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Abstract 

We derive upper and lower bounds for the spectral gap of the Random Energy Model 
under Metropolis dynamics which are sharp in exponential order. They a.re based on the 
variational characterization of the gap. For the lower bound, a Poincare inequality derived 
by Diaconis and Stroock is used. The scaled asymptotic expression is a linear function of 
the temperature. The corresponding function for a global version of the dynamics exhibits 
phase transition instead. 

We also study the dependence of lower order terms on the volume. In the global 
dynamics, we observe a phase transition. For the local dynamics, the expressions we have, 
which are possibly not sha.rp, do not change their order of dependence on the volume as 
the temperature changes. 
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1 Introduction 

The Random Energy Model (REM)([l], [2]) is a disordered hamiltonian spin system designed 
as a caricature of the Sherrington-Kirkpatrick (SK) Spin-Glass Model ([11]). Both models a.re 
mean-field ones. While in the SK model one has gaussian pair interactions only, in the REM 
there are gaussian multibody interactions. The hamiltonian or energy function for the SK model 
is (for u a given configuration of spins+ or -1 in a volume A) 

HsK(u) = -IAl-112 L J;jU;Uj, 
i,jEA 

{1.1) 

where the sum is over all pairs of distinct sites in A and {J;;, i,j} is a family of i.i.d. standard 
gaussians, whereas that for the REM is 

(1.2) 

where the sum is over all the 2N subsets a of A, {JQ, a} is a family of i.i.d. standard gaussians 
defined on a common probability space (f, ~, IP) and u 0 = TTiea u; (u, = 1). 

We observe that for the REM the hamiltonians of all configurations form a family of 
i.i.d. gaussians with mean zero and variance jAJ. A proof of this elementary fact is provided in 
the appendix A. That could be taken as an alternative description of this model. Indeed it is 
the usual one and we will adopt it in the next section. 

The equilibrium statistical mechanics of the REM has been much studied, e.g., in a non 
rigorous way, in ([1], [2]) and, in a rigorous way, in ([3], [4], [8]). We quote some of the (rigorous) 
results that will be important for understanding some aspects of the dynamics. Given f3 ~ 0, 
the inverse temperature, taking A= {1, ... , N}, let us denote by 

ZN = ZN(/3) = L e-fiHRsJt(") (1.3) 
(T 

the finite volume partition function and by 

(1.4) 

the finite volume free energy. It was proved in [4] that for all /3 ~ 0 the limit limN~oo FN(/3) = 
F(/3) exists IP-almost surely and in LP(f, IP) for 1 ~ p < oo. F(/3) is a no11 random function 
which is twice differentiable in f3 but the second derivative has a jump at f3c = ~- In fact, 
F(/3) is equal to /32 /2 + (3: /2 for {3 < f3c and f3cf3 for f3 ~ /3c, as expected from the results of [1]. 
This is called in the physics literature a third order phase transition. 

The point is, depending if we a.re in a high temperature regime (/3 < f3c) or in a low tem­
perature one (/3 ~ f3c), not only that the free energy changes from a quadratic function of f3 
to a linear one but that the difference between the finite volume free energy and its infinite 
volume limit is exponential in the high temperature case and this occurs almost surely, whereas 
in the low temperature regime this difference behaves as G(w, /3, N)¥ for some random func­
tion C(w, {3, N). This function converges in JP-probability to a non-random limit but does 
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not converge IP-almost surely and an interval where C(w,/3,N) fluctuates JP-almost surely is 
identified. More precisely, it was proved in [4] that if O $ f) < /Jc then 

(1.5) 

IP-almost surely and in L1(&, IP) for some >.((J) > 0 if /3 < f3c- If /3 2'. f3c then the rate of 
convergence is more subtle, depending if we want a IP-almost sure result or one in JP-probablity. 
Namely, calling 

(1.6) 

this quantity ha.s a behavior which is radically different in JP-probability and IP almost surely. 
It was proven in [4] that JP-almost surely 

limsup VN(/3) :s; -
2
1 

N-+oo 
(1.7) 

and also IP-almost surely 

lim infVN(,B) 2'. -~. 
N-+oo 2 (1.8) 

These two results do not imply that VN(/3) does not converge IP almost surely, this question 
wa.s solved later, namely, it was proven in [8) that we have JP-almost surely 

lim sup VN(/3) = -
2
1 

N-+oo 
(1.9) 

and also JP-almost surely 

liminfVN(fJ) = --
2
1

. 
N-+oo 

(1.10) 

The result in IP-probability (and in L1(f!,IP)) is simpler. In (8] it is proved that 

(1.11) 

a.sit was expected from (2]. 
In this work we consider a dynamical version of the model, namely, the REM undergoing a 

Glanber dynamics (Metropolis). That is, we are considering a dynamics in random environment. 
We study the speed of convergence to equilibrium, the exponential rate of which is given by the 
spectral gap (or just gap) of the dynamics, which is the difference between the first and second 
eigenvalues of the transition probability matrix of the continuous time Markov chain defining it 
(see [5) Proposition 3, also (22]). As in other dynamics of spin systems, this gap goes to zero 
when the volume goes to infinity and one of the main questions in the study of the approach 
to equilibrium is the exact rate at which it does so. It is natural to consider the inverse of the 
gap instead of the gap, the former quantity being linked to the relaxation time. In non random 
mean field models at low temperature, the logarithm of the inverse of the gap grows like the 
volume. At high temperature, it is o(N) and grows at least as the logarithm of the volume. In 
short range random systems, it is expected that the inverse of the spectral gap grows in a slower 
way at low temperature. This is a very active line of research. Therefore, it is important to 
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clarify at least the case of one of the standard random mean field models, where we know very 
well the statics. 

To get bounds for the inverse of the gap, we use a variational characterization and a bound 
derived by Diaconis and Stroock based on that (15]). A nice percolation problem in the hyper­
cube with IAI dimensions comes into play. We prove that for the REM the logarithm of the 
inverse of the spectral gap grows like the volume. We give its exact asymptotic behavior by 
dividing it by the volume and proving that this normalised quantity converges .LP-almost surely 
for all f3 to the linear non random function f3cf3 (which is also the free energy of the REM 
at low temperature). We give IP almost sure upper and lower bounds for the finite volume 
error of approximation of this quantity to its limit, in the very same spirit of (1.7) and (1.8). 

The magnitude of these bounds are of order ,/¥, which suggests that the actual error may 

be bigger than that for the free energy (which is of order ¥ for (3 ~ (30 and exponentially 
decaying in N for {3 < {30 , as pointed above). We conjecture that this is indeed the case and that 
the constant of proportionality is random. Also, we do not expect to see any phase transition 
in the behavior of this constant. 

Our first theorem (Theorem 1 on Section 5) implies that there is no dynamical phase transi­
tion (interpreted as a change of behavior in the limiting scaled gap a.s a function of the tempera­
ture) for this model. Note that in the Curie-Weiss model, there is a dynamical phase transition 
for the dynamics induced on the magnetizations, in the sense that, at low temperature, the 
logarithm of the spectra.I gap is proportional to the volume times the difference between the 

canonical free energy computed at magnetization zero and the canonical free energy computed 
at its minimum, whereas at high temperature it is o(N). 

In the final section of this paper, we consider a global Metropolis dynamics for the REM 
for which the scaled gap behaves asymptotically as a function of the temperature which does 
undergo a (third order) phase transition. We give also .LP-almost sure bounds for the rate at 
which the scaled gap converges to its limit and we see here also a phase transition on the rate. 

As regards other disordered dynamical models, Ca.ssandro, Galves and Picco have studied a 
random walk with random traps, with a different approach, using coupling techniques, to get the 
order of the speed of convergence to equilibrium [6). Mathieu and Picco studied meta.stability 
for the random field Curie-Weiss model in (7]. 

Besides being of its own interest, spin glass dynamics has been studied in the hope of getting 
a better understanding of the phase picture at equilibrium. As a matter of fact the early (non­
rigorous) paper by Sompolinsky and Zippelius on dynamics for the SK model ((13], {ll]) takes 
mainly this point of view. They considered a soft spin approach ( real valued spin variables in a 
confining bistable potentials) so that they oould work with quantities varying continuously and 
write down a Langevin equation. Part of their theory has been made rigorous by Ben Arous 
and Guionnet (118], [19], (15]). Grunwald studied a discrete spin version [20]. Their study is 
for time scales shorter than the ones we are dealing with. 

The physics literature on the subject of dynamics of disordered systems is now very large 
and we will not make a.ny reference to it here. The interested reader is referred to Parisi's 
Varenna 1996 Lectures for an introductory discussion and some bibliography ((12]). 

On a rigorous ground there are at lea.st two type of results one may try to prove. Starting 
directly with an infinite system the goal is to understand anomalous (e.g. non-exponential) 
relaxation to equilibrium. 
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Almost sure and average results in this direction have been obtained by Gielis and Maes 
([21]), Cesi, Maes and Martinelli ([9], [10]) and Guionnet and Zegarlinski ([16}, [17]). 

We note here that some of these results are valid only for diluted ferromagnets, while others 
apply to spin glasses as well. 

Here we take a complementary point of view and ask questions on the asymptotic behaviour 
of a dynamical quantity (the autocorrelation time) in the infinite volume limit. A priori our 
results are consistent with non-exponential relaxation in infinite volume. We plan to investi­
gate the relationship between the asymptotics of the gap and infinite volume behaviour in a 
forthcoming paper. 

The rest of the paper is organized as follows. In the next section we describe the model in 
detail and introduce the spectral gap of the Metropolis dynamics in its variational characteriza­
tion and its relation with relaxation time. In Sections 3 and 4, we derive upper and lower bounds 
for the inverse of the gap, respectively, leaving Section 5 for the the summing up of those in 
Theorem 1 and remarks. In Section 6 we consider a modification of this dynamics. Appendices 
are devoted to auxiliary results. 

2 The Model 
Throughout we consider the Random Energy Model (REM) as a non-equilibrium system under­
going Metropolis dynamics in finite volume. We want to study the behavior of the gap between 
the first and second eigenvalues of the infinitesimal generator of the corresponding continuous 
time Markov process ( or of the probability transition matrix; the gap is the same) as the volume 
goes to infinity. 

Let A be a nonempty set with IAI = N and let f! denote {-1, l}A. Let 1l = {H(u),u E f!} 
be an independent family of Gaussian random variables with common mean zero and common 
variance N defined on a probability space (t:, E, IP) . 1l plays the role of the random hamiltonian 
or energy function. We consider a continuous-time Markov chain with state space fl with 
transition probabilities that are reversible with respect to the Gibbs measure µN on n, which 
is obtained from 1l and the inverse temperature parameter /3 in the usual way, that is 

1 
µN(u) = ZN exp{-.BH(u)}, u En. 

More specifically, we consider Metropolis type transition probabilities, given by 

P(u,u') = exp{-.B(H(u') - H(a))+}/N, if llu' - ull = 1, 

= 0, if llu' - ull > 1, 

= 1 - I:; P(u,u"), if u' = u, 
t1"~a 

where a+= max{a,O} and llxl l = ½ Ef:1 Ix;!. 

(2.1) 

Note that these transition probabilities are random variables defined on (£, 1:, JP). That is, 
we have an inhomogenous random walk on the hypercube n in the random environment defined 
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by the transition probability valued random variables P(a,a1
). We are interested in properties 

of this dynamics that are true for almost all realisations of the random ha.miltonian rl. 

We recall now some basic facts a.bout Markov cha.ins. Let P( ·, ·) be the transition probability 
for an irreducible Markov chain in a finite state space S which is reversible with respect to a. 
measureµ on S. That is, µ(x)P(x,y) = µ(y)P(y,x) for all x,y ES. 

Let ¢, be a real valued function on S. Let us define 

Var(</)) 
l 

2 L(</>(a) - <J,(a'))2µ(a)µ(a1), 
u,a' 

= ~ L(</>(a) - <J,(a'))2Q(a, cl), 
rT,u' 

where Q(a,a') = µ(a)P(a,u'). 

(2.2) 

(2.3) 

Var( 4>) is the variance of ¢, and t:( </>, </>) is the Dirichlet form of the Markov semi-group 
associated to P(·, •). 

Since P( ·, •) has largest eigenvalue l and the constant functions a.re the only eigenvectors 
with eigenvalue 1, using the minimax characterization of eigenvalues, if we define 

Var(ef>) 
-r(¢,) = t:(4>,<fi)' (2.4) 

then the inverse of the gap between the first and second eigenvalues of P(·, •) is given by ((5)) 

T = sup T(</>), 
• 

where the sup is taken over non constant <J,'s. 

