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Within the superfield approach, we discuss the three-dimensional supersymmetric (SUSY) pseudo-QED. 
We prove that it is all-loop renormalizable. We demonstrate that the SUSY pseudo-QED action can be 
generated as a quantum correction from the coupling of a spinor gauge superfield to a set of N massless 
complex scalar superfields. Afterwards, we calculate the two-point function of the scalar superfields in 
the pseudo-QED which displays a divergence vanishing in a certain gauge.
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1. Introduction

The interest in three-dimensional 3D models increased strongly 
after the discovery of the graphene [1]. Graphene is a two-
dimensional system with the thickness of a single carbon atom 
organized in a honeycomb lattice with the electron obeying a lin-
ear dispersion relation like a massless Dirac particle moving with 
the Fermi velocity.

The description of electronic interaction in two-dimensional 
systems such as graphene must take into account that the mat-
ter field is confined to the plane while the electromagnetic field 
is not. The solution to this problem was given in [2], where 
an effective description of electrons moving in a plane, but in-
teracting through an electromagnetic field embedded in a four-
dimensional space-time was obtained. Formally this is done by 
changing the usual term ∼ F 2

μν by another one, proportional to 
Fμν(−�)−1/2 F μν , resulting in a nonlocal Maxwell-like term. This 
theory was called pseudo-quantum electrodynamics (PQED) or re-
duced quantum electrodynamics [3] and, despite the nonlocality 
of the Maxwell term, the causality [4] and also unitarity [5] are 
respected. PQED has been used in the description of the electron-
electron interactions in graphene [6] and transition metal dichalco-
genides (TMDs) [7], among other situations.

We must stress that, since graphene’s discovery, there has been 
a great effort in the construction of a bridge between high-energy 
and condensed matter physics. The Klein paradox [8], the Zitterbe-
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wegung [9] and Schwinger’s effect [10] are well-known examples 
that provide a beautiful connection between them.

Initially, it was believed that graphene was an effectively non-
interacting system. However, experimental measurements of the 
fractional quantum Hall effect [11], which is a typical feature of 
strongly correlated systems, and the renormalization of the Fermi 
velocity [12] demonstrate that electromagnetic interactions are in-
deed important. Excellent reviews on this topic are presented in 
[13].

From a theoretical point of view, it is relevant to find differ-
ent ways to generate an effective theory with fractional power 
of the d’Alembertian operator, such as PQED. In this respect, re-
cently [14] it was shown that under the bosonization process of 
free massive Dirac fermions, up to 1-loop order, the usual Dirac 
Lagrangian LD = ψ̄(iγ μ∂μ − m)ψ yields 1

2 Fμν(−�)−1/2 F μν +
i(m

8 )εμνα Aμ∂ν(−�)−1/2 Aα , where Fμν = ∂μ Aν − ∂ν Aμ , for m2 �
p2 regime, in the sense that the correlation functions of the free 
fermionic current are equal to the Green functions of the vector 
field Aμ . This new Chern-Simons term, modified by the presence 
of the d’Alembertian operator, has the same classical symmetries 
as the usual Chern-Simons term i.e., it is gauge invariant and 
breaks the parity symmetry. Furthermore, the pole of the gauge 
field propagator occurs at p2 = m2, similar to that of the fermionic 
field. Another possibility is to consider these models in a more 
general field theory context which encompass supersymmetry.

Supersymmetry is a very powerful tool for the investigations 
of properties and possible applications of quantum field theory. In 
fact, by describing bosons and fermions in a unique framework, 
it may clarify fundamental aspects at very high energies as well 
to low energy applications to condensed matter systems. In this 
respect, we would like to mention works on the AdS/CFT corre-
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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spondence [15], noncommutative field theories [16,17], Lifshitz-
like models, see f.e. [18].

Supersymmetry has been applied directly to the study of some 
systems in 2+1 dimensions [17,19–21] (see also [22] and the ref-
erences therein). In particular, graphene like systems have been 
investigated from this point of view. In the context of quantum 
mechanics, supersymmetry has been used, for instance, to de-
scribe the quantum Hall effect in monolayer, bilayer and trilayer 
graphene [23]. This possible manifestation of SUSY in graphene 
(supersymmetric quantum mechanics) motivates the construction 
of a supersymmetric graphene field model.

Clearly, a natural continuation of the above mentioned stud-
ies can consist in development of supersymmetric extension for 
models with negative fractional power of the d’Alembertian oper-
ator. In this work we will show that a supersymmetric version of 
pseudo-QED may arise in the effective dynamics of a gauge super-
field coupled to a scalar superfield. This actually is very similar to 
what happens in the C P N−1 model: classically the gauge field has 
no dynamics which nevertheless emerges within the context of the 
1/N expansion [24].

The presence of the squared root of the d’Alembertian operator 
in the denominator of the Maxwell term ameliorates the infrared 
behavior of the model but worses the ultraviolet one. In spite of 
that, we found that the model is still ultraviolet renormalizable 
and also free of infrared divergences. Besides this, we note that 
the “worsening” of the ultraviolet asymptotics of the propagator, 
implies that the behavior of quantum corrections in the theory 
becomes more similar to that in the four-dimensional QED. From 
another side, for the pseudo-QED whose quadratic Lagrangian is 
L ∝ Fμν(−�)−1/2 F μν , the Coulomb potential in the static limit is 
V (r) ∝ 1/r, like in the usual four-dimensional case, see f.e. [5]. In 
other words, the pseudo-QED allows to replay some important fea-
tures of the four-dimensional situation in three-dimensional mod-
els.

The structure of the paper looks like follows. In the section 2
we define our model, demonstrate the arising of the pseudo-QED 
term as a quantum correction, and calculate the lower quantum 
contributions in the scalar sector. In the section 3 we present com-
ments about the infrared behavior of the SUSY pseudo-QED action. 
Our conclusions are presented in the section 4.

2. Perturbative calculations

The 3D pseudo-QED has been defined in [25] and its Action 
looks like (μ = 0, 1, 2):

S =
∫

d3x [−1

4
F μν(−�)−1/2 Fμν + jμψ Aμ +Lψ ], (1)

where Lψ is the pure fermion matter Lagrangian, Aμ is the gauge 
potential, Fμν = ∂μ Aν − ∂ν Aμ is the gauge field strength and jμψ is 
the matter current. Its key feature is the presence of the (−�)−1/2

making the action nonlocal, and the ultraviolet convergence to be 
worse than in the usual 3D QED, since the propagator behaves 
as 1/k, where k is the momentum. Let us discuss the superfield 
analogue of this theory, a scheme for its arising and perturbative 
behavior.

As it is known, the supersymmetric 3D QED is described by the 
action (α = 1, 2):

S =
∫

d5z[−1

2
W αWα + jα Aα +L ], (2)

where Wβ = 1
2 Dα Dβ Aα is the spinor superfield strength con-

structed from the gauge spinor superpotential Aα (we follow the 
notation in [22] and the Appendix below), jα is the spinor mat-
ter supercurrent and L is the pure supermatter Lagrangian. As it 
2

is known, the component content of this theory contains the La-
grangian − 1

4 Fμν F μν + jμψ Aμ +Lψ , besides terms dependent of the 
superpartners matter and gauge fields. Therefore, one can naturally 
conclude that to get the Lagrangian (1) in the bosonic sector, one 
must start with the action

S =
∫

d5z [−1

2
W α(−�)−1/2Wα + jα Aα +L ]. (3)

This is the 3D SUSY pseudo-QED action, being the natural super-
field analogue of the pseudo-QED proposed in [25]. We note that, 
in principle, the presence of a negative degree of the d’Alembertian 
operator can be treated as a certain reminiscence of some nonlocal 
gravity models involving terms like R�−1 R , R�−2 R [26,27], which 
were studied mostly within the tree-level context.

Our aims within this paper are, first, to explain a possible 
scheme for the emergence of this action, second, to study its pos-
sible perturbative impacts.

