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Abstract. Experimental observations reveal that abnormal biological tissues have different
mechanical responses from healthy biological tissues. Classical linear elasticity is then used to
model the responses of these tissues under small deformations. In particular, soft tissues are
modeled as linearly elastic, isotropic, and incompressible materials. The unique determination
of the shear elastic modulus, p, throughout a body is a matter of current research. For a
particular class of plane problems, however, it has been shown recently that if | is known at four
different points in a sample, then it can be determined from the knowledge of two displacement
fields obtained from two distinct experiments performed on the same sample. This result is used
here to propose a finite element methodology to numerically determine 1 in a sample of soft
tissue, which is subjected to two experiments that can be performed in laboratory. It is assumed
that resultant forces are known on complementary parts of the boundary of the sample. No a
priori knowledge of the shear elastic modulus is required. The methodology yields numerical
results that are both in very good agreement with analytical results and more accurate than
numerical results obtained from another methodology presented in the literature.
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1. INTRODUCTION

According to Fung (2004), Ophir et al. (1991), Liu et al. (2003), experimental observations
reveal that abnormal biological tissues have different mechanical behavior than normal biologi-
cal tissues. In particular, Sarvazyan (1993) and Krouskop et al. (1998) oberve that the abnormal
tissues are stiffer than the normal tissues. The different behavior observed between the two
tissues is used to diagnose the breast cancer. For instance, the exam by touching the patient’s
breast is still the standard method used by health professionals to determine the presence of le-
sions in the breast, or, in the prostate. In several cases, however, the lesion may not be detected
due to its reduced size, or, due to it localization in deep regions of the body. According to Ophir
et al. (2001), the presence of lesions in the interior of the body may not be detected even with
the conventional ultrassound exams.

A technique used in Medical Physics to detect the presence of tumors consists of pressing
lightly an ultrassonic device on the external surface of the human body, which in turn deforms
the part of the body located near this surface. According to Mridha and Odman (1986) the
deformation must be small, less than 2.5 %, so that the viscous behavior of the biological tissue
can be ignored and the tissue can be treated as a linear elastic solid.

Park and Maniatty (2006) present a direct inversion approach for reconstructing p in a
nearly incompressible, isotropic, and linearly elastic solid from dynamic measurements of the
interior displacement field during time harmonic excitation. The authors use a finite element
methodology to find approximate solutions to the governing equations, which does not use
boundary conditions. To validate the resulting algorithm, the authors use simulated data with
and without noise on a two-dimensional domain. The algorithm is then used to reconstruct p
with magnetic ressonance measured experimental data involving a tissue-mimicking phantom.

In Section 2. we present two distinct classes of plane strain problems in linear elastosta-
tics. First, we consider the direct problem of finding the displacement field in an isotropic
solid, which is nearly incompresible. Assuming that this field is a good approximation for the
displacement field in an incompressible solid, we consider next the inverse problem of finding
the shear elastic modulus . and the constraint reaction pressure 7 in this solid. Assuming that
these fields are smooth, we can eliminate 7 from the equilibrium equations and obtain only one
governing equation for i, which is hyperbolic. The general solution of this equation is given
in terms of two arbitrary functions, which can not be determined from the knowledge of one
displacement field alone. If, however, two linearly independent displacement fields are known,
Barbone and Gokhale (2004) show that the general expression of p contains at most four ar-
bitray constants. In this work, we assume that these fields are known from two experiments
that can be performed in laboratory. We also assume that resultant forces are known on com-
plementary parts of the boundary of the solid. Using these assumptions, we introduce a weak
formulation of the inverse problem of finding x and the constraint reaction pressures in the solid
for the two experiments.

In Section 3. we assume that both experiments are performed in a long cylinder of polygo-
nal cross section that is in a state of plane strain deformation perpendicular to his axis and use
a standard finite element methodology to construct discrete formulations for the weak version
of the direct problem. The experiments are then simulated numerically by solving two discrete
direct problems, which yield two linearly independent displacement fields. These solutions also
yield resultant forces on complementary parts of the boundary for both experiments. Using both
the displacement fields and the data on the boundary, we construct next discrete formulations
for the weak version of the inverse problem. The solution of this discrete problem allows the
approximate reconstruction of the distribution of x4 in the solid.