(2.5) 

We will use this characterization of the gap to derive bounds for it in the case of the dynamics 
given by (2.1). (Later on, in the final section, we will consider a global modification of it.) In 
this context, s = n and µ = µN. 

We have also the following bound, given in [5], for the distance in variation. 

(2.6) 

Here Pi( x, y) = e-1 E,,""=o S pn( x, y) is the transition kernel. There is a similar lower bound for 
the maximum in x of the left hand side. See (22]. 

In the next two sections, we derive upper and lower bounds for T that are sharp to logarithmic 
order. 

3 Lower Bound for the Inverse of the Gap 
From (2.5), as is usual in this kind of variational problem, we take a trial function to get a lower 
bound. 
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We choose for 4> the indicator of a spin configuration, that ia, we define <f,11 by 4>u(u') = 
8(u,o'), where 8(·,·) is the Kronecker delta. We have 

exp{-,BH(u)} 
r(ef,.,) = z E Q( ') (1 - µN(u)), 

N (u,u') U,U 
(3.1) 

where the sum is over the N nearest neighbors of u, denoted u'. 
For the Metropolis dynamics, Q(u,u') = (NZNefl(H(<1)VH(<1'))t 1 and thus (3.1) equals 

N exp{-,BH(u)} 
(3.2) 

Let Q. be the (unique) spin configuration u for which H(u) is minimal. Then we get the 
bound 

(3.3) 

Proposition 3.1 There exists a positive constant c such that, for all {:J, with IP-probability 1, 
for all hut a finite number of indices N we have 

(3.4) 

where /Jc= ✓2log2. In particular 

Jim inf -N
1 

log 7' 2'. f:Jcf:J 
N➔oo 

(3.5) 

IP-almost surely. 

Remark 3.1 Before going to the proof, let us motivate the result by arguing heuristically that T 

should be bigger than the time to ezit any initial configuration, in particular the configuration of 
least energy. Under Metropolis, this should be of the order of the exponential of the absolute value 
of the difference of the global minimum energy to the minimum energy among ronfigurations 
neighboring the least energy one. The right hand side of {9.4) follows. Although a rigorous 
proof could be written along these lines, we follow a different route, using (!!.5} instead. 

Proof. 
Let ua first collllider the term 1 - µN(f!.). Let DN = H(Q.1

) - H(Q.) where !i. ia the location 
of the second minimum of H. Then 

(3.6) 

Now, given f > 0, one has 

1
00 F(x + Nt) , 

IP(DN > Nt) = _
00 

F(x) dFN(x), 
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where F is the gaussian with mean 0 and variance N distribution function, F = 1 - F and 
Ff.. is the distribution function of -H(fi). Here we use the elementary fact that for a sequence 
X1 , ... ,Xn of i.i.d. continuous random variables, if Yi, ... , Y,. are its increasing order statistics, 
then 

for all x < y, where Fx, is the distribution function of X1. 
We break the integral above into an integral over x < 0 and another over x > 0. The former 

is bounded from above by 

where the equality follows from elementary computations. To bound the latter integral, we 
observe that, since xis positive, F(x + NE) S e-.2Nf2P(x) by a simple linear change of vari­
ables. Thus e-i'N/2 is an upper bound for this integral. Therefore, given -y > 0, choosing 

f = J21°tN (1 + -y), we get 

IP (DN > 
N - (3.7) 

Using the first Borel-Cantelli lemma, we then get that for any 1 > 0, with IP-probability 1, for 
all but a finite number of indices N 

(3.8) 

To bound from below the term exp{-(3H(~}, we use the easily checked fact that for all 
f > 0 

(3.9) 

for some positive constant c. Thus, using a.gain the Borel-Cantelli lemma, we get that for any 
f > 0, with JP-probability 1, for all but a finite number of indices N 

1 (3 log N 
N logexp{-/3H(!Z.)} ~ (3(30 -

2
(3

0 

(1 + f) -W-. (3.10) 

Note that the corrections are of smaller order than the ones in 3.8. It remains to consider the 
denominator in (3.2). We first bound from above the sum by N times the maximum of the 
summands. Since q_ is the configuration where the infimum is reached, these summands are 
not independent. However, the maximum is stochastically dominated by the maximum of N 
independent summands. A proof of this fact can be found in the appendix. 

Now if mN is the minimum of N independent standard gaussian random variables then if 
c>l 

00 

:$ L e-dtlogc < 00. (3.11) 
k=ko 
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Therefore we get that with JP-probability 1 for all but a finite of indices N 

mN ~ - J 2(1 + E) log N. (3.12) 

We used now the classical fact that if two families (X;);eN and (Y;);eN of real random variables 
are such that for any i E IN X; is stochatically dominated by Y;, then we can construct a 
common probability space such that, JP-almost surely, X; ~ Y; for all i E IN. Therefore, we 
get for any £ > 0, with JP-probability 1 for all but a finite of indices N 

Collecting (3.8), (3.10) and (3.13), we get (3.4) . □ 

Remark 3.2 The bound {9.19} is optimal, in the sense that it can be proved, by restricting the 
sum to the u' which realises the maximum, that with IP-probability 1, infinitely often {in NJ we 
have 

~ log( I: exp{-/J(H(u) V H(u'))}t 1 :$ -/J V2(1-f)
10

~N-
(.,.,.,.,) 

(3.14) 

Note that it can be also proved, but it is rather long, that 

1 log2 logN 
N log(l - µN(!l.)) ~ - N - cf]~(l + -y) (3.15) 

/or all large enough N. Since the proof we gave here is really shorter and, on the other hand, 
the upper bound for the correction to the upper bound for -r we will get in the nut chapter i3 of 
order J¥ and we have no proof of the optimality for that part, we prefer not to argue {9.15) 
in detail. 

4 Upper Bound 

In this section, we derive the upper bound for the inverse of the gap. The bound is based on 
the Poincari inequality derived in [5]. It is given in terms of the canonical paths of Jerrwn and 
Sinclair [22), {23]. 

Let CN denote the hypercube in N dimensions obtained from fl by adding nearest neighbor 
bonds (the ones over which the transition probabilities are positive) between the points of n, 
that we will call with a little abuse sites, i.e. a site is just a spin configuration. We will call u; 
the j-coordinate of the site o. Let r = f(N) be a complete set of directed paths in CN, that is, 
r is a set of directed paths in CN such that every two distinct sites in CN are ends of a directed 
path in r. The paths are self avoiding i.e. for a given path a bond is visited just once. 

From Proposition 1' in [5) one has the bound 

T ~ mf"'Q(b)-1 L l-r~.~•lµN(IJ)µN(,7'), 
"1~,,,,3b 

(4.1) 

where the max is over the nearest neighbor bonds b = (u, u') of CN, Q(b) = Q(u, a') and the 
summation is over all paths in r (indexed by their endpoints '7 and 71') which pass through b. 
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Writing the bound more explicitly, we have 

T::; .!!._ max, eP(H(11)vH(11')) L h,,,,,,le-P(H(11)+H(,i'))_ 
ZN b=(u,11) ,b -,.,.,, 

(4.2) 

The rest of the section is devoted to estimate the right hand side of ( 4.2). Since the asymp­
totics for ZN are known (1.r>-1.11), we concentrate on the max expression. 

We will choose r such that the main contribution to ( 4.2) comes from the sum. The factor 
tfl(H(1r)vH(u')) will contribute only an error term. The motivation for the choice is the following. 
Suppose f"(H(1r)vH(u')) does not contribute anything, so we are left with 

(4.3) 

If we choose r as r 1 defined in ( 4.5) below, we first notice that the longest path in r will have 
length N, so we can ignore this contribution to leading order. We are left with 

(4.4) 

For any bond b, the sum in (4.4) factors in a product of two sums which can be seen as 
(sub)pa.rtition functions (see (4.15) below). An estimation along the lines of an argument of 
Olivieri and Picco to estimate the REM partition function (see Subsubsection 4.2.1) produces 
a sharp bound (see (4.36) below, compare to the lower bound {3.4)). 

In order to control e8(H( .. )vH(.-')) in (4.2) and work out a rigorous argument from the above 
motivation, the strategy is to have a complete set of paths r that avoid as often as possible 
points of the hypercube that have high (positive) energies. This cannot be done always since 
there must be paths that visit sites with high positive values of H. This is because the set of 
paths is complete. On a heuristic level, one wants to take advantage of the fact that the Gibbs 
measure of such high positive values of the energy is very small. In the r we finally choose, 
high energies occur only at the ends of the paths and therefore their contribution are depressed 
by the factor e-P(H(77 )+H(77'J) appearing in (4.2). 

High energy points will be relatively rare, but not so rare that we can rule them out of the 
interior of the paths of r 1• This motivates the consideration of the family {r,, i = 1, ... , N} 
(see (4.5) below), which is formed with "copies" ofr1 • Choosing from this family, we guarantee 
the absence of interior high energy points in paths of r. 

The details of the construction and the above mentioned estimation, as well as how it survives 
with extra terms of lower order only, will be given in the next subsections and subsubsections 
of this section. 

4.1 A choice of r 
To choose r, we start by considering a family of sets of paths f;, i = 1, ... , N, as follows. 

For i E {I, ... , N}, I'/ and r/ E n fixed such that l'/i =/ 11!, let 1'~.77• be the path from '7 to 11' 
obtained by going left to right cyclically from Tf to 11' successively flipping the disagreeing spins, 
starting a.t the coordinate i. Let 

(4.5) 
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Given 11, 11' and -y,,,.,,,, let -y,,,,,, be the set of points visited by the path -y,,,.,,, and -r;,'1, = 
-Yri,ri' \ { 11, 11'} the set of interior point of the path -y,,,,,,. We say that a family of paths -y1 , ... , "In 
is interior-disjoint if -yf n -yJ = 0 for all 1 ~ i =f j ~ n. We will need the following result, which 
is easy to check but fundamental. 

Lemma 4.1 Given 11 and 11' inn at distance n (that is, 1111- 11'11 = n), there exist n interior­
disjoint paths in {-r~,,,., i = 1, ... , N}. 

Sketch of Proof 
Indeed, if ii, ... , in are the coordinates where 11 and 77' disagree, then one easily checks that 

-r!'.,,•, ... , -r!7,,, are interior-disjoint. Notice all such paths have n - 2 interior points. □ 

The set r will be chosen depending on a positive parameter c, to be chosen later. It will be 
formed by indicating for each pair ('7, 7)

1
) the pa.th connecting the respective sites. 

We will distinguish between good and bad sites of n. Good sites a.re those (J for which 
H((J) ~ J2(1 + c,)Nlog N; otherwise, they are bad. We say that a path -y is good if all its 
interior points -y0 are good, and that a set of paths is good if all its elements are good. 

We construct the random set of paths r. For IIT/ - 11'11 ~ ,
0
;N, if there is a good path in 

b!,,,,, i = 1, ... , N}, choose the first such for r; otherwise, choose -r~,,,,. 
For ll7J-r7'11 < 10;N, if there exists a good site 7)

11 inn such that 11'7-'7"1 I ~ 10;N, 11'7' -'7"11 ~ 
lo:N and there are good paths, one in {-r~,,,,,, i = 1, ... , N} and another in {-y~,,,,,,, i = 1, ... , N}, 
such that the union of these two good paths is a self avoiding path, select this union as the path 
connecting '7 and r,' in r (notice that this is a good path since 7)11 is good); otherwise, select 
-y~·"'· Notice that all the paths constructed in this way have length smaller than N, so we have 
the bound 

(4.6) 

The next result controls the term ef3(H(u)vH(,r')). 

Proposition 4.1 With IP-probability 1, for all but a finite number of indices N, the set of 
paths r previously constructed is good. 

Proof 
We will argue that for an arbitrary pair ('7,'7') inn, the probability not to find a good path 

connecting them as prescribed in the construction above is not bigger than e-c(e)N for some 
constant c(e) that depends on c. which can be chosen as big as we need. Since the number of 
such pairs does not exceed 4N, choosing c(e) > log4, the result follows from the first Borel­
Cantelli Lemma. We assume that N is large enough to keep only the exponential factor in 
gaussian estimates. 

