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Abstract 

In this work we show that, if C, is a natural lagrangian system such that 

the k-jet of the potential energy ensures it does not have a minimum at 

the equilibrium and such that its hessian has rank at least n-2, then there 

is an asymptotic trajectory to the associated equilibrium point and so the 

equilibrium is un,table. This applies, in particular, to analytic potentials 

with a saddle point and a hessian with at most 2 null eigenva.lues. 

The result is proven for lagrangians in a. specific form, and we show 

that the class of lagrangians we are interested can be taken into this 

specific form by a subtle change of spatial coordinates. We also consider 

the extension of this results to systems subjected to gyroscopic forces. 

Keywords: l,iapunov stability; Lagrange-Dirichlet theorem; Lagrangian systems 

1 The problem 

Consider the study of the Liapunov instability of equilibrium points of conser­

vative Lagrangian systems in ~ 2n., with lagrangians C(q,q) = T(q,q) - 1r(q), 

where 7f is the potential energy and T the kinetic energy. 

Lagrange's equations for these systems are 

!!:._ 8£ _ 8£ = 0 
dt 8q 8q 

and its equilibrium points are of the form (qo, 0) where t(qo) = 0. 

In this context, Lagrange announced in 1788 a theorem, proved in 1846 

by Dirichlet, which asserts that that if an equilibrium point. is a local strict 

minimum for 1r, then this point is stable in the sense of Liapunov. This is the 

classic Lagrange-Dirichlet theorem. In HJ0,1 Painlevc gave a counter-example to 

the reciprocal of this theorem in 1 degree of freedom. 
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Since then the problem of studying the stability of an equilibrium point 
which is not a local strict minimum for the potential energy, usually giving 
sufficient conditions for its instability, has been known as the inversion of the 
Lagrange-Dirichlet theorem. 

In [5], a striking example of the non inversibility of the Lagrange-Dirichlet 
theorem was given in two degrees of freedom. In the example there is a straight 
line passing through the origin in which the potential energy is strictly negative 
except at the origin where its value is O and, yet, the origin is stable. For that, 

•2+ •2 
it was considered the kinetic energy T(q1,q2 ,cji,q2 ) =¥and the potential 

energy w(q1, q2 ) = e --;r cos 1- - e -* (cos 1- + q~). This syst~m is clearly seen 
Q1 Q2 

to be separable and, each part is shown to be stable just like in the Painleve 
example. Thus, it shows that even if there is a curve adherent to the origin at 
which the potential energy is negative, this does not imply the instability of the 
equilibrium. 

Among the possible partial inversions to the Lagrange-Dirichlet theorem, 
there is a conjecture placed by Liapunov and, with the notations and language 
introduced in [1], restated by Barone Netto, which says that, being the origin an 
equilibrium point for the lagrangian system, if the k-jet of the potential energy 
shows that it does not have a minimum in the origin, then the origin is an 
unstable equilibrium point (see the next section for the definitions of k-jet and 
of it showing that the origin does i10t have a minimum). This conjecture, if 
true, would be the best result possible in the set of functions that have k-jet. 

Several interesting results concerning this conjecture have been proved re­
cently. It is worth noticing that in the works cited below, something stronger 
than the instability of the origin is proved, namely they show the existence of 
an asymptotic trajectory to the origin in the past. 

In the context of 2 degrees of freedom, the conjecture was completely proved 
in [4]. This was done using a Cetaev like function to show the existence of an 
asymptotic trajectory to the origin. 

In the general case of n degrees of freedom, we have only partial results in 
the direction of this conjecture. For example, when the jet that shows that the 
origin is not a minimum for the potential energy is homogeneous, then in [7] 
and, independently, in [10] it is proved that with some additional hypothesis on 
the regularity of the lagrangian the origin is unstable. 

Extending this result, in [6] the following theorem is proved: 

Theorem (Maffei, Moauro and Negrini). Consider the lagmngian system 
given by equation (1) in JR2(m+nl, with q = (u,v), q = (1't,v) and C = T- w. 
Assume there is an -integer k 2:'.' 3 and reals w1 , .•. , Wm such that: 

1. 7r(u,v) = ~(1i,l(u,v)u) + 7r[k](u,v) + R(u,v), where l(u,v) is an m x m 
matri.T suci,. that l(O, O) = ding(wr, ... , w;.), 1r11.:J homogeneous of degree k, 
R(ti,v) = O(ll(u,v)llk+1 ) and min {1r1kJ(O,v): llvll = 1} = -1; 

2. ,C is ck+3+ l -½-1 J . 
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Then there is a trajectory ef>(t) such that (cp(t),¢(t))-> (0,0) as t _. -oo. 

