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Abstract

Given a locally integrable structure V over a smooth manifold £2 and given p € 2
we define the Borel map of V' at p as the map which assigns to the germ of a smooth
solution of V at p its formal Taylor power series at p. In this work we continue the
study initiated in Barostichi et al. (Math. Nachr. 286(14-15):1439-1451, 2013), Della
Sala and Lamel (Int J Math 24(11):1350091, 2013) and present new results regarding
the Borel map. We prove a general necessary condition for the surjectivity of the Borel
map to hold and also, after developing some new devices, we study some classes of
CR structures for which its surjectivity is valid. In the final sections we show how the
Borel map can be applied to the study of the algebra of germs of solutions of V at p.
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1 Introduction

The purpose of this paper is to discuss our recent results on the Borel map and the Borel
property for locally integrable structures. If one thinks about an integrable structure
as a system of (linear, first order) PDEs with the right number of basic solutions, it
becomes an intriguing question to study the relationship between formal solutions (i.e.
formal power series in the solutions of the structure) and solutions. The relationship
between the two comes, of course, from associating to a smooth solution its formal
Taylor series at a distinguished point (e.g. the origin) in the structure. The Taylor series
of a solution can be written as a series in the elements of a set of basic first integrals
{Z1, ..., Z,} defined near the origin; we refer to this map, defined by

b:80— C[Z1.....Zn]. b)) = > usZ%

aeN”

where the u, are appropriate derivatives evaluated at O of u, as the Borel map (at the
origin).

We have started the study of this map, in particular the natural question of when
it is surjective (the Borel property), in a series of papers of the second author with
Barostichi and Petronilho [3] and of the first and the third author in the context of
CR structures [6]. In our current paper, we can give important insights into the nature
of the geometric properties of the structure determining whether the Borel property
holds or not, and we find relationships with interesting open questions in the analysis
of locally integrable structures.

Before we begin with the discussion of our results, we refer the reader to Sect. 2 for
thorough definitions of locally integrable structures, the Borel map (which associates
to any smooth solution its formal solution), and the Borel property (meaning that the
Borel map is surjective). The Borel property can be used to understand, and, in some
circumstances, bridge the gap between the local algebra of power series spaces and
the analysis of properties of smooth solutions.

In Sect. 3 we use functional analytic methods in order to characterize (abstractly)
when the Borel property holds in Proposition 3.2: roughly stated, the Borel property
holds if and only if the following is true: when one can uniformly control the action of
a sequence of differential operators on the solutions of the structure by the C*-norm
on some compact set, then the operators in the sequence need to be of bounded order.
We use this fact to provide some conceptually simpler and, in view of later results,
cleaner proofs of the fact that the existence of peak functions of finite type (or in the
locally integrable case, the fact that property (*8) holds) is sufficient for the Borel
property to hold, and for the fact that the existence of a flat solution is necessary for
the Borel property to hold.

However, the results in our current paper show that geometric properties of this
form are far too rough to understand the Borel map. We hope that this means that
understanding the Borel map is more feasible than understanding whether e.g. a peak
function exists (which is a very hard undertaking, see e.g. the survey by Noell [11]),
as it turns out that the Borel map is a very subtle instrument which feels a lot of the
intrinsic geometry of the integrable structure. In particular, the present results give
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The Borel map in locally integrable structures 1157

hope (and lead to some actual conjectures) that one can reach a satisfactory geometric
characterization of the Borel property, and show that its application to e.g. the structure
of ideals of solutions gives important insights into the behaviour of solutions.

There are also structural aspects of the Borel map which make its study very appeal-
ing: We encounter one such aspect when we study partial Borel maps in Sect. 4. Partial
Borel maps are defined as restrictions of the Borel map to solutions which are flat in a
number of the basic solutions, giving rise to formal series only depending on the other
basic solutions. It turns out (Theorem 4.1) that the Borel map is surjective if and only
if the partial Borel maps associated to a choice of a set of basic solutions and to its
complementary set are both surjective.