For pairs of sites more than distance il;N a.part, using the previous lemma, there a.re at least 
~ disjoint paths of length at most N connecting them. The probability for a given site to be 
bad is no bigger than exp{-(1 + c.)logN}. Thus the probability of a given pa.th among the 
disjoint ones to be not good is at most N exp{-(1 + c0 ) log N} = exp{-ce log N}, since all the 
paths constructed have length smaller than N. We conclude that the probability that all the 
lo:N disjoint paths constructed in the previous lemma are not good is at most exp{-c.N}. 
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For ('I, 'I') less than distance 10:N a.part, let D(T/, '}1
) be the coordinates where '7 and '71 

disagree. Given ij that coincides with '7 on D('], '}1
) and has lo:N discrepancies with '7, let 

'Yii,tl' be the path starting at the site ij, constructed by flipping the coordinates in D(ri, '1') in 
increasing order. The probability that the set of visited points by this path is not good is at 
most exp{ -Ce log N}. Since, for any f > 0, there are at least exp cN1-• many such ijs and, as it 
is easy to check, all the paths 'Yii,ii' obtained by varying rJ are disjoint, we get that the probability 
that all the disjoints pa.the 'Yii,ii' are not good is a.t most exp{-c0 log N exp{ cN1-•}} for some 
positive constant c. Therefore, for N large enough almost surely, we can find at least one such 
good site ij, say 'I" and the corresponding path, say 'Y'l",'I"', with all its visited points good. By 
construction,,,,,, coincides with r,' on D('l,'l') and is at distance k>NN a.pa.rt from it. Therefore 
we are in the very same hypothesis as before and we can almost s~rely find good paths 'Y'l"','I' 
and 7.,,,11• for N large enough. Now glueing the three good paths 'Y~,,,•, 'Y'l",fl"' and 'Yfl"','1'• we get 
a good path 7,,,,,, and by construction this path is self avoiding. 

All cases have now been covered and the result is proven. c 

We will now suppose tha.t N is larger than a IP-almost surely finite N0 such tha.t r = r(N) 
is good for N ~ No. Notice that, in this case, a ba.d site can appear only a.t the ends of any 
path of r. So, if b contains a ba.d site, say u, and a path -r of r contains b, then u is an end of 
'Y and summing over all such paths is equivalent to summing over all sites of n but u. 

So, if b conta.ins a had site, the term inside the max sign in ( 4.6) can be bounded above by 
ZN, 

Let G be the collection of bonds of CN that contain no ba.d site. By the last paragraph, 

Using the fa.ct that b E G, we get 

where 

4.2 Estimates for r1 

We write 

2..._ < 1 y [e.BJ2(t+c..)NlogN T ] N2- 1 

T1 = Zjv1 mt" L e-l1(H(77)+H('I'))_ 

"Y,,,,,,~b 

(4.7) 

(4.8) 

(4.9) 

T1 = rf + 1'1
2

, (4.10) 
where in rf the sum in (4.9) is over paths connecting sites at distance N/logN or more apart 
and in rf the sum is over paths connecting sit.es at distance less than N / log N apart. 

We consider first rf. The sum can be estimated by 

Zjvt '£ L(ile-.B(HM+H('l')l, 

t'=l -Y,,,,,3b 

12 
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where the sum E(i) is over all paths of f;. Note tha.t we ha.ve replaced here a. random set of 
pa.tbs by non random ones. This follows from the fact that the subset of paths of r connecting 
sites which a.re more than distance O(N/ log N) apart is contained in U~1r;. We have then the 
estimate 

(4.12) 

The random variables 
ZN(i) = max L(i)e-.O(H(fl)+H('l'll, 

b "1,,,,36 

i = l, ... , N, have the same distribution. It will suffice to consider the first one. We will need 
some further notation. 

Given a. bond b = (u, u'), let l = l(b) be the coordinate where there is a discrepancy. Given 
a coordinate j and a site u, define the collections of sites 

Now 

n;-(u) 
flj(u) == 

{'7 E !1: 17(i) = u(i), i = j, ... ,N} 
{'7 E fl: TJ(i) = u(i), i = l, ... ,j}. 

L(lle-.O(H(.,)+HM) = L e-.OH(11) L e-.OH(.,), 

"10 ,0 '36 11en, (o) 11enf ("') 

since the paths in r1 through b connect sites in l1i(u) to sites in nt(o-'). 
Thus 

ma.x L(l) e-,ll(H(fl)+H('l'l) 

b "1q,,,,3b 

= m?,JC viax , . L e-/JH(11,,,,, ... ,0N) L e-fJH{<r;, ... ,,,;,11') 
J 1>=(<r,<r )ai(o,<r )=J ,,en,_, 'l 'EllN-, 

where l1; = { 1, -1} i. Therefore calling 

Z;-1 (€, (') = L e-flH(,,,U') 

11Ell;-1 

and 
ZN-;(-e, () = L e-/JH(C,-(,'l'l, 

7J'EON-J 

the right hand side of (4.16) equals 

m?,,Xmax ,ma.x Z;-1(€,(') max ZN-;(-(,(). , (=±1 c enN-, cen,_, 

4.2.1 Estimates for Z;-1({, (') and ZN-;(-{,(). 

(4.13) 

( 4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

We now estimate Z;-t ({, (') and ZN-;(-{,() in the same way Olivieri and Picco estimated the 
REM partition function (see Section lII in [4] through to equation (111.17)), rather using the 
exponential Markov inequality than the simple one in order to be a.ble to control the ma.x signs 
in ( 4.19) tha.t involve an exponential number of terms. However, this section is self contained. 
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Let j and (' E ON-; be fixed and ta.ke ( = 1 (for definiteness). Let M be a positive integer 
to be chosen later and make a partition of the real line with the intervals 

Now write 

where 

Ao = (-oo,/JcZ], 

A1, = · (,8c~,,8cN(~l)] , ifl~k~M, 

AM+t = (/Jc(l + 1/M)N,+oo). 

M+l 
Z;-1({=1,C')= E E ll,:1..(-H(u,l,('))e-fJH(o-,l,C') 

aen,_, 1,~o 
M 

< zi-leP.PN/M +" N eflcfi(l,+l)N/M + N•e-fiHW 
- L, ,. ' 

/,=l 

for k = 0, ... , M and 
N• = L l,:1..,+1 (-H(u)). 

aen 

(4.20) 

Let us suppose now that j -1 = aN and focus on the middle sum in (4.20). Let p1, denote 
IP(-H(u) E Ll,.). We then have 

r.l ../N2. <•-:,y"N r.l .,/Nr~N 
/Jc M < p1, < /Jc M ' 

for all k = 1, ... , M and N large enough. 
Optimizing in the exponential Markov inequality, we get 

IP(N,. > p1,E(N1,)) ~ e-~•20
N, 

where 

Pk 

A,. = p1,p1, log p1,(l - p1,) - log [1 - p1, + p1,p1,(l - p1,)] , 
1 - p1,.p1, 1 - p1,p1, 

if p1cp1, < 1, 

= oo, otherwise. 

