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Abstract

In this work we show that, if £ is a natural lagrangian system such that
the k-jet of the potential energy ensures it does not have a minimum at
the equilibrium and such that its hessian has rank at least n—2, then there
is an asymptotic trajectory to the associated equilibrium point and so the
equilibrium is unstable. This applies, in particular, to analytic potentials
with a saddle point and a hessian with at most 2 null eigenvalues.

The result is proven for lagrangians in a specific form, and we show
that the class of lagrangians we are interested can be taken into this
specific form by a subtle change of spatial coordinates. We also comnsider
the extension of this results to systems subjected to gyroscopic forces.

Keywords: Liapunov stabilily; Lagrange-Dirichlet theorem; Lagrangian systems

1 The problem

Consider the study of the Liapunov instability of equilibrium points of conser-
vative Lagrangian systems in R?", with lagrangians £(q,¢) = T(q,q) — =(q),
where 7 is the potential energy and T the kinetic energy.

Lagrange’s equations for these systems are

ol =5 =0 1)

and its equilibrium points are of the form (go, 0) where %’é(qo) =0,

In this context, Lagrange announced in 1788 a theorem, proved in 1846
by Dirichlet, which asserts that that if an equilibrium point is a local strict
minimum for 7, then this point is stable in the sense of Liapunov. This is the
classic Lagrange-Dirichlet thecorem. In 1904 Painlevé gave a counter-example to
the reciprocal of this theorem in 1 degree of freedom.
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Since then the problem of studying the stability of an equilibrium point
which is not a local strict minimum for the potential energy, usually giving
sufficient conditions for its instability, has been known as the inversion of the
Lagrange-Dirichlet theorem.

In [5], a striking example of the non inversibility of the Lagrange-Dirichlet
theorem was given in two degrees of freedom. In the example there is a straight
line passing through the origin in which the potential energy is strictly negative
except at the origin where its value is 0 and, yet, the origin is stable. For that,

it was considered the kinetic energy T{q1,¢2,¢1,¢2) = ‘ﬁ%ﬁ and the potential
. :

energy m(gi,q2) = e 9 cos ;11—1 - e_jg cos qi? + q%) "This system is clearly scen

to be separable and, each part is shown to be stable just like in the Painlevé

cexample. Thus, it shows that even if there is a curve adherent to the origin at

which the potential energy is negative, this does not imply the instability of the

equilibrium.

Among the possible partial inversions to the Lagrange-Dirichlet theorem,
there is a conjecture placed by Liapunov and, with the notations and language
introduced in [1], restated by Barone Netto, which says that, being the origin an
equilibrium point for the lagrangian system, if the k-jet of the potential energy
shows that it does not have a minimum in the origin, then the origin is an
unstable equilibrium point (see the next section for the definitions of k-jet and
of it showing that the origin does not have a minimum). This conjecture, il
truc, would be the best result possible in the set of functions that have k-jet.

Several interesting results concerning this conjecture have been proved re-
cently. It is worth noticing that in the works cited below, something stronger
than the instability of the origin is proved, namely they show the existence of
an asymptotic trajectory to the origin in the past.

In the context of 2 degrees of freedom, the conjecture was completely proved
in [4]. This was done using a Cetaev like function to show the existence of an
asymptotic trajectory to the origin.

In the general case of n degrees of freedom, we have only partial results in
the direction of this conjecture. For example, when the jet that shows that the
origin is not a minimum for the potential energy is homogeneous, then in [7]
and, independently, in [10] it is proved that with some additional hypothesis on
the regularity of the lagrangian the origin is unstable.

Extending this result, in [6] the following theorem is proved:

Theorem (Maffei, Moauro and Negrini). Consider the lagrangian system
given by equation (1) in R2™+M) | with ¢ = (u,v), ¢ = (&,9) and L=T — 7.
Assume there is an integer k > 3 and reals wy, ..., wy such that:

1. w(u,v) = %(u,l(u,v)u) + i) (e, v) + B(u,v), where l(u,v) is an m xm
matriz such that 1(0,0) = diag(w?, ... ,w2), 7k homogeneous of degree k,
R(u,v) = O(|i(u, v)[|*1) and min {m(0,0) : |lo} =1} = =1;

2. L is ch+3+*F), ,



Then there is a trajectory ¢(t) such that (¢(t), 4(t)) — (0,0) as t — —oo.