This result, in particular, proves the conjecture under the assumption that 

there is a split of JRn+m = !Rn EB Rm. where we have that the k-jet of 1r is 

1rz(q1, ... , qn) + 7rk(qn+i, ... , qm), such that ?r2 is a positive definite quadratic 

form in (q1 , •.. , qn) and 7rk is an homogeneous polynomial of degree k that 

shows that the origin is not a minimum for the potential energy ?r; and that £ 

isck+s+L¥J. 
In the context of analytic lagrangians, in [8] it is shown that if the lagrangian 

is analytic and the potential energy does not have a minimum in the origin, 

then the origin is unstable. In this paper only the instability is proved, and the 

question on whether an asymptotic trajectory to the origin exists remains open. 

Also, the conjecture as proposed by Barone Netto includes the analytical case, 

since in [2] it is proved that if 1r is analytic and does not have a minimum in 

the origin, then there is a positive integer k such that l1r shows this fact. 

In the present work, we increase the class of jets that ensures the instability 

of the equilibrium point. For this, we prove the following result: 

Theorem A. Consider the lagrangian system given by equation (1) and assume 

that C = T-1r is such that O is an equilibrium point, the k-jet of 7r shows that the 

origin is not a minimum for 1r, that C is ck+L ¥ J+3 , that the rank of j 2?r(0, 0) 

is at least n - 2 and thut T is a, pos'itive definite quadratic form i.n q for every 

q. Then there is a trajectory cp(t) such that (¢(t),¢(t))-> (0,0) as t--> -oo. 

Therefore, this result is an extension of [G] for the case of co-dimension 2 

and it also covers the analytic case when the hessian of the potential energy has 

at most 2 null eigenvalues. 
To attain this, we initially prove a theorem that ensures the instability of 

the origin when the potential energy_ has a particular form. Then, we show that 

the class of systems above mentioned can be taken to this form by means of a 

subtle change of spatial coordinates. The method we use to prove the theorem 

is a modification of the method used in [4], that keeps all the good properties 

of that construction, and is the key step in this work. 

Also related to the problem at hand, we consider Lagrangian systems un­

der the action of gyroscopic forces, known as the Routh problem. Lagrange's 

equations for a system in this conditions arc 

!!:_ DC _ DC = Q 
dt EJq oq ' (2) 

where Q = Q(q)q is linear in q and such that (Q(q)q, (j) = 0. The equilibria are 

again of the form (q0 , 0) where Z; (q0 ) = 0, exactly as in the conservative case. 

Gyroscopic stabilization is a known fact that shows the importance of addi­

tional hypothesis on the gyroscopic force and, also, that some techniques used 

in the study of the inversion of the Lagrange-Dirichlet theorem may fail to work 

in this context. Sec, for example, reference [9]. 

In [7], it is shown that the rnethod used to treat the case when the k-jet of 

1r that shows the origin is not a minimum for 7r is homogeneous works, under 
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the additional hypothesis that there is an integer s such that s ~ k!2 and jsQ 

is the first non null jet of Q. This result is an extension of the analytic case in 
[7]. 

We show in the same way, under slightly weaker conditions on the gyroscopic 
force, that our results are valid in this context as well. 

This text is organized as follows: in the following section, we introduce the 
definitions and notations that we use along the text. In section 3, we prove some 
lemmas and estimates that are important to prove the key theorem that we use 
to prove theorem A above. In section 4 we prove this key theorem, and apply 
it in section 5, proving theorem A and extending the results of [,1]. Finally, in 
section 6 we give a natural extension of these results for the case of lagrangians 
systems with gyroscopic forces. 

2 Hypothesis and notations 

The definitions and notations introduced in the present section are used along 
the text. 

We need two basic definitions from k-dccidability introduced by Barone 
Netto and presented, respectively, in [I] and [4]. 

Definition. Let n C JRn be an open set wh'ich contains the origin. A function 
f : n ---> JR is said lo have punctual jet of order k in the origin, with k a positive 
integer, if there is a polynomial P : \Rn __,. JR with degree less or equal to k such 
that ~~1li f(x1/~1f(x) = 0. In this case, we denote the polynomial P by jk J. 

