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Abstract: This work presents a method for simulating axisymmetric and planar free surface
flows dominated by surface tension forces. The surface tension effects are incorporated into
the free surface boundary conditions through the computation of the capillary pressure. The
required curvature is evaluated by fitting a least squares curve to the free surface using the
tracking markers in the cell and in its close neighbours. To avoid short wavelength perturba-
tions on the free surface, a mass-conserving local 4-point stencil filter is employed. This filter
is an extension of the Trapezoidal Sub-grid Undulations Removal (TSUR) method. The TSUR
technique consists ofmodiering the positions of two “internal ” markers of the four-point stencil
in such a way that the surface length and the curvature are minimized, while still preserving
the volume. The computation of the curvature is modified at cells adjacent to solid boundaries
in order to apply contact angle boundary conditions. To identify neighbouring cells efliciently,
an implementation is ejfected through a dual representation of the cell data: in addition to a
matrix representation, a list structure is also employed which permits the representation of spe-
cific groups of cells and associated data. The technique was implemented in the GENSMAC
code, and it has been proved to be robust. The code is shown to produce accurate results when
compared with exact solutions of selected fluid dynamical problems involving surface tension.
Additionally, it is demonstrated that the method is applicable to complex free-surface flows,
such as containers filling, splashing drops, and bursting bubbles.

Keywords: Numerical simulation, Free-surfaceflows, Surface tension, Axisymmetric flow, 2-d
flow.



1 Introduction
GENSMACZD [4] is an updated version of the GENSMAC code [11] designed for simulating
two dimensional free surface flows and was originally motivated by the need to simulate con-
tainer filling in the food industry. Food stuff tends to be a high viscosity, usually shear-thinning,
fluid and as such surface tension could be disregarded without any serious loss of accuracy.
However, many industrial flow processes involve surface tension. For instance, coating pro-
cesses, paint drying, and the sequence of moving drops that occur in ink jet printing are all
examples of industrial processes where surface tension is important. Thus, in the present work
we describe a method which allows the incorporation of surface tension into the GENSMAC
method, enabling the application of the code to a much wider variety of industrial problems,
in particular problems with dynamic contact angles. The GENSMACZD system simulates in-
compressible free surface flow by solving the Navier—Stokes equations together with the mass
conservation equation. The equations in nondimensional form can be written as
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where Re = UL/ y and F, = U/ t/Lg are the Reynolds and Froude numbers, U and L are
reference scales for the velocity and length, 1/ is a reference viscosity, and g is the magnitude
of the gravitational acceleration, g is the unitary gravitational field, u, p and t are the non-
dimensional velocity, pressure and time.
In the case of axisymmetric problems, the equations are more conveniently handled in cylindri-
cal coordinates, and may be written as (e. g. [12])
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where gz = :l:1, and u and v are the radial and vertical components of the velocity field 11 =
(u, v)‘, while p is the nondimensional pressure. These equations are solved as follows:
For a given time to, let fi(x, to) be the pressure distribution that satisfies the free-surface bound-
ary conditions and let u(x,t0) be the (initial) fluid field. The intermediate velocity fi(x, t),
where t z to + (St, is then computed by solving

6u 2 1
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The corrected fluid velocity at t z to + (St is then given by

u(x, t) = fi(x, t) —— V¢(x, t) (7)

where

v2¢(x, t) = V - ii(x,t) . (8)
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Figure 1: Domain, grid and cells.

Thus, the intermediate velocity fi(x, t) satisfies the momentum equations while the corrected
velocity u(x, t) satisfies, additionally, mass conservation.
Once 1/1(x, t) is computed using (8), we can compute the corrected velocity u(x, 15) using (7)
and the new pressure using

p(x,t> = ax, t) + igzg-fl . (9)

For the solution of equation (6), appropriate boundary conditions are required. For solid walls,
null velocities are enforced. At the free surface, stress-balance equations need to be satisfied and
mass conservation is required. The Poisson equation (8) is solved satisfying Dirichlet boundary
conditions at the free surface and homogeneous Neumann conditions at the solid boundaries.
To be more precise, the boundary conditions for pressure and velocity at the free surface are
given by (T.n).rn = O and (T.n).n = pup, where n and m are the unit normal and tangential
vectors to the free surface. Here T is the stress tensor and pcap : VGE is the capillary pressure,
induced by the effects of surface tension 0, We = pLUZ/o is the Weber number, and n is
the nondimensional curvature. The computation of pg,p and n will be discussed in detail in the
following sections.
Following the general MAC approach — see e.g. [14], [2] and [11] — the equations (6)—(8)

are discretized by finite differences on a staggered grid. However, in GENSMACZD, the fluid
domain is tracked using particles at the free surface only. Using these particles, the free surface
is approximated by a piecewise linear surface and represented by the “halfedge2d” structure
(see [10]). The flow properties are represented in a grid of square cells which are classified as:
[B] (Boundary) if more than half of its volume belongs to a rigid boundary; [I] (Inflow) if more
than half of its volume belongs to an inflow boundary; [E] (Empty) if it does not contain fluid;
[S] (Surface) if it contains part of the free surface and it is in contact with a E cell; and [F]
(Full) if it contains fluid, and is not in contact with E cells. Figure 1 shows an example of the
cell structure of a flow at a given time. For clarity in this figure, the empty cells are not marked.
In order to compute the free surface boundary conditions in each S cell, we need to have approx-
imations for the surface normals. One approximation, used by [11] in the past, was obtained
according to the classification of neighbouring cells, as follows: nc : (1,0) if only the right
neighbour is an E-cell; nC = (—1,0) if only the left neighbour is an E—cell; nc : (0,1) if
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only the top neighbour is an E-cell; nc : (0, -—1) if only the bottom neighbour is an E-cell;
nc = (g, 3?) if only right and top neighbour are E-cells; and so on. The notation nc refers to
the normal at the center of the particular cell under consideration.
For the implementation of the surface tension effects it is also necessary to estimate the surface
curvature at the center of each surface cell, and to take into account sub-cell surface tension
effects. In the following sections we describe the methodology employed in implementing
these surface tension effects. This methodology in which the sub—cell surface effects are taken
into account results in a better estimate of the surface normal which we shall denote as n,. This
in turn can be used to improve the accuracy of the approximation of the free surface boundary
conditions.

2 Surface tension effects
The task of finding the free surface normal 11, and curvature n is analogous to the case of de-
termining interfaces in multiphase flows. In interfacial tracking procedures, interfacial particles
are employed to determine the interfacial curves [21].
Daly [19] employed a cubic spline fit to define the interfacial curves. However, when the inter-
face became multi-valued with respect to the dependent variable, he switched to using a circular
arc in such regions.
In Shyy et al. [20], piecewise parabolic approximations were used to define the interface and
obtain an accurate interface tracking facility, aided by marker redistribution based on equal
arclength intervals.
These approaches are not compatible with the GENSMAC2D strategy of interface tracking,
since in GENSMAC2D there is a variable number of tracking particles in each cell; indeed, the
number of particles per cell may be relatively large (up to around 9) and the marker distribution
is not necessarily uniform. This larger number of particles allows for a better description of
the free surface, and better mass conservation especially when the surface is undergoing large
deformations. Applying interpolating polynomial fits would either be very sensitive to noisy
data if high order polynomials were employed, or if a low order polynomial were employed,
require the selection of a subset of the tracking particles in the cells with a consequent loss of
information.
In [23], the computation of the curvature of the interface is avoided by computing directly the
contribution of the surface tension for the interface cells using the tangents of the end points of
the interface line. The tangents are computed using Legendre polynomial fits through the end
points of each element and the end points of the adjacent elements. Since this four-point fit is not
the same for two elements that share a common point, they average the tangents computed for
each element. Since this methodology does not produce a value for the curvature at the interface
cells, it requires considerable adaptation in order to incorporate capillary effects within the free
surface boundary conditions
Therefore, we seek a strategy that allows us to implement surface tension effects that is accurate,
robust, fast, and compatible with the GENSMAC method. In the proposed GENSMAC2D
method the computation of the surface tension effect is performed at two levels: first at the
sub-grid level, where small undulations on the free surface are eliminated, and second at the
cell level, where the free surface curvature at the center of each S cell is approximated. For S

cells adjacent to B cells, a methodology is developed that allows the incorporation of a moving
contact angle.



2.1 Elimination of small undulations
In many applications, in particular when the Reynolds number is high (larger than 50), small
undulations may appear at the free surface due to variations in the velocity field from cell to
cell, and be amplified in regions where the surface area is shrinking. Figure 2 shows a sketch
of the problem. These undulations are frequently much smaller than a cell, and usually they are
not present in laboratory experiments because they are physically removed by a combination of
surface tension and viscous effects. These effects are clearly not physical and are only numerical
artifacts, resulting from the fact that the method cannot resolve sub-grid phenomena.

Figure 2: Small high frequency undulations in the free surface.

2. 1.1 Planar flows
A numerical surface tension implementation that acts at the cell level cannot take into account
these sub-cell undulations, and therefore cannot correctly suppress them. There are several
techniques that could be used to overcome these unphysical undulations: for instance, one
might substitute the position of each particle at the surface by an average of its neighbours
(Gausian filter). However, in fluid flow simulations it is important that whatever technique is

employed, it does not change the mass of the flow (and hence, in the case of incompressible
flow, the volume).
In the technique implemented in GENSMAC2D, which we shall call the Trapezoidal Sub-grid
Undulations Removal (TSUR), the position of two adjacent particles is changed simultaneously
in such a way that the area delineated by these two particles and their neighbours does not
change.
Consider four consecutive particles at the free surface, with given coordinates x,,x,~+1, xi+2
and Xi+3, as shown in figure 3a. Particles x,“ and xi+2 will be repositioned in such a way that
L1=L2=L3 = L, h1 = h2 = h (see figure 3b), and the final area A of the polygon formed by
the points x,, xi+1,xi+2 and xi+3 be equal to the area of the polygon before modification. The
area of the quadrilateral is computed by dividing the quadrilateral into two triangles, computing
the area of each triangle and then adding the two contributions to get the total area. The signed
area of the triangle defined by the points xi, xj, xk, for instance, taken in a counter-clockwise
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direction, is computed from (see c. g. [17])

Aijk = %(($j — $i)(yk — yr) “ (27k — xi)(yj “ yi»

where x,- : (mi, y,). We have that Aijk : A z 2Lh, and therefore h z %. Note that h may be
positive or negative according to the sign of Aijk.

a) Xi+1

Xi+2 Xi”

x .

b) .

”2 X i+3
I

Figure 3: Trapezoidal Sub-grid Undulations Removal (TSUR) method.

This method is applied to all adjacent pairs of points on the free surface. However, particles are
allowed to move only when their destination cells are the same as their original cells, so that
cell classification is not modified. The method is applied in succeSsive sweeps across the whole
interface. The number of sweeps for optimal performance depends on the problem. Typically
we apply one sweep every 5 to 50 time steps.

2. 1 .2 Axisymmetric flows

The TSUR method is an area conserving filtering method. In order to be able to use it in
axisymmetric problems we modified it in such a way that, instead of preserving the area, it is
the volume of rotation V of the quadrilateral xi,x,~+1,x,-+2 and xi+3 that is preserved,

V=27r//rdrdz.
To compute the volume of rotation of the quadrilateral xi,xi+1, xi+2 and Xi+3 before modifica-
tion, the quadrilateral is divided into two triangles, and the volume of rotation of each triangle
is computed and added to get the total volume. For a triangle with coordinates x,- = (mi, y),
Xj = (m,—, yj), xk : (37k, yk), if z,- 74 xj, the volume of rotation is given by

7r
Vijk 2 g (171 +351" +3310 (yjflvi — yjIk'l-yiiflki'fflj yk “ ykxi‘" 3/1351“) - (10)

Otherwise, if m,- = x]-

7r
Vijk = §($k + 2Ij)(mj “ $k)(yi — yj)- (11)

We need to find an expression for the volume of rotation of the isosceles trapezium as shown in
figure 3b .



Let us define the length L : §||xi+3 — XiH2 and 7- : (Tan/Y, the unit vector tangent to

Xi+3 — Xi-
The volume of rotation of the isosceles trapezium is then given by

5
V, = 27th(2a:,~ + 3LTx + film) . (12)

In order that the final volume of rotation V(= Vt) be equal to the initial one, when Ty 75 0, It
has to satisfy

6 m T 3 V
h2 —2—’ Lih—— = , 0.+5( Ty+3 Ty) 57rL7'y

0 (71,75 )

This expression, when solved for h, produces two solutions, and we select the solution with
positive radial coordinates for the final positions of the two internal points of the stencil.
When Ty = 0 we have that

V 1
h : ———~—————.27r (2 w, L + 3L2Tz)

2.2 Curvature approximation
The total curvature of the surface is given by

K) = 1411 ‘l‘ I‘62 , (13)

where m and A2 are the curvatures in two planes orthogonal to the surface and to each other. In
the planar case we have that in = 0. In the case of axisymmetn'c surfaces, the total curvature
can be obtained from

K=I€1+Ti (14)
7'

where m is the curvature of the surface in the plane r — z, and n :: (nr, nz)t is the unit surface
normal. Therefore, to compute the total curvature, we need to estimate m, r, and n accurately
for each surface cell. This is done on a cell by cell basis.
The curvature of the free surface in an S-cell is estimated by finding the curve that best fits
the surface points in that cell and its neighbours, using the least squares method. We have tried
several choices of curves. An approximation using the arc of a circumference is potentially more
accurate for regions where the curvature is almost constant and the points fall almost exactly
on a circle. However, the method may become unstable (predict unreasonable curvatures) in
regions where the positions of individual points present considerable scatter around an average
curve. In these cases, a quadratic polynomial fitting has been shown to produce accurate results
more consistently, and was therefore adopted in the present computations for complex free
surfaces.
We shall illustrate the details of the chosen curve fitting approach. First we define a measure
(or a prescribed distance) from the center of the cell, say xc, that we wish to consider. Then
let the number of particles within the prescribed distance be m. To find the approximations we
consider the virtual particles at the surface in the neighbourhood of the cell S within the pre-
scribed distance, with positions x, 2 (mi, yi)t, i z 1, . . . , m. Figure 4 illustrates the technique
employed.



xo/

Figure 4: Approximation of the surface by the least squares method.

The surface curvature is estimated in two steps. Firstly, the surface normal in the cell is esti-
mated by fitting the straight line that best approximates, in a least squares sense, the position of
the particles in a circular neighbourhood of the cell center. For each x, we have the equation
ax,- + b = yi, i = 1, . . . , m. The least squares approximation can then be obtained by solving
the normal equations:

At-A At-B a _ Y‘~A
(15)Bt-A Bt-B b — Yt-B ’

where
an 1 111

A = 3 , B = 5

, and Y :
mm 1 ym

If the matrix is singular, the best approximation is given by

At-B 1 ’"

szt.B:——Ex,~m i=1

and n,, the normal vector to the free surface in the neighbourhood of cell S, is n, : (nz, ny) =
(1,0). Otherwise, the best aproximation is given by are —— y + b = 0, and the normal vector is

a —1
n z n n : —— —— .3 ( z’ y) (mm)

Once the surface normal is determined, we proceed to compute a quadratic fit in a coordinate
frame 5 — 77, rotated and translated with respect to x — y in such a way that 17 is aligned with the
vector normal to the surface and passing through the center of the cell. The coordinates in this
reference frame are computed using

5 2 (£13 _ (”any — (y " yc)nz; 7] = (IL‘ _ $0711 + (y _ yc)ny



where x(3 = (1136, ye), denotes the coordinates of the center of the cell.
In this reference frame we need to find the coefficients d, e, and f that produce the best fit of
77 : (152 + 65 + f for the points in the cell and its neighbours.
For each x,- we have the equation (if? + 5,6 + f = m, i = 1, . . . ,m. The least squares
approximation can be obtained by solving the normal equations:

Dt-D DVE Dt-B d Ft-D
Et-D Et-E‘ EVB e = Ft-E . (16)
Bt-D Bt-E Bt-B f Ft-B

where
ff 51 1 771

D = 5

, E = 5

, B = 5
1 F = Z

Efn 5m 1 nm

The value of the curvature is then given by

The point of maximum curvature is where 221—— O and this1s the curvature we choose. Thus
n—- i = —2d, assuming that surfaces of convex bodies always have positive curvature. If the
system (16) is singular the curvature is set to zero.
This procedure determines K) except for the sign: this can be obtained by comparing the normal
nc at the center of the cell, determined from the classification of neighbouring cells, and the
normal of the best fit ns. If nfi -n3 < 0, the orientation of the normal ti, and the sign of the
curvature if need to be reversed

2.3 Contact angle approximation
The influence of the contact angle is introduced into the boundary conditions through the cap-
illary pressure by modifying the computation of the curvature in the surface cells adjacent to
the boundary cells. The tracking cells in these surface cells are not directly used for the com-
putation of the curvature. Instead, the curvature in this case is estimated using: the free surface
normal nlcomputed at the point XI of the surface in the adjacent cell opposite to the wall; the
coordinates of x1, previously obtained using the methods described in the last section; the nor-
mal to the free surface at the wall (which is prescribed in the case of a constant angle); and the
normal distance fl of XI from the wall. The details of the method can be better explained by
referring to the situation depictedin figure 5.