This result, in particular, proves the conjecture under the assumption that
there is a split of R™™ = R™ @ R™ where we have that the k-jet of = is
72(q1, .+ 1 Gn) + Ti(@nt1s - -y Gm)y Such that w2 is a positive definite quadratic
form in (q1,...,¢n) and mx is an homogeneous polynomial of degree k that
shows that the origin is not a minimum for the potential energy m; and that £
is ck+3+EF]

In the context of analytic lagrangians, in (8] it is shown that if the lagrangian
is analytic and the potential encrgy does not have a minimum in the origin,
then the origin is unstable. In this paper only the instability is proved, and the
question on whether an asymptotic trajectory to the origin exists remains open.
Also, the conjecture as proposcd by Barone Netto includes the analytical case,
since in [2] it is proved that if 7 is analytic and does not have a minimum in
the origin, then there is a positive integer k such that j*7 shows this fact.

In the present work, we increase the class of jets that ensures the instability
of the equilibrium point. For this, we prove the following result:

Theorem A. Consider the lagrangian system given by equation (1) and assume
that £ = T'—7 is such that O is an equilibrium point, the k-jet of w shows that the
origin is nol a minimum for m, that L is Ck+|-k_3_sj+3, that the rank of °m(0,0)
is at least n — 2 and that T is o positive definite quadratic form in § for every
q. Then there is a trajectory ¢(t) such that ($(t), é(t)) — (0,0) as t — —oo.

Therefore, this result is an extension of [6] for the case of co-dimension 2
and it also covers the analytic case when the hessian of the potential energy has
at most 2 null eigenvalues.

To attain this, we initially prove a theorem that ensures the instability of
the origin when the potential energy has a particular form. Then, we show that
the class of systems above mentioned can be taken to this form by means of a
subtle change of spatial coordinates. The method we use to prove the theorem
is a modification of the method used in [4], that keeps all the good properties
of that construction, and is the key step in this work.

Also related to the problem at hand, we consider Lagrangian systems un-
der the action of gyroscopic forces, known as the Routh problem. Lagrange’s
cquations for a system in this conditions arc

d oL QE:Q, @)

dt 8¢ Jg

where Q = Q(q)q is linear in ¢ and such that (Q(g)¢,¢) = 0. The equilibria are

again of the form (qo,0) where %%(qo) = (), exactly as in the conservative case.

Gyroscopic stabilization is a known fact that shows the importance of addi-

tional hypothesis on the gyroscopic force and, also, that some techniques used

in the study of the inversion of the Lagrange-Dirichlet theorem may fail to work
in this context. See, for example, reference [9].

In [7], it is shown that the method used to treat the case when the k-jet of

# that shows the origin is not a minimum for = is homogeneous works, under



the additional hypothesis that there is an integer s such that s > %—2 and 55Q
is the first non null jet of Q. This result is an extension of the analytic case in

(7).

We show in the same way, under slightly weaker conditions on the gyroscoplc
force, that our results are valid in this context as well.

This text is organized as follows: in the following section, we introduce the
definitions and notations that we usc along the text. In section 3, we prove some
lemmas and estimates that are important to prove the key theorem that we use
to prove theorem A above. In section 4 we prove this key theorem, and apply
it in section 5, proving thcorem A and extending the results of {4). Finally, in
section 6 we give a natural extension of these results for the case of lagrangians
systems with gyroscopic forces.

2 Hypothesis and notations

The definitions and notations introduced in the present section are used along
the text.

We nced two basic definitions from k-decidability introduced by Barone
Netto and presented, respectively, in [1] and [4].

Definition. Let @ C R™ be an open set which contains the origin. A function
[ Q — R is said to have punctual jet of order k in the origin, with k a positive
integer, if there is a polynomial P : R™ — R with degree less or equal to k such
that hm LJ”—”’EEZ 0. In this case, we denote the polynomial P by j*f.

In this text, we call the punctual jet of order k simply by k-jet, always at
the origin.

A simple consequence of this definition is that if there is the k-jet of f, then
it is unique. Therefore, polynomial of order £, it is its k-jet.

Definition. We say that j* f shows that f does not have minimum at the origin
(or, equivalently, j*f shows that the origin is not a minimum for f) if f is a
function which has punctual jet of order k at the origin and for every function g
such that j* f = j*g we have that g does not have a minimum (not even strictly

weak) at the origin.

In order to correctly specify the system which we work in the beginning, we
need the following definition.