The first task is simpler. We start with the action of N scalar 
massless superfields, with the number N assumed to be large to 
use the 1/N expansion (originally proposed within the quantum 
field theory context in [28], see [29] for more detailed discussions 
and [30] for a review,

Sm =
∫

d5z
[
− φ̄a D2φa + i

g

2
(φ̄a Aα Dαφa − Dαφ̄a Aαφa) +

+ g2

2
φ̄a Aα Aαφa

]
= 1

2

∫
d5z(∇αφa)∇αφa , (4)

where a sum over the repeated isotopic indices a = 1, · · · , N is un-
derstood and the gauge supercovariant derivative ∇α = Dα + ig Aα

was introduced. The free propagator of the scalar fields is

< φ̄a(−k, θ1)φb(k, θ2) >= iδab
D2

k2
δ12 . (5)

Actually this action is rather similar to the action of the SUSY 
C P N−1 model (see the many references in [17], where a non com-
mutative version of the SUSY C P N−1 is studied). However, unlike 
[17], our theory is commutative, our scalar fields are massless (in 
order to get a pure 

√−� factor with no mass dependence) and 
our model lacks the term involving a constraint in the modulus of 
�a , that is present in the definition of the C P N−1 model.

So, we have the following contributions to the quadratic action 
of the gauge field (Fig. 1):

Fig. 1. Contributions to the two-point function of the gauge superfield.

Their contribution can be found in the same way as in [17], so 
here we merely quote the result,


 = Ng2

2

∫
d3 p

(2π)3
d2θ

∫
d3k

(2π)3

kγ β

k2(k + p)2

×
[
(D2 Aγ (−p, θ))Aβ(p, θ) + 1

2
Dγ Dα Aα(−p, θ)Aβ(p, θ)

]
.

(6)

Notice that, since our theory is commutative, this result may be 
obtained from [17] through the replacement of the phase factor 
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4 sin2(k ∧ p) by 1. The above integral is evidently finite. It results 
in


 = Ng2

4

∫
d2θ

d3 p

(2π)3
W α 1√

p2
Wα, (7)

which is nothing more than the first term of the desired action (3).
Now, let us consider renormalizability of the theory whose ac-

tion is formed by a sum of (4) and (7)
First of all, this theory is now given by the action

S =
∫

d5z
Ng2

4
W α 1√−� Wα +

+
∫

d5z
[
− φ̄a D2φa + i

g

2
(φ̄a Aα Dαφa − Dαφ̄a Aαφa) +

+ g2

2
φ̄a Aα Aαφa

]
, (8)

with the additional proviso that diagrams that contain the graphs 
shown before as subgraphs must be discarded, as it is required by 
the 1/N expansion formalism. We can fix the gauge by adding the 
term

S g f = N
1

ξ

∫
d5z(Dα Aα)(

g2

16

D2

√−� )(Dβ Aβ). (9)

The gauge propagator will asymptotically behave in ultraviolet 
limit as 1

k , as well as the matter one.
So, the superficial degree of divergence (SDD) is

ω = 2L + 1

2
V 3 − P , (10)

where V 3 is a number of triple vertices and P is the number 
of propagators. Each loop contributes 2 as it is usual in three-
dimensional superfield theories (this follows from the fact that 
for each loop two D’s must be used to shrink a loop into a point 
through the identity δ12 D2δ12 = δ12). Taking into account structure 
of vertices we find

ω = 2 − E

2
− ND

2
, (11)

where E is a number of external legs, and we took into account 
as usual the number of spinor supercovariant derivatives trans-
ferred to external legs, denoted here as ND . We see that the theory 
is renormalizable. Notice that the corrections with three or four 
gauge legs and no scalar legs are forbidden by the gauge symme-
try, so, the only divergences are corrections to kinetic terms and 
just the scalar-vector triple and quartic vertices that can be read 
off from the classical action (4). Actually, the gauge symmetry re-
quires the divergences to be proportional to (∇αφ)∇αφ and φ∗

a φa

in the scalar sector, and Aα Wα in the gauge sector (nonlocal terms 
involving more derivatives of Aα and hence, by dimensional rea-
sons, negative degrees of � should be finite since any negative 
degree of � can be generated only by a finite integral over mo-
ments).

Therefore, our next step consists in finding the contributions in 
the scalar sector (Fig. 2). We will obtain the Dαφa Dαφ̄a contribu-
tion which, using the gauge symmetry, can be naturally completed 
to (∇αφ)∇αφ contribution. It is given by the supergraphs c, d.