In Section 4. we introduce the experiments that yield the linearly independent displacement



fields and present numerical results obtained from the solutions of discrete inverse problems.
We use color maps to show numerical results that are in very good agreement with the corre-
sponding analytical results. We then compare results obtained in our work with results obtained
by Park and Maniatty (2006).

In Section 5. we present some concluding remarks.

2. THE DIRECT AND INVERSE PROBLEMS

In Section 2.1 we present the general statements of both the direct problem, which is used
to simulate experiments that can be performed in the laboratory, and the inverse problem, which
uses displacement fields obtained from the simulated experiments for the determination of the
shear elastic modulus. In Section 2.2 we present the weak formulation of the direct problem
and in Section 2.3 we present the weak formulation of the inverse problem.

2.1 The Statements of the Problems

Let B C IR? be the undistorted natural reference configuration of a body. Points x € B are
mapped to points X = x + u(x) € R?, where u(x) is the displacement of x. The boundary 983
of B is composed of two non-intersecting parts, 0,8 and 9,8, 0, BU B = 0B, 0,BN &, B = 0,
such that u(x) = u(x) for x € 9,8 and such that a dead load traction field t(x) is prescribed
for x € 0y,B8.

The body undergoes a small deformation and is in equilibrium in the absence of body force,
so that

divT =0 inB, (1)
where T is the stress tensor, which must satisfy the loading condition
Tn=t ondB, )

with n being a unit normal to 9,15.
We assume that the body is incompressible, isotropic, and linearly elastic, so that T is given
by

T=-71+2uE, 3)

where 7 is a non-constitutive constraint reaction field, p is the shear elastic modulus, which
depends on the material point x, and

E:vmzéwu+wmﬂ 4)

is the infinitesimal strain tensor. Observe from Eq. (3) that T is determined from both the
strain tensor E and an arbitrary spherical tensor —7 1. For plane problems, any infinitesimal
deformation of 3 must conserve area, so that

trE=divu=0. )
Substituting Eq. (3) into both Eq. (1) and Eq. (2), we obtain
—Vr(x)+ 2 div(u Vsu)(x) =0, Vx € B, (6)

(—m+2uViu)n(x)=t, Vx € 0.8, (7)



respectively.

The direct problem consists of finding both the displacement field u : B — R? and the
pressure field 7 : B — R that satisfy the kinematic constraint given by Eq. (5) and the equi-
librium equation given by Eq. (6) together with the traction condition given by Eq. (7) and the
displacement condition u = 1 on 9, B. If 9, B = () then the given traction field t must satisfy
the usual global equilibrium condition that is essential for the existence of a solution.

The inverse problem consists of finding both the shear elastic modulus pz : B — R and
the pressure field 7 : B — R that satisfy the equilibrium equation given by Eq. (6), where
u is known everywhere in B together with its boundary. Obviously, u must satisfy the kine-
matic constraint given by Eq. (5). We assume, however, that the local traction condition given
by Eq. (7) is not known, which means that ;8 = 0B. Barbone and Gokhale (2004) and
McLaughlin and Yoon (2004) have shown that, in general, this inverse problem does not have
a unique solution. Barbone and Gokhale (2004) have shown, however, that by knowing two
linearly independent displacement fields from two experiments performed on the same body in
a state of plane strain, the general expression of y contains at most four arbitrary constants. In
Section 3. we use this result together with the assumption that resultant forces are known on
complementary parts of the boundary 03 in each experiment to determine .