Definition. Given real numbers a > 0 and 8 > 1, and a C! function P : R™ —
R, we say that P satisfies the (a, 8)-property if there are real numbers § € (0,5)
and o > 0 such that there is a connected component C of

A={(g,. . qm): 0< gn <0, P(q1,--.,qm) < 6g5}
which contains {(0,...,0,qm), 0 < ¢m < o} where the following inequality holds

oP
Im (1, ++Gm) < (k= 1)dg5,,
Oqn



with k = [B].

With this, we can finally define the class of lagrangians for whom we prove
our initial result.

Definition. We say that the lagrangian £(q,q) = T(q,q) — n(q) satisfies the
hypothesis Ho if the following conditions hold

1. L is defined for ¢ in QN {q: gn > 0} U {0}, for some open neighborhood
Q of 0 in R™, and ¢ in R™;

o

. T is positive definite quadratic form in § for every g and letting T(q,§) =

LS em1 9is(@)drds, we have that lgis(q)] is symmetric for every q and
there are reals p1 > 0 and pg > =1 such that [gis(q)] = I + h{q), where

(@)l = o(ligli**) and {[K' ()|l = o(llgli**);

9. 1 is of class C* for gn > 0 and is continuous in QN {g: gn > 0} U {0},
7(0) = 0 and there are a positive integer N and realsa >0 and § > 1
such thal

7T((I) = U(Ql’---’QN)+772(QN+11---:‘1n)a

where:

(a) Ulqr,...,qn) 2 0 for all (q1,...,qn);
(b) To(gn41,- 2 dn) = —aq + Pgn41s. -2 ) + R(@N+15 -1 ), with

i P(gN41s-..2qn) salisfies the (o, 3)-property in RN,

i. P(0,...,0,qn) =0 and P > 0 for all (gn41,....qn) € C, where
C is given by the (a, B)-property of P;

11, R(QN-'Ha seey Qn.) = O(”(QN-H» e »(In)”/j)f

R

. Z)}E = 0(”((/N+11"'5qn)“ﬂ~1) fOTj =N+ L...yn.

Yet, for the lagrangians in the section where we extend the results of [4], the
following definition is important to keep the hypothesis together.

Definition. We say that the lagrangian £(q,q) = T(q,q) — w(q) salisfies the
hypothesis Hy if the following conditions hold

1. L =T —m is of class C* and is defined for q in some open neighborhood
of 0 in R and ¢ € R™;

2. T(0,§) = 1 0., ¢ and T is a positive definite quadratic form in g for
all q; :

3. there are positive integers N and k such that

m(q1y--qn) = U(g1, - qn) + m2(qnt1, - o)

where:

[ae)



(a,) U((h, cee ,(IN) 2 0 fOT' all (qla" . an)J'
(5) 7(0) = | Z(0)]| = O;
(c) §*ma shows that w3 does not have a minimum in the origin;

(d) there is j*~'Vry in the origin.

We should note that the last condition is to be understood as every coor-
dinate of Vs has a (k — 1)-jet. This hypothesis imply that 73 = j*ry + R,
with R(qN+1,---1qn) = o(|[{qn+1,- -, gn)lI¥). Also, since there is j5~1Vr, at
the origin, it is shown in the appendix of [4] that g—q’ii = o(l(gn1y - -+, qn)IF1)
forj=N+1,...,n '

3 Some preliminary lemmas

We keep the notation introduced in the last section, and assume that £ satisfies
Ho. In particular, 6, o and C are the ones given by the (¢, 5)-property of P.

Also, denote by E{q,¢) = T(g,q) +7(g) the total energy of the system.
In this conditions, we can write Lagrange’s equations (1) in coordinates and,

after a brief development, get into
d [— . a1 Ogg, .
T (; 91'5%) = + 5{;1 E;qu]s (3)

forr=1,...,n. Although these equations are not in the normal form, this will
be convenient later.

With these notations, we make a subtle modification in the auxiliary function
used in [4] that, as shown in the following lemmas, retains the same estimates
obtained in [4], and enables us to follow the same route in proving the instability
theorem in the next section.