Our main new necessary condition (Theorem 6.1) for the surjectivity of the Borel
map is that the polynomial hull of Z(K), where Z = (Zy, ..., Z,,) is the embedding
of the structure into C™ by means of a set of basic solutions, does not contain any
analytic discs. It is tempting to conjecture (especially when considering the proof of
that statement) that this condition is not only necessary but also sufficient.

Hence one of the remaining objectives of the paper is a discussion of the possible
gap between the necessity of the condition and the stronger conditions known to be
sufficient. A particular case in question is an application of the result on partial Borel
maps to structures whose characteristic set is of maximal dimension; in that case, we
see that the Borel map is surjective if none of the solutions of the structure is open
(Theorem 7.3).

This result highlights yet another interesting problem to which the Borel prop-
erty has a curious connection, namely the question whether there is a solution (with
nontrivial differential in a noncharacteristic direction) which is actually open; it also,
therefore connects with the question of whether a maximum principle is valid for
solutions of the given structure. We shall, however, in this paper not follow these lines
of inquiry further.

Instead, we have decided to focus on the study of what we think is the main geomet-
ric question left over in our approach here in a special model case of tube structures.
We obtain a rather complete picture in that case, which is discussed in Sect. 8. We
show in Theorem 8.1 that if neither the known condition for surjectivity (property
(*B)), nor the condition for failure of surjectivity (open mapping property) hold, that
we can reduce the problem to studying sets which are in some sense “characteristic”
for property B. and it is in many cases the geometry of these sets which allows us to
determine whether the Borel map is onto or not (Theorems 8.2 and 8.3).

In the last two sections of the paper, Sects. 9 and 10, we study two particular
algebraic aspects of the ring of solutions: we first show that its maximal ideal is
finitely generated by a set of basic solutions if property (°8) holds (Theorem 9.1).
There are also other situations in which we can guarantee this basic property, but we
would definitely like to know whether the maximal ideal in the ring of solutions is
always generated by a set of basic solutions (or not). In the other extreme, we also
show that principal manifold ideals automatically (without further assumptions on the
structure) satisfy the Nullstellensatz (Lemma 10.1).

We would like to note that the current paper leaves open a number of fascinating
problems concerning the behaviour of the Borel map and the relation between the
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1158 G. Della Sala et al.

algebra of formal solutions and the algebra of solutions; we discuss a number of them
in section 11.

2 The Borel property in locally integrable structures

A. Let £2 be a smooth (paracompact) manifold of dimension N over which we assume
given a locally integrable structure V of rank n. Thus V is a vector subbundle of CT$2
of rank n whose orthogonal bundle V* < CT*2 is locally spanned by the differentials
of m = N — n smooth functions.

If p € £2 we set

6, ={feC)y:Lf=0, Vsections L of V near p},

where we are denoting by C° the ring of germs of smooth functions at p. It is clear
that &, is also a ring.

For each k > 0 let m’;, denote the ideal of C}° formed by all f € C}° for which
there is a constant C > 0 such that | f(¢)| < Cd(q, p)**! for g in a neighborhood

of p.l It is also clear that m’,‘fl C m’[‘, for every k > 0 and that m’[‘, N &, is an

ideal of &,. We can then form the quotient ring J (V)II‘, =6,/ (m’,‘7 N &), which is
called the ring of k- jets of solutions at p. We have well defined homomorphisms
u:J (V)’I‘, - J (V)’I‘,’l, k > 1, induced by the inclusions m’; C m';’l. Furthermore
tg o = mk—1, k > 1, where ;. stands for the quotient map &, — j(V)’I‘,. We can
form the projective limit

TV =lmIJ V),

which is then called the ring of formal solutions for V' at p. Recall that 7 (V)jf,O is the

set of all sequences (si)k>0 With s € jllj and sx—1 = t(sx) for every k > 1. Finally
we define

by 6y = TV, by ,u) = (m(u))i=0

Definition 2.1 We shall refer to the ring homomorphism by, ,, as the Borel map for V
at p. We shall also say that } satisfies the Borel property at p if by , is surjective.