In any case, we have ,\1, ~ cp1,p1, for some positive constant C and thus, 

Also 
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( 4.22) 

(4.23) 

(4.24) 

(4.25) 



Let the reader be reminded that Nk = Nk((',j,i = 1,( = 1) and that the previous estimates 
are done for a fixed configuration (' E nN-j with j E {1, ... , N}, i E {1, ... , N} and l = ±1. 
Recalling (4.19), we have to make this estimates uniformly with respect to all those possible 
values. Since there are not more tha.n 2N12N random variables that come into account, we need 
to have a probability estimate inj4.25) that compensates this factor. This suggests that we 
choose Min such a way that 2N/ ~ c,,N for a positive constant c,, that will be chosen later. 
That is, we take 

M= M(N) = 

a.nd we get, for all € > 0, 

Nlog2 
log c,,N 

IP [mµ:mµ: ma.x ma.x N.((',i,{) > ()kE(Nk)] 
1 J ('EflN-j l:Sk:SM 

$ 2N1 M( N)2N e-c,,N :S e-,N 

choosing c.,. > log 2 + k 
We conclude that the middle sum in (4.20) is bounded above by constant times 

(4.26) 

(4.27) 

where Gp(x) = .Bc/'.h+ f(l-x 2
), except for an event of probability not bigger than exp{-EN}. 

The sup term in (4.30) equals exp{aF(/3/y'o.}N}, where 

F(x) 

and aF(,8/ v'a)IQ=O = O. 
So, uniformly in i, j, {, (' we have 

(x1 + ,8:)/2, if O $ X $ f3c, 

,8,;t, ifz ~ /3c 
(4.31) 
(4.32) 

Z;-1((',{) $ cMeQF(P/✓<iJNef1.PN/M + Mef1o/J(l+L/M)N~/M' + N*e-PHW (4.33) 

with IP-probability not smaller tha.n 1 - exp{-tN}, where we have absorbed the factor 2QN 

in (4.20) by changing the constant c, since 2QN $ eQF(/j/fo)N, as it can be easily checked. 
~otice that IP-almost surely, N* = 0 for all but a finite number of indices N, since 

P(-H(u) > (1 ·+ 1/M)N,Bc) $ r(Hl/M)'N . 

• 
After a similar reasoning with 
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we conclude that JP-almost surely for all but a finite number of indices N 

rf < NZN1 max ,p(cr, N, M),p(l - er, N, M), - O~a:5:1 

where 

.,,( N M) = cMeaF(/3/~N ef3clJN/M + Mef3c/J(l+l/M)N2N/M' 'I' a, ' 

and c is a positive constant, not necessarily the same everytime it appears. 
Collecting, we get that 

1 l og N ,log N N logr{ S 
0
~~

1 
IJ!(o,/J) - F(/J) + c{J !{ + c ~ -

where 

IJl(cr,fJ) = [crF( ~) + (1 - cr)F( ~)] V [aF( ~) + fJc/Jl V 2/JcfJ ya yl-cr ycr 

and d is a positive constant. 
Now one checks that maxo<a<i W(cr,P) - F(P):::; fJ.fJ for all (3. 
Therefore, we get that JP-almost surely for all but a finite number of indices N 

for some constants c, d and all /3. 

4.2 .2 Estimates for rf 

(4.34) 

( 4.35) 

(4.36) 

We consider now the term rf. We estimate it in two different ways, one for /J close to 0, another 
for /3 away from 0. 

The first bound follows from the fact that the sum is over a set of paths connecting sites in 
a hypercube of dimension at most ( N / log N) around b, so we have 

rt :::; z,/ecN/logN e-l/JHW 

Unrestricting the paths to go through b, we get the other bonnd 

(4.37) 

(4.38) 

Notice that the sum in ( 4.38) is very similar to that in ( 4.17) and that it has less than 2°N 
(independent) terms, with an arbitrary a > 0 (for N large enough). We can thus proceed. to 
estimate the former in the same way as we did the latter to get the bound ( 4.33) from which 
the right hand side of (4.36) follows as an upper bound for the log of (4.38) divided by N when 
fJ > fJo, where /30 is a suitable positive fixed number close to O (the bound is in fact true for 
fJ > 0, but then N large enough will depend on /3). 
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For /J close to 0, we use ( 4.37) to get 

1 
N log r; $ 2/30 /3 - F(/3) + cf log N ( 4.39) 

which is negative for N large enough. This shows that (4.36) holds with rl replaced by rf. 

We are now ready for the main result of this section. (4.36) (also applied to rt} substituted 
into (4.8) via (4.10) prove the following. 

Proposition 4.2 For all /3, there exist finite constant c and d such that, with IP-probability 1, 
for all but a finite number of indices N, we have 

1 J1ogN logN 
N log T ~ /3(30 + c/3 --,:r + c1 

~- (4.40) 

In particular, 

lim sup Nl log -r :,:::; f3cl3. 
N➔oo 

(4.41) 

Remark 4.1 The argument leading to inequality (,1.36) proves a weak form of the inequality. 

L e-PH(~.U') L e-PH((,-e.~•i ~ e-PH(!Z) zN (4.42) 
.,,en,-1 TJ'EON-J 

for all I ~ j ~ N, ( E 0 1_1 , e = ±1 and(' E ON-,. Namely, it is true almost surely aftertaking 
logs, dividing by N and passing to the limit as N ➔ oo. One might wonder whether a stronger, 
deterministic form of this inequality is true. It would simplify the long probabilistic argument of 
the last subsubsection and make extensions to similar models easier. But this is unfortunately 
not the case, as the following example shows. Let N be an odd number, j = (N + 1)/2, ( = -1 
and define 

x(r,,-1,-1, ... ,-1) = 1 forallr,E0.;-1, 

x(-1, ... ,-1 , 1,'7') = 1 forallr,'EO.N-j, 
x(u) = 0 in all other cases. 

