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ABSTRACT 

Binary Image Analysis problems can be solved by set operators implemented as programs for a Binary Morphological 
Machine (BMM). This is a very general and powerful approach to solve this type of problems. However, the design of 
these programs is not a task manageable by non experts on Mathematical Morphology. In order to overcome this difficul­
ty we have worked on tools that help users describe their goals at higher levels of abstraction and to translate them into 
BMM programs. Some of these tools are based on the representation of the goals of the user as a collection of input-out­
put pairs of images and the estimation of the target operator from these data. PAC learning is a well suited methodology 
for this task, since in this theory "concepts" are represented as Boolean functions that are equivalent to set operators. 
However, to apply this technique in practice we must have efficient learning algorithms. In this paper we introduce two 
PAC learning algorithms, both are based on the minimal representation of Boolean functions, which has a straightforward 
translation to the canonical decomposition of set operators. l11e first algorithm is based on the classical Quine-McClus­
key algorithm for the simplification of Boolean functions, and the second one is based on a new idea for the construction 
of Bollean functions: the incremental splitting of intervals. We also present a comparative complexity analysis of the two 
algorithms. Finally, we give some application examples. 

I. INTRODUCTION 

Binary Image Analysis is an important tool for various areas, such as industrial process control, office automation, 
quantitative microscopy, etc. A natural model for a procedure for Binary image Analysis is a set operator (i.e. a function 
between subsets). Mathematical Morphology (MM) is a general framework to study complete lattice operators (i.e. func• 
lions between complete lattices) 1, which includes set operators 2 3 . The central paradigm of MM is the decomposition of 
operators in terms of four classes of elementary operators: dilations, erosions, anti-dilations and anti-erosions. 

The rules for the representation of set operators in terms of the elementary operators can be described as a formal 
language 4, the Binary Morphological Language (BML). The vocabulary of the BML are the four classes of elementary 
operators and the operations of union and intersection. A phrase of the BML is called a morphological operator. The BML 
is complete (i.e. it can represent any set operator) and expressive (i.e. many useful operators can be represented as 
phrases with relatively few words). An implementation of this language is called a Binary Morphological Machine (BMM), 
and a program of a BMM is an implementation of a morphological operator in this machine. 

Nowadays, there are many commercially available BM M's implemented in hardware 5 6 7 8 or emulated in software 9 
IO 11 , which have been intensively used for Binary Image Analysis 3 . 

Programming a BMM can be a very difficult task. In order to help the non experts in MM to use BMM's, some tools 
have been proposed to automate the design of programs. These tools act as translators of the user knowledge about the 
problem (expressed as high level abstract procedures) into morphological operators. 

One of the simplest procedures to represent the user knowledge is as a sequence of input-output pairs of images. 
The user should get some typical images from a given domain (e.g., geographical maps, handwritten texts, electronic cir­
cuits, etc.) and create by hand the corresponding desired outputs. l11ese data would feed a designer system which would 
give as output a morphological operator that performs the desired task on the images of that domain. 



The theory of PAC (Probably Approximately Correct) learning uses set theory and statistics to fonnalize the process 

of computational learning of concepts from sequences of examples. A concept is a subset of a given domain or, equiva­

lently, a Boolean function on that domain. An example is an object extracted randomly from the domain, associated with a 

label indicating if the concept is true or false for that object. The learning process consists of the construction of a Boolean 

function which is a good approximation for the concept that should be learned (the target concept). This process must be 

consistent, that is, when the sequence of input examples increases the Boolean function estimated becomes a better 

approximation of the target concept. Under this theory, it is possible to calculate the minimal number of examples that is 

needed to estimate a concept under a given quantitative quality criterion. 

Locally defined set operators (i.e., operators that depend just on pixels inside a local neighborhood) are equivalent to 

Boolean functions that map geometrical structures found in the images of the domain into zero or one. Thus, set opera­

tors can be seen as learnable concepts and estimated by PAC learning 12· Given a sequence of pairs of images and a win­

dow W, a sequence of examples is built by extracting geometrical structures (or configurations) seeing through transla­

tions of Wand labelling them according with the corresponding values at the output images. 

In order to apply this technique in practice we need efficient learning algorithms. In this paper we introduce two PAC 

learning algorithms. Both are based on a minimal representation of Boolean functions, which has a straightforward 

translation to the canonical decomposition of set operators. The first algorithm is based on the classical Quine-McClus­

key algorithm for the simplification of Boolean functions and the second one is based on a new idea for the construction of 

Boolean functions: the incremental splitting of intervals. 