B. Let V be a smooth, locally integrable structure defined on a smooth manifold £2 and
let p € §2. According to [4] we can assert the following: p is the center of a smooth
coordinate system (x, ..., Xp, t1, - . . , ), Which can be assumed defined in a product
U = B x ©®, where B (respectively @) is an open ball centered at the origin in R
(respectively R}), over which there is defined a smooth, real vector-valued function
D(x,t) = (P1(x,1),...,Dp(x,1)) satisfying ¢(0,0) = 0, D,®(0,0) = 0, such

! Here d is any distance function defined near p by using local coordinates. It is easily seen that the

definition of the ideals m]I‘7 is invariant.
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The Borel map in locally integrable structures 1159

that the differential of the functions
Zr(x,t) = x +iPr(x, 1), k=1,...,m,
span V* over U.

Moreover dZy, ...,dZ,,,dt, ..., dt, span CT*$2 over U.
Over U we can define smooth vector fields

m
0
M: ! ,t_, k=1,...,
k Z Mg (x, 1) orp m
k'=1
characterized by the rule
Mka/:Sk’k/, k,k/zl’_._’m_

It follows that the complex vector fields

d 2L 0P
Li=——i) —x, )M, j=1,...,n,
=5 l;atj(x Mg, n

span V|y. Moreover, Ly, ..., L,, My, ..., M,, span CT$2|y.
The following relations are easily checked, for every j, j' = 1,...,n, k, k' =
1,...,m:

dZi(Lj) =0, dZy(My) = Sxr, dtj(Lj) = 6;r, dt;(Mg) =0,

from which we conclude that Ly, ..., L,, My, ..., M,, are pairwise commuting.
Set, for W C U open,

GW)={ueC®W):Liu=0, j=1,....n}%
it follows, according to the previously established, that

So = WIEI{IO}G(W)'

We are now ready to give a concrete representation of the Borel map for V at
the origin using this basic set of generators {Z, ..., Z,,}. Firstly we observe that if
u € Sy then all derivatives up to order k of the solution

) M“*u(0) a
Vp=u — Z o Z(x,1)
ler] <k

vanish at the origin; this can be easily seen for (MPLY v)(0) = 0if 8 € Z7, y € 7",
Bl + |y | < k. In particular v € mg N &p and hence the class of u in j(V)](‘) equals
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1160 G. Della Sala et al.

that of u — v, which gives rise to an isomorphism
M s Jo Vo —> CilZ1, ..., Z]

where the latter denotes the vector space of all polynomials in Zy, ..., Z,, of order
< k. Furthermore, for each k > 1 we have commutative diagrams

TV —2— CrlZ1s ..., Zn)

k l% l

Ty L CroilZis ., Zad

where the vertical arrows at the right stand for the natural projections. If we recall
that the ring of formal power series C[Zi, ..., Z,,] equals the projective limit
lim_ Ci[Zy, ..., Z,] we finally obtain an isomorphism

n:Jp° — ClZy, ..., Zy].

For the representation of the Borel map for V at the origin in terms of {Zy, ..., Z,,}
we must just observe that the map b : &g —> C[Z;, ..., Z,,] given by

b(u) =

Z Mz(x, 1"
a!

aeZm

makes the diagram

b“/ e

o " ClZy..... Zn]

commutative. In particular we conclude that the Borel property for V holds at the
origin if and only if b is surjective. Moreover the image of bg ), and b are isomorphic.

3 General properties of the Borel map
A. It is our goal in this work to study not only conditions to ensure the surjectivity
of b but also to analyze its algebraic properties and apply them to the study of the
properties of the algebra Go.

We first recall a result proved in [3], Lemma 3.2: b is surjective if and only if there
exists an open neighborhood of the origin V C U such that

v 6(V) — C[Z1,.... Zu] )

is surjective. Here by = b o oy, where oy : G(V) — G¢ asssociates tou € G(V)
its germ at the origin.
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The Borel map in locally integrable structures 1161

Both&(V)and C[Z;, ..., Z;;] can be endowed with natural Fréchet algebra struc-
tures. Indeed the first is a closed subalgebra of C°°(V) whereas for the second we
consider its usual algebra structure endowed with its Fréchet topology defined by the
seminorms ), aqZ% > lag|, B € ZT. Furthermore by is a homomorphism of
Fréchet algebras, a consequence of the Leibniz rule, