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EXPONENTIAL ESTIMATES FOR "NOT VERY LARGE 
DEVIATIONS" AND WAVE FRONT PROPAGATION 

FOR A CLASS OF REACTION-DIFFUSION EQUATIONS 

S.C. CARMONA* AND NJ. TANAKA 

ABSTRACT. A Large Deviation Principle for a claas of random proces11e11 depending 
on a small parameter £ > 0 is established. This class of p rocesses arises from a 
random perturbation of a dynamical ll)'ltem. Then, exponential estimates for events 
of the type "not very large deviations" ( deviations of order t:,.. ) are obtained. Finally, 
the wave front pr0pagation, as £ .J. 0 , of the solution of 10me initial-boundary value 
problems is analyzed; these problems are formulated in terms of a reaction-diffusion 
equation whose diffusion coefficient is of order ¼ and the non linear term is of 
order ;,4r.. . The wave front is characterized in terms of the action functional 
corresponding to the Large Deviation Principle initially obtained 

1. Introduction 

This paper is concerned with a family of random processes (Xf : t ~ 0) depend­
ing on a small parameter £ > 0 and satisfying the system of differential equations 

(1.1) 

where b(x,y) = (b1(x,y),··· ,bd(x,y)), x E Rd, y E R 1 , is bounded as well as 
are its first and second derivatives. We define Y,c = Y.1 where (Yj : t 2: 0) is a 
random process whose trajectories are continuous with "probability one or have a 
finite number of descontinuities of first kind on any finite interval. These conditions 
are sufficient (see [10]) for system {1.1) having a unique solution with probability 
one. 

We assume that there exists a vector field b(x) in R" such that 

(1.2) 11T -Jim -T b(x, Y.) ds = b(x), 
T➔+oo o 

Vx ER", 

uniformly in x, with probability one. Under {1.2) the trajectories of Xf converge, 
as £ .J. o, to the solution (x, : t ~ 0) of 

(1.3) 

Key u,onla and phrruu. Large deviation, action functional, "not very lal'"ge deviations", wave 
front propagation. 
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The convergence is in the space (C[o,T](Rd); fl· II) of the continuous functions on 

[O, TJ with values in R4 , with the supremum norm II· II• 
As a consequence of the Averaging Principle, 

(1.4) 

The event [IIX.~ - x.11 > 6J represents a "Large Deviation" (deviation of order 

'' 1) of x_r from x .. Problems related with deviations of order 1 were extensively 

studied by Freidlin (see [6]-[9]). Under some aditional conditions, he proved that 

(Xf : t ~ 0) has a normalized action functional in the space (C[o,T)(R4); 11·11) which 

is given by 

{1.5) SOT('P) = { Jr L(ip,; ij,,) ds, 'I' a.c. 
+oo, in the rest of Cio,T)(R4), 

the function L(x,/3) is the Legendre transform of A(x,a) with 

(1.6) A(x,a)= Jim -T
1

lnEexp{fT <a,b(:z:,Y.)>ds}, :z:,a,{JeRd, 
T-++oo lo 

where E is the expectation corresponding to the distribution of (Y, : t ~ 0) . The 

normalized coefficient is ¼ . 
According to the definition of action functional (see Freidlin [101), SoT('I'} sat­

isfies the following conditions: 

(A.O) Compactness of the level sets: Vs > 0, Vx E Rd, -

are compact sets. 

(A.I) Lower bound: V6 > 0, V-y > 0, 'r/ip E Cio,T)(R"}, 3€0 > 0 such that 

P {IIX_" - cpll < 6} ~exp{-; fSoT(IP) + -y)}, 0 < E :S Eo. 

(A.II) Upper bound: 'r/6 > 0, V-y > 0, Vs > 0, 3€0 > 0 such that 

P {PoT (X~, tli(s)) ~ 6} :S exp {-;(s - -y)}, 0 < E :S Eo. 

Under conditions (A.O}-(A.11), one say that SoT(·) is the normalized action func­

tional for the family of random processes (Xf : t ~ 0) with normalizing coeficient 

¼. Moreover, it characterizes a Large Deviation Principle (LOP) for that family. 

The functional (1.5) allows one to obtain exponential estimate for P{IIX~ -x. II > 
6}. Moreover, Freidlin, in many of his articles, considered a variety of applications 

of the Large Deviations Principle characterized by (1.5). 



Taking into account the smoothness of b(x, 11) and assuming conditions of strong 

mixing for (Yj : t ~ 0), Khas'minskii [13) proved that 

(1.7) 

converges weakly, as £ .J. 0 , to a Gaussian Markov process (f on [O, T) . The precise 

assumptions for the function b(x, 11) and the process (Yj : t ~ 0) may be found 

in [13] or in Theorem 7.3.l in [10). The limit process satisfies the system of linear 
differential equations 

(1.8) ·o · o - o o 
(e = W, + B(fc)(e, (o = O; 

the process w,0 is Gaussian with independent increments, Ewf = 0, and corre­

lation matrix ( R1i ( t)) given by 

with 

(1.9) 

and 

The matrix B(x) is given by 

(1.11) 
- • oli 11T • 
BHx) = {Jj. (x) = lim -T BHx, Y,) da 

;.- T➔+oo o 

uniformly in x , with probability one, and BL(x, 11) = ~ (x, fl) . 

The study of the normalized difference (1. 7) was carried out by considering the 

norma-lized linearized system obtained by linearizat.ion in the neighborhood of le 

and then verifying that the original system differs from the linearized one by an 

infinitely small quantity compared with ./£. The weak convergence of {f to Cf 
characterizes the asymptotic behavior of deviations of order ./£: 

(1.12) ~_n: P{IIX_c - x.11 > 6v'E} = P{llc'II > 6}, \/6 > O. 

In this paper we are mainly interested in the asymptotic behavior of (Z; : e ~ 0), 

as E .J. 0 , where 

(1.13) Z
c _ X[-x, 
t - ' £" 

'I 



It turns out that , V6 > 0, 

(1.14) ~~P{IIX~ - x.11 > c5c:"} = 0. 

Deviations of order E" of X~ from i. are called "not very large deviations". 
Baier & Freidlin (3) and Freidlin [10] considered "not very large deviations" when 
the initial condition is an equilibrium point of the system (1.3). They studied the 
stability of the solution of (1.1) in a neighborhood of order c:" of the equilibrium 
point, as £ t O. In this case, if O is the initial point, then b(O) = 0 and the process 
Zf becomes 

(1.15) 

In [3] (or [101) a LDP for the family of processes in (1.15) is enunciated and a 
suggestion for the proof of the lower bound (A.I) and upper bound (A.II) in the 
definition of action functional is given. Using this LDP, it was proved that 

By using the method suggested by Baier & Freidlin we established a LDP for 
the fa-mily z; in (1.13) when the initial point is not necessarily an equilibrium 
point. From the smoothness of b(x,u} we write 

(1.16} 

x: - x, = L' b(X!, Y.c} d.t - L' b(i.) ds = 

= L' [b(x., Y.~) - b(x.)J ds + L' B(x., Y.c)(x: - x.) ds+ 

+ L' r2(x: - x.} ds 

where B(x,u) is given in (1.11) and r 2(·) is the rest of Lagrange in the Taylor's 
expansion of b(x,y) in a neighborhood of x,. 

Let us define 

Then z: in (1.13) satisfies 

(1.18) zc - c:½-1e17c + B(x Y/) zc + r2(X: - x,) 
t - t h t t E" 1 Z0 =0. 

Our first result is a LDP for the family of random processes d-"11:. Let us assume 
the following conditions: 
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Condition B-1. There exists a matrix A(x) = (Ai;(x));,;::i, ... ,cl nonnegative def­

inite, symmetric, continuous in x , invertible, such that for any step functions 

a, ,p: [O,T] ➔ R", 

limE
1
-

2
" In Eexp {-.1- 1T < a., b(,p., Y.c) > ds} = 

(1.1
9
) c,1.0 t -,c 0 

= ½ foT < A(,p.)a4 , a.> ds. 

Condition B-2. 3to, 0 < to $ 1 and a function u(t) > 0 with IT(t) ➔ O as t .J. O 

such that 

(1.20) 
Jim sup E

1
-

2
" 11 lnEexp{ 1_

1 
()lh+tb(x.,Y. .. )ds} /1 = 

cJ.O c<t<tu E "O' t h 
o~""l{i-, 

= l+oo < +oo. 

Condition B-3. VA > 1 - 211:, V6 > 0, 

{1.21) 
limt6 ln P { sup /je-" f\n(x,, Y. .. ) - B(i,)) 
cJ.O 09~T Jo 

1• efu" S(:f.)d".b(x.,, Y:) duds /I > 6} = -oo. 

Remark 1.1. Condition B-1 is equivalent to the existence of the limit in (1.19) 

for every continuous functions o and ,/J. 
In §3 we proof the following theorem: 

Theorem I. Under conditior,s B-1 and B-2 , the action functional for the family 

of random processes E¼-"11f is given by ~SJr('P), where 

(1.22) SJr('P) = 2 Jo < :r:. 'Pa, cp. > ,,,.~, 'P a.c. 
{ 

t rT A-' ( - ) . . ., 

+oo, in tl,r. rest. of C[o,rJ(R") 

w/1erc A-1 (:r.) is the inverse of A(x). 

Theorem 1 is an extension of a result obtained by Gartner [11). He considered 

a family of random processes converging weakly, as E ,1. 0, tu a Wiener process 

in R. He established sufficient. conditions for this family of random proces.<1es, 

r:onveniently n:scah!d. having the same action functiu11al of llm limil. procei-,,; in the 

new scale. In Theonm1 1 WI! extend Giirtner's result in two wny11: I.he space variable 

h:L<; climensio11 d ~ 1 and the family of random J>rDl:L'SSI~ ,,r convergcii weakly, as 

E: J. 0, to a Gaussian prucrn;s lVt0 introduced in (1.8) if WI! assu1111i Lim hypothe.<1is for 

Khas'minskii"s result beiug valid. It is worth to ohsc!rvc that tl11! weak convergence 

ahov1i cited is not an hypothesis of Theorem 1. Out if tlui matrix A(x) in (1.19) 

satisfies (1.!J) then tlw action functional for t½-"Wt0 is r,~,. SJr('P) (for action 

fu11dionals for fa111ilics of Gaussian processes sec Frcidlin & W,mtzdl (10]) . 

The main result in this paper is a LOP for the family (Z: : L ~ 0) in (1.13). In 

!i4 we prove tlw following theorem: 



Theorem 2. If conditions B-1, B-2, and B-3 are satisfied then the action func­
tional for (Z[ : t :::: 0) is given by ;rh..Sor(cp) with 

(1.23} { 
1 It< A- 1 (x.)(ip. - fJ(x.)cp.), (ip. - B(x.)cp.) > 

Sor(cp) == if cp is a.c. 

+oo, in tlic rest ofG'[o,TJ(Rd) 

ds, 

where .B(x) satisfies (1.11). 

Notice that (1.23) is also the normalized action functional for a Gaussian process 

(f satisfying the linear system 

(1.24) 

where a(x)a•(x) = A(x) and Wt is a Wiener process in Rd starting at zero. This 
result may be found in (10], Chapter 3. 

Using Theorem 2 we prove (1.14) and we also obtain exponential estimates for 
probabi-lities of "not very large deviations". Theorem 2 may be interpreted as 
follows: probabilities of deviations of order Elf. of X; from x1 have the same 
asymptotics as deviations of order I caused by the Gaussian process in (1.24). The 
asymptotics of probabilities of "not very large deviations" are essentially different 
of the corresponding to "large deviations". As in the case of" normal deviations", 
the study of deviations of order Etc is reduced to the study of deviations of the 
same order of the linearized system obtained from (1.16). 

Now we sketch the proof of Theorem 2. Firstly we consider the linearized system 

{1.25) 

We prove that, if c•~•~ Sor(cp) h; the action functional for # then it is the action 
functional for Z[ . Then we take a simplified linearized system 

(1.26) 

It turns out that, umlcr Condition B-3, f: and :tJ hav1? the same action func­

tional. Finally, using Thr~orem I, we prnve that # has E,~,~ 80r(cp) as its action 
functional. 

In §5 we study the m;ymptot.ics of the solution for a class of reaction-diffusion 
equations depending 011 a small parameter E > 0 , IL'I E J O. Using Theorem 1 and 
Theorem 2 we prove that the solution converges to a function of the wave-type. 

Solutions of wave-type for reaction-diffusion equations have lwen stu<liud since 
]930's by Kohnogorov, P1?trovskii, Piskounov /14] (such equation is called KPP 
equation), Aronson & Wcinberg1ir [2], by usin~ dm;sical trwthods and later, aft.er 
1970, by Freidlin, Gartner, McKean. an<l others, via stochiL-;tic approad1. Freidlin 
[7] introduced a small paramuter E > 0 in tl11: g1:1wralize<l KPP equation whose 
diffusion coefficient became small, of order E. lie Jescribecl tlm wave front. for the 

Ii 



solution of certain class of problems, as E J. 0, by using the Feynrnan-Kac formula 

and Large Deviations for some families of random processes. 

Carmona {4] generalized Freidlin's work in one direction by introducing a "fast 

variable" y of order ~ in some initial-boundary value problems for the equation 

8u«!(t,x,y) _ 1 82u«!(t,x,y) E ( )82u«!(t,x,y) 

lJt - 2E l}y2 + 2a x, Y 8x2 + 

+ Il(x, 11,ur), x ER, 1111 < a, t > 0. 
E 

In §5 of this paper, we consider problems of the type 

(1.27) 

where O < ,c < ½, b(x, y) satisfies the conditions specified in the introduction of 

this paper, the initial £unction is nonnegative, and its support Go:/; R', [(Go))= 

[Go) where [A) is the closure of A and (A) its interior. For each :r, ti, the 

nonlinear term / (x, y, u) belongs to the class :F1 (see Freidlin [6]), i.e., J(x, JI,·) e 

C 1 , c(x,y)=f'(x,11,0)= sup ~>0,and c(x,y,u)=~. 
OSvSI " 

To analyze the solution ue(t, :z:, y) of this type of problem we shall use the 

Feynman-Kac formula and "not very large deviations" for families of random pro­

cesses as in (1.1) or, equivalently, large deviations for families of random processes 

as in (1.13) and (1.15). This is done, roughly speaking, in the following way: To 

the differential operator 

(1.28) Lr 1 8
2 

1 b( ,. ) 8 =--+- E X,l/ -
2E 8112 E" Bx 

it is associated a random process (X:, Y{; P;,) where 

(1.29) 

(Y,; .P11) is a Brownian motion on [-a, a] starting at. JI E (-a, a), with instanta­

neous reflection at ±a, and Y{ = Y.1. . Notice that the diffusion coefficient of the 

variable y is of order ¼ ; so it. is call;d "fast variable". 

The Feynman-Kac formula allow ui1 to express the solution of (1.27) M 

., 



Using the action functional for certain families of random processes as in {1.13) 
and (1.15) one can verify that uc(t,x, y) converges, as E ,J. 0, to a step function 

u0(t,x,y) given by 

0 { 1, V(t,x) > 0, IYI :5 a 
u (t,x,11) = 

0, V(t, x) < 0, IYI :5 a, 

for some function V(t,x) which will be specified in §5. 

2. Auxiliary Results 

Proposition 2.1. If condition B-1 holds then 'vx, o E Rd, 

(2.1) 
lim T 2

"-
1 In E exp {T-" IT < a, ii(x, Y,) > ds} = 

T➔+oo lo 
1 = 2 < A(x)a,a >. 

Proof: Condition B-1 implies that, 'vx, o E Rd 

lime-1
-

2"1nEexp{+ IT< o,b(x, Y.a) > ds} = 
c~o E -ic lo • 

1 = 2T < A(x)o,o >. 

Then 

1 2 1 - { 1 LT a - } lime - "-T lnEexp - 1- < -T ,b(x, Y.t) > dt = 
c~O E _,. O " • 

1 1 
= 2 T 2 .. < A(x)a,o > 

The result follows by changing variables in the last equality. 
■ 

The proof of lhc following proposition is similar to the one of Lemma 7.4.3 in 
(10) and we omit. it. 

Proposition 2.2. Suppose that (Y,; 1'11 ) is a homogeneous Markov process with 
values in a compact set D C R1 and (2.1) holds uniformly in the initial point 
1/ E (D), where (D) is the interior of D. Then Condition B-1 is satisfied. 

Now we shall characterize a class of random proces.ses (Y, : t ~ 0) which satisfies 
conditions B-1 and B-2. 

Lemma 2.1. Let (Yi; F'11) be a homogeneous Markov process on the phase space 
(D, B(D)), D C R 1 compact, and B(D) the CT-field of the Borel subsets of D 

II 



in the topology inherited from the Euclidean norm in R1 • Assume conditlona 

(L.1)-(L.5) in Theorem 2.2, {5). Then Condition B-lis satisfied. 

Proof': Let us suppose that b(0) = 0. For each a E R' we introduce the semigroup 

of operators 

'If /(y) = E,f(Y,) exp {L' < a,b(O, Y.) > da }, 

where / is a continuous numerical function on D. 
From Theorem 2.2 in [5] we know that 

(2.2) lim -T
1 

In Ev exp {1T < a, b(O, Y.) > da} = .\(a), 
T➔+oo o 

where .\(a) is the maximal eigenvalue of A0
, the infinitesimal generator of Tf, 

It is real and simple, the corresponding eige;.-,ector 4, is positive, and 114'II = 1. 

Moreover, T1°4,(y) = e>-(a)t4,(y). 

From Theorem 7.1.8 in [10] we can write 

l d 1)2). 

..\(a) == ..\'(O) + 2 E a ·8 . (O)a;a; + 0(0
2
). 

i,; ... 1 a, a, 

Taking into account that 1 is the maximal eigenvalue of T{' for a = 0, we have 

.\(0) = 0. On the other hand, from (2.2) 

1 - LT .l(a) ~ Jim -TE" < o,b(O, Y.) > tu= _ 
T➔+oo 0 

11T - -=< a, Jim -T E,b(O, Y.) da >=< a, b(O) > . 
T➔+oo o 

Since b(O) = O we have .\(a) ~ 0, for all a E R". Therefore .\'(O) = 0 and 

(2.3) 
1 rl a2>.. 

..\(a)= 2 L ~(O)aia; + 0(0
2
). 

i,j=l 0, OJ 

Now, the compactness of D implies that 3K > 0 such that 0 < K 5 4>(11) 5 1, 

Vy ED. Then, 

t21<-t In K + t2"-1 ln(T:-•a1)(11) S t2"-1 ln(T,'-• 0 tf>){71) = 
= t2" >.(t-"a) + t2 .. -1 In t/>(71) S ,2 .. -1 ln(7ir•a1)(y). 

Hence, using (2.3) we get 

Q 



which is Condition B-1 in the case b(O) = 0. 
When the initial point in (1.3) is not an equilibrium point, the arguments are 

the same as above if one recall that 

11'-lim - b(,:, Y.) ds = 0, 
t-++00 t 0 

and then ~(x, a) ? 0, '<Ix, a. The matrix A(x) in Condition B-1 is given by 

(2.4) 

■ 

Let tj, E C[o,T](Rd) be a step function, constant in the intervals 

(!T, i$1T), j = 0, l, 2, · · ·, r - 1. For each o = (o1
, ···,or) E (Rdt, define 

(2.5) 

The function in (2.5) is convex, H•(O) = 0, it is lower semicontinuous, Ht(o) < 

+oo, Yo. Let L "1 (/J) be its Legendre transform: 

(2.6) 

L"'(/3) = sup { < o,/3 > -H"'(o)} = 
Q 

r-1 
= i L < A-1c,JJ.g.)/P+1,1,;+1 >, /J e cadr. 

j=O 

The function in (2.6) is convex, lower semicontinuous, assuming values in (-oo, +oo], 

and it is not identically equal to +oo . 

Define for each s > 0 , 

(2.7) 

The following proposition is similar to Theorem 5.1.1 in [10] and we omit its proof. 

Proposition 2.3. V/J > 0, Vs > 0, 3o1, • · • , ON E (R4t such that 

N 

4J>r(,9) C n {/3 :< a;, /3 > -H•(o;) $ s} C ~+1(s), 
i=l 



where cJl~6 (s) = {/J: dist(/3, tr(s)) < 6}. 

Let us deli ne, for each x, a e Rd 

{2.8) 
1 1 4 

H(x,a) = 2 < A(x)o,a >= 2 L Ai;(x)aia;. 
i,j=l 

This function is convex in the second argument and jointly continuous (by hypoth­
esis A(x) is continuous). Let L(x, /J) be its Legendre transform 

(2.9) 
1 

L(x,/J) = s~p{ < a,/J > -H(x, a)}= 2 < A-1(x)/J,/J >, fJ ER". 

This function is convex in /J and jointly lower semicontinuous in all variables (see 
the proof of Lemma 4.1.7 in {IO]). 

Let us define 

Gc(a) = In E11 exp { 1T a1 d11:} = 

= lnE11 exp { ~ 1T < a,,b(it, Y,") > dt}, 
(2.10) 

a: [O,T)-+ R 11• 

The process 11: was introduced in {1.17). Condition B-1 may be written, for 

tl>t =it, as 

(2.11) 

3. Proof of Theorem l 

The following theorem is an extension of results obtained by Giirt.ncr (11 ]. We 
shall use the same approach for proving it. 

It. is well known (see (10]) t.hat the level sets of the functional SJ,.(,) in (1.22) 
are compact sets. So condition (A.O) is verified. The following theorem gives us 
condition (A.I) (the lower bound). 

Theorem 3.1. If conditions B-1 and B-2 are satisfied then 'v'Y > 0, \/6 > 0, 

Yep E Cio,TJ(R"), 'Po = 0, 3Eo > 0 such that 

(3.1) P{llet-"r,~ - v,11 < 6} ~ exp {- et~2ic (SJ,.(v,) + 'Y] }, 0 < £ $ eo, 

where 11: is the process introduced in (1.17). 

Proof: For simplifying notation we assume T = 1 . Let r > 0 be an integer 
and ;;t be the random polygonal line with vertices at the points ! and t;~ = 111 , 

r r 
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j = 1, • • • , r. Let n = n(E) = r[c~J and ;;: be the random polygonal line with 

vertices at i. with 111 = '11, j = 1, · · · , n. Notice that. '11 = til , j = 1, · · · , r. 
h R a ~ r 

Let. (Qm)m .. t,2, ... be a sequency of sets in G[o,11(Rd) which will be defined later. 

Then for any 1/J E q 0 ,11(Rd) and 6 > 0, 

P{IIE½-ic,,~ - 'PII < 6} ~ 

~ P { IIE½-ic;;~ - 'PII < ~} - P { IIEt-",,~ - £½-",;~11 ~ i} ~ 
(3.2) ~ P{IIE½-"tj~ - 'I'll< t} -P{E½-,c,;~ ¢ Q,.(c)}­

- P{IIE½-ic,,~ - E½-";;~11 ~ t, £½-IC;;~ E Q .. (£)} = 
E 11 -12 -13. 

Let cp E Cio.i](Rd) with SJ1 (cp) < +oo and rp1 be the polygonal line with step 

l such that r/J• = 'P•, k = 0, I,••• , r. Then, tp1 is a step function. Let us define 
r • • 

(3.3) 
8L . 

o(t,x) = o{J(x,ip1) 

where L(x, /J) was introduced in (2.9). Then 

(3.4) 
8H ( . 
00 

(x,o t,x)) = 'Pc 

where H(x,o) is given in (2.8). Since cp1 is a step function then o(•,x) is also a 
step function. Besides, o(t,x) is bounded because the matrix A(x) and 'Pc are 
bounded. 

Now we apply Cramer's method by introducing a new probability measure fx 
defined by 

Since cp is continuous, then for r sufficiently large and O < 6' < { we have 

... 



where G,,(a) is given in (2.10). But 
{3.5) 

P { A:.!'l.~)IEJ-1<11; - <Pt II < 6'} = 

=,EC~ max 11,,½-.. .,. -cp• Ud'J exp {- ½:" 11 a(t, x,) d11: + 
11•1 ,·•· ,r t r E 0 

+ G,, C/-"a(•,x.))} = 

=E"XI mu: 11ci-.. .,•-cpaNd']exp{- ½~" [L1o(t,.ie)d(17f- J.~,.,f{Je)]}x 
••l,·· · ,r ' r E O f"'l 

x exp {-E1~ 2" [11 

o{t, x,) 'Pt dt - E
1
-

2
"G~ Ct~" o(·, x.))]} . 

i,From Condition B-1 we have 

limE
1

-
2"Gc (-i-a(-,x.)) = -

2
1 /1 < A(x,)a(t,x,),o(t,x,) > dt = ,:J.O e2-" }0 

= fo 1 

H(ii,,a(t,ii,))dt. 

Then \/-y > 0, 3E0 > 0 such that 

E1~ 2" [fo1 

H(iie,a(t,ii,) dt -1] < G,, c♦~" a(·,i:.)) < 

< E 1~ 2,. [11 

H(x,, a(t, x,)) dt + j] , o < E S Eo, 

Since a(t, x)ip, - H(x, a(t, x)) = L(x, 'Pe) and taking into account that 

the second exponential in (3.5) is greater than 

On t.he other hand, if max 1e½-"111 - ,Pa I < 6", 0 < 6" < 6' and 6" suffi-t=-t,• •· .r r r 

ciently small, then we have 



because a(t,x,) is bounded. Hence, returning to (3.5), we obtain 

11 2: exp {- £ 1~ 2,. i}. exp {-£ 1~ 2,. [11 

L(x,, v,,) dt + i]} x 

X p< { max ll£½-1<7}1 - ,P11.II < 6"} 1 0 < E $ £0. I.al,··· ,r r ,. 

(3.6) 

Now we shall prove that 

limF'"' { max lie+-",,._ - 'P•II 2: t} = 0. 
cJ.O A:=J, ... ,r r r 

For this, it is sufficient to show that for t E { ¼, ! , · · · , ; } , the following relations 
are valid: 

{3.7) 
~~f>c{E½-,.,,:,i - IP: - 6" 2: O} = 0, and 

limP{-£½-,.,,:,i + cp; - 6" 2: 0} = 0, for i = 1, • • • ,d . ... o 

From the Chebyshev's exponential inequality we can write, for all 7• > 0, 

f>< { ei-",,:•' - cp: - 6" ~ 0} 5 jj;c exp { e•~:,.[£½-"11:•i - ip: - 6"]} = 
= E" exp { £

1
~•

2
,. [ei-1e,,:,i - cp; - 6"]} , 

exp { d~ .. fo1 
a(s, x.) d11! - G., c½~•"k(·, x.))} =· 

= E"' exp { dl-" fo1 

[a(s, .t.) + 7• X1o,,1e(i)J d11! - Et2,. (cp! + 6")-

-G .. Ct~,.o(·,.t.))} 
where e<i) is the component of order i of the canonical basis of R 4 • Hence, 

f,c{ei-.. ,,:,; - ip: - 6" 2: O} :S exp {-£1~ 2,. [£ 1
- 2"G .. Ct~,.o(•,x.))­

(3.8) 

-£1-2"G .. C/-" [ a(•, x.) + ,,. A'10,tJe<•>]) + 7• (cp; + 6")]} 
From Condition B-1, 

lim£1
-

2"G., (+a(•,x.)) = -
2
111 

< A(x.)a(s,x.),o(s, .t.) > ds. c+O £'1_,. o 

But 

14 



Then 

fo1 

< A(x.)(a(s, x.) + -y• .\io,cie'i)), (o(s, x.) + -y• .\'io,cie'il) > ds = 

1 C d 

= 1 < A(x.)o(s, x.), o(s, x.) > ds + 2 f L Ai; (x.)ai (s, x.)-y• ds+ 
o lo j=I 

+ -y"
2 L' Aii(x.) ds. 

Hence, Condition B-1 implies that 

Therefore, the expression in brackets in {3.8) converges, as E .J, 0, to 

(3.9) 

We should find ..,. > 0 such that the above expression be strictly positive. For 
such ..,. we get (3.7) from (3.8). 

Notice that 

and 

a:::o' (x, a) = a:, [t Ai1o(x) ail = A1,.(x). 

iFrom (3.4) we have 

,J 
lJH ~ ( i( ,., 
8 

,. (x, a(t, x)) = LJ Ai1: x)a t, x) ='Pt. 
Q i=l 

Therefore the limit in (3.9) reduces to 



lFrom the hypothesis on A(x) we have J; Aii(x,)ds > o.• Wechoose -y• > 0 such 

that 6" - f I: Aii(x,) ds > O. • 
Now we can say that 'v'-y > 0, :leo > 0 such that 

.. 

for some C > 0 . Then, V6 > 0 , 3£0 > 0 such that 

But, for c sufficiently small, 1 - 6 > exp { - rJ~.} . Therefore, returning to (3.6), 
we conclude that 'v'-y > 0, 3£0 > 0 such that 

For estimating 

we shall use arguments ana]ogous to the ones in Gartner [11]. I'l what follows, we 
outline them. 

For each number I> 0 there exists a monotonic function r(t) with f(t) J. O as 
t ,J. 0 such that 

. 2f(t) 
mf - ( -) - l00 > 21, 

0<t9o at 

where to, loo, and u(t) come from Condition B-2 in (1.20). We choose r > 0 
sufficiently large such that r( f) < 1; and ~ < to. 

Define 

(3.10) (nto) n-J { II k + . k II . } Qn= n n /ECio,11(R4): /( - ')-/(-) <r(l) . 
J=l 1,.,o n n n 

Let n(e) = r(f,:] . Then 
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.. 
• • 4.from the Chebyshev's inequality we obtain 

• __r. 2< { 1 [ . r(t) • 12 ~ v-an E) to 2exp - - 1- 2- mf - ( \ -
E - IC O:St!Sfo O' ti 

_ sup E
1

-
2

" // 1nEexp {± J._ 
1 1h+t d71~•i} I]}. 

c<t.:Sto E • "u(t) h 
O<h:Sl-t 

But n2(e) = (r[t,: ])2 ~ -:,r , -:, = exp{~ 2<~~~;.r '} and £"
1- 2" In e -+ O !5 e J. O. 