To proceed with this calculation, we can apply the results ob-
tained for the noncommutative C P N−1 model in the fundamental 
representation [21] (where, unlike the adjoint representation [17], 
there is no phase factors), with the only differences that now we 
have no mass term, and the Lagrange multiplier field is absent. It 
is easy to see that if the quadratic action, with the gauge fixing 
3

Fig. 2. Contributions to the two-point function of the matter superfield.

additive term, being the sum of the gauge sectors of (8) and (9), 
looks like

S = − N

4

∫
d5z Aα f (�)D2(Dβ Dα + 1

ξ
Dα Dβ)Aβ, (12)

and the propagator is

< Aβ(z1)Aγ (z2) >

= i

2

D2

�2N f (�)
(Dγ Dβ + ξ Dβ Dγ )δ5(z1 − z2). (13)

In our case, f (�) = g2

4
√−� . We note at the same time that, unlike 

the C P N−1 model, there is no auxiliary scalar superfield in our 
theory since the pseudo-QED does not involve any constraints.

It is clear that the (d) diagram is �d = g2

2

∫
d5zφ̄aφa < Aα Aα >. 

Then, we use the well-known formula Dα Dβ = i∂αβ − Cαβ D2. 
Taking into account that we have the additional D2 factor in 
the propagator, we find that our contribution is proportional to 
(i∂αβ D2 − Cαβ�)δ5(z1 − z2)|z1=z2 , which vanishes explicitly (the 
second term yields a zero trace in the Grassmannian sector, and 
the first one, after the Fourier transform, yields the integral pro-
portional to 

∫
d3kkμh(k2), which vanishes by symmetry reasons). 

We note that the analogous contribution vanishes in the zero mass 
limit also in the C P N−1 model [17,21].

So, we rest with the contribution in Fig. (c). It looks like

�c = g2

2

∫
d51 d52 < Aα(1)Aβ(2) > ×

×
[

Dαφ(1)φ̄(2) < φ̄(1)Dβφ(2) > +
+ < Dαφ(1)φ̄(2) > φ̄(1)Dβφ(2) −
− < Dαφ̄(1)Dβφ(2) > φ(1)φ̄(2) −
− Dαφ̄(1)Dβφ(2) < φ(1)φ̄(2) > −
− φ̄(1)φ(2) < Dαφ(1)Dβφ̄(2) > −
− < φ̄(1)φ(2) > Dαφ(1)Dβφ̄(2) +
+ < Dαφ̄(1)φ(2) > φ(1)Dβφ̄(2) +
+ Dαφ̄(1)φ(2) < φ(1)Dβφ̄(2) >

]
. (14)

To do the calculation, we can employ the results obtained in [21], 
restricting ourselves to the zero mass case. Actually, the only dif-
ference between our effective propagator and that one from [21]
treated at m = 0, is the slight modification of the constant mul-

tiplier in the f (�) function (in our case, it looks like g2

8 while 
in [21], the factor is 1

8 since in our case the couplings are intro-
duced in gauge-matter vertices instead of the N

g term absent here). 
Adopting the results of [21], we find

�c = − g2(ξ + 2)

2N

∫
d2θ

∫
d3 p

(2π)3
Dαφ(−p)Dαφ(p)

×
∫

d3k

(2π)3

1√
2 2

, (15)

k (k + p)
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which diverges logarithmically but vanishes at ξ = −2, just as the 
divergent part of the contribution to the two-point function of the 
scalar field from the same graph in [21] does.

In principle, the gauge symmetry allows to expect that the 
lower contributions to three- and four-point functions within the 
1/N expansion, with use of the dimensional regularization scheme, 
with the space-time dimension is promoted to d = 3 − ε , will yield 
a result like �φ,A ∝ 1

Nε (∇αφ)∇αφ.

3. A comment on the behavior of the theory in the infrared limit

Since our pseudo-QED is an essentially massless theory, it is 
interesting to study the problem of infrared singularities whose 
presence is a relevant characteristic for massless theories. Here, 
it is impossible to follow the methodology developed in [31]
for the non-supersymmetric theory since in the superfield case 
there is no explicit Dirac matrices in the propagators of any field. 
However, there is one interesting observation that we can do on 
the basis of our result (15). Indeed, the �c (15), after the di-
mensional regularization, integration and the subtraction of the 
divergence with an appropriate counterterm, behaves as �c ∝
g2(ξ+2)

N

∫
d2θ

∫ d3 p
(2π)3 φD2φ̄ ln p2

μ2 . We note that this expression is 
written in terms of the superfields, so, we project it to the compo-
nent fields. We recall that, in the notation of [22], the component 
content of φ is

φ = ϕ + θαψα − 1

2
θαθα F . (16)