Let 51 be a surface cell adjacent to a boundary cell 31 for which we need to compute the
capillary pressure. Let nl be the free surface unit normal, computed at the center x1 of the
adjacent surface cell S2, let n3 be the wall unit normal and let nz be the free surface unit normal
at the contact point, which is obtained by adding the (prescribed) contact angle qb to the wall
angle. Let Tu, be the unit vector tangent to the wall. Finally let T, be the unit vector tangent to
the free surface at the point of contact x2 at the current time t. The point of contact at a previous
time 5 z t — At will be denoted £2.
If the direction of the outward normal is specified then a circle may be uniquely defined by its
radius and two points on its circumference. Consider then the circle passing through x1 and x2
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Figure 5: Method for the approximation of the contact angle.

with radius r. If the outward unit normal at x1 is nl then this uniquely defines its center, which
we shall denote by x0. The two identities follow immediately:

xl—xozrnl, x2—x1 =rn2.
Therefore

x1 — X2 : r(n1 — 112) . (17)

On the other hand, if fl denotes the normal distance from x1 to the wall we have that

fl = (X1 * x2).n3. (18)

Hence, on substituting (17) into (18) we obtain

r(n1 — ng).n3 : fl
and then

1 (H1 — Hz).n3: _ 2 _~_— , 19n
T [3

( >

We do not explicitly impose a slip boundary condition at the contact line. For B cells adjacent
to a S cell we apply standard no-slip boundary conditions, and the computed capillary pressure
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is applied at the S cell. This is due to the fact that the slip region is interpreted as restricted
to a microscopic region in the proximity of the contact point, while in most of the B cell the
no—slip conditions will still prevail. Therefore the position of the marker particles, which should
be updated using the contact point velocity will not be correct close to the wall. However, since
we do not use the position of the marker particles at this cell for the computation of the surface
tension, this inaccuracy does not have any consequence on the numerical results, save for a
visual rounding of the surface over this cell close to the wall. Hence, for the analysis of the
results, the position of the surface given by the tracking points at the cell closest to the wall are
only approximate and may be disregarded, while the effective extension of the free surface and
the contact point are given by the approximation described in this section. The above procedure
is quite general, and in principle can be applied to impose any contact angle.
In the case of a variable dynamic contact angle, the value of the contact angle is determined
such that the empirically determined “Tanner’s Law” (see [16], [15])

uc = F (¢) (20)

is satisfied, where uc is the velocity of the contact point in the direction of the wall, and (15 is the
contact angle, related to the surface and wall normals by

cosqfi : 112 - 113. (21)

One simple approximation for F(¢) is given by the linear expression

F(¢l = as + ai¢ (22)

Recall that £2 is the contact point position at a previous time, say, t — At, the velocity of the
contact point uc may be estimated using a first order approximation

(X2 _ it2) ' Tw
uC _ At a (23)

where Tu, is the unit tangent vector to the wall, its direction being determined by imposing
Tu, - n2 > O. The curvature, therefore, can be calculated by solving equations (17), (18), (19),
(20), (21), and (23).
A simple, but effective procedure is as follows. First compute 5 directly from (18). Use the
old value of u,_. as an initial guess and compute ¢ from (22). Use (17) and (21) to determine
r (= 1 /n) and 112. Equation (19) is now checked to see if it is satisfied. If not, then a bisection
(or other root finding) algorithm may be used until uc has been found to sufficient precision.
Equation (23) may be then used to calculate £2. For low Reynolds number simulation, when
At is small due to viscous stability restrictions, correction steps are not required.

3 Implementation of the surface tension algorithm
As previously discussed GENSMAC2D [4] uses two types of representation for cell data: a ma-
trix representation that can represent all kinds of cells and is efficient in obtaining information
about neighbouring cells; and a tree representation that is designed to represent specific cell
groups with associated information.
The following illustrates the importance of the tree representation. For each B (Boundary) cell
in contact with a F (Full) or S (Surface) cell, it is necessary to compute the intersection of some
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segments with the surface that defines the rigid boundary. This computation is expensive, but
does not need to be repeated at each time step if the rigid boundary is not moving. Therefore,
in this case, GENSMACZD performs these computations only once, and stores the results in a
tree data structure for later usage.
The tree data representation can also store all the data required for the computation of curvature.
Each node stores a matrix (called coef) with dimension 4 x 4: the first three lines contains the
matrix and the independent vector of equation (15), while the last line stores the number of
points (particles) used, the normal vector at the center of the cell, and the value of the curvature.
The normal vector 116 at the center of the cell, as described in section 1, is used to determine the
signs of the normal and that of the curvature recomputed using the least squares approach at the
point on the circumference closest to the center of the cell.
At each time step, S cells are redefined, and this matrix is updated: coef [t] [j] z 0 (i z: 1, . . . , 3

and j : 1, . . . ,4), wef [4][1] : 0 (number of particles) coe f [4] [2] = nzc, coe f [4] [3] = nyc and
coef [4] [4] z 0 (curvature), where nc z (nu, nyc).
The routine SURFACENORMAL, to find the surface normal vector using the least squares
method, is described in the following steps:
1. Do for each particle:
2. Do for each cell whose distance from its center to the particle is less than a

prescribed value:
3. Compute:

(1:371', 13:1, y=yi
4. Update matrix 006f :

coef[1][1] = coef[1][1] + a2, coef[1][2] = coef[1][2] + ab,
coef[1][3] = coef[1][4] + ay, coef[2][2] = coef[2] [2] + b2,

006f [2] [3] = coef [2] [4] + by,
5. End Do
6. End Do
7. Do for each cell S:
8 Solve linear system (15)
9. Compute and store nzs , and fly, . (Here n“ and nys are the components of us.)
10. End Do

This is of course a much more efficient procedure than determining for each cell which points
are associated with it. A similar routine is utilized to build and solve the linear system (16), and
compute the curvature n.