In section 2, we give some basic definitions and results from MM theory. In section 3, we present the PAC learning 

model. In section 4, we present the proposed algorithms for PAC learning and analyze their complexity. In section 5, we 

show some application examples. Finally, in section 6, we present some further discussion. 

2. MATHEMATICAL MORPHOLOGY 

For the automatic programming of BM M's some relevant aspects of the theory of MM on sets are: the canonical de­

compositions of set operators, the modeling of the shape recognition problem and the modeling of a priori information. 

2.1 Canonical decompositions 

Let 'iP(E) be the collection of all subsets of a finite non empty subset E (i.e. the collection of all binary images). Let C 

be the usual inclusion relation on sets. Let X' be the complementary set of a subsetX of E. We know that ('iP(E), C) is a 

complete Boolean lattice 13 . The intersection and union of X, and X2 E 'iP(E) are, respectively, X, n X2 and X, U X2• 

The set Eis assumed to be an Abelian group with respect to a binary operation denoted by+ . The zero element of 

(E, +) is denoted by o. 

For any h E E and X C £, tlie set X + h = (y E E: y = .i: + h • .i: E X} is called the translate of Xby h. In particu­

lar, X 0 = X. 

A set operator is any function defined from 'iP(E) into itself. A set operator ljJ is called translation invariant (t.i.) if and 

only if (iff) 

'-/i(X + h) = '-/J(X} + h (X E 'iP(E), h E E) . 

The kernel %('-/1) of a t.i . set operator ljJ is the subcollection of 'iP(£) defined by 

%(1/J) = (XE 'iP (E) : o E 1/J(X)} . 

A subcollection {A, BJ of 'iP(E), with A C B, is called a closed interval iff 
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[A, BJ = {XE 91(£) : A C X CB) . 

The sets A and B are called, respectively, the left and right extremities of the closed interval. 

Let [A, BJ C 9l(E) . The t.i. set operators .l1• .•I defined by 

.t1. _81(X) = {x E E : A + x C X C B + x) (X E 91(£)) 

is called sup-generatoroperatorcharocterized by [A, BJ. A sup-generator operator can be decomposed as the infimum of 
an erosion and anti-dilation. 

A useful property of the sup-generator operators is that they are sufficient to decompose any t.i. operator in stan­
dard forms 14• 

Let ljl be a t.i. operator and %(1/1) be its kernel, then 

1/l(X) = U (.l1 •. 81(X): [A, BJ C %{1/J)) (XE 91(£)). 

This result is known as the canonical decomposition theorem. 

This representation theorem may lead to computational inefficient representations for most t.i. operators, in the 
sense that a smaller family of sup-generator operators may be sufficient to represent the same operator. 

A closed interval contained in a subcollection 93 of 91(£) is called maximal if no other interval contained in 93 properly 
contains it. The set B(t/1) of all the maximal closed intervals contained in %{1/J) is called the basis of tlJ. 

In fact, the kernel %(1/1) can be replaced by 8(1/J) in the decomposition formula, that is, 

1/J(X) = U [.l1 •• 81(X) : [A, BJ E B(t/1)) (X E 91(£)). 

In practice, the interesting operators are the ones that depend on a local neighborhood. A t.i. operator is called locally 

defined within a window W C E iff 

h E 1/J(X) .., h E 1/J(X n (W + h)), 

for all h E E and X E 91(£). 

If 1/J is a locally defined t.i. operator within a window Wand [A, Bl E 8(1/J), then A, B' E 9l(W). In other words, the 
left extremity and the complement of the right extremity of the interval which characterizes the sup-generator operators 
used in the decomposition are subsets of the window W. 

An important property of t.i. operators is that they are closely related to Boolean functions. Let ( 0, I) ~wi denote the 

set of Boolean functions defined from 91(W) to (0, I) . For each Boolean function b E (0, I) ~wi there exists a corre­
sponding locally defined Li . operator (within a window W) 1/J b given by 

1.Ji,(X) = [x E E: b((X - x) n W) = I} (X E 91(£)). 