Let pn(q,9) = Y5y gnss and consider the function

. 1
V(q)q) =aqg— pvzl—R(qN-f-l,'"aqn)
2
g'n’n

and ‘7((1, g) = Y_E;g".ﬂ Then, for o1 € (0,0) and A > 0, we define

_ .y g(q’Q)=0) ((JN+1,-v-,Qn)€C,
Cor = {(q’Q)' V(g,4) <6, and gq€(0,01)

and

Cm.A = (g, ﬂ{(‘]ad): ”(q1v~-~»(1n~l)“°0<)‘qn }

Notice that C,, is not empty since all the points such that fon g2 = ol R,
with all the other coordinates equal to 0 and ¢, sufficiently small are in the set.



Since we are searching for asymptotic trajectories to the origin, and by the
definition of Cy,, it makes sense to work in the relative topology of the energy
level E = 0, and we do so.

It is worth noticing that, since FF = T+U—-agl+P+R,in C,, we have that
V=T- ,_,—gl"—;p% +U + P. Since T(0,9) = § Ti 47 and, from the definition of
pny T(q.G) — ,—z-gln—"p',zl(q, ¢) does not have any term in ¢y, given € > 0, for small

- -1 . . b . —1 .
enough [lgll, &2 05 2 < T(g,4) — m-pile ) < B2 I 4

2gnn

Thus, recalling that U and P are positive, we have that

(1-¢) &R, (1-¢)

0< <

Ny

n—1
ST@E+U+PSV <dgr. (4)
i=1 i=1
It follows that, in Cy, 2,
@i = 0(qr) (5)
for j =1,...,n—1, which will be used in the following.
An important bound for gy, which will be used in the next lemma, is given
by:
Lemma 1. Given A > 0 and € € (0,1), there is 0o > 0 such that if (q,p) €
Caone then
a .2 da
qu Sq < 1:—5(13
Proof. 1t follows the iypothesis on gis and equation 5 that there is o7 > 0 such
that, in Co, 2,

1-¢, 8
—_— <
2 q!l + O(Qn) -— 2gnn

2
n
. I+e. )
<Z gns‘Is> < —5—da +olan). (6)

§=1

Let o2 € (0,01] be such that, as remarked after the definition of V, V >0
in Cy,,a. Recall that B = 0(g8) in Cy,», and using the definition of V we get

1 .
agl ~ 57 +o(g) 2 0
nn
and then le,,ZI’% < agf + o(q?). Using (6), we get 135¢3 < ag? + o(q?). From
here, it follows that 62 < 2%¢% + o(q?) and, for o3 € (0,02), @ < f£%¢f in

Cosa-
On the other hand, V < 8¢2 in Cy,, and from the definition of V and the
order of R we have

aq — ——p? +o(q?) < 8q8

2g9nn
80 51"—;1)% > (a - 8)¢? + o(¢8). Again, by (6), and recalling that from the
(o, B)-property & < o, we get 1242 > (a - 8¢ +0(g?) > 2aql + o(¢?), and
it follows that (1 + €)% > 3agl + o(q8). Finally, we can take oq € (0,03) such
that in C,,  we have 3 > ZT%EWQ |



Now we determine the sign of \7, which is a main step in proving the insta-
bility theorem. Recall that the border of the set in the next lemma is taken in
the relative topology of the energy level I = 0,

Lemma 2. For every A > 0, there is oo € (0,0) such that in

(0Co \ {0,001 N {(¢,0) : (g1, -, fn-1)llow < Adn}

the function V is not zero. More precisely, V has the opposite sign of ¢n in each
connecled component of this sel.

Proof. Since V = :1‘-"3;, we have that V = ;% - ﬁ%qn, and thus

PV = 0,V = BV ()

Since g, > 0 in Cy,y, it is enough to show that qﬁ“v does not vanish.
Let us calculate V, using the definition of V

n
. . 1 1, OR
V = afd 1qn———pnpn+-———2 GnnP2 — Z oo i
9nn 2gnn

From here, using the definition of p, we have

. 1 d Nd (& .
Vo= aBgn M= — D gnetls | o Z!]ust)
Inn at \ 31

s=1

2 n
1 =~ OR
+==—Gnn Onsds | — EPkL
2!]72171 " <f§ " 5) i=;+l 0y
and by cquations (3), we get

n
' -1 (Zn—l gnsés) on 1 Ogis . .
Vo= gl gy - ~bemtdnde | 2R oS SR,
Bt dn 9nn 0, 2 Lsm1 Jqn
2 n
1 =~ R
ted Onslls | — Z adi.
Wi <§1 ) i=N+1 O