In this text, we call the punctual jet of order k simply by k-jet, always at 
the origin. 

A simple consequence of this definition is that if there is the k-jet off, then 
it is unique. Therefore, polynomial of order k, it is its k-jet. 

Definition. We say that l f shows that f does not have minimum at the origin 
(or, equivalently, l f shows that the origin is not a minimum for f) if f is a 
function which has punctual jet of order k at the origin and for every function g 
such that l f = lg we have that g does not have a minimum (not even strictly 
weak} at the origin. 

In order to correctly specify the 'system which we work in the beginning, we 
need the following definition. 

Definition. Given real numbers a> 0 and /3 > 1, and a C1 function P: ]Rm---> 

JR, we say that P satisfies the (a, (3)-vroperty if there are real numbers o E (0, % ) 
and a > O such that there is a connected component C of 

A = { (q1, ... , qm) : 0 < qm < a, P(q1, ... , qm) $ oq;;} 

which contains { (0, ... , 0, qm ), 0 < (Jm < a} where the following inequality holds 

DP . ~ qm 8 (q1, ... , qm) $ (I, - l)oqm, 
q,n. 
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with k = f /31-
With this, we can finally define the class of lagrangians for whom we prove 

our initial result. 

Definition. We say that the lagrangian £(q,q) = T(q,q) - 1r(q) satisfies the 

hypothes·is 1-io if the following conditions hold 

1. £ is defined for q in fl n {q: qn > O} U {O}, for some open neighborhood 

fl of O in lRn, and q in lRn; 

2. T is positive definite quadratic form in q for every q and letting T(q, q) = 
½ Lrs=191s(q)q1<is, we have that [91s(q)] is symmetric for every q and 

there are reals ti1 > 0 and ti2 > -1 such that [g18 ( q)] = I + h( q), where 

llh(q)II = o(\\q\\1" 1
) and llh'(q)II = o(l\q\\M); 

3. IT is of class C2 for qn > 0 and is continuous in n n { q : qn > O} u {O}' 

1r(O) = 0 and there are a positive fateger N and reals a > 0 and µ > l 

such that 

where: 

(a) U(q1, ... ,qN) ~ 0 for all (qi, ... ,qN); 

(b) rr2(qN+1,.,, ,qn) = -aq~ + P(qN+l, ... ,qn) + R(qN+l, .. , ,qn), with 

i. P(qN+l, ... , qn) satisfies the (a, µ)-property in Rn-N; 

ii, P(O, ... , 0, (]n) = 0 and P ~ 0 for all (qN+1, ... , Qn) E C, where 

C is given by the (a,fn-property of P; 

iii. R(QN+l, ... , qn) = o(\\ (qN+l, ... , (]n) \\ 13 ); 

iv. 2t! = o(\\(qN+l, ... ,qn)\1 13 - 1
) for j = N + 1. ... , n. 

Yet, for the lagrangians in the section where we extend the results of [4], the 

following definition is important to keep the hypothesis together. 

Definition. We say that the lagranyian £(q,<j) = T(q,q) - 1r(q) satisfies the 

hypothesis 1-i1 if the following conditions hold 

1. £ = T - 1r is of class C2 and is defined for q in some open neighborhood 

of O in R11 and q E Rn; 

2. T(O, q) = ½ I:7;,,1 q; and T is a positive definite quadratic form in q for 

all q,· 

8. there are positive integers N and k such that. 

where: 
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{a) U(q1, ... ,qN) 2 0 for all (qi, ... ,qN)i 

(b) 1r(0) = ll~;(0)II = 0; 

(c) jk1r2 shows that 1r2 does not have a minimum in the origin; 

(d) there is l-1<:;;1r2 in the origin. 

We should note that the last condition is to be understood as every coor­
dinate of v'1r2 has a (k - 1)-jet. This hypothesis imply that 1r2 = lr.2 + R, 
with R(qN+I, ... , qn) = o(ll(qN+l, ... , (Jn)llk). Also, since there is l-1Vrr2 at 

the origin, it is shown in the appendix of [1] that g~ = o(ll(qN+I, ... ,qn)llk-I) 
for j = N + 1, ... , n. 

3 Some preliminary lemmas 

We keep the notation introduced in the last section, and assume that ,C satisfies 
'H,0 . In particular, '5, CJ and Care the ones given by the (o:,,6)-property of P. 
Also, denote by E(q, q) = T(q, q) + 1r(q) the total energy of the system. 