Conversely, for each locally defined t.i. operator (within a window W) tJI there exists a corresponding Boolean func­

tion b-1 E ( 0, I) ~wi given by 

biX) = 1 .., o E 1/l(X) (X E 91(W)). 
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2.2 Shape Recognition 

Let M be a subset of E. A shape':! in Mis a collection of subsets of M. A set X E :J is called an object of shape ':!.A 
classical problem in Image Analysis is the problem of shape recognition. 

Let/ be a set of indices. Given a collection of shapes (:J, : i E /), such that :J, n :J1 - 0 for i ., j, i,j E /, and a setX, 
such that X E U (:J,: i E /), of unknown shape, what is the shape of X? 

A collection (1/1, : i E /) of set operators can be used to solve this problem. Asel operator 1/J, indicates ifXisof shape 
:J1 or not, respectively, if it satisfies the following property 

1/J,{X) ., 0, VX E :!1 

and 

The operator 1/Ji is called the marker of the shape :J1• 

Let Wand Xbe subsets of M. The model of X through Wis the collection given by 

Xw= (W+hnX, hEE) . 

A shape recognition problem is said to be of dimension Wlf, for all i E / , there exists.Jl\, 1 C S'(W), .,11,1 ., (0), such 
that 

VX E :f,, .Jl\, 1 C XwandVj E /, i., j, VY E :t1,.Jll, 1 C Yw. 

This condition implies that there exists a collection of operators locally defined within the window W that can solve the 
shape recognition problem. 

2.3 Modeling or a priori Information 

In the application of set operators to solve image analysis problems there exist two types of a priori information avail­
able: the knowledge about the images of the domain (i.e., the context) and the knowledge about the tasks to be executed 
(i.e., the constraints). 

We will model the context as a subset .A of S'(E). In practice, we will be interested in studying the family of set opera­
tors defined from .A to S'(E). These operators can be interpreted as an equivalence class on the family of set operators 
defined from S'(E) to S'(E), that is, 

Thus, the introduction of a context implies in the reduction of the number of different set operators available lo be 
chosen by the analyst. In the problem of shape recognition, for example, the context is the set .A = U [:!, : i E /) . 

The knowledge about the tasks to be executed on images can be modeled by constraints imposed on the set operators. 
For example, based on the knowledge of a given task the analyst may be able to state that the desired operator is locally 
defined within a window ~V. monotone (i .e., X C Y - t/J(X) C t/l(Y}, VX, Y E S'(E)), anti-extensive (i.e., 
t/J(X) C X, VX E gl(E)), etc. 

Thus, the introduction of constraints also implies in the reduction of the number of interesting set operators available 
to be chosen by the analyst. In the problem of shape recognition of dimension W. for example, two constraints are that the 
marker is locally defined within the window Wand anti-extensive. 
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Hence, the introduction of a context and the definition of constraints on set operators imply in the reduction of the 
number of different and interesting set operators available to be chosen by the analyst. In real world problems, we can 
count on these two properties to reduce the research space for set operators. 

3. PAC LEARNING 

Computational Learning Theory 15 16 is one of the first attempts to construct a mathematical model for the cognitive 
process of learning concepts. We understand concept as a subset of objects in a predefined domain. An example of a con­
cept is an object from the domain together with a label indicating wheth,er the object belongs to the concept. If the object 
belongs to the concept, it is a positive example, otherwise it is a negative eJrample. Concept learning is the process by which a 
learner constructs a good approximation to an unknown concept, given a small number of examples and some prior in­
formation about the concept to be learned. In the following, we formalize these ideas. 

Let! be a set, called the alphabet to describe examples. In this paper,! will be the Boolean alphabet ( 0, I). We denote 
the set of n-tuples of elements of! by I•. LetXbe a subset of I•. We define a concept, over the alphabet!, as a function 

c:X- {0, I). 

ThesetXwill be referred to as the example space, and its members as examples. An example y E X for which c(y) = 
is known as a positive example, and an example for which c(y) = 0 is krnown as a negative example. So, provided that the 
domain is known, c determines, and is determined by, its set of positiv,~ examples. Sometimes it is helpful to think of a 
concept as a set in that way. 

The set of all possible concepts to be learned will be referred to as the hypothesis space and denoted by H. The concept 
t E J-/ to be determined is called the target concept. The problem is to find a concept h E J-/, called the hypothesis, which is 
a good approximation fort. 