. Using the hypotheses on the form of 7, we have

o=1 9nsd P 0R
= B=1. _ (5=19nsls) B-1 _ _?____ _ ___)
V = aﬁqn dn T aﬂqn B0, 9,

n 2
(Z?—l gnaQs) = Ags . . 1 . . >
Y E : ; + g Insds
20nn 0n qgs 2972"1 nn ;

°. B8R,
- Z 56;‘11',

i=N+1



(2 9w gt
g=1 Onsls (aﬂqﬁ—l) + (23=1 gnsQS) Qg
n

vV = -
Gnn gnn Ogn
+(22=1 gns@s) 2}_{_ _ (ZT;:l gnst Z gza @lds
Inn Jn 2Gan Lom 1
72 570 (Z gns‘ls) Z oq: Qt ’
Jnn i=N+1
(Es 23 gasis) oP P
vV = A T {aBett - ) +
gn" ( ﬁ(I’n aq Qn 8qn
(2. 19113‘19) OR (ZLl gns‘h Z gls qlqs
Inn BQn 20nn Lo 1
L (3 g
+=——0nn ( gnst>
29%n =1 i=N+1 a(h
Therefore, we can write
n-1 .
. ( s=1 gnst) oP opP
V = ——————/m———= B _.._> + Gnln—
qn Iom (aﬁqn dn aq ndn 6%
(Z:‘—q gnsds) OR (2«—1 Inels) 09t . |
g, sl NI
n Jnn qn n 2gnn l;l dqn s
n
OR .
SORL Insq — g 4]
2 %n nn (Z ns s) n <i.§+1 oq: 1)

And, with exception of the term finflng;:;, for og > 0 small enough, the other

g
terms are o{g,? ). In fact, noting that by hypothesis g;; = 0if i 5 j and g;; — 1,
let’s analyze each remaining term:
n-1 3
. g—“:’—‘g‘f“—q'laﬂqﬁ: recall that ¢; = O(q,% ) from (5), so we get that each
38
parcel is 0(g:* );
(Ernx QnaQ-) 8P,
. e U G from (5) and the (¢, B)-the property of P, we conclude

gnn

that cach parcel is o(qn );



3 =1 9nsd n R i
. qnf =2l ) gql_i € (n (Zi=N+l g_;i-qi : from the hypothesis on R, we

have that gqﬁ; = o(¢g2~1), from (5) and lemma 1 we conclude that each
38
parcel is again o(q,* );

. qnﬁz_s;%ﬂl (Z?S:l %%fliz%)i from (5), lemma 1 and the fact that %3111

is by hypothesis of order pz > —1, and then qn%%‘: has strictly positive
34
order, we get that each parcel is o(gs’ );

. \2 . ,
. fg»,—gnn (38, gnsfs)”: notice that gnn = Y 1y aq =gz g and recalling that
by hypothesis %‘7—‘*‘- is of order po > -1, from what q,,é%‘i has strlctly

positive order, it follows from (5) and lemma 1 that each parcel is o(qn ).
Therefore, we get that

. . 0P g
@V = (111971%“*'0((];{1)-

n

Notice that in dCy, » we have V = 8¢8, and thus V¢, = B6¢2¢.. So,
substituting the results in equation (7), we get

91 A . oP 33
qg+lV = 4nin7i— 9 /30(/11(171 + 0((111 )
. oP 38
= = (/30% Inp— 9 ) (In (Qrt.r) . (8)

Since in dC,, » we have P < 842, by the (a, 3)-property of P we have that
In (‘)’qp < 8(k—-1)g2. Then

QP
B8P ~ qn;T><ﬂ (k= 1))6¢8 .

Recalling that (3 — (k — 1)) > 0 and that for g given by lemma 1 sufficiently
small, we have that ¢, # 0 and by the incqualities of the same lemma 1, we
have

3

> (8- (k— 1)) 6¢%ldnl ~ lolart )|
. %

> (B—(k-1)8vagt - lolgt ).

Finally, getting oo smaller if necessary, the result follows. In particular,

equation (8) shows that the sign of V in

(0Cs, \ {(an)}) N {(‘LQ) - a‘]n‘—l)“cc < Aqn}

lgZ+1V|

is given by the opposite sign of ¢, as we wanted. O

10



4 Instability theorem

We prove now the key result of the text, which is the the instability theorem
showing the existence of an asymptotic orbit to the origin as ¢ — —oo, what
assures the instability of the origin as an equilibrium point. The proof, now
that we have obtained the estimates of lemmas 1 and 2, is a direct extension of

the main theorem in [4].