In this conditions, we can write Lagrange's equations (1) in coordinates and, 
after a brief development, get into 

(3) 

for r = 1, ... , n. Although these equations are not in the normal form, this will 

be convenient later. 
With these notations, we make a subtle modification in the auxiliary function 

used in [4] that, as shown in the following lemmas, retains the same estimates 

obtained in [4], and enables us to follow the same route in proving the instability 

theorem in the next section. 
Let Pn(q, q) = I;;=I 9ns¢.s and consider the function 

• (3 1 2 ( V(q,q) = aqn - -
2 

-pn - R (JN+I,··· ,qn) 
9nn 

and V(q, q) = V(~.q). Then, for CJ1 E (0, CJ) and,\> 0, we define 
q,. 

and 

C<11,>- = C<11 n {(q,q); ll(q1,, .. ,(Jn-dlloo < A(/n } • 

Notice that Ca, is not empty since all the points such that ~q~ = aq~ - R, 
with all the other coordinates equal to 0 and (Jn sufllciently small are in the set. 
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Since we are searching for asymptotic trajectories to the origin, and by the 

definition of Ca 1 , ii makes sense to work in the relative topology of the energy 

level E = 0, and we do so. 
It is worth noticing that, since E = T + U -0:q~ + P + R, in Ca 1 

we have that 

V = T- 2LP'?i + U + P. Since T(0, q) = ! }:~;,,,1 iJ; and, from the definition of 

Pn, T(q.rj) - 29~ ... P?i(q,q) docs not have any term in rin, given E > 0, for small 

t II II (l-e) '-'n.-1 ·2 < T( ') J 2( ') (l+e) '-'n-1 ·2 
enougn q , 2 L-i=l qi - q, <J - 2g,..JJn <J, <J :::; 2 L-i=l <Ji· 

Thu:;, recalling that U and Pare positive, we have that 

n-l ( n-l 

0::; (1; E) L <d::; 1; E) L q; + u + p:::; V < Oq~. (4) 

i=l i=l 

It follows that, in Ca,,>., 
·2 - 0( {3) qj - q,, (5) 

for j = 1, ... , n - 1, which will be used in the following. 

An important bound for rin, which will be used in the next lemma, is given 

by: 

Lemma 1. Given,\ > 0 and EE (0, 1), there is a0 > 0 such that if (q,p) E 

a fJ < .2 < 1a f3 

1 + E, qn - <Jn - l _ E, <Jn • 

Proof. It follows the hypothesis on 9Ls and equation 5 that there is a 1 > 0 such 

that, in Ca 1 ,>., 

(6) 

Let a2 E (0, O"i] be such that, as remarked after the definition of V, V ~ 0 

in Ca 2 ,>., Recall that R = o(q~) in Ca2
,>., and using the definition of V we get 

and then c.-1--p~::; o:qf. + o(qf,). Using (6), we get 1:;-Eq;;_:::; o:q~ + o(qf.). From 
~9nn ~ 

here, it follows that ri;. :::; ?.:.'Eq~ + o(qf.) and, for a3 E (O,a2l, rj;, :::; 1~'Eq~ in 

Ca3,A• 
On the other hand, V < Oq~ in Ca3 ,>. and from the definition of V and the 

order of H we have 
/3 1 2 ( /3) r /3 

0:qn - -
2
-Pn + O <Jn < uq,. 
9nn 

so -2 
1 p~ > (0: - 8)qf. + o(q~). Again, by (6), and recalling that from the 

9nn 

(0:,/3)-property 8 < ¼n, we get ~q; ~ (n - 8)q~ + o(q~) ~ ¾aq~ + o(q~), and 

it follows that (1 +c:)<i~ ~ 10:q;{ +o(q~). Finally, we can take a0 E (O,a3] such 

ti t . C I· -2 > " r1 rn 111 170 ,>. we rnvc q11 _ (l+~J<Jn• D 

7 



Now we determine the sign of V, which is a main step in proving the insta­
bility theorem. Recall that the border of the set iu the next lemma is taken in 
the relative topology of the energy level E = 0. 

Lemma 2, For every,\> 0, there is ao E (O,a) such that in 

(8Ca0 \{(0,0)})n{(q,q): ll(q1,•••,Qn-1)\loo S ,\qn} 

the function V is not zero. More precisely, V has the opposite sign of qn in each 
connected component of this set .. 

