcovering (J^.)i€y|, A finite. We write J, = if i 6 A. By Lemma 2.1 there 

exist B C A such that the J;, i 6 B, are disjoint and

1]
(c)

Since (&, J,)i€b is a c-regular. 6-fine TPD. by (c). (a) and (b) we have

\i6fl / i€fl

1-—-mV < m ■
2 Dc

For F G A{Jr, X) and B C R we say that F satisfies the regular strong Lusin 

condition on B. we write F G rSL(B,X), if for every £ > 0, every c G]0,1[ and every 

A C B with mA — 0. there exists a gauge 6 on A such that for every c-regular, 6-fine

TPD Ji) with & G A we have

If F 6 rSL(R. X) and if we have / furthermore (7) we write F G rSLa(R,X) or simply 

F G rSLa. If there exists also rDF ae we write F £ rSL'D{R. -V) or simply F € rSL'D.

Theorem 2.3 - For / € r'H[R. .V) we have rJ € rSL'D{R,X) and rD r] — f ae.

Proof. Take A C R with mA = 0 and define Jqa = f\qa. By 1.3 we have Jqa € r/H 

with r}qa = Tf. Given r > 0 and c G]0.1[ let <5 be a gauge on R corresponding to 
the definition of J /. By 1.1. for any c-regular. 6-fine TPD (£,.»/,) with G A we 

have £|| 7dU) - fCA(ti)l-AI II = £ll 7(4)11 < £ and by Theorem 2.2 there exists 

rD rf = f ae.
i

■

Reciprocally:

Theorem 2.4 - If F G rSLa D{R. X) and /:/?—* .V are such that TDF = / ae then 

/ e r7i(R,X) and F = /.
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Proof. We define E = {£ € R | 3( rDF){£) = /(()}. Hence for A = CE we have mA = 0.

By 1.3 we may suppose that /(£) = 0 if £ € A. It is enough to prove that for every e > 0 

and every c £)0, l[ there exists a gauge 6 on R such that for any c-regular 6-fine TD J,)

have£||fVi)-/(6)|J.-| II < 2e.we
t'

Definition of 6: 1) if f £ £, i.e.. if there exists ( r£).F)(£) = /(£) then by definition of 

TDF there exists 6(£) >0 such that if £ £ J C BS(()((), with J c-regular, we have

m
2) Since mA — 0 and F £ rSL there exists a gauge 6 on A such that for any c-regular,

6-fine TPD with £ A we have

£im)ii<«.
A

Now, for any c-regular. 6-fine TD (£,. J,) of R we have

£iim)-/(m- mi

< E lim-) - fiMW II + E limoii + E li/(6)H \Ji\
<,eE

- E 7H;|/i|+ c+ 0 < 2s .
<.€E 1^1

l,£A i,£A

U

§3 - COMMENTS

For / £ 'H{\a.b].X) the function / is continuous but even in the numerical case. 

A' = R, for / £ rH(|a.6]). rf may be discontinuous at the border of [a,6). see [J-K-S].

If J = Jj U ^2- with nonoverlapping J j and J?. for f : J —* Bi we may have / £ rH{Jx).

f = 1.2, but /£ r7i{J): see (J-K-S).

The idea of regular intervals goes back to at least 60 years.
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Results related to multidimensional regular derivation and integration can be found, 

among others, in the following recent papers: [J-K-S], [K-J, 1], [J-K, 1], [K-J, 2], [J-K, 2] 

and [K-J, 3]; their nomenclature however is different:

1) Their integrals are called: GP integral [J-K-S]. weak Perron integral [J-K, 1], Z- 

integral [K-J, 1]. Pf-integral [K-J,2). o-regular integral [K-J,3].

2) Their derivatives are called: weak derivative [J-K,l], Z-derivative [K-J, 1], or-regular 

derivative [K-J.2].

3) For the regular strong Lusin condition we have the following names: n* class [J-K, 

1], well-behaved (K-J, 1], Q-variationally normal [K-J, 2].

We took the expression “strong Lusin condition1' from [L].

In another paper we will develop further the results presented here and compare them 

with those of the papers quoted above.
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