Theorem 1. Consider the lagrangian systems given by equations (1). As-
sume that £ salisfies Ho. Then, there is p > 0 and a trajectory ¢(t) such that
(6(t),$(t)) — (0,0) as t — —oo, and that for |t| great enough, (#(), (1)) €

Cp'm.
Proof. Given 7y > 0, let’s denote by Q. the set

Qy=C, iz {(g,4) : ¢n >0} .

By lemma 1, there is p; > 0 such that in Q,,, ¢2 > foqf. Since ¢, > 0, we

g
have that g, > \/30q: .
Also, from equation (4), we have that there is p2 € (0,1 such that in £,

(}? < tl&qﬂ < 2a4?

forj=1,...,n—-1L

Thus, for any solution ¢(t) = (qu(t),...,ga(t)) of (3), if there is a ¢; such
that (p(t1), @(t1)) € 9, and |g;(t1)] = ga(t1), then there is e > 0 such that
for all t € (t1,t1 +¢€1) we have |g;(t)] < V2aqa(t) and for all ¢ € (11 — €, 11), we
have ((t), (1)) ¢ -

On the other side, lemma 2 implies that there is p € (0, p2] such that if
(p(ta), ¢(t2)) € O, and, for some instant ta, V(p(t2), §(t2)) = 8qn(t2)? then
there is ez > 0 such that for all t € (t2,t2 + €2) we have V(p(t), ¢(t)) < 5qn(t)?
and for all ¢ € (t2 — €2,t2) we have V(ip(2), 9(t)) > 6ga(t)°.

"Therefore, cach solution ¢, with 0 < gn(t) < p, that in some instant tisin
the (relative) border of Q, was outside 2, for some time interval before {. And,
besides, this solution will be in the relative interior of {, for a time interval
after f.

Let’s take a sequence z; =
qn,j < p and such that 11_151010 2=

that (¢5(0), 6;(0)) = 2.
In some positive instant, these solutions are going to be in §, and they

&

cannot leave §2, in a point with g, < p. Also, since in {2, we have gn > %aqn ,

(ql,j, vens Qn,j"jl,jv e v(in.j) € an, with 0 <
(0,0) and consider the solutions ¢; of (3) such

there are sequences t; > 0 and w; = (G5, 9 61'1,...,6,,,1) € 09, such that

(8;(t;),d5(4;)) = w; and (8;(t), $5(t)) € Q, for all t € (0,4;).
It is clear that there is a subsequence w;, converging to a point w. Without
loss of generality, let’s suppose that wj, = w;.

11



We assert that the solution ¢(t) of (3) with initial conditions @ is asymptotic
to (0,0) as t — —o0.

Suppose by contradiction that it does not occur. Then, there would be a
time £ such that (¢(£), (7)) ¢ Q.

Let

= {dist((é(t_),é(f))vaﬂp)eng}}‘r(gl (0. 4001 |

with dist((¢(2), ¢(£), 652,) being the’distance from (6(1), 3(D)) to o0y,
Since w; converges to w, continuous dependence guarantees that there is j;
such that for j > jo we have

[N s

min [[(#(8), p(t)) — (¢;(t; + 1), §s(t; + 1))l <

te(t,0)

what implies that ¢t; +1 < 0 for § > jo, because
d . —
¢(D), §(D) = (ds(t; + D), +1) )”<— ((@j(t; + ), 9 (t; + 1)) ¢

But then we have that 25 = (¢j(0),<;.3j(0)) (@;(t; + (—1t5)), <pJ(tJ -{(—t;)))
does not converge to (0,0) as § — oo, what is a contmdlctlon with the choice

of z; and completes the proof. O

5 The splitting of the potential energy

In this section we study a particular case of systems that, after a subtle change
of spatial coordinates, satisfies the hypothesis Hy. Thercfore, as an application
of theorem 1, we obtain an instability theorem for these systems. The interest
in this is that the conditions required are more natural to state and verify than
the ones in hypothesis Hy.

As discussed in the introduction, the initial problem that motivates this
section is obtaining a generalization of the main result of [4] in a splitting of
R™, analogous ~ although with very distinct techniques — to what is done in [G]
to extend the results of [7].