Proof. Since V = ~, we have that V = ~ - ~~1 qn, and thus 
9n Qn 9n 

/Hl,.:, - . {3V' qn V - (/n V - (/n , 

Since qn > 0 in C,,,.,, it is enough to show that q~+l V docs not vanish. 

Let us calculate V, using the definition of V 

· 13_1 • 1 . 1 • 2 ~ DR .. 
V = a.f]qn Qn - -PnPn + -2 2 9nnPn - L., 8q· (ji • 

9nn 9nn i=N+l 1 

From here, using the definition of Pn we have 

V = af]rt,,- 1iJn - -
1 

(t9ns<Js) £<:t (tYns</s) 
9nn s=l s=l 

+ 
2 

\ flnn (t9nA.,)
2 

- t :; <Ji 
9nn s=l i=N+l 

1 

and by equations (3), we get 

. Using the hypotheses on the form of 7l', we have 

n 8R - I: a:<ii, 
i=N+l q, 

8 
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v 

v 

Therefore, we can write 

And, with exception of the term 'lnqn g:.,, for cro > 0 small enough, the other 

M 
terms are o(qnl ). In fact, noting that by hypothesis 9ij -+ 0 if if- j and 9ii -+ 1, 

let's analyze each remaining term: 

• (E~.::L:na<i,)a/3q~: recall that qi = O(qJ) from (5), so we get that each 

M 
parcel is o(q11l ); 

• ("I:;::;:_:n•<i•) qn 1£: from (5) and the (o, /3)-the property of P, we conclude 
3~ 

that. each parcel is o(q1?); 
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(I:;;'=1 !ln,ii,) DR . ("'n OJI ·). f · • qn, 9nn Oqn e 'ln L-i=N+I {Jq; Qi , rom the hypothesis 011 R, we 

have that g:, = o(Q~- 1), from (5) and lemma 1 we conclude that each 
3/J 

parcel is again o( Q,T); 

• Q11 (I::~;; 1 !ln,<l,) (Li".-1 0lli.8 iJ11Js): from (5), lemma 1 and the fact that !JJl,-
.,gnn ,. - qn bq11 

is by hypothesis of order 112 > - I, and then Qn {Jff:: has strictly positive 
30 

order, we get that each parcel is o(QJ° ); 

~ · ("'n. · )2
· t· ti t . - "'" ~. l 11' l • 29~n Dnn L-s=I Dnsqs . no ice m Dnn - L-i=I Oq, Qi all( reca mg t mt 

by hypothesis !221'. is of order /1? > -1, from what q11 !!.JJJ.,.o has strictly • • Oqn ... Qn 
S/3 

positive order, it follows from (5) and lemma 1 that each parcel is o(Q;f ). 

Therefore, we get that 

. {JP ¥, = IJnQn -
0 

+ o(qn ) , 
Qn 

Notice that in aC170 ,\ we have V = c5q~, and thus f]V<j,, = f]c5Q~rj,,. So, 
substituting the results in equation (7), we get 

Q/3+1'\f _ 
n -

(8) 

Since in EJC,,0 ,>- we have P :=:; Sq~, by the (a,,8)-property of P we have that 
Qng:, :=:; 6(1.: - I)q~. Then 

ti EJP ti (]6qn - Qn7l 2 (,8- (k- 1)) 6qn. 
uqn 

Recalling that (13 - (k - I)) > 0 and that for era given by lemma 1 sufficiently 
small, we have that <in i= 0 and by the inequalities of the same lemma 1, we 
have 

Finally, getting era smaller if nc~cssary, the result follows. In particular, 

equation (8) shows that the sign of V in 

is given by the opposite sign of lj11 , as we wanted. □ 



4 Instability theorem 

We prove now the key result of the text, which is the the instability theorem 

showing the existence of an asymptotic orbit to the origin as t __. -oo, what 

assures the instability of the origin !1S an equilibrium point. The proof, now 

that we have obtained the estimates of lemmas 1 and 2, is a direct extension of 

the main theorem in [1]. 