2.2 The Weak Formulation of the Direct Problem
Let

S={v:B—=R’|ve W"?(B),v=uae. ond B} (8)
be the set of all kinematically admissible displacements and let
V={v:B—-R|ve W"?(B),v=0ae. ond B} )

be the set of all admissible variations. Then, a weak formulation of the direct problem stated
above consists of determining both u € S and 7 € L%(B) that satisfy

aj(u,v) —ay(m,v) = f(v), Vvev,

(10)

(lg(p,u) :07 vp€£2(8)7

where

aj(u,v) = 2/ uVsu-Vevdx, as(m,v) = / 7 div vdx, (11)

B B
f(v)= /E-de. (12)

028

Next, we introduce a penalty formulation of Eq. (10), which yields a simple and efficient
numerical procedure to find the solution (u, 7) of the direct problem. This formulation is analo-
gous to a penalty formulation used by Aguiar and Fosdick (2000) in the numerical investigation
of a class of plane prolems in nonlinear elasticity. In general terms, the penalty formulation is
based upon relaxing the constraint equation given by Eq. (10.b) and introducing an alternative
sequence of problems corresponding to a one-parameter family of compressible elastic materi-
als. When the parameter is zero, the constraint equation given by Eq. (10.b) is recovered, and
when the parameter is small the solution to the corresponding alternative problem is supposed
to be an approximation to the solution (u, ) of Eq. (10).



To implement the penalty formulation, let

1
b(m,p) = = / Tpdx. (13)
2 Js
For & > 0, consider the problem of finding u. € S and 7. € £?(B) that satisfy
ai1(ue,v) —ax(me, v) = f(v), Vvevy,
(14)
eb(me,p) +az(p,u.) = 0, Vp e LXB),

where the penalty parameter ¢ > 0 is sufficiently small. By using Eq. (13) and eliminating 7. (-)
from the system given by Eq. (14), the alternative problem reduces to determining u. € S such
that

aj(ug,v) + c(ue, v) = f(v), Vvevy, (15)
where
c(u,v) = ;/(div u.)(divv)dx. (16)
B

We then want to find u. € S that satisfies the Eq. (15), where a4 (-, -), f(+), and ¢(-, -) are given
by, respectively, Eq. (11.a), Eq. (12), and Eq. (16). It is well known that for ¢ > 0 and p > 0,
this problem has a unique solution (u.,7.) € S x L£*(B) that converges to the solution (u, 7)
of Eq. (10) as ¢ — 0.

The penalty formulation for the direct problem stated above is equivalent to the weak for-
mulation of the boundary value problem for a compressible, isotropic, and linearly elastic solid.
To see this, introduce

T=ANdivul+2uViu (17)

into both Eq. (1) and Eq. (2), where A is a Lamé modulus, and consider the weak formulation
of the corresponding direct problem, which consists of determining u € S that satisfies

a(u,v) — f(v) =0, Vvey, (18)

where f(v) is given by Eq. (12) and

a(v,v) = / (Adivudivv +2puVau- Vev) dx. (19)
B

Thus, if we consider that A in Eq. (19) is constant and equal to 2/¢ in Eq. (16), then both
formulations are equivalent.

2.3 The Weak Formulation of the Inverse Problem

Recall from Section 2.1 that the inverse problem consists of finding both the shear elastic
modulus ¢ : B — R and the pressure field 7 : B — R that satisfy the equilibrium equa-
tion in Eq. (6), where u satisfies the kinematic constraint given by Eq. (5). We assume that
u € Wh2(B) is known and that 9,8 = (). It follows from our discussion of the inverse problem
in Section 2.1 that the solution of this problem can not be determined from only one displace-
ment field and that we need two displacement fields u' and u?, obtained from two different



experiments, to determine p up to four constants. In this work, we assume that these two fields
are known, which implies that both u' and u? satisfy the Eq. (10.b) identically.