4 Validation of the code
A number of test runs were performed in order to validate the code and to assess its robustness
and precision. In this section some representative results will be presented. In the following
subsection the numerical results obtained with this code will be compared with analytic solu-
tions in the case of the sessile and pendant drop, and for the problem of the oscillating drop.
Finally, complex free surface flow simulations show the effectiveness of the subgrid undulation
removal algorithm described in Section 2.1.

12



4.1 Sessile and pendant drops
4.1.1 Planar drops
To validate the computation of the capillary pressure using the method described in section 2.2,
and to demonstrate the robustness of the method we simulated a sessile and a pendant drop and
compared the numerical results with the accurate numerical solution of the system of ordinary
differential equations for the equilibrium position of a planar free surface, namely

dd dz: dy .

ds — c(p0 — y), E — cos 0, at; — — 81nd, (24)

where 0 is the angle of the surface, 3 is the coordinate along the surface, and

c: a
and p02— (25)

where 150 is the dimensional reference pressure.
A fourth-order Runge-Kutta method was used to integrate equations (24), using a very small
integration step 63 = 0.0001, hence producing very accurate numerical solutions. We could, of
course, have compared our computations with O’Brien’s asymptotic results [18]
A quantitative comparison of the two results is obtained by comparing the computations of
this paper with the numerically predicted value for the pressure at the meniscus at the position
of maximum y for the sessile drop, and at the position of minimum y for the pendant drop.
Results of this comparison are summarized in table 1, and show good agreement between the
computations of this paper and numerical values. Figure 6 shows a comparison of the profile of
the free surface given by equations (24) (numerical solution of the ODE system) and the surface
computed by the numerical simulation (numerical solution of Navier-Stokes equations), also
showing good agreement between the two solutions.

1A - ult-
L L

0.5 or! 1 l2 L4 is Ll

Q
L5 1.8 2 2.2 2.4 2.5 2.5 3 3.2 3.4

iL
(a) Sessile drop: szg/a = 1.962, and 6:1: = (b) Pendant drop: szg/a = 0.7848, and
511 = 0.02L 6x = 631 : 0.01L

Figure 6: Comparison between the numerical solution (dashed line), and the analytic
solution (solid line).

To illustrate the effectiveness of the implementation of the contact angle, the results of simu-
lations performed with various contact angles (for the case of zero gravity) are presented and
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Table 1: Comparison of numerical and analytical predictions of the pressure at the menis-
cus for the sessile (szg/U : 1.962, and (51 : dy = 0.02L) and pendant (szg/a = 0.7848,
and 5x = 631 : 0.02L) drops.

Problem pnumerical — (L/cr) 1)“,me - (L/a) Relative Error
Sessile 1.602 1.593 0.59%
Pendant 1.492 1.474 1.20%

compared with analytic solutions. In this case, the drops are circular with their shape only being
affected by the contact angle. Parameters used in these simulations were: u = 0.0006, g z 0,
L : 0.006, 69: = (53; : 0.05L, a z 1.0.
Figure 7 shows the results of the simulations, together with analytic solutions, for three different
values of the contact angle.
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Figure 7: Comparison between the numerical solution (dashed line), and the analytic
solution (solid line) for a sessile drop with the same volume and various contact angles.
Sessile drop: L2pg/a : 0.0, and 6x 2 dy : 0.05L. Contact angle a):¢3 = 37r/4; b)
¢ : 77/2; c) o = 7r/4.

4.1.2 Axisymmetric drops
To validate the computation of the capillary pressure in axisymmetric problems using the method
described in section 2.2, and illustrate the robustness of the method we simulated axisymmetric
sessile drops with various contact angles and compared the numerical results obtained in this
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work with the numerical solutions of the equations for the equilibrium position of an axisym-
metric free surface

dB sinG dr dz ,

$_C(P0—z)—~T—, ag—cosfi, £——sm0, (26)

where 6 is the angle of the surface, 5 is the coordinate along the surface, and

2 ~
Poand p =—. 270 ng ( )ng0:

As in the planar case a fourth-order Runge—Kutta method was used to integrate (26), using a very
small integration step (55 = 0.0001. Hence these numerical solutions may be regarded as being
very accurate, except for the region in the vicinity of the axis r -_— 0 where the singularity sin 0/r
may degrade the accuracy of the solution. To avoid integrating close to this singularity, we start
the integration from the point of maximum r and integrate up to the meniscus and down to the
contact point from this initial point. The loss of accuracy of this solution is therefore restricted
to a very small region in the vicinity of the axis, and is therefore not important for our purposes.
A quantitative comparison of the two results can be obtained by comparing the numerical (PDE
and ODE) values of the contact angle and the pressure at the point of maximum r. Results of
this comparison, summarized in table 2 and provided in figures 8 and9, show good agreement
between these values. It is worth noting that the results in table 2 were obtained using only
approximately 12 x 15 computational cells to capture the drop.

A),

0.8 -

GA

0.2 -

D 0.1 0.2 0.3 0.4 0.5 0.6

h"!

(a) Sessile drop: szg/a = 1.962, 6.7: = dy = (b) Sessile drop: Same as left. 3D rendering.
0.04L, and 5x = 6g = 0.067L

Figure 8: Comparison between the numerical solution (dashed lines), and the analytic
solution (solid line) for an axisymmetric sessile drop.

The accuracy of the method for imposing the contact angle can be more easily visualized for
the case of zero gravity. In this case, the surface of the drop takes the familiar spherical shape.
Simulations of drops with various contact angles, for g = 0, are shown in figure 10, together
with their corresponding analytic solution. The agreement between the two solutions is good.
This is not surprising since, if the normal n1 is exact, then the algorithm of section 2.3 will
provide the exact curvature at the contact point.

15



x . . .
0 0,2 0,4 0.8 0.8 1 1.2 1.4 LG

1:
(a) Pendant drop: szg/a = 0.1962, and L (b) Pendant drop: Sameasleft. 3D rendering.
63: = (Sy = 0.05L

Figure 9: Comparison between the numerical solution (dashed line), and the analytic
solution (solid line) for an axisymmetric pendant drop.

Table 2: Comparison of numerical and analytical predictions of the contact angle and
the pressure at the point of maximum 7” for sessile drops with various contact angles
(L2pg/a = 3.942, and 6:1; = (5g = 0.05L).

Contact angle Contact angle Contact angle Pressure Pressure Pressure
mum...“ analytics. Relative error pummel panama] Relative Error

7r 0.928 7r 7.1% 0.237 0.238 0.42%
31r/4 0.7222 1r 3.7% 0.236 0.232 1.6%
1r/2 0.534 1r 6.9% 0.223 0.218 2.3%

4.2 Oscillation of a drop
The previous tests demonstrated the accuracy of the capillary pressure computations in hydro-
static conditions. To show the correct dynamical behaviour of the code we solved the problem
of the oscillating drop, which has an analytic solution for the case of infinitesimal perturba-
tions. A solution to this problem in the case of the axisymmetric bubble can be found in [7],
and has been used by other authors, e.g. [1] to validate both the two-dimensional and the ax-
isymmetric cases. The parameters for these tests were: density p = 1 - 103 Kg/m3, viscosity
V = 1 ~ 10‘6 m2 /s, the undisturbed radius of the drop R = 1 - 10‘2 m, the amplitude of the per-
turbation, A = 0.3 - 10“3 m. In contrast to the case in which the external flow is also computed,
the domain of computation can be chosen to be barely larger than the drop itself. Therefore a
domain with —1.1-10‘2 m 5 x 3 1.1-10‘2 m and —1.1-10‘2 m 5 y 5 1.1-10‘2 m, discretized
using a uniform mesh of 50 x 50 cells, was adopted for these tests. Table 3 shows a comparison
of the numerical and the analytical values of the period of oscillation of the drop for various
values of surface tension 0. The excellent agreement between these values demonstrates, we
believe, the correctness of the code and the high accuracy obtainable using this approach.
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Figure 10: Comparison between the numerical solution (dashed line), and the analytic
solution (solid line) for an axisymmetric sessile drop with the same volume and various
contact angles. Sessile drop: szg/a : O, and 5x = (Sy : 0.05L. Contact angle a):¢ =
37r/4; b) (75 : 7r/2; c) d) = 7r/4.

4.3 Flow in a capillary slot
In this section we present the results of the simulations of the flow in a capillary slot with the
contact angle as a function of contact point velocity. This test is designed to show the behaviour
of the code when simulating flows with a moving contact line.
In the limit, for We << 1, the dominant forces are the surface tension forces, and the free
surface tends to a circular shape. For a given slot width, the only parameter that affects the
surface shape is the contact angle, and this is determined by the contact point velocity. For
steady state flows, the velocity of the contact point is the same as the injection velocity. By
varying the injection velocity we obtain various contact angles, as specified by (20) and (22).
Figure 11 shows the results of simulations with the same flow parameters and varying injection
velocity, and therefore the contact angle (dashed line), compared with the analytic solution

Table 3: Comparison of numerical and analytical predictions of the period of oscillation
of the oscillating drop.

a (N/m) Annmarie“ (3) Analytical (3) Relative Error
1 - 10—3 2.584 2.565 0.77%
2 - 10~3 1.828 1.814 0.77%
5 ~ 10—3 1.156 1.147 0.75%
10 ~ 10‘3 0.8172 0.8111 0.74%
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(solid line). It can be observed that, even using a relatively coarse grid, the numerical solution
practically matches the analytic solution, for the various values of contact angle associated with
the prescribed injection velocities.

4.4 Subgrid undulation removal
In the previous tests the viscous and surface tension effects at the cell level were sufficient to
prevent the occurrence of undulations at the subgrid level. However, in cases of higher Reynolds
number flows, and regions with strong surface area reduction, subgrid undulation may occur
and cause a degradation of the overall precision of the computation by interfering with the
computation of the curvature. The effect of applying the algorithm described in Section 2.1 for
the suppression of undulations can be seen in the following test.
In this test, a free surface flow simulation of the filling of a container is performed. The pa-
rameters for the tests were: the domain is 0.0 m 5 x 5 0.05 m, 0.0 m S y 5 0.06 m, and
it is discretized using a uniform 50 x 60 cell mesh (coarse grid) and 100 x 120 cell mesh (fine
grid); the density is p = 1 K g/m3; the viscosity is I/ = 0.001 mz/s; the surface tension is

a z 0.01 N/m; the inlet diameter is 0.004 m; the inlet velocity is 0.5 m/s; and the internal
dimensions of the container are width : 0.044 m and height : 0.052m. Figure 12—15 show a
comparison of the results obtained from several simulations with different resolutions, surface
tension, and subgrid undulation removal settings.
Figure 12 shows the case of a coarse and a fine grid without surface tension or subgrid undu-
lation removal. The finer grid shows much smaller undulations than the coarse grid, indicating
that the undulations observed on the coarse grid are due to numerical errors that can be reduced
by grid refinement.
Figure 13 shows results from three simulations using the coarse grid. The dashed curve cor-
responds to the case in which no surface tension nor TSUR were applied. The dotted line
corresponds to the case with TSUR only, and the solid line corresponds to the case with surface
tension and TSUR. The undulations observed in the dashed line are completely removed by us—