Theorem 1. Consider the lagrangian systems given by equations (1 ). As­

sume that C, satisfies 1-{0 • Then, there is p > 0 and a trajectory rj;(t) such that 

(¢(t),¢(t)) __. (0,0) as t-> -oo, and that for !ti great enough, (rj;(t),¢(t)) E 

cp,../2a· 

Proof. Given "I> 0, let's denote by o,, the set 

By lemma 1, there is p1 > 0 such that in nPP q~ > ½aq~. Since q" > 0, we 

have that <iri > ~q,I. 
Also, from equation (4), we have that there is P2 E (0,pi] such that in Dp2 

for j = 1, ... , n - l. 

q•2 < 4oqf3 < 2aq·2 
J Tl n 

Thus, for any solution <p(t) = (q1(t), ... ,qn(t)) of (3), if there is a t1 such 

that (<p(t1),<p(t1)) E ITp2 and lqJ(t1)I = q,,(t1), then there is t1 > 0 such that 

for all t E (t1, t1 + fi) we have lqJ(t)I < ../2aq,,(t) and for all t E (t1 - €, t1), we 

have (<p(t),<p(t)) ~ ITp2 • 

On the other side, lemma 2 implies that there is p E (0, p2] such that if 

(<p(t2 ),0(t2 )) E ITP and, for some instant t2 , V(ip(t2),<p(t2 )) = oqri(tz)f3 then 

there is €2 > 0 such that for all t E (t2, t2 + €2) we have V(ip(t), ip(t)) < oqn(t)13 

and for all t E (t2 - E2, t2) we have V(<p(t), <p(t)) > Oqn(t) 13 • 

Therefore, each solution <p, with O < q,,(t) < p, that in some instant tis in 

the (relative) border of Op was outside Dp for some time interval before t. And, 

besides, this solution will be in the relative interior of Dp for a time interval 

after t. 
Let's take a sequence Zj = (q1,j, .. ,,qn,j,<h,j, .. ,,qn,j) E anp, with O < 

qn,j < p and such that Hm Zj = (0, O) and consider the solutions r/;j of (3) such 
J .... 00 

that (rj;j(0), ¢J(O)) = Zj, 
In some positive instant, these solutions arc going to be in Op and they 

cannot leave Op in a point with q" < p. Also, since in Op we have <in > ~qJ, 

there are sequences lj > 0 and 'Wj = Uh,j' .. ', P, '11,j,.", 'ln,j) E 80p, such that 

(rj;j(tj),4>i(tj)) = wi and (rj;i(t),¢,j(l)) E Op for all t E (0,tJ), 
It is clear that there is a subsequence Wj, converging to a point w. Without 

loss of generality, let's suppose that WJ, = Wj, 
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We assert that the solution ¢(t) of (3) with initial conditions w is asymptotic 
to (0, 0) as t -> -oo. 

Suppose by contradiction that it does not occur. Then, there would be a 
time i such that (¢([), ¢([)) rf. 'ITp, 

Let 

d= {dist((¢([),¢(l)),DOp), min 11(¢(t),¢(t))II}, 
1.e11.,o) 

with dist( ( ¢(t), ¢([), onp) being the' distance from ( ¢(i), ef!U)) to Dnp. 
Since WJ converges to ii), continuous dependence guarantees that there is .io 

such that for j > j 0 we have 

. . d 
min 11(¢(t), ¢(t)) - (¢J(tJ + t), ,Pj(tj + t))II < 9 , 

tEit,O) • 

what implies that t1 + t < 0 for j > Jo, because 

11(¢(l), ¢(l)) - (¢1(t1 + [), ¢J(/,J + l))/1 < ~ =* ((¢J(tJ + t), ¢J(tJ + l)) rf. TTµ. 

But then we have that z1 = (¢J(O),¢J(O)) = (c/JJ(tJ + (-tJ)),¢J(tJ + (-tj))) 
does not converge to (0, 0) as j -> oo, what is a contradiction with the choice 
of ZJ and completes the proof. D 

5 The splitting of the potential energy 

In this section we study a particular ca5e of systems that, c1fter a subtle change 
of spatial coordinates, satisfies the hypothesis 7-i0 • Therefore, c1s an application 
of theorem 1, we obtain an instability theorem for these systems. The interest 
in this is that the conditions required are more natural to state and verify than 
the ones in hypothesis 7-i0 • 

As discussed in the introduction, the initial problem that motivates this 
section is obtaining a generalization of the main result of [4] in a splitting of 
Rn, analogous - although with very distinct techniques - to what is done in [G] 
to extend the results of [7]. 

In this spirit, we study the system of equations (3) for a lagrangian C = T-rr 
satisfying 7-{1 and, we further suppose that n-N = 2, that is, rr2 = r.2 (q11 _ 1 , qn) 
is a function of the plane, whose k-jet shows that 1r2 does not have a minimum 
in the origin. 