In this spirit, we study the system of equations (3) for a lagrangian £L = T—n
satisfying H; and, we further suppose that n—N = 2, that is, 72 = m2(gn-1,¢n)
is a function of the plane, whose k-jet shows that m» does not have a minimum
in the origin.

Then, according to section 3 of [4], there is a change of coordinates in which
72 may be rewritten such that it satisfies the respective hypothesis in Hgy. In
particular, lemma 1 of [4] proves the (a, #)-property of P.

To complete the demonstration, it is enough to verify that the kinetic energy,
in the new coordinates, satisfies the hypothesis on its order. For that, let’s recall
briefly the construction of the change of coordinates made in (4].

Suppose, initially, that %73 is not homogeneous or it is homogeneous and
there is {gn—1,qn) such that jkﬂ'g(q,,_l,qn) > 0, that is, it is an homogeneous
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saddle. Under this conditions, it is shown in the appendix of [4] that there are
reals o, Ag, @ > 0, (k ~ 1) < 3 £k and an algebraic curve v : I — R, where
I = [0,0), with ¥(0) = 0, such that, after an eventual rotation, the following
relation holds

_,\oq,‘(lg]:?l<Aoq1‘jkﬂ2(Q-rt~l>‘7n) = jk7r2('7((1n)3(1n) = —'O‘qz + O(‘]g)
for all g, € [0,0).

Besides, we can write ¥(gn) = Djoy big¢, with b; € R and (8;) a strictly
increasing sequence of rationals, with 3, > 1. From here, it follows that, with
an eventually smaller o, there are positive constants ¢y, ¢o and c3 such that, for
gn € [0,0), we have

Iv(gn)] < Clqul
(gl < cogi? 9)

(gl < eagit

The change of coordinates we are looking for is made in

F= {(‘177.-1,‘]11) :0< gn <0},

where it is C* and admits an extension to FU{0}, which is an homeomorphism,
preserving the asymptotic trajectorics to the origin tangent to the semi-axis
{gn > 0}. This change of coordinates takes the curve v into this semi-axis.

ThllS, consider (I)(qn—lv(]n.) = (Qn—h(In)» where qn-—l = (qn-1— ’7(‘11!)’ with
(qn-1,8) € F; and (0,0) = (0,0). In these coordinates, we have that m
satisfies the relative hypothesis in Ho, a result shown in details in the section 3
of [4]. We notice that P > 0 for |ga-1| < dogn, but the proof of lemma 1 in [4]
shows that P > 0 in C, as desired.

Let’s denote by ¥ the change of coordinates in R™ such that

‘Il(qu e 1qu.—l,qn.) = (ql, ey Qn=2y ‘I’(Qn—l,(In)) .

Now, we can calculate the kinetic energy in the new coordinates and verify
that it satisfics the hypothesis on its order.
Let g € R™ and let’s denote the new variables by § = (q1,- - -, qn-1—7{(qn), qn)
and ¢ = (q1y+ vy Gn-1— & (G0 )gns Gn)-
Denoting 1'(¢,q) = -12- (G(9)d,4), we have that in the new coordinates, the
kinetic cnergy 1 is given by
Fopx & 1 -1/ VY
17(3,q) = 5 (G(¥ @)AW@G A@a) »
where A(q) is the inverse matrix of the transformation induced in ¢ by U, that
is, A" =V, ’
Thus, introducing G(i) = G(V=1(J)), it is clear that the matrix of T is given
by ATGA. Then, it is enough to calculate A. For this, notice that

_ [ Inxn O
‘I”— < (; (I)I ) bl
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where, recalling the definition of @, we have

whose inverse is

and, finally, it is clear that
- I 0
1= = (7 i)

from where we conclude, using relations (9), that ATGA = I +h, with ()| =
o(ligl**) and {[A'(@)l] = o(||g]**), with u1 = min{1,5; ~1} > 0 and py =
min {0,8; — 2} = p; — 1 > —1, as we desired.

With this, using theorem 1 we have proved the following:

Theorem 2. Consider the lagrangian system given by equations (1). Assume
that L satisfies Hy, that n ~ N = 2 and that %7 is not homogencous or is an .
homogencous saddle. Then there is a trajectory ¢(t) such that ($(t), d(t)) —
(0,0} as t — —oc.

In particular, this theorem together with the result of [6] for the homogeneous
case, gives the extension to the results of [4] that we are looking for. In order
to substitute the coupling condition presented in [6], we need the lagrangian to
be of a higher differentiability class. The interested reader can find a weaker
coupling condition in the same reference.