ing the TSUR method. Also, it can be seen that TSUR does not introduce a significant surface
tension effect on the large scale undulations, as can be observed by comparing it to the case
with surface tension (solid line).
Figure 14 shows a comparison of two simulations with surface tension, one without TSUR
(dashed line), and the other with TSUR (dotted line). It can be observed that the result without
TSUR is distorted due to errors introduced by the undulations in the computation of the surface
tension.
Figure 15 shows a comparison of three simulations, one without surface tension or TSUR in the
finer grid (dashed line), one with both surface tension and TSUR in the finer grid (dotted line),
and one with both surface tension and TSUR in the coarse grid. We observe close agreement
between the coarse and the fine grid solutions.
These comparisons show that the algorithm for subgrid undulation removal can be beneficial
because it helps to maintain physically correct results in cases where the resolution would oth-
erwise be insufficient to produce accurate results. The accuracy of the surface tracking is p0-
tentially much higher than the cell spacing. To account for small scale surface tension effects
explicitly by the surface tension at the cell level would require a prohibitively high refinement
of the grid. Thus, the subgrid undulation removal algorithm can result in substantial savings in

terms of the computational resources required for complex free surface flow simulations.
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Figure 11: Comparison between the numerical solution (dashed line), and the analytic
solution (solid line) for the flow in a capillary slot with various contact angles. Flow
parameters: szg/a = 0.0, and 533 = 61} = 0.05L. Contact angle a):¢ = 37r/4; b)
<1) : 57r/8; 0) gb = 7r/2.
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Figure 12: (Left) Comparison of coarse grid (dashed line) with fine grid (dotted line),
both with neither surface tension nor TSUR, (Right) detail of the surface.

[F]

Figure 13: (Left) Comparison of coarse grid without surface tension or TSUR (dashed
line), with coarse grid without surface tension but with TSUR (dotted line), and coarse
grid with both surface tension and TSUR (solid line), (Right) detail of the surface.

Figure 14: (Left) Comparison of coarse grid with both surface tension and TSUR (dashed
line), with coarse grid with surface tension but without TSUR (dotted line), (Right) detail
of the surface.

5 Numerical results
5.1 Water drop impinging on a pool of water
The motion of a free surface after the impact of a water drop has been used as a benchmark
for comparison of numerical results by variousrzguthors (see e.g. Sussman and Smereka [9] and



Figure 15: Comparison of fine grid without surface tension or TSUR (dashed line), with
fine grid with surface tension and TSUR (dotted line), and with coarse grid with surface
tension and TSUR (solid line), (Right) detail of the surface.

Sussman and Puckett [8]).
In Figures 16 and 17 we present results from calculations with Re = 2000, Fr : 26.12, and
We 3 21.95. This corresponds to a 2.5mm water drop hitting the water surface at 0.8ms‘1.
Computations were performed using the domain Q = {(r, z) : 0 S r S 2 andO g z s 4},
discretized using three different grids: (a), (b), and (c) with 20 x 40, 30 x 60, and 60 x 120
cells, respectively. Comparing the results obtained using the grids (a), (b) and (0), shows that
the solutions are almost grid—independent and that results with the coarsest grid (a) are already
quite accurate.
Comparisons with results from the literature for a numerical experiment with very similar pa-
rameters (not shown, Sussman and Smereka [9]) also reveal good agreement.
It is interesting to note that by using the approach described in this paper with just 20 x 40 cells
we obtain results with the same precision as the 63 x 126 grid typically required in a level-set
simulation (see e.g. Sussman and Smereka [9]).

5.2 Bursting bubble
The motion of a free surface after a bubble has burst-through has also been used as a benchmark
for comparison of numerical methods by various authors (see e. g. Boulton-Stone and Blake [3]
and Sussman and Smereka [9]).
In figure 18 we present results from calculations with Re = Uu—D : 118.5, Fr 2 3.65, and
We : 2, where D is the bubble diameter. This corresponds approximately to a 4mm bubble
bursting on the water surface. Computations were performed using the domain Q = {(r, z) :

0 5 r 5 1.5 and 0 5 z _<_ 6}, discretized using a grid of 60 x 240 uniform cells, to allow for the
height to which the satellite drops travel. The simulation begins (t : 0) after the bubble has just
started to burst open. The simulation shows initially how the rim of the crater is pulled outwards
by surface tension. The last frames in the sequence Show the development of a jet from the
bottom of the crater that finally breaks up due to capillary instabilities, emitting satellite drops,
as observed by Sussman and Puckett [8].
In this simulation the satellite drops are kept attached to the main fluid body by a thin artificial
umbilical chord, which in effect is not considered in the computations. To remove this chord
it would be necessary to implement a cut/reconnect routine; however, since the particles in this
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Figure 16: Simulation of a drop of water impinging on a pool of water, at times (from
left to right) if z 0.0, 0.4, 0.8, 1.2, and 1.6, Re = 2000, Fr 2 26.12, and We = 21.95,
discretized using three different grids: (a), (b), and (c) with 20 x 40, 30 x 60, and with
60 x 120 computational cells, respectively.

chord are neglected, the results would be identical. Figure 19 shows 3D renderings for the
same simulations. These images are helpful in undertanding the relative importance of certain
features associated with the free surface at different distances from the axis. It is clear from
these images, for example, that the volume of fluid ejected from the center of the crater is much
smaller than the volume of the bursting bubble.
Figures 20 and 21 show the vorticity and pressure fields at different times, using pseudo-colour.
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Figure 17: Simulation of a drop of water impinging on a pool of water (same as previous
figure), at times t = 0.0, and t z 1.6. 3D View.
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Figure 18: Bursting bubble simulation, at times (from left to right, top to bottom) t z
0, 0.04, 0.08, 0.16, 0.24, 0.32, 0.40, 0.48, 0.56, and 0.64, Re = 118.5, Fr = 3.65, and
We 2 1.0, discretized using a 60 x 240 grid.