Then, according to section 3 of [4], there is a change of coordinates in which 
1r2 may be rewritten such that it satisfies the respective hypothesis in 7-{0 • In 
particular, lemma 1 of [4] proves the (a, /3)-property of P. 

To complete the demonstration, it is enough to verify that the kinetic energy, 
in the new coordi1rntes, satisfies the hypothesis on its order. For that, let's recall 
briefly the construct.ion of the change of coordinates made in [,1]. 

Suppose, initially, that /'rr2 is not homogeneous or it is homogeneous and 
there is (qn-1,q11 ) such that lr.2(q,._ 1,qn) > 0, that is, it is an homogeneous 
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saddle. Under this condition:;, it is shown in the appendix of [4] that there are 

reals a, Ao, a > 0, (k - 1) < /3 ::; k and an algebraic curve 1 : I -+ IR, where 

I= [0,a), with 1(0) = 0, such that, after an eventual rotation, the following 

relation holds 

for all qn E [O, a). 
Besides, we can write -y(qn) = I:~1 biqf.•, with bi E IR and (/3i) a strictly 

increasing sequence of rationals, with /11 > 1. From here, it follows that, with 

an eventually smaller t:r, there are positive constants c1 , c2 and c3 such that, for 

qn E [0,a), we have 
l,(qn)I < c1qf.1 

l,'(qn)I < Czq~i-l 

l,"(qn)I < c3qf.1 -
2 • 

The change of coordinates we are looking for is made in 

(9) 

where it is C00 and admits an extension to FU{O}, which is an homeomorphism, 

preserving the asymptotic trajectories to the origin tangent to the semi-axis 

{qn > 0}. This change of coordinates takes the curve I into this semi-axis. 

Thus, consider <l>(Q11-1,Qn) = Uin-1,(Jn), where iin-1 = Qn-1 - 1(qn), with 

(qn- 1 ,qn) E :F; and <I>(0,0) = (0,0). In these coordinates, we have that 1r2 

satisfies the relative hypothesis in Ho, a result shown in details in the section 3 

of [4]. We notice that P 2: 0 for llJn-i I ::; AoQn, but the proof of lemma 1 in [4] 
shows that P 2: 0 in C, as desired. 

Let's denote by '1i the change of coordinates in IR11 such that 

'1i(q1, • • •, qn-1, qn) = (qi,•••, q,,_z, <P(qn-1, qn)) · 

Now, we can calculate the kinetic energy in the new coordinates and verify 

that it satisfies the hypothesis on its order. 

Let q E IRn. and let's denote the new variables by q = ( q1 , ... , (Jn-1 - 1( (Jn), (Jn) 

and q =(ch, ... , <in-I - ,'(qn)<in, <in), 
Denoting T(q,q) = ½ (G(q)q,cj), we have that in the new coordinates, the 

kinetic energy 1' is given by 

where A(ij) is the inverse matrix of the transformation induced in cj by '11, that 

is I 11- 1 = '11', ' 

Thus, introducing G(rj) = G(w-1 (cj) ), it is clear that the matrix of 7' is given 

by ATGA. Then, it is enough to calculate A. For this, notice that 
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where, recalling the definition of <I>, we have 

<I>'= ( 1 --y' ) 
0 1 ' 

whose inverse is 

and, finally, it is clear that 

from where we conclude, using relations (9), that ATGA = I +h, with lih(q)II = 
0(11<7111' 1 ) and llh'@II = o(Jlqll1'2

), with µ1 = min {1,,81 -1} > 0 and /l 2 = 
min {O, fi1 - 2} = /ti - 1 > - 1, as we desired. 

With this, using theorem 1 we have proved the following: 

Theorem 2. Consider the lagrangian system given by equations (1). Assume 
that ,C satisfies 1{1 , that n - N = 2 and that jk1r2 is not homogeneous or is an . 
homogeneous saddle. Then there is a trajectory ¢(t) such that (¢(t), ¢(t)) -> 
(0, 0) as t --> -oo. 

In particular, this theorem together with the result of [G] for the homogeneous 
case, gives the extension to the results of [,t] that we arc looking for. In order 
to substitute the coupling condition presented in [G], we need the lagrnngian to 
be of a higher differentiability class. The interested reader can fillCI a weaker 
coupling condition in the same reference. 