Theorem A. Consider the lagrangian system given by equation (1) and assume
that L =T — 7 is such that 0 is an equilibrium point, the k-jet of & shows that
the origin is not a minimum for w, that L is of class Ck+t£:r§-,+3, that 5% (0,0)
is a positive semi-definite quadratic form of rank at least n — 2 and that T is a
positive definite quadratic form in ¢ for every q. Then there is a trajectory $(t)

such that (¢(1),9(t)) — (0,0) as t — —o0.

Proof. Without loss of generality, we may suppose that T(0,4) = ﬂ%ﬂ’ so the
hiypothesis on the kinetic energy are valid.

We note that since £ is at least CF*3, it is clear that there is j¥~ !V, as
required.

Then, a simple application of the splitting lemma - see [1] ~ leads to a
system which directly satisfies either the hypotheses of the theorem in [6] (stated
in the introduction) or the hypotheses from theorem 2 above, and the results
follows. O



6 Systems with gyroscopic forces

We consider now a lagrangian system with the presence of gyroscopic forces
given by equation (2), (—;'?% - Q—C— = @, where @ = Q(g)¢ is linear in ¢ and such
that (Q(q)4,4) = 0.

We show that theorem 1 can be easily extended to this context, much in the
same way that 7] does Lo the results of [3].

We can rewrite equation (2) in coordinates in a convenient manner, as the

equations (3). Denoting the j-th component of Q(q)d by Yo Qji(q)di, we get

% (Zgrs(}s> A Tt Z (99!3(11(15 +ZQ” G; (10)
s=1

forr=1,...,n.

It is a well known fact that the total energy for these systems, E(q,q) =
T(q,q) + w(q), is still conserved. Thus, admitting that £ satisfies Ho and some
additional hypothesis regarding @, the constructions made to prove theorem 1
are still valid with small changes. In fact, it is easily seen that verifying the
validity of lemma 2 will suffice.

For this purpose, keeping the same notations and definitions of the conser-
vative case, one can notice that in the calculations of ¢,V, due to equations
(10), only the following additional terms will appear

"qn q._] ‘lm(Is) Z Q

3 g
and we would like them to be o(q,?é). Then, considering that ¢; = O(g4 ), it is
enough that Qni(q) = of qul"l Yas lig| — 0, for ¢ = 1,...,n and we get the
result desired with the same proof as in the conservative case.

Thus, we have proved the following

Theorem 3. Consider the lagrangian systems with gyroscopic force Q given
by equations ("). Assume that L satisfies Hy and that Q s of class C' and
Onilq) = o(llgll =) as |ig = 0, fori =1,...,n. Then, there is p > 0 and a
lrajectory ¢(t) .such that (¢(t), d(t)) — (0, 0) as t — —~o0, and that for |t] great
enough, (¢(t),$(t)) € C

For the case that n — N = 2 and L satisfles Hj, as in the previous section,
due to the change of coordmwtes that is made, the last two coordmateg mixes,

so we ask that Qui(g) = o(llgll¥ ") and Qqu1yi(a) = o(llgl#=") as lig] — 0,
for i = 1,...,n. In this way, the extension of the results of that section is

i
immediate, and we write them down as the following corollaries.

Corollary 1. Consider the lagrangion system. with gyroscopic force Q given
by equations (2). Assume that £ satisfies Hy, that n — N = 2, that §*ma in
the origin is not homogeneous or is an homogeneous saddle and that Qui(q) =
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ollall#) and Quuoifa) = ollgl¥~) as [lg — 0, for i = 1,...,n. Then
there is a trajectory ¢(t) such that (¢(t), ¢(t)) — (0,0) ast — —~cc.

Corollary 2. Consider the lagrangian system with gyroscopic force Q given by
equations (2). Assume that L =T — 7 is such that the the 0 is an equilibrium
point, the k-jet of m shows that the origin is not a minimum for n, L is of class
Ckﬂk_zgjﬂ, that j2m(0,0) is a positive semi-definite quadratic form of rank at
least n—2, that T is a positive definite quadratic form in ¢ for every q and that
Qni(q) = o(llgl*™") and Qn-1yi(q) = O(HQHQ“T) as llg) = 0, fori=1,...,n.
Then there is a trajectory ¢(t) such thal ((L), p(t)) — (0,0} as t — —o0.
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