A number of interesting features of the flow can be observed from these plots. Figure 20 shows
the development of vorticity in regions of the flow near the free surface. Regions of posi-
tive vorticity (yellow, orange , and red) can be observed in areas where the surface is rotating
counter-clockwise, while regions of negative vorticity (light, medium , and dark blue) can be
observed in areas of clockwise rotation. As the cavity collapses, a region of intense vortic-
ity develops in the region corresponding to the bottom of the crater. From here an upward jet
emerges, which carries mostly negative vorticity, while a positive vortex ring begins its down-
ward deployment, and is gradually attenuated by viscosity. At the last frame, pairs of positive
and negative vorticity regions develop in the upward jet as the capillary instability begins to
break the fluid columns into a series of droplets.
Figure 21 shows that high pressure and low pressure peaks occur in regions of high total cur-
vature of the free surface. This happens (see (14)) when either m is large, or r is small and
(1 + 421?”1S not large. The first two frames show that the crater rim is a region of high pressure
due to the high values of m. The crater bottom, on the other hand, is a region of low pressure
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Figure 19: Bursting bubble simulation (same as Figure 18), at times t
0, 0.08, 0.16, 0.24, 0.32, and 0.64, 3D View. '
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Figure 20: Bursting bubble simulation (same as Figure 18). Vorticity field, scaled by
w, = 20, at times t = 0.04, 0.08, 0.16, 0.24, 0.32, and 0.48.
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since the free surface is concave there. The region between the crater rim and the bottom is a
region of sudden change in slope of the free surface and is associated with a very low pressure.
At the end of the collapse of the bubble, a high pressure zone appears close to the free surface
that impels the fluid upward and creates a jet of high speed fluid. As the upward jet begins
to undergo a capillary instability, regions of high pressure develop in the necks between the
developing droplets, since r is small and nz = 0 there.

6 Conclusions
In this work we described a method that allows the incorporation of surface tension modelling
routines into the GENSMACZD code. This was achieved on two scales. First on the scale of
a cell, the surface tension effects were incorporated into the free surface boundary conditions
through the computation of the capillary pressure. The required curvature was estimated by
fitting a least squares quadratic polynomial to the free surface using the tracking particles in
the cell and in its close neighbours. This approximation resulted in improved surface normal
estimates that could then be used in a more accurate implementation of the boundary conditions.
On a sub-cell scale, short wavelength perturbations were filtered out using a local 4-point stencil
that was mass conservating. The technique consisted of modifying the positions of the two
“internal” particles of the stencil in such a way that the surface length and the curvature were
minimized, while still preserving volume. An efficient implementation was obtained through a
dual representation of the cell data, using both a matrix representation for ease of identifying
neighbouring cells, and also a tree data structure that permitted the representation of specific
groups of cells with additional information pertaining to that group. The resulting code was
shown to be robust and to produce accurate results when compared to exact solutions of selected
fluid dynamics problems involving surface tension. In particular, the sessile drop, the pendant
drop, and the oscillating drop were all successfully simulated.
Comparisons between low and high resolution simulations with and without Trapezoidal Sur-
face Undulation Removal (TSUR), showed that the TSUR algorithm can be beneficial. It al-
lows one to obtain physically correct results in cases where the resolution would otherwise be
insufficient to produce the required accuracy. In addition, it can result insignificant savings in
computational effort in complex free surface flow simulations.
Comparisons between low and high resolution simulations of the collision of a water drop on a
pool of water showed that the algorithm produces physically consistent results in complex free
surface flows, even when using sparingly low resolution. By simulating a bursting bubble, the
resulting jet and sattelite drops, the code showed itself capable of solving quite intricate fluid
dynamical problems.
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Este trabalho apresenta um método numérico para simular escoamentos axissimétricos e bidi-
mensionais dominados por forcas de tensao superficial. Os efeitos de tensao superficial foram
incorporados nas condigoes de contomo na superficie livre por meio da pressao capilar. A cur—

vatura é obtida ajustando um polinomio de segundo grau por minimos quadrados utilizando
as particulas marcadoras que representam a superficie livre. Para se evitar perturbagoes corn
comprimentos de onda inferiores a uma célula utiliza—se um filtro local, de quatro pontos, que
conserva massa. Este filtro é uma extensao do método “Trapezoidal Sub—grid Undulations Re-
moval” (TSUR). O método TSUR consiste em atualizar a posigao de duas particulas marcado-
ras de modo que o comprimento da superficie e a curvatura sfio minimizadas, enquanto que
0 volume é preservado. O calculo da curvatura em células adjacentes a contomos rigidos é

modificado de modo a levar em consideracao as condigoes de contomo devidas ao angulo de
contato. Duas estruturas de dados diferentes sao utilizadas para a representagao dos dados: uma
representacao matricial e uma representagao utilizando listas. Essa técnica foi implementada
no codigo GENSMAC e 05 resultados obtidos mostraram que a técnica é eficiente e robusta.
O codigo resultante produziu resultados precisos quando comparados com solucoes exatas para
problemas envolvendo tensz'io superficial. $50 apresentados exemplos numéricos que mostram
que o método pode ser aplicado a problemas complexos tais como enchimentos de containers,
colisao de gotas e eclosao de bolhas.
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