In addition, we assume that resultant forces are known on r complementary parts of 955.
These forces are given by

7

Ri:/ T’ n; dx, i=1,...,r, j=1,2, (20)
0;B

where 0B = U 0;B, 0;B(0;B = 0 for i # j, and n, is the unit normal to 9;B. Also, the stress

fields T and T2 are related to the displacement fields u! and u?, respectively, through linear
constitutive relations of the form given by Eq. (3). Here, these forms are given by

T = 7142V, j=1,2, (21)

where 7/ is the constraint reaction field corresponding to the jth

SR =0forj=1,2.
i=1

Since 9,8 = (), we set 9B = 9B in both Eq. (8) and Eq. (9). Also, it follows from Eq.
(12) that f(v) = 0in (10.a).

We now replace u in both Eq. (10.a) and Eq. (11.a) by either u! or u?>. The weak form
of the inverse problem that we shall consider in this work consists of finding 1 € £2(B) and
i e L%(B), j = 1,2, that satisfy

experiment. Obviously,

—/ﬂ'j div vdx+2/,uvsuj~vsvdx:0, 1=12, Vvevy, (22)
B B

together with both Eq. (20) and Eq. (21).

3. THE DISCRETE FORMULATIONS

We want to construct approximations to the solution (u.,7.) € S x L*(B) of the direct
problem, given by (15) together with Eq. (11.a), Eq. (12), and Eq. (16), for a given € > 0
and to the solution (u, ', 7%) € L%(B) x L%(B) x L*(B) of the inverse problem, given by Eq.
(22) together with Eq. (20) and Eq. (21). For this, we consider a Finite Element formulation
based on the introduction of discrete problems over finite-dimensional subsets of S, given by
Eq. (8), V, given by Eq. (9), and £?(B). The corresponding discrete problems can be solved
using direct solvers, as opposed to iterative solvers used in the literature'.

We begin by assuming that B C R? is a polygonal domain composed of m non-overlapping
quadrilaterals XC; € R2, so that

B=|]JKi, (23)

and such that the intersection of any two of these quadrilaterals is either empty, a point, or, a
straight line. For each /C; C B, the interior of the quadrilateral /C; is non empty.

Let IC;, i = 1,...,m, be endowed with the set of nodes {x;, € K;, k = 1,...,4}, which
are the vertices of IC;. We shall consider Lagrange finite elements (IC;, P;, %;), i = 1,...,m,
where P; is a set of smooth functions ¢ : K; — R and X; is a set of degrees of freedom

ISee, for instance, references cited in Park and Maniatty (2006).



corresponding to the coefficients ¢(x; ). The functions ¢ are linear combinations of normalized
basis functions @, k= 1,..., 4, so that g (x;) = 9, k, [ =1, ..., 4. The functions @
are continuous over [C;. In this way, a finite element mesh is the union of all the finite elements
(i, Py, ).

Let us denote as N = {x;,...,x,} C B the complete set of n nodes in B. Then, for each
i=1,...,mandeach k = 1,...,4, x;; € K; corresponds to a unique element from N. We
define the set of functions {¢,; : B — R,j = 1,...,n}, such that ¢;(x) = ¢;(x) for x € I;,
j=1,....,n,k=1,...,4. Thus, p, is continuous on B and satisifies ¢;(x;) = ¢;,. In fact, the
set of functions ¢; is a finite dimensional basis for the set of continuous functions defined by

P = {gp : B — Rlp(x) = Zaj 0i(x),(aq,...,ay) € R”} : (24)
=1

3.1 The Discrete Direct Problem

We now define the finite dimensional space V), as follows
Vh:{V:BHRQ}VEPXP,v:OonalB}, (25)
where h stands for the characteristic length of the finite element mesh. Since Eq. (23) holds by
assumption, we note that V;, C V. A function v € V, has the representation

2n
v(x) =Y dwi(x), xeB=BUIB, (26)
=1

where 9J; € R, and w; is a vector in R? of the form
W2j—1 = ((pj, O) s and ng = (O, (,OJ) s j = ]_, e, (27)

relative to a fixed orthonormal base, with ¢; being a scalar basis function defined for the ;™
node in the set A/ defined above.