A sample of length mis just a sequence of m examples, that is, anm-tuple x = {xi,x2, ... ,xM) in XM. The sequence may 
c6ntain the same value more than once. A training sample s is an element of {XM x {0. I)), that is, 
s = ((x,. b1), (x2, b,), ... , (xM, b...)), where the x, are examples and the b, are bits. The value of b, is given by a teacher and 
specifies whether x, is a positive or a negative example. There are no contradictory labels, so that if x, = x, then b, = b,. 

Aleamingalgorithm is simply a functionL which assigns to any training samples for a target concept I E Ha hypothe­
sis h E JI. We write h = L(s). 

Letµ be a probability distribution (or probability measure) onX. Given a target concept I E II, we define the error of any 
hypothesis h E //, with respect tot, as the probability of the event h(x) ,. t(x), that is, . 

er.(h,t) = µ{x EX: h(x)-" t(x)). 

When a given set Xis provided with the structure of a probability space, the product set xm inherits this structure from 
X. It is sufficient to remark that the construction allows us to regard the components of them-tuple (x, ,x2, ••• ,x...) as "in­
dependent" variables, each distributed according to the probability distribution µ on X. The corresponding distribution 
on xm is denoted by µm. 

Let S(m. t) denote the set of training samples of length m for a given target concept t, where the examples are drawn 
from an example space X. As there is a bijection <Ji : xm - S(m, 1) for wlilich <J,(x) = s, the following equality hold 

µm[s E S(m,1) : s has property P } = µm(x E xm : ,j,(x) E S(m,1) has property P }. 

We say that the algorithm L is a probably approximately correct (PAC) learning algorithm for the hypothesis space H if, 

given two real numbers£ and d (0 < £,O < I), then there is a positive integer m0 = m0(t,d) such that for any target con­
cept I E H, and for any distribution µ on X. whenever m c!: m0, 
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The function m0 = m0(£, o) is called sample complexity of the problem. 

A learning algorithm L for His consistent if. given any training samples fora target concept t E H, the output hypothesis 
agrees with ton the examples ins, that is, h(x1) = t(x1) (I s i s m). Fora givens E S(m, 1), we denote by H[s]thesetofall 
hypotheses consistent withs: 

H[s] = {h E /-I: h(x,) = t(x,) (I s i s m)) . 

Given£ E (0, 1) the set 

B, = {h EH: er.(h)?: t} 

is called the set of E-bad hypothesis fort. 

We say that the hypothesis space His potentially learnable if, given two real numbers £ and o (0 < c. o < I) , there is a 
positive integer m0 = m0(e,o) such that, whenever m ?: m0 

for any probability distribution µ on X and any r E //. 

The following statements are proved to hold 16 : If His potentially leamable, and Lis a consistent learning algorithm 
for H, then Lis PAC; any finite hypothesis space is potentially leamable. Hence, any consistent learning algorithm applied 
to a finite hypothesis space is PAC. 

Let 1//1 denote the cardinality of the set H. According to Anthony and Biggs 16, the sample complexity of a PAC learning 
algorithm is 

mo(t,O) = [(I/£) In (1//ljo)l, 

for any distributionµ and with the only restriction that the hypothesis space H be finite. 

Here, we will use the PAC learning theory to learn locally t.i. set operators within a finite window W As this hypothesis 
space is finite, all the consistent learning algorithms applied to it are PAC and, consequently, the last expression can be 
used to compute the minimum number of examples required (i.e., the sample complexity) for those algorithms. Usually, 
in this expression the value 1//1 is much larger than the other values and the way for getting reasonable values for mo(e, o) 
is to state properly the context and add constraints. 

4. ALGORITHMS FOR PAC LEARNING 

In this section, we will present two consistent learning algorithms for Boolean functions. The first one is based on the 
classical algorithm of Quine-McCluskey for the simplification of Boolean functions and the second one is based on the 
incremental splitting of intervals. 

4.1 Quine-McCluskey algorithm 

Motivated by the necessity of designing digital circuits, the problem of minimization of Boolean functions has been 
studied for a long time. A classical computational algorithm for the minimization of Boolean functions was created by W. 
V. Quine and E . J. McCluskey in the fifties 17 18 . 

Then variables of a Boolean function can be represented as points in an - space. The collection of all 2" possible 
points will be said to form the vertices of an n -cube. The cubical representation of a function of n variables consists of the set 
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of vertices of then-cube for which the function has value 1. These vertices arc called the 0-cuoo of thtfunction. lwo 
0-cubcs arc said to form a I-cube if they differ in only one coordinate, two I-cubes are said to form a 2-cube if they 
differ in only one coordinate and so on. 