Then it is clear that the left hand side in (f,12} (with the Boltzmann factors replaced by x(·)} 
equals 2N-l while the right hand side equals 2(N+1J/2 • 

5 Summing Up 

Combining the bounds of Propositions 3.1 and 4.2, we have the following result. 
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Theorem 1 For all (3, there exist finite constants c, r! and r!' such that, with IP-probability 1, 
for all but a finite number of indices N, we have 

(5.1) 

In particular, 

T(/3) := lim Nl log T 
N➔oo 

(5.2) 

ezists with probability 1 and equals f3cf3. 

Remark 5.1 Although the REM as an equilibrium model exhibits a (third order) phase tran• 
sition at (3 = f3c, this leaves no trace in the dynamical model (as regards T ), neither at f3c nor 
elsewhere. We might then say that there is no dynamical phase transition for the REM under 
Metropolis dynamic.,. We did not work out the details, but believe this is so also for other (local) 
Glauber dynamics. In the next section, we consider a modification of Metropolis so that it is a 
global dynamics for which (5.£) has a third order phase transition at f3c-

Remark 5.2 An explanation for the result of Theorem 1 is as follows. Since the energies of 
the REM are independent, the minimum one is surrounded by order 1 energies that can have 
ftucttJationlf of order ..fNToi'N. Therefore, the time to ezit the ground state under a /QCal 
dynamics is of the order of exp /30 /3N and the fluctuations are of order exp (3.,/),N log N . This 
should be the main contribution to T to leading order. In the high temperature regime, the 
dominant contribution to the free energy comes from energies that are larger than the ground 
state, but the entropy comes into play to give a smaller free energy. However, with the local 
dynamics, the stochastic process is trapped into the ground states, that do not contribute to the 
statics, for a time which is bigger than all the exit times of the other states. 

By using equations (2.6) and (1. 7), it is not difficult to check the following result. 

Theorem 2 There exists a positive constant c such that for all f > O, all (3 > O and all t' > 0, 
if 

(5.3) 

then, with IP-probability 1, for all but a finite number of indices N we have 

(5.4) 

Remark 5.3 For the proof of this theorem, we need only an upper bound for the square root 
term in (2.6), so a lower bound on µ(u) is needed. Since we want a result which is uniform with 
respect to the initial conditions, we cannot exclude a priori to start with a configuration which 
corresponds to the spin configuration that makes H(u) maximal. Even if the Gibbs measure of 
such configuration is very small. Also, we cannot expect to have any cancellation of the error 
terms that are of order log N. This is because a part of the errors terms are coming from the 
fluctuations of a Gibbs factor computed on a maxima and the other part is coming from the 
fluctuations of the partition function, the latter coming from the fluctuations of the minimum. 
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6 A Global Dynamics 

In this chapter, we consider a global Metropolis dynamics, where the system can make all possible 
jumps, not only nearest neighbor ones as in the local dynamics. When scaled as for the local 
dynamics of the previous sections, T is shown to exhibit a phase transition as a function of (3 
(see Theorem 3 below). 

Consider the following continuous-time Markov chain inn. 

P(u,u') rN exp{-(J(H(u') - H(u))"'"}, if u' :f u, 

= 1 - I: P(u,u"), if u' = u, 
u"i" 

(6.1) 

'l'his is an irreducible, reversible with respect to µN chain and thus we can apply the varia­
tional characterization of the gap (2.5) . We use the same trial function for r as in Section 3 to 
obtain 

(6.2) 

The upper bound is much simpler to derive than the corresponding local one, either directly 
from the variational characterization or by using the Poincare inequality (4.1). We choose the 
latter, using the set of paths 

r = {(u,u'): u,u' E 0, u f- u'} 

constituted of all bonds in n (notice that the global transition probabilities are nonzero over 
these) to get 

2N 2N -IJH(l!) _ max e-'7(/i(u)VH(u'))e-P(H(u)+H(u')) = e . 

ZN uf.u' ZN 
(6.3) 

We conclude from (6.2) and (6.3) that 

r= ----
ZN 

(6.4) 

Therefore, since limN➔oo FN(/3) = F(/3) .IP-almost surely, we get the following result. 

Theorem 3 .IP-almost surely, 

T(/3) = lim (logr)/N = (JJJ + /3;/2 - F(/3), 
N➔oo 

(6.5) 

where F is gitJen by {.f91} and (l.9£) abotJe. 

Remark 6.1 Since F undergoes a third order phase transition in (3 = /30 , then so does T. 

Remark 6.2 The identity {6.,1} is valid for the same dynamics for any spin system. Applied 
to the Ising model, it shows that T inherits its phase transition (whenetJer that occurs). 

To consider the error terms, we introduce the quantity 

7((3) = log [Te-NT(P)]. (6.6) 

The first result is an almost sure one. 
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Theorem 4 If f3 :2:. f3c, then 

and, with IP-probability 1, 

T(/3) ::::; 0 for all N 

liminf T(/3) > _/!___ 
N➔oo loglogN - f3c 

If /J < /30 , then, with IP-probability 1, 

limsup T(/J) = -liminf T(/3) = _!!__ 
N->oo logN N➔oo logN 2/30 

(6.7) 

(6.8) 

(6.9) 

Remark 6,3 The important fact is that the almost sure finite volume corrections to the free 
energy, that are of order log N/ N in the low temperature regime, are coming precisely from the 
fluctuations of the ground states, and there is an exact cancellation of these fluctuations when 
T is considered. This gives fluctuations that are of order at most log log N / N for T(,8) . In 
particular this implies that there is also a phase transitions in the errors terms. 

One could be interested in the error terms in probability. In this case the results are simpler. 

Theorem 5 If f3 ~ /J0 , then 

If /3 < /30 , then 

Proof of Theorem 4 

lim T(/J) = 0 in IP-probability. 
N-+oo logN 

Jim T(/3) = _ _f!__ in IP-probability. 
N➔co log N 2/Jc 

(6.10) 

(6.11) 

We consider first the case where /J < f3c- Using the explicit formula for F(/3) see (4.31) and 
( 4.32) we get 

(6.12) 

Using the proposition 5 in ([4]), that is (1.5), we get that with IP-probability 1, for all but a 
finite number of indices N the last term is of order at most N e->.(/3)N. For the first term, using 
(3.9) we get with IP-probability 1, for all but a finite uwnber of indices N 

T(/3) ~ -i
0 

(1 + l) log N. (6.13) 

On the other hand we have also, with IP-probability 1 

liminf T(/3) = _ _!!__ 
N➔oo log N 2/30 

(6.14) 

This is a direct consequence of the proof of the formula (2.7) in {8] (see pages 520-521 there). 
Moreover we have with IP-probability 1, for all but a finite number of indices N 

T(/3) ::::; iy + t.) log N, 
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which is a consequence of the following estimate that is easy to check. 