In particular, notice that v(x;) = (¥9;_1,%9;) fori = 1,...,n. Each ¥;, i = 1,...,2n,
is a degree of freedom associated with V;,. Thus, considering the fact that each node in N has
two degrees of freedom and that v € V), it is convenient to decompose the complete set of 27
degrees of freedom into two complementary integer sets Z* and Z such that ¥, =0, Vi € Z*
and Z ={1,2,...,2n}\ 2"

Similar to the set V},, we also introduce the set S, defined by

Sp={u:B—-R*uePxP,u=tondB}. (28)

Observe that a displacement u € S, has the representation

2n
u(x) = Z v;W;(X) (29)
i=1

where, for each index i € Z*, the corresponding value of v; is prescribed, v; = ;.
Let us also define the space

L; = {p: B — R| pis piecewise continuous on 3} . (30)



An element p € L3 has the representation

p(x) =) pm(x), x€B (31)
=1

where p; € R and 7; is a scalar basis function, which is piecewise constant, has support in /C;,
and is normalized so that 7;(x) = §;; forx € KC;, 4,5 =1,...,m.

Now, for a given penalty parameter € > (0, we substitute both u., of the form given by Eq.
(29), and v, given by Eq. (26), into Eq. (11.a), Eq. (12), and Eq. (16). Since the coefficients
Y¥; ,1 € Z, are arbitrary, we can rewrite Eq. (15) in the form

n

Z(/‘iij—i-/%ij)vi:%’, i€ Z, (32)
j=1

where
Kij = a1 (Wi, Wj), Rij = c(wi, w;), (33)
v = f(wg), (34)

The discrete direct problem associated to the space V), and obtained from the penalty formula-
tion in Eq. (15) consists of finding the coefficients v; ,i € Z, inu,, = Zf:”l VWi (X) € Vp,
that satisfy the linear system given by Eq. (32) together with Eq. (33) and Eq. (34). Recall
from Section 2. that, for the direct problem, both p in Eq. (11) and ¢ in Eq. (16) are known and
0,13 may not empty.

Holding h fixed and decreasing €, we generate a sequence of solutions parameterized by e
for the discrete problem that converges to a limit function uy,. We then refine the Finite Element
mesh by decreasing i and repeat the process above. In so doing, we generate a sequence of
solutions u;, parameterized by h which converges to the solution u of the original problem

given by Eq. (10) together with Eq. (11) and Eq. (12).

3.2 The Discrete Inverse Problem

We use the discrete formulation presented in Section 3.2 to simulate numerically the two
experiments that yield the displacement fields u! and u? that are required for the determination
of y, as described in Section 2.3. The resultant forces R} and R? acting on complementary parts
0, of OB are then evaluated from Eq. (20) together with Eq. (21), where an approximation for
7/ is obtained from Eq. (14.b) and is given by

L2 .
Wj:gdlvuj, 1=12. (35)

We observe from Section 3.1 that 9,8 might not be empty. In this section, 9,8 = (), which
yields a decomposition of the complete set of 2 n degrees of freedom into two complementary
integer sets Z7 and Z; suchthaty; =0, Vi € Z7and Z; = {1,2,...,2n}\ Z;. Although sim-
ilar to the definition of Z* in 3.1, it is evident from the previous observation that the definition
of Z; implies that Z* C Z7.

Next, we assume that both fields u' and u? are known and use the representation given by
Eq. (31) to approximate  and 7/, j = 1,2, in the form

p() = () =) pm(x), P xm) =) wlnx),  xeB, (36
i=1 i=1



where 1; € Rand 7/ € R, j = 1, 2. We also assume that ;8 C 98 is given by

;8= ) D,.

pGZj

where D, is a side of K, that belongs to 0;B and Z; is the set of integer numbers that identify
the finite elements with sides contained in ;8.