When all the vertices (0-cubes) of ak-cube are in the set of vertices making upa largerk'-cube (k < k'), we will say 
that the smaller cube is contained, or covered, by the larger cube. 

The Quine-McCluskey method is composed of two steps: i- all I-cubes that cover a 0-cubc are created and all 
the 0-cubcs covered by the I-cubes created are eliminated, all 2-cubes that cover a I-cube arc created and all the 
I-cubes covered by the 2-cubcs created are eliminated and so on; ii- a minimal combination (involving a minimal num­
ber of cubes) of the remaining cubes is selected to realize the function . 

When there arc don't care.s in the definition of the function, in order to optimize the minimization process, they arc 
taken as 1 value vertices in the first step of the method and are ignored (i.e., the combination of cubes selected does not 
cover necessarily the don't cares) in the second step. 

The Quine-McCluskey method applied to a function with don't cares, where the defined values of the function are a 
sequence of given examples (after the elimination of eventual repetitions}, can be seen as a component of a consistent 
learning algorithm. The critical problem with the use of this algorithm for learning Boolean functions is that it uses a 
substantial amount of memory space in the initial states, since it must store the positive examples as well as the other 
unknown cases (taken as I value) . 

4.2 Incremental Splitting of lntervnls algorithm 

This algorithm explores the fact that the domain of the Boolean functions ':P(W) is a complete Boolean lattice and that 
any subset of a complete Boolean lattice can be represented by an union of closed intervals 14 . Here, a Boolean function/ 
will also be represented by a collection of maximal closed intervals 8 , such that 

f(X) = I = 3[A , BJ E B : X E [A. BJ. 

The states of this algorithm are the Boolean functions learned and they are indexed by the sequence of input exam­
ples (without repetitions) . For each new example (X 1• 1, b, , 1) that arrives, the current Boolean function / 1 learned so far 
is updated to / 1• 1.The initial state is the constant function equal to/ . 

000 

a b C 

Fig. 1 - a) Initial state. b) First state. c) Second state . 
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The mechanism of updating the learned function is the following: i- when a negative example (X, 0) arrives, it looks 

for the closed intervals that contain X, climinatesX from these intervals and represent each of the resulting collection of 

sets by an union of maximal closed intervals; ii- when a positive example (X, I) arrives nothing is done. When the learn• 

ing process is finished, a minimal combination of closed intervals is chosen (as in the step ii of the Quine-McCluskey 

algorithm). 

Figure I illustrates the step i of the algorithm. In this example, Wis a set with three points. In figure la, we have the 

initial state. In figure lb, we have the first state, after the input of the example (010, 0). In figure lb, we have the second 

state after the input of the example (101, 0). Note that the elimination of an element of a closed interval represented by n 

Boolean variables induces the creation of n closed intervals represented by n - I Boolean variables. 

The arrival of a negative example induces the split of a closed interval or of a set of closed intervals. Figure 2 shows the 

tree of closed intervals that is built when the example of figure I is processed. 

(000, Ill[ 

[100, 111] [001, Ill] [000, IOI] 

[100, 110] (110, Ill] (001, 01 I] [011, 1111 [000, 100] [000, 001) 

Fig. 2 - Tree of closed intervals. 

Other variants of this algorithm can be built just by modifying the way of dealing with the positive examples. A first 

variant is built by eliminating all the intervals that do not cover at least a positive example. A second variant is built by 

creating intervals just until all the positive examples are covered. A third variant is built by computing a minimal number 

of closed intervals that is sufficient to cover all positive examples, after the creation of the new collection of closed inter­

vals. These actions should be performed as the step ii of the algorithm. All these variants are equivalent under the point of 

view of the PAC learning theory, however they have important differences in terms of efficiency. 

4.3 Quine-McCluskey x Incremental Splitting of Intervals 

The basic difference herween the Quine- McCluskey and the Incremental Splitting of Intervals algorithm is that the 

first one always gives an optimal solution to the problem of learning Boolean functions (i.e., gives a function that is repre­

sentable by a number of maximal closed intervals that is less than or equal to the number of maximal closed intervals 

required to represent the other equivalent functions) , while the second one may give suboptimal solutions. 