IP (-H(a) < a N(l - logN _ loglogNI+& +log,/27r)) < _ c_ (6.16) 
- - /-'C 2f3;N f3;N - N 1+& 

for some positive constant c. 
Moreover it is not too difficult to see that we have, with IP-probability 1 

. T(/3) /3 
limsup-1 N = 

213
, 

N➔oo og C 
(6.17) 

from which we get (6.9). 
For the proof of (6.7), we use again the explicit formula for F(/3) . If /3 2' f3c we have 

(6.18) 

Since ZNefJH(~ 2' 1, we get T(fl) :$ 0. 
The proof of (6.8) is just a little more involved and will make use of results of [4] with some 

modifications. 
We define as in (4) (page 135), the real interval 

[ ( 
1 logN (1+£)loglogN) ] 

/1 = Nfic 1 - 2(3; -,;;- + /3; N , (1 + £)Nf3c . (6.19) 

Then we have 
~ .,-.8(H(u)-HW)n1, (-H(a)) :S ~ ll1

1 
(-H(a)), (6.20) 

u u 

since H(a) - H(!Z.) 2' 0. 
Now is it easy to check that 

(6.21) 

Using now the following nice, but not known as it deserves, inequality, which is a simple 
consequence of the Markov inequality, 

IP(Sn 2' r) :$ e(np(n))', (6.22) 

where S,. = Z:f:1 Xi and (xi)i=l , ... ,N is a family of independent identicaly distribut.ed random 
variables with values in 0, 1 and IP(x, = 1) = p(n), we get 

( 
logN ) 1 

IP ~Il1,(-H(a)) 2' loglogN :$ N 1+<" (6.23) 

We consider now the int.erval 

I=(- N/3(l--l logN (l+t:)loglogN)] 
2 oo, C 2(3; N + /3; N . (6.24) 
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Using Lemma 7 in [4], we have, with .IP-probability 1, for all large enough N 

L ll1
2
(-H(u))e-PH(<r) ~ (l/3+ t) log log NeN/i/ic(l-~). 

,r C 

(6.25) 

Therefore, collecting on the one hand (6.16) together with (6.25) and on the other hand (6.23) 
together with (6.20), using the first Borel-Cant.elli Lemma, we get that, with .IP-probability 1, 
for all large enough N 

Z eP"W< logN +(l+t:)loglogNef.togJogN'+I 
N - loglogN f3c ' 

(6.26) 

from which we get immediately 

f3 
7(/3) ?: - f3c log log N - log log Jog N (6.27) 

and this concludes the proof of the Theorem 4. The proof of Theorem 5 is immediate. 
We leave as an exercise to the reader to state and prove the corresponding of Theorem 2 for 

this dynamics. 

A Microscopic Representation 

We establish here the microscopic representation for the REM ham.iltonian mentioned in the 
introduction. This representation already appears in Derrida's papers without proof. We give 
an a.rgument here for completeness. 

Proposition A.I Let 1i = {H(u),11 E O} be defined by Equation {1.£), where {Ja, a c A} 
is a family of i.i.d. standard gaussian random variables. Then 1i is a family of i.i.d. gaussian 
random variables with mean O and variance N. 

Proof 
The gaussianness, correct marginal mean and variance are clear. It suffices thus to establish 

independence. It is enough to show that the matrix 

{11a; 11 E O,a CA} (A.l) 

is orthogonal, that is, 

(A.2) 

for all distinct u, a' E 0. 
Given 11,111 En with 11 ,j:. 111

, let l::,. denote the (nonempty) set where u and u' disagree, that 
JS 

(A.3) 

We have 
L 110 u: = 1:(-l)l"n~I. (A.4) 
aCA aCA 
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The last sum can be rewritten as 

M 

E (A.5) 
lr=O aCA:jan6.l=k 

where M = lt>.I. It then equals 
M 

:EYo.(k)(-1)\ (A.6) 
k=O 

where 9o.(k) is the number of distinct subsets a of A intersecting t>. at exactly k points. There 
are k choices out of M in t>., which yields (~) possibilities for a n t>., and total freedom in 
A\Ll, which yields 2N-M possibilities for a\Ll. Thus 

(M) NM 9o.(k) = k 2 - . (A.7) 

We finally have 

(A.8) 

since M > 0. The result is proven. □ 

B A Domination Lemma 

It is enough for the purposes of supporting the argument in the proof of Proposition 3.1 to con­
sider the following setup. Let X1 , ... , Xn+l be a. sequence of continuous i.i.d. random variables 
with distribution function F and let Mn denote their maximum (which is almost surely unique) 
and let M denote the corresponding index (so that M,. = XM)- Define Y; = X; if i <Mand 
Y; = X;+l otherwise. 

LemmaB.l 
" P(Y; < Y;, i = l, ... ,n) ~ Il P(X1 < y;). (B.1) 

i=l 

It follows immediately that the maximum of any subset of {Yi, ... , Y,.} is stochastica.lly 
dominated by the maximum of the same number of X's. 

Proof 

P(Y; < y;, i = 1, ... , n) 
n+I 

= L P(Y; < y;, i = 1, ... , n, M = j) 
j=l 
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.. +1 
= E P(X; < y;,X; < X;, i < j, X; < Yi-1,X; < X;, i > j) (B.4) 

j=l 

fl+! 
= E j P(X; < y;,X; < x, i < j, X; < Yi- 1,X < x, i > j)dF(x) (B.5) 

j=l 

= (n + 1) j Il. P(X1 < y; /\ x) dF(x) (B.6) 
i=l 

~ Il.P(X1 <y;)j(n+1)F"(x)dF(x) (B.7) 
i=l 

" = II P(X1 < y;), (B.8) 
i=l 

where the inequality follows from 

for all x, y . □ 
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