For the scalar sector, we obtain �c ∝ ϕ(p)p2 ln p2

μ2 ϕ(−p) which 
does not display any infrared singularities due to p2 present in 
the kinetic term. A similar situation occurs also in the Dirac sec-
tor where we have ψ̄γ μpμψ ln p2

μ2 . The only infrared problem can 
arise in the auxiliary field sector [22], where we have a result 
proportional to F (−p) ln p2

μ2 F (p), however, as follows from (15), 
even this term vanishes in a certain gauge. We conclude that the 
infrared problem can be ruled out under an appropriate gauge con-
dition. It is interesting to note that, if we had a self-coupling λ�3, 
one could solve the effective equations of motion for the F field, 
so that the solution for F , up to some numerical coefficients, will 
yield F = −(1 + ln �

μ2 )−1(λφ2), i.e. in the infrared limit the denom-

inator becomes large, hence the solution for F does not blow up, 
being suppressed instead. Thus, even in this case the additive term 
F ln p2

μ2 F does not generate new dangerous ghost-like degrees of 
freedom.

4. Conclusions

We considered the three-dimensional SUSY pseudo-QED. We 
demonstrated explicitly that our theory is renormalizable. In this 
theory, renormalization properties are worse than in the usual 3D 
super-QED known to be super-renormalizable due to its superfi-
cial degree of divergence, but even finite in a certain gauge [19]. 
We note that the theory is essentially unitary since its bosonic 
counterpart is unitary [5]. In principle, this is natural because we 
have no higher derivatives in the action. We note that one can ex-
pect that the complete leading divergent contribution in the 1/N
expansion looks like �φ,A ∝ 1

Nε (∇αφa)∇αφa . To close the paper, 
we conclude that these results can be applied to study of super-
symmetric graphene models being the further development of the 
theory proposed in [20]. Also, it is natural to expect arising of 
some analogues of these results within studies of nonlocal grav-
ity involving negative degrees of the d’Alembertian operator.
4
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Appendix A. The 2 + 1 dimensional superspace

The three-dimensional superspace consists of the usual three-
dimensional coordinates and one spinor Grassmanian variable, θα , 
α = 1, 2. Spinorial indices are raised and lowered by the Hermi-

tian symbol Cαβ = −iεαβ =
(

0 −i
i 0

)
. By introducing the Dirac 

matrices (γ 0)αβ = −iσ2, (γ 1)αβ = σ1, (γ 2)αβ = σ3, where σi , 
i = 1, 2, 3 are the Pauli matrices, we may write supersymetry 
transformations as generated by the operator

Q = i∂α + θβ∂βα, (A.1)

where ∂βα ≡ γ
μ
βα∂μ . These generators satisfy the relation {Q α,

Q β} = 2i∂αβ . Here and further, for any spinor Bα , we denote 
B2 ≡ 1

2 Bα Bα .
Superfields are functions in the superspace which under a su-

persymmetry operation transforms as

� → eiηα Qα� (A.2)

The simplest example of a superfield is a scalar superfield which 
may be expanded as

φ(x, θ) = ϕ(x) + θαψα − θ2 F (x), (A.3)

where, under a Lorentz transformation, ϕ and F are scalar fields 
while ψ is a Lorentz spinor. Linear combinations of superfields are 
superfields but their spinorial derivatives are not. In this situation, 
we may use a supercovariant derivative, defined as

Dα = ∂α + iθβ∂βα, (A.4)

defined to commute with the SUSY generators, {Q α, Dβ} = 0. The 
supercovariant derivatives display several important properties:

{Dα, Dβ} = 2i∂αβ; [Dα, Dβ ] = −2Cαβ D2;
Dα Dβ Dα = 0; {Dα, D2} = 0. (A.5)

Another important superfield is the spinor one, whose component 
form is

Aα(x, θ) = χα(x) − θα B(x) + iθβ Vβα(x)

− 2θ2[λα(x) + i

2
∂αβχβ(x)]. (A.6)

The importance of this field consists in the fact that it allows to 
introduce the gauge invariance within the superfield framework. 
Indeed, the object
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Wα = 1

2
Dβ Dα Aβ, (A.7)

called the superfield strength, is invariant under gauge transfor-
mations δAβ = Dβξ . This strength is used to construct actions of 
superfield QED and Chern-Simons theories.
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