Then, as in Gartner (11). we may conclude that 

/2 5 2 dto exp {-- 1

1
2 (2e1

-
2" lne:)} exp {-- 1

1
2 [ inf r((t)) - l00 - I]} < 

e - " e - " O<t;Sto" t 2 -

S exp {-E1~2,c }, 

0 < E 5 Eo. 

For estimating 

[ = p {11E½-,cT/,: - E½-,cT/-ell > ~ EJ-,cT/-e E Q } 3 - • . 2 ! • n(,:) I 

as in Gartner [11 ], one can prove that "IT > G, 3eo > 0 such that 

. I } 
/3 < exp {-e:1-2,c ' 

Returning to (3.2) the result follows. 

• 
Now we shall prove the upper hound (A.II). 

Theorer 1 3.2. \/6 > 0, \/-y > 0, "ltJ > 0, 3e0 > 0 such that 

(3.11) P {PoT ( e:½-.. ,,~, ~(s)) > 6} < exp {-; 1=2~ }, 0 < £ $ eo, 

where 
~(s) = {i,o e Cio,TJ(Rd): sJ,.(i,o) $ s, i,oo = o} 

and SJr('P) is defined in (1.22). 

Proof: Again we take T = 1 . 

P{Po1 (e:½-.. ,,~.~(s)) > o} 5 

$ P { Pot ( E½-"ij~, ~(s)) > i} + P { 11£½-"TJ~ - E½-"ii~II $ ; } ~ 

(3.12) $ p { Pot ( E½-,.ij~, ~(s)) > ; } + P { £½-"',;~ t Qn(c)} + 

+ P { lle½-.. T/~ - £½-",ti!> ~.E½-,.;;~ E Qn(c)} = 
= [4 + 12 + [3, 
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where Qn(,) is defined in (3.10). • 

LFrom the proof of Theorem 3.1 we know that forall I > 0 , there exists a 

sequence { Qm}m=l,2,··· , a number r, and to > 0 such that 

(3.13) 
( l } 

12 + /3 < exp l - £ 1_ 2,. , 0 < E $ co. 

Now we shall estimate 

/4 = P{Po1 (c½-",t,ll>(s)) > ~}-

It is known that L(x, /3) is jointly semicontinuous in all variables. Then, the 

functional 1• L('l/J., ip.) ds = ½ 1' < A-1(,p.)ip., IP• > ds 

is lower semicontinuous in t/J and v,. Let V'n ➔ t/J as n ➔ +oo . Then, for rp 

fixed and using Fatou 's Lemma, 

lim 1• L(t/J':; .;,.) ds ~ 1' lim L(t/J:; ljl.) ds ~ 1' L(t/J.; .;,.) ds. 

n➔+oo O O n➔+oo 0 

Then, VA.> 0, 3J > 0 such that if 11.x. - t/JII < 6, 

(3.14) 1 /1 A-J (•I• ) . . d l /' -1 ( ) . . 

2 }o < ¥'• ,p., ip. > s > 2 }o < A Zt 'P,, r.p, > ds - ~-

We choose ,p as a step function with VJ. = .f.t, j = 0, • • • , r - I satisfying 

llz. - ¢11 < 6 and we define r r 

I -

4>"(s) = { tp E Cro,11(R"): ½ 1 < A- 1 (,p,)ip,, 'Pt> dt :5 s}. 
Since 4>"'(s - A.) C ~(s) we have 

P {Poi (e½-,.ij~, fll(s)) > ~} $ P {Pot (e½-";;\ ~~(s - A.)) > ~} = P. 

Define 

Notice that ~c € {R")r. Fix o = (a1 , • • • , or) E (R"t. Then, 

Jim£1
-

2")nEexp{-
1

1
., <a,~ .. >}= 

r➔O E -•" 

{3.15) 

== limc1
-

2"1nEexp {e"-1 ~ < ~. rt b(z1, Y;c)dt >} = 
1'➔0 ~ 1~ 

;-1 ---. 

== Jim t 1-
2

" In E exp {c"'- 1 /1 < or, b(x,. Ye .. ) > dt} == 
.. .i.o lo 

= ½ 11 

< A(x,)o,, a, > dt, 

• 



where the last equality follows from Condition B-1 and O:t = ai, 9 S t < ~. 
j = I,•·· ,r. Now, 

LFrom (2.6) and (2. 7) we get 

Since IJr(s - 2A) c IJr(s - A), 81Jr(s - A) = {J3 E (Rdt : L"(P) = s - A} 
is a compact set, and IJr(s - 2A) n aci,r(s - A) = 0, we have d = dist(cpr(s -
2A), 81Jr(s - A)) > 0. Then, from Proposition 2.3 and Chehyshev's inequality, 
there exist 01, · · · , aN E (Rdt such that 

1' $ P pe ~ l)r(s - A)}$ P {p(,\e, ci,r(s - 2A)) ~ d} $ 

$ P pe E U~.{j3 :< Oi,/3 > -lr"(a;) > s - 2A}} ~ 
N 

$ ~ P { exp { E1~ 2,. (< O:i, ,\e > -W(o:;))} > exp { sE~;~}} $ 

N 

(3.16) ::; ~exp { sE~-;~ }Eexp {E1~2,. [< o:;,,\e > -H"(oi)]} = 
1:l 

= exp {-
8£~-!~} t exp {- :~~::>}. 

•=1 

. exp L1~2 .. [E1-2 .. In Eexp L1~2 .. <a;,,\">}]}· 

From (3.15) we know that 

lim£1
- 2"1nEexp{ 1~ 2 < 0:1,..\." >} = -

2

1 11 

< A(x,)a,,;,o,,; > dt, e.i.o £ ,. o 

· · 1 · 1 r1 where 0:,,1 = o:i, 7 $ t $ ~, j = 1, · · · , r. Since 2 Jo < A(¢,)o:,, a, > dt 
is lower semicontinuous in v,, take the same step function V,c (with VJJ. = xJ., 

r r 
j = 0, • • • , r - 1 ), and write for every -y > 0, 



for /1 > O sufficiently small. Returning to (3.16) we get 

{ 
s- .'.I} 

5 exp - E1_ 2! , 

and we can say that V-y > 0, 3£0 > 0 such that 

(3.17) 

Therefore, by taking T = s - j in (3.13), there exists Eo > 0 such that 

■ 

Remark 3.1. A(x) being Lipschitz continuous, there exists a matrix u(x) such 

that A(x) = u(x)u•(x), x E R". Define We0 = J; u(x.) dW. where W, is a 

d-dimensional Wiener process starting at zero and x, is the function introduced 

in (1.3), W1° is a Gaussian process with independent increments, EW,0 = 0, and 

correlation matrix ( Rii ( t) )i.;= 1 ,· ·· ,d given by 

Rii(t) = Ewt0 ,iw,0 ,i = fo 1 

Aii(x.)ds. 

It is known (see [10]) that the action functional for E½-"W,0 is given by £ 1!2,. SJ,.{ip) 

where SJr(rp) is given by (1.22). Then, from theorems 3.1 and 3.2 we conclude 

that d-"77[ and E½-"W,0 have the same action functional . Recall that under 

Khas'minskii's conditions, 77t converges weakly to W,° where A(x) satisfies (1.9). 