Substituting the Eq. (36) and v, given by Eq. (26), into Eq. (20) - Eq. (22), and using the
fact that the coefficients ¥, ,© € Z, are arbitrary, these expressions can be rewritten as

2m
Z&iqwg = 0, pEZ,
q=1
(37)
Zﬂéwé = R‘Z’ 7;:1727"'77.7
q9EZ;
where 7 = 1,2 and
Ozi(gq,l) =2 /Vsuj -Vsw,dx, Oéi@q) = —/trvswpdx,
Kq Kq
ﬁ%q—1:2/(vsuj) nqu, ﬂgq:—/nqu’ (38)
Dq Dq
w%q—lzuqa w%q:ﬂg-

Then, the discrete inverse problem associated to the problem given by Eq. (20) and Eq. (21)
consists of finding the coefficients wé ,J=1,2,9g=1,...,m,defined by (38.c) that satisfy the
linear system given by Eq. (37) together with Eq. (38.a,b).

In general, the linear system of Eq.(37) together with Eq. (38) is over-determined. To solve
this system, we use the Singular Value Decomposition algorithm presented by Golub and van
Loan (1996). The main input data are the coefficients on the right side of Eq. (37.a, b), the
matrix W formed by the coefficients that multiply wg, the dimensions of W, and a tolerance
that yields the largest non-singular, square matrix of W. Here, the tolerance is a non-negative
number below which a singular value of W is considered zero. A preliminary study of the
influence of the tolerance on the values of the coefficients ;2 = 1,...,m in Eq. (36) allows
to conclude that, for tolerances below 1072, all the values obtained for these coefficients were
physically plausible and differed very little from each other.

4. NUMERICAL RESULTS

We use the discrete formulations introduced in Section 3. to obtain the shear elastic mod-
ulus p of a long cylinder that is in a state of plane strain parallel to its bases. For this, recall
from Section 2. that we need two displacement fields obtained from two distinct experiments
performed on this cylinder. In this work, we simulate numerically the two experiments. We as-
sume that the cylinder has a square cross section and contains a cylindrical inclusion of circular
cross section, as illustrated in Fig. 1. The sides of the square section have length £ = 50 mm
and the radius of the circular inclusion is p = 6 mm. Both the cylinder without the inclusion,
which we call the matrix, and the inclusion itself are homogeneous and nearly incompressible,
with elastic constants given by

Vy = 0,499999, My = 36000 Pa, Vr = Vypr, 1 CR 12378 (39)



where v is the Poisson ratio and the sub-indices M and I denote, respectively, the matrix and
the inclusion. Also, C'r > 0 is the shear modulus constrast ratio, so that C'r = 0 corresponds to
an empty hole, C'r = 1 corresponds to a homogeneous cylinder, and C,. > 1 corresponds to an
inclusion that is C'i times stiffer than the matrix.

Since A = 2 uv/(1—2v) and A = 2/¢ from the discussion about the penalty formulation at
the end of Section 2.2, the expressions for v in Eq. (39) yield penalty parameters for the matrix
and the inclusion that are of the order 107!, We have verified that the results shown in this
work are not sensitive to the choice of vy, = v; in Eq. (39), as long as this choice is very close
to 0.5.

We now describe two experiments that are used to obtain u’ , j = 1,2, which in turn are
used in Eq. (38.a, b). The first experiment concerns the cylinder with the inclusion being pulled
in one direction while, at the same time, being compressed in the other direction, as illustrated in
Fig. 1. The resultant forces on both sides have the same intensity 7;. The boundary conditions
for this experiment are given below.

e S
= | O = w @ O ﬁrz
<

ﬁ g,

a) Bi-axial experiment b) Shearing experiment

Figure 1: Experiments for the determination of .

a) Vertical sides:
u(0,6) =0,  w(§ &) =2¢, (40)
(e2-Ter)(0,&) = (e2- Ter)(€, &) =0, 41)
where £; = 0.01.

b) Horizontal sides:

u2(€170) = 07 U2(£1,§> = _5_1 57 (42)

(e1-Tey)(&,0) = (e;-Tey)(&1,€) =0. (43)

In the second experiment, the lateral sides of the cylinder with the inclusion are submitted
to a displacement field given by the expressions below.