Theorem A. Consider the lagrangian system given by equation (1) and assume 
that ,C = T - 1r is such that O is an equilibrium point, the k-jet of 1r shows that 
the origin is not a minimum for 1r, that ,C is of class c"'+ l ¥ J +3

, that f21r(0, 0) 
is a positive semi-definite quadratic form of rank at least n - 2 and that T is a 
positive definite quadratic form in q for every q. Then there is a trajector-y ¢(t) 
such that (¢(t), ef>(t))--> (0, 0) as t __, -oo. 

Proof. Without loss of generality, we may suppose that T(0, q) = il¥, so the 
hypothesis on the kinetic energy are valid. 

We note that since ,C is at least Ck+3
, it is clear that there is l-1"il1r, as 

required. 
Then, a simple application of the splitting lemma - see [1] - leads to a 

system which directly satisfies either the hypotheses of the theorem in [G] (stated 
in the introduction) or the hypotheses from theorem 2 above, and the results 
follows. 0 
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6 Systems with gyroscopic forces 

We consider now a lagrangian system with the presence of gyroscopic forces 

given by equation (2), fk ~J - ~~ = Q, where Q = Q(q)q is linear in q nnd such 

that (Q(q)q, cj) = 0. . 
We show that theorem 1 can be easily extended to this context, much in the 

same way that [7] does to the results of [3]. 
We can rewrite equation (2) in coordinates in a convenient manner, as the 

equations (3). Denoting the j-th component of Q(q)q by I::;';,,1 Qj;(q)q;, we get 

(10) 

for r = 1 , ... , n. 
It is a well known fact that the total energy for these systems, E(q,q) = 

T(q, q) + 7r(q), is still conserved. Thus, admitting that£ satisfies Ho and some 

additional hypothesis regarding Q, the constructions made to prove theorem 1 

are still valid with small changes. In fact, it is easily seen that verifying the 

validity of lemma 2 will suffice. 
For this purpose, keeping the same notations and definitions of the conser­

vative case, one can notice that in the calculations of qn V, due to equations 

( 10), only the following additional terms will appear 

¥ ft 
and we would like them to be o(qn ). Then, considering that 'li = O(qJ ), it is 

/l 
enough that Qn;(q) = o(llrzl[,- 1) as llrzl[---> 0, for i = 1, ... ,n and we get the 

result desired with the same proof as in the conservative case. 

Thns, we have proved the following 

Theorem 3. Consider the lagra.ngian systems with gyroscopic force Q given 
by equations (2). Assume that [, satisfies Ho and that Q is of class C1 and 

Q11;(q) = o{llqll~- 1 ) as JJqJI---> 0, for'i = 1, ... ,n. Then, there is p > 0 and a 
trajectory efJ(t) such that (¢1(t),¢(t))---> (0,0) as t---> -oo, and /.ha/. for Jtl great 

enough, (ip(t),J(t)) E Cp,./'Ta· 

For the case that n - N = 2 and £ satisfies H1, as in the previous section, 

due to the change of coordinates that is made, the last two coordinates mixes, 

so we ask that Qn;(q) = o(JJqJf ½- 1) and Q(n-l)i(q) = o(JlqJJ½- 1) as Jlq[J ---> 0, 
for i = 1, ... , n. In this way, the 

1
extension of the results of that section is 

immediate, and we write them clown as the following corollaries. 

Corollary 1. Consider the lagm.ngio.n system with gyroscopic force Q given 

by equations (2). Assume that£ satisfies 'H1 , that n - N = 2, that yk'7r2 in 
the origin is not homogeneous or ·is an homogeneous saddle and that Q 11 i(<J) = 
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o(llqll½- 1
) and Q(ri-1)Jq) = o(llqll½- 1

) as llqll-; 0, for i = 1, . .. ,n. Then 
there is a trajectory c(;(t) such that (rp(t), ,P(t))-; (O, 0) as t-; -oo. 

Corollary 2. Consider the Lagrangian system with gyroscopic force Q given by 
equations (2). Assume that C = T - 1r is such that the the 0 is an equilibrium 
point, the k-jet of 1r shows that the origin is not a minimum for 1r, C is of class 
ck+ l k;

3 J +3
, that j21r(0, 0) is a positive semi-definite quadratic form of rank at 

least n - 2, that T is a positive definite quadratic form in rj for every q and that 
Qn;(q) = o(!!qll½- 1

) and Q(n-I)i(q) = o(l!q!l½- 1
) as llq!I-; 0, for i =I, ... ,n. 

Then there is a trajectory rp(t) such that (rp(t),,P(t))-; (0,0) as t-; -oo, 
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