Another important difference between these rwo algorithms is that the time and storage space complexities of the 

Quine-McCluskey algorithm is a function of the size of the sequence of positive input examples (without repetitions) 

and of the number of unknown cases, while the complexities of the Incremental Splitting of Intervals algorithm is a func­

tion just of the size of the sequence of input examples (without repetitions) . 

The standard Incremental Splitting of Intervals algorithm gives the largest consistent hypothesis (in the sense of the 

partial ordering for functions, inherited of the fact that O < I) for the input data. Its main drawback, compared with the 

three variants, is that it uses more storage space. Yet, the fact of creating too many intervals affects its time efficiency. The 

three variants constitute attempts to minimize these problems. 
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We have implemented the Quine-McCluskey algorithm as well as the Incremental Splitting of Intervals algorithms. 

Tobie 1 shows some experimental results obtained by the application of these algorithms to the problem of learning Bool­

ean functions. This table gives the performance of these algorithms in terms of storage space, running time and number of 

maximal closed intervals used to represent the learned function, as a function of the cardinality ot the window W, the 

number of positive examples and the number of negative examples. These exveriments were performed on a SPARC sta­

tion 2. 

The columns of Tobie 1 correspond, respectively, to the cardinality of the function domain, the algorithm name, the 

number of positive examples given, the number of negative examples given, the storage space, the running time of the 

algorithm and the number of maximal closed intervals used to represent the learned function. The Quine-McCluskey 

algorithm is denoted QM and the incremental splitting of intervals algorithms are denoted ISI-N, where N indicates the 

variant of the algorithm used. ISl-0 is the standard algorithm, ISi- I is the first variant and so on. 

Table I. Performance evaluation of the algorithms 

JWI Algorithm Positive Ex. Negative Ex. Storage Run Time Closed lnterv. 

(number) (name) (number) (number) (bytes) (seconds) (number) 

12 QM 622 764 1.722.888 3.425 63 

12 ISI--0 622 764 450.560 25 63 

12 ISi- i 622 764 393.208 24 63 

12 ISl- 2 622 764 55.672 5 94 

12 ISI- 3 622 764 95.696 II 69 

16 QM 17 511 - >78.118 -

16 ISI-2 17 511 25.512 I 14 

42 ISI-2 180 7214 304.376 34 167 

42 ISl-3 180 7214 304.376 69 144 

42 ISI-2 2025 5369 304.368 6.107 1478 

49 ISI-2 5194 8772 620.352 56.858 3185 

The experimental results show that the ISI-2 is the best between the ISi algorithms in terms of time and storage 

space efficiency, but its learned functions lJBUally need larger numbers of maximal closed intervals to be represented. ISi -

0 is the worst between the ISi algorithms in terms of time and storage space efficiency., but its learned functions usually 

need smaller numbers of closed intervals to be represented. ISi - i and ISi-3 have intermediate performances. 

These experiments indicate that the use of the ISi algorithms permits to approach the problem of learning Boolean 

functions with large number of variables, what is not possible using the QM algorithm. 

S. APPLICAllON EXAMPLES 

In this section, we are going to present two application examples: extraction of internal edges from the domain of 

disks and rectangles; recognition of shapes in the domain of printed characters. 

5.1 Internal edges from the domain of disks and squares 

The goal of this experiment is to learn a set operator that can extract internal edges in a domain whose images are 

crea1ed by the superposition of disks and rectangles. Let take as constraint that the hypothesis space is the collection of set 

operators locally defined within the 3x3 window, centered at the origin, that is, .A. C 91(( - I, , 0, 1 l 2) . Let us take 

£ = d = 0.02. Experimentally we verified that LA.I = 66 (i.e., we could find 66 different configurations given the 

constraints above). Hence, mo(£, d) = (I/0.02) . ln((l/0.02).206) = 2488. Figure 3 shows two experiments, where the size 

of the sequence of examples used was m = 3600. In each experiment, the sequence of input examples is built from the 
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pair of small images (60 x 60). In the first experiment, the number of distinct input examples was 46, while in the second 
one it was 26. 

The collection of intervals that describes the function learned in the first experiment is: 

A1 = A2 = A3 =A,= [g ~ g]• B~ = [g ~ gl• 8 1 = [g ~ gl• B; = [g ~ i] e B~ = [i ~ g]• where the 
000 001 100 000 000 

boldfaced element denotes the origin. 

a b 

Fig. 3 - a) First experiment. b) Second experiment. 