Remark 3.2. When ii(O) = 0, Theorem I gives the normalized action functional 

for E½-"11t = J: [(~:>"• ds which is 

ip a.c. 

in the rest of C10,T](R"), 

with normalizing coefficient cl~~A where A is the matrix in Condition B-1. It is 

easy to verify thnt the action functional for the family of processes 



is also given by e1~2 .. Sch,(cp). However, in this case, the level sets are ~(s) = {ip e 
Cro,T)(Rd): Sch,(cp) < s, cpo = :r:}. 

4. Proof of Theorem 2 

Now we shall prove Theorem 2 in the most general situation, when the initial 
point is not necessarily an equilibrium point for the system (1.3). 

We consider X[ satisfying (1.1) with X& = :r: E Rd and x, the solution of 
(1.3). Then 

(4.1) 

Define 

(4.2) 

The process Z[ in {1.13) can be written as 

We define 

I 
0 < K < 2. 

where tr and tr were introduced in (1.25) and (1.26). 
First we recall that the action functional for e½-"r,f with 'It given in (1.17) ill 

e'~"" SJr(cp) in (1.22). The contraction principle implies that the normalized action 
functional for Zf is Sor(cp) in (1.23) with normalizing coefficient e•~a ... Now we 
shall prove that Zf and Z[ have the same action functional. 

Proposition 4.1. If Condition B-3 in (1.21) holds then Zf and Zf have the 
same action functional. 

Proof: Given 7 > 0, 6 > 0, and cp E Cro,T)(ffd) , !po = :r:, 
- - • 6- 6 

P{llz_e - v,11 < 6} ~ P{llz_e - Z~II < 2, IIZ~ - cpll < 2} ~ 
(4.3) . 6 - · 6 

~ P{IIZ~ - v,11 < 2} - P{IIZ~ - Z~II ~ 2} = 
= Ii -12. 

Since S0r(cp) in {1.23) is the action functional for Zf, 3Eo > 0 such that 



On the other hand, 

12 = P{IIZ_' - z_cll ~ ; } = p t~~fT 11' B(Y,') z: ds - 1' BZ! dsl ?: ; } . 

Since the process1.>s 'ff and t; satisfy the linear differential equations 

we may write 

Then, 

t: = exp {1' B(x., Y.") ds} 1' exp {-1• B(xu, Y:) du} b(x., Y,") ds 

and 

t: = exp {1' B(x.) ds} 1' exp {-1• B(.t,.) du} b(x., Y,") ds . 

1z; - z:1 = IL' B(x., V.") z: ds - L' B(x.)Z! ds l ~ 

$11' B(x., Y:)Z! ds -1' B(x., Y.")Z! ds/ + 

+ 11' B(x., Y.")Z! ds -1' B(x.)Z! ds/ 5 · 

I' - . 1 l I' . I s K lo 1z: - z:1 ds + E" lo (B(x., Y.£) - B(x,)) z: ds = 

= K 1' 1z: - Z!lds+ 

+ E: 11' (B(x., Y.") - B(x.)) 1• el: B(:1:.)d"b(.t,., Y:)duds l, 

for some K > 0 . Using Lemma 2. 1.1 in [10] we obtain 

1z: - z:15 
5 eKt e: 11' (B(x., Y:)- B(x.)) 1• el: ac:1:.)d., b(x,., Y,:)duds l . 

Hence, W, > 0 

P{11z~ - Z.U ~ ~} 5 
eKT P { sup ..!.. l(B(x., Y.') - B(x.)) ro· El: B{z.)dv b(iu, v:) du ds l ~ -2

6
}. 

O;St;STE" Jo 



From Condition B-3 we have that 'r/ M > 0 , 3e0 > 0 such that 

(4.4) p {11z.r - Z~II ~~}$exp {-EJ~,c} I O < E $ Eo. 

Returning to (4.3) we get 

P { JIZ~ - v,11 < 6} 2: exp {-E1~ 2,. (SoT( v,) + -y)} , 0 < E $ Eo, 

which is the lower bound in (A.I). 
The upper bound is easily obtained. Let 

Then 

p {PoT ( Z~, 4>(s)) 2: cS} $ 

P { POT ( i~, 4>{s)) 2: cS, Iii~ - Z.11 < ~} + P { Iii~ - z.rll 2: ~} ~ 

$ P{PoT (z~,4>(s)) 2: ~} + P{llz~ -Z~ll 2: ~} $ 

<exp{-- 1 (s-1)} +exp{-~} - El-2ic 2 el-2,. ' 

where the last inequality follows from (4.4) and the fact that SoT('P) is the nor­
malized action functional for Z[ . By talcing M = s, 

■ 

Proposition 4.2. If SoT(V,) is the normalized action functional for z: with nor­
malizing coefficient .. il~. then it is the action functional for z: with tlie same 
coefficient. 

Proof: Given cS > 0 and "f > 0, 

P {IIZ~ - 'PII < o} 2: P {11z~ - Z~II < ~. IIZ~ - 'PII < ~} ~ 
(4.5) ~ P {11.z.r - v,II < j }- P {11z~ - i~II ~ ~} = 

= 11 -12• 

A lower bound for 11 is obtained from the hypothesis that r1!2. SoT(rp) is the 
action functional for z: . 



From ( 4.2) we have 

We introduce a new process 

Then, 

v,c + 1' b(x.) ds = 1' b(T! + x., y_c) ds. 

From the smoothness of b(x, y) we get 

where r 2(·) is the rest of Lagrange of order 2. Then, 

which implies that 

Therefore, 

Vet = 1' b(x., v.c) ds + 1' B(x., v.c) r. ds+ 

+ 1' rC2>ct:) ds 

From Lemma 2. 1.1 in [10] we get 



for some K > 0. Since the second order derivatives of b(x, y) are bounded, we get 

for some M > 0 • Therefore, 

which implies that 

/2 = p {11z.c - Z~ll 2: t} :5 p {11z~11 2 ~ ~ E: 2~-:T} = 

= P {11z.c11 ~ f~ ✓6e;;}. 
On the other hand, for s > 0 <I>(s) == {ip: SoT('P) :5 s, 'Po= O} is compact. 

Moreover, ,p = 0 E IJ>(s), \:/s > 0 because SoT(O) = 0. Let p = dist(O; o<I>(s)). 
Notice that p > 0 since 8<:I>(s) is compact. Besides, for E > 0 sufficiently smaIJ, 

J 'e;::/ ;T > 2p. Then, 3eo > 0 such that 

P{llz~ -Z~II ~ ~} :5 P{lli~II 2:: 2p} :5 

(4.6) :5 P{PoT (z.<,<J>(s)) ~ P} :5 

<exp{- -
1- (s-1)} 0<E:5Eo. - El-2,c 2 I 

The last inequality follows from the properties of the action functional. By choosing 
s = SoT('P) + "'f, we have 

P{llz~ - i~II :5 ~}~½exp {-E1~ 2,. [soT('P) + i]}, o < E :5 Eo-

lFrom (4.5) we get 

P {IIZ~ - 'PII < 6} ~ exp {-E1~z.. [sOT(!I') + l] }-
- .!. exp {--

1
- [sOT('P) + 1)} > 2 t: 1- 2" 2 -

~ exp {-E1~ 2,. [SoT('P) + "'f]}, 0 < E :5 eo. 