a) Vertical sides:
u1(0,&) =u1(§,&) =28 &, (44)
u2(0,&2) = uy(€,&) =0, (45)

where 5 = 0.01.

b) Horizontal sides:

u1(£1,0) =0, up(€1,6) =28 €, (46)

u2(€17 0) = uQ(fla 5) =0. (47)

If the cylinder is homogeneous, i.e., if Cr = 1 in Eq. (39.d), the solution of the direct
problem associated to the second experiment is homogeneous and given by u; (&1, &2) = 285 &,
us(&1,&2) = 0. In this case, the normal components of stress acting on the sides of the cylinder
vanish and we only have the resultant forces of intensity 7» depicted in Fig. 1.b. If the cylinder
is non-homogeneous, i.e., if C'r # 1 in Eq. (39.d), the solution of the associated direct problem
is not homogeneous and yields normal components of stress on the sides of the cylinder that, in
general, do not vanish. For all the cases considered in this work, it was verified that these normal
components are much smaller than the tangential components of stress acting on these sides.
Even though the resultant forces due to these small values of normal stress are not depicted in
Fig. 1.b, they were considered in the formulation of the inverse problem.

Approximate solutions of the discrete direct problems associated to the experiments de-
scribed above were obtained with the finite element package ANSYS 5.5%. The formulation used
by this package is based on the discrete formulation described in Section 3.1.

As discussed in Section 3.2, we use these approximate solutions in the formulation of the
discrete inverse problem. We then solve this problem to obtain an approximate field for the
shear elastic modulus p. For this, we have implemented a finite element program that is based
on the discrete formulation given by Eq. (37) thru Eq. (38).

In the next two figures we show sequences of frames that use color maps to represent the
distribution of the shear elastic modulus in the cylinder containing the centered inclusion. Each
frame has its own color map, which corresponds to a range of values for p. The smallest and
largest values of p correspond to the colors at, respectively, the bottom and the top of the color
map. The frames on the upper left corner in both figures contain exact values of 1 and are used
as reference frames to be compared with the other five frames. These five frames are obtained
from different finite element meshes, which are presented in Table 1. Observe from this table
that we are considering an increasing number of both nodes and elements.

Table 1: Finite element meshes for the cylinder with a centered inclusion.
mesh Number of nodes Number of elements

1 803 738
2 1016 951
3 1148 1083
4 1380 1315
5 1544 1479

2ANSYS 5.5 is proprietay software of Anys Inc., PA, USA.



In figures 2 and 3 we consider the cases Cr = 0° and Cr = 6, respectively. Comparing the
reference frame (a) in each figure with the other five frames of the same figure and observing
the values in the corresponding legend, we note that j,, defined by Eq. (36.a), converges to p
as the mesh is refined. In both cases, p;, — 36 kPa everywhere inside the matrix. Inside the
inclusions, we see from Fig. 2 that y;, — 0 kPa and from Fig. 3 that p;, — 216 kPa.
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Figure 2: Reconstruction of x4 [Pa] in a cylinder containing a centered hole, Cr = 0. (a) Reference
frame; (b) - (f) Frames obtained from meshes in Table 1.

Next, we compare our methodology of reconstruction of ;¢ with the methodology presented
by Park and Maniatty (2006). These authors present a direct inversion approach for recon-
structing p in a nearly incompressible, isotropic, and linearly elastic solid from dynamic mea-
surements of the interior displacement field during time harmonic excitation. The authors use
a finite element methodology to find approximate solutions to the governing equations, which
does not use boundary conditions. Here, however, they simulate numerically only one experi-
ment, instead of two in our case, in order to obtain the displacement field. In particular, they
consider the cylinder with the centered inclusion presented above. The cylinder is in a state of

3Because of numerical difficulties experienced during the numerical simulation of the discrete direct problem
with ANSYS 5.5, we used Cr = 1072% and v; = 0.3, instead of Cr = 0 and v; = 0.5.