Observe that the visual result of the first experiment, figure 3a, is slightly better than the visual result of the second 
experiment, figure 3b. However, both experiments have a precision better than 2%. 

5.2 Shape recognition from the domain of printed characters 

The goal of this experiment is to learn a set operator that can recognize the digit 4 from an image containing the 10 
digits. In this case, the shape associated to the digit 4 is the collection of ten different subsets, each one representing the 
digit 4 in one of the ten different alphabets that constitute the context. Let us take as constraint that the hypothesis space 
is the collection of set operators locally defined within a rectangle window. Let us built the sequence of input examples 
taking into account all the objects in the domain. Figure 4a (without the edges of disks and rectangles) shows the input 
image and figure 4b shows the output image used to build the sequence of examples. A configuration of the domain was 
associated to label 1 if and only if it belongs to one object that represents the digit 4 and did not belong to any other object 



, 

of the domain In this way, the algorithm could never learn a function that marked a character that was not of the target 

shape. 

Tuken as window W the 3x3 rectangle, centered at the origin, the operator learned recognizes solely the digits indi-

cated by a circle in figure 4a. The collection of intervals which describe this function is: A, = O O O , Bf = 1 O O , 
[ 

O IO] [100] 
I O 1 0 I 0 

[100] [010] [010] [101] [000] [110] A2 = 0 1 0 , Bi = 0 0 1 , A, = 1 0 1 , Bj = 0 0 0 , A, = 0 1 0 , B: = 1 0 1 . Taken aswin-

000 111 010 001 001 010 
dow W a 3x4 rectangle, with the origin in the position (2. 2) of the matrix that describes the window, the operator learned 

recognizes the digits indicated by a circle or a rectangle. In this case, the number of intervals necessary to describe the 

function is 11 . Token as window a 3x5 rectangle, centered at the origin, the learned operator recognizes all the objects 

representing the digit 4. In this case, the number of intervals necessary to describe the function is 21. 

1 2 3 ~5 6 7 8 

I 2 JG) 5 6 7 8 

1 2 3{!)5 6 7 B 

1 l ) 81 5 6 

1 2 3 4 5 6 

1 2 3 4 5 6 

1 2 3© 5 6 

1 2 3© 5 6 

1 2 3@ 5 6 

1 2 3 4 5 

a 

9 0 

9 0 

9 0 

7 8 9 0 

7 8 9 0 

7 6 9 0 

7 8 9 0 

7 8 9 0 

7 8 9 0 

B 7 8 9 0 

Fig. 4 - a) The ten alphabets. b) The digits 4. 

6. CONCLUSION 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

b 

We have presented some efficient and consistent learning algorithms (i.e., the Incremental Splitting of Intervals and 

its variants) that can be applied for the learning of locally defined t.i. operators. The algorithm proposed showed to be 

useful in practice, for example, to the design of marker operators for shape recognition. These algorithms could still be 

applied to the classical problem of designing combinatorial logic circuits with don 't cares, with a time and storage space 

performance much better than the classical Quine-McCluskey algorithm. 

An important characteristic of the proposed algorithms is that their storage space and time complexity are a function 

of the number of distinct clements in the sequence of input examples. This opens a way to deal with the learning of locally 

defined operators within large windows, at le.1st when the number of distinct input examples is not too large. 

It seems very useful for practical applications to study how the proposed algorithms could be simplified under a priori 

constraints. It would be important to find a systematic way of dealing with constraints in the algorithms, without introduc­

ing undesired drawbacks as the necessity of implementing a nc:w algorithm for each combination of constraints. 

11 



A point that should be investigated in the future is the estimation of the size of the hypothesis space from the 
sequence of input examples available. The theory of PAC learning iitse lf could be used to approach this problem, since the 
domain .A. C 9>(W) can be understood as a concept in the hypothc:sis space 9>(W). 

The ideas presented here could also be extended to the learning of locally defined set operators that perform optimal 
or suboptimal filtering for the restoration of images. In this case, the theoretical bases would be the extension of the PAC 
learning theory for the case where the professor can make some mistakes 19 . 

Finally, we believe that our initial experimental results indicat,e that we should investigate deeper the yet practically 
unexplored field of automatic programming of morphological machines by PAC learning techniques. 
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