The upper bound follows easily from {4.6): 

P {poT(Z\ '1>(a)) 2:: 6} :5 

::; P {11or (Z~.~(s)) 2:: 6, IIZ~ - i~II < ~} + P {11z~ - Z~ll 2:: ~}::; 

:5 P { 11or ( z~, ~ <., >) 2:: ~ } + P { 11 z~ - z~ 11 2:: ~ } :5 

:5 exp {- E1~ 2ic (s - -y)}, 0 < e :5 e0• 

■ 

Remark 4.1. Assume b(O) = 0. Let 

Then, 

z• 
It is not difficult to show that the action functional for ~ does not change if we 
start with Zt = 0. 

5. Wave front Propagation 

In this part we shall describe the wave front for the solution of the initial­

boundary value problem introduced in (1.27). The main results may be proved 

by using the same approach as in Freidlin [6], Chapter VI, or in [7}. 
The conditions under b(x, y), the initial function g(x), and the non-linear term 

f(x , y, u) were specified in the introduction. We assume an aditional condition: 

b(O) = 0 where ii(x) satisfies (1.2). 
Using the Fcynman-Kac formula, the solution uc(t,x,y) of (1.27) satisfies the 

equality (1.30). The properties of / (:r:, 11, u) imply that 

(5.1) uc(t,x, y) $ E!11g(X:J exp t.1~ 2 .. 1' c(£" X!, Y.c) ds} 
where (X:J,>o is the process in (1.29), c(x, y, u) = ~ , and c(x, 11) = sup c(x, y, u). 

- V OCvCl 

Define - -

P = ..!._1' c(€"Xc yc)ds = _!._1' c(ZC rJds 
t €" 0 , ' • El< 0 • I • 

where 

Notice that 



Moreover, ¾ 1: b(z, Y.) ds -+ b(z) with probability 1. The Averaging Principle 
t➔+oo 

implies that Zf -+ i 1 = 0 where i 1 satisfies (1.3) with io = 0 . On the other hand, 
c,1.0 

it is known that there exists a function c(z) such that f 1; c(z, Y.) ds -+ c(z) 
t➔+oo 

with probability one, for all z E Rd. Since b(O) == 0 we conclude that 

with probability one. 
Define 

11t = (t"x + 1' b(O, Y.c) ds, 1' c(O, y;,c) ds - c(O)t) . 

According to Remark 4.1 and Theorem 1, the normalized action functional for !If 
• C 
IS 

(5.2) Sb,(cp, 11) = cp, '1 a.c. , 
{ 

½ J[ < A-1(0,c(O)t)(<j,t.11t), (<j,,,771) > dt, 

+oo, in the rest of Cio,TJ(Rd x Rd) 

with normalizing coefficient ~.l, .. , where A(O, z) is the matrix satisfying 

< A(O, z)(o, ,8), (a, ,8) >= 

= Jim T1~ 2 ln E11 exp {T-" {T < (a, {J), (b(O, Y,), c(z, Y,) - c(0)t > ds} . T➔+oo " ./o 

Using Theorem 2, we obtain the action functional for ( X[, Tf - t~~)t) with initial 

point (x, 0) which is given hy c•2:l. Sor(cp, TJ) where 

(5.J) Sor(cp,f1) = ((cpe,f7t)- B(O,c(O)t)(cpa,r,1)) > dt, 

{ 

½ ~[ ~ A- 1_(0,c!0)t) ((i,;,,,;,) - B(o,c(O)t)(cp,,,,,)), 

cp, T/ a.c. 

+oo, in the rest of Cio.T)(Rd x R"). 

Let us define, for each t > 0 and x E R 4111 
, 

V(t,x) = sup{c(0)t- So,(cp,11): cp,fl e Cio.+oo)(R"), 'Po= x, 'Pt e Go, 110 = O}. 

By using the properties of the action functional, one can prove, similarly to Lemma 
6.2.1 in [6], that 

(5.4) limc1
-

2
" ln E!11g(X:) exp { 1~2,c {' c(Z!, Y.c) ds} = V(t, x). 

c,I.O E Jo 



Using (5.1} and (5.4) we obtain 

limuc(t,x,y) = 0 if V(t,x) < 0 and IYI :5 a. 
c,1.0 

For proving that limuc (t, x, y) = 1 in the region V(t, x) > 0 and IYI $ a, we 
c.lO 

shall assume that Condition (N) {see [6]) holds: 

Condition (N): V(t, x) such that V(t, x) = 0, 

V(t, x) = sup { c(O)t - Sot(cp, 11): (cp, 71) E Cro,+oo)(R" x R"), tpo = x, 

'Pt E Go, V(t - s, cp.) < 0 for s E (0, t), 1Jo = O}. 

Similarly to the proof of Theorem 6.2.1 in (6] one can prove that, under Condition 

(N), lim uc(t, x, y) = 1 uniformly in any compact subset or {(t, x, y) : V(t, x) = 
c,1.0 

0, IYI $ a}. 
The following examples show the form of the wave front in some particular cases 

of problem (1.27). 

Example 5.1 Assume b(x,y) = b(y) and /(x,y,u) = /(u). The differential 

operator in (1.28) becomes 

c }{)2 } 0 
L = -- + -b(y)-

2t: 8y2 t:" ax 

and (Xf : t ::'. 0) in (1.29) is given by 

In this case, b(x) = b = 0. Let c(u) = u/(u), c = f'(O) = sup &1, c > O. 
O~u~l " 

Now, 

V(t, x) = sup { ct - ~ Lt < A-1c;,., cp. > ds: tp E Cio,+ooJ, <Po= x, 'Pt E Go}. 

For simplifying this function we assume G0 = {x E Rd : llxll < O}. i,From the 

Euler-Lagrange equation (see [l]) we obtain 

1 
V(t, x) = ct -

2
t < A-1x,x >, x E Rd. 

The set { ( t, x, y) : 2t 2 c = < A-1 x, x >} describes the position of the wave front, as 

e J. 0. If x E R, the v1ilocily of propagation is o• = \/'2Ac. It is not difficult to 

show that Condition (N) is satisfied. 

Example 5.2 Assumt! / = /(11, u), b :! b(u). The opcrat~r Le remains the same 

as in Example 5.1 as well as the process ex: : t ::'. 0). Define c(y, u) = ¥, 



c(y) = sup c(y, u). We assume that 3k1 , k2 such that O $ k1 $ c(y) $ 
O<u<l 

k2, Vy a;d- Jim ¼ J~ c(Y.) ds = t > 0. According to Remark 3.1, the fam-
t➔+oo 

ily of processes { Xf, ,:~ [ J: c(Y:) ds - ct] } has the same action functional as 

( c~ J~ b(Y.c) ds, c~ If: c(Y.c) ds - ctJ). The function V(t, x) becomes 

V(t,x) = sup { ct - ½ 1t < A- 1(,p., iJ.), (\b., 77.) > ds: 

(ip, 11) E Cio.+oo}(R" X R"), 'Po = x, 1/o = 0, 'Pt E Go} = 
1 = ct - inf -
2 

< A- 1(x,-y), (x,-y) >. 
7ER" t 

Let -y• be the point of minimum. Then 

Condition (N) is satisfied and the position of the wave front is 

Example 5.3: In (1.27) assume J = f(u). The differential operator is ic in 
(1.28) and the process satisfies (1.29). The function V(t, x) is given by 

{ 11' 1 - -V(t,x) =sup ct - 2 0 
< A- (ij,. - Bip.), (ij,. - Bip.) > ds: 

'PE D[o,+oo)(R"), 'Po= x, 'Pt E Go}, 

where A is the matrix in Condition B-1 and iJ is given in Remark 4.1. 

References 

(1) Arnold,V.I (1989), Mathematical Methods of Classical Mechanics. Spr. Verl., 
New York. 
(2] Aronson,D.G.;Weinberger,H.F. (19 .. ), Nonlinear Diffusion in Population Genet­
ics, Combustion, and Neroe Pulse Propagation. Proceedings of the Tulane Program 
in Partial Differential Equations (Lee. Not. Math.), Spr. Ver!., Berlin, Heidelberg, 
New York. 
[3] Baier,D.;Freidlin,M.I. (1977), Theorems on Large deviahom and Stability under 
Random Perturbations. Dok!. Akad. Nauk. SSSR Tom 235, no 2 , Sov. Math. 
Dokl. Vol 18, no 4, pp 905-909. 
[4) Carmona,S.C. (1995). An Asymptotic Problem/or a reaclior,-Diffusior, Equation 
with a Fast Diffusion Component. Stoc. Stoc. Rep., Vol 52, pp 43-80. 
[5) Carmona,S.C (1995) Wave Front Propagation/or a Cauchy Problem with a Fast 
Component. Stoc. St.oc. Rep., Vol 52, pp 81-105. 

'>0 



[6) Freidlin,M.I (1985) Functional Integration and Partial Differential Equatiom. 

Prine. Uni. Press, Princeton, New York. 

[7] Freidlin,M.I. (1985) Limit theorems for Large Deviatiom and Reaction-Diffuaion 

Equationa. Ann. Prob. Vol 13, pp 639-675. 

(8] Freidlin,M.I. (1976) Fluctuationa in Dynamical Systems with Averaging. Sov. 

Math. Dokl. Vol 17, no 1, pp 104-108. 

[9] Freidlin,M.I. (1972) The Action functional for a Cla83 of Stochastic Proceaaea. 

Theo. Prob. Appl. Vol 17, no 3, 511-515. 

[10) Freidlin,M.1., Wentzell,A.D. {1984), Random Perturbatioru of Dynamical S11a­

tems. Spr. Ver!., New York (translated from Russian, 1979, Nauka Moscow). 

[11) Gartner,J. {1976) Theorem& on Large deviationa for a certain Clasa of Random 

Processes. Theo. Prob. Appl. Vol 21, no 1, pp 96-107. 

(12) Gartner,J. (1982), Location for Wave Front& for the Multidimensional KPP 

Equation and Brownian First Exit Densities. Math. Nachr., Vol 105, pp 317-351. 

(13] Khas'minskii,R.Z (1966), On Stochastic Processes defined by Differential Equa­

tiona with a Small Parameter. Th. Prob. Appl. Vol 11, no 2, pp 211-228. 

(14] Kolmogorov,A.;Petrovskii,l.;Piskounov,N. (1937), Etude de l'Equation de la 

Diffuaion avec Croi!sanc.e de la Matiere et son Application d un Probleme Bi-

ologique. Bull. Math. Vol I, pp 1-24. _ 

[15] McKean,H.P. (1975), Application of Brownian Motion to the Equation KPP. 

Comm. Pur. Appl. Math., vol 28, pp 323-331. 

[16] Varadhan,S.R.S. {1984), Large Deviations and Applications. Soc. Ind. Appl. 

Math., Philadelphia, Pennsylvania. 

S.C. CARMONA 

DEPARTMENT OF STATISTICS, UFRGS, 

PORTO ALEGRE, RS 91500, BRAZIL 

E-mail addresa: carmonaOif.ufrgs.br 

NJ. TANAKA 

IME-USP - CAIXA POSTAL 66281, AG. CIDADE DE SAO PAULO, 

S.fo PAULO, SP 05389-970, BRAZIL 

E-mail addre.,.,: nitanakaOime.usp.br 



6?.TIKOS RELATORIOS TicJJICOS PUBLICAl>OS 

tl01 - XDTI, •••• ; KOJlETTI■, P.A. and 'fOLOI, c.x.c. Bia• 
correction for estimators of the residual variance in the ARMA 
(1,1) Model. sao Paulo, IME-USP, 1996. 21p. (RT-MAE-9601) 

t,02 - SINGER, J.K.; PERES, C.A.; HARLI, C.B. Performance of 
wald's test for the hardy-weiberg equilibrium with fixed 
sample sizes. sao Paulo, IME-USP, 1996.lSp. (RT-MAE-9602). 

1,03 - SIIIGD, J .K. and B. SUYAMA, B. Dispersion structure, 
Hierarchical models, Random effects models, Repeated meaaur••• 
sao Paulo, IME-USP, 1996. 2lp. (RT-MAE-9603). 

9604 • LID, A.C.P. and SEIi, P.K. A Matrix-Valued Counting 
Process with First-Order Interactive Intensities. sao Paulo, 
IKE-USP, 1996, 2Sp. (RT-MAE-9604) 

9605 - BOTTER, D.A. and SIIIGBR, J ••· Experimentos com 
Interc!mbio de Dois Tratamentos e Deis Per1odos: Estrat6gia• 
para An4lise e Aspectos Computacionais, sao Paulo, IME-USP, 
1996. 18p. (RT-MAE-9605) 

9,o,- HOKBTTIB, P.A. From Fourier to Wavelet Analysis of 
Time Series. SAo Paulo, IME-USP, 1996. llp. (RT-MAE-9606) 

9607 - SINGO, J.K. Regression Models for Bivariate counts. 
sao Paulo, IME-USP, 1996. 20p. (RT-MAE-9607) 

9608 - CORDEIRO, G.X. and FERRARI, s.L.P. A method of 
mements for finding Bartlett-type corrections. Slo Paulo, IME­
USP, 1996. llp. (RT-MAE-9608) 

9609 - VILCA-LABRA, F.; AJlELLUrO-VALLB, a.a.; BOLl'ARID, •• 
Elliptical functional models. sao Paulo, IME-USP, 1996. 20p. 
(RT-MAE-9609) 

9610 - BBLITSll, V.; l'BRRARI, P.A.; KOJIJIO, H. A Refinement 
of Harris-FKG Inequality for oriented Percolation. sao Paulo, 
IME-USP, 1996. lJp. (RT-MAE-9610) 

9611 - GIXZIIBI, P.; BOLFARIHB, B. Unbiased Score Function• 
in Error-In-Variables Models. SJo Paulo, IME-USP, 1996. 23p. 
(RT-MAE-9611) 

9612 - BODO, v.c. Comparing component redundancy allocation 
in K-out-of-n system. IME-USP, 1996. lOp. (RT-MAE-9612) 



tl13 - GALO, K.; PAULA, G.A.; BOLFARIBB, a. Local influence 

in elliptical linear regression models. IME-USP, 1996. 14p. 

(RT-MAE-9613) 

HU - LIIIA, c.a.; BOLl'ARID, a.; SANDOVAL, 11.c. Linear 

calibration in multiplicative measurement error models. 

IKE-USP, 1996, 12p. (RT-MAE-9614) 

H15 • AVIRBACB, X.; COTAIT, R.; Wl:CBSLER, S.; CORRb, P.; 

BORGBI, J.L.A. Aplica9Ao da infer4ncia bayesiana no estudo 

das probabilidades de diagn6stico, por colonoscopia, das 

afec96es colorretais em portadores da sindrome da 

imunodefici4ncia adquirida com diarr6ia. IME-USP, 1996. lOp. 

(RT-MAE 9615) 

,,1, - YOSHIDA, o.a.; LBITB, J.G.; BOLFARINB, a. Inferencia 

baye■iana do n6mero de e=:;;,6cies de uma populac;:Ao. IME-USP, 

1996. 3lp. (RT-MAE-9616) 

fte oo■plete liat ot Relat6rio• do Departamento de 

Batatiatica, IMB-DSP, will be sent upon requeat. 

Departamento de Estat1st1ca 
IHE-USP 

Caixa Postal 66.281 
05389-970 - sao Paulo, Brasil 