Legenda; Legenda:

216000.00000 195159.00000
19350000000 177603.00000
17100000000 156047.00000
14850000000 13445100000
12600000000 112935.00000
10350000000 9137900000
8100000000 6482300000

58500 00000 48267 00000

3600000000 26711.00000

@
Legenda: Legenda:
223217 00000 216305.00000
188107 62500 183411 62500
174885 25000 170515.25000
1508858 57500 147624 57500
126779 50000 12473150000
10267012500 101583512500
78560 75000 78944 75000
54451 37500 56051 37500
30342 00000 33158 00000

© ()
Legenda: Legenda:
215736.00000 216014 00000
19310662500 193231 B2500
17047725000 170568 25000
147847 87500 14784887500
125215.50000 125124 50000
102589.12500 102402.12500
795958 75000 FHETE.FS000
57330.37500 SEAST 37500
34701 00000 3423500000

(®) ®

Figure 3: Reconstruction of p [Pa] in a cylinder containing a centered inclusion with Cr = 6. (a)
Reference frame; (b) - (f) Frames obtained from meshes in Table 1.

plane strain parallel to its bases. One of its lateral sides is kept fixed while the opposite side
is submitted to a horizontal excitation of 150 MHz with an amplitude of 1 mm. The other two
lateral sides are traction free. The matrix has the same shear elastic modulus as ours, given by
Eq. (39.b), and a slightly smaller Poisson ratio, given by v = 0.499992, which is the same one
for the inclusion.

Park and Maniatty (2006) present a table containing some results from their computations.
In particular, they present values for the per cent average error in the reconstructed shear mod-

ulus, which is defined by £, = 100 Ap/fi. In this expression, Ay = \/f(uh — p)?dx/Ag,
B

where Ag = £2 is the area of the square cross section and s, is their finite element approxi-

mation for the known distribution 11, and ji = /[ 12 dx/Ag. They also present values for the
B

average reconstructed shear modulus of the inclusion, which we infer* from their paper that it

is given by iy = [ i, dx/Ap,, where Ag, = wr? is the area of the circular cross section. For
By

*We use the expression (20) in Park and Maniatty (2006).



the case of a circular inclusion of radius » = 6 mm and Cr = 6, these values are F,, = 21.91%
and iy = 191.2 kPa.

Next, we adapt the authors dynamic experiment to a static experiment, so that we can use
it in our simulations. For this, we consider that the cylinder is in equilibrium, fixed in one
lateral side, and subjected to a horizontal displacement of 1 mm on the opposite lateral side.
The conditions on the other lateral sides are the same as in Park and Maniatty (2006).

The additional experiment needed in our simulations consists of compressing the lateral
sides of the cylinder through rigid frictionless platens while keeping the other two lateral sides
traction free.

The finite element mesh used in our simulation is mesh 5 in Table 1. We have verified
that max | — u(x;)| = 2.1kPa, where n = 1544 and we recall from Section 3. that 1, is the

2 I

approximate value of j at the node x;. This difference corresponds to p; = 213.9 kPa for a
node x; located inside the inclusion. Comparing this value with ji; = 191.2 kPa of Park and
Maniatty (2006), we see that our methodology yields a much better approximation to 4 than the
methodology proposed by those authors.

5. Conclusion

We have presented a numerical procedure for the determination of the shear elastic modulus
1 of a linearly elastic, isotropic, and incompressible solid in a state of plane strain. It is assumed
that two linearly independent displacement fields are known inside the body from two distinct
experiments and that resultant forces are known on complementary parts of the boundary of
the solid. We have presented numerical results that are in very good agreement with analytical
results. When compared to another numerical procedure presented in the literature, (Park and
Maniatty, 2006), our procedure yields more accurate results. Our numerical procedure has great
potential of application in Medical Physics; especially, in the detection of tumors inside healthy
biological tissues and in the identification of different tissues in parts of the human body. It
also has the potential of being applied in all branches of engineering requiring non-destructive
evaluation of the interior of a solid body in a state of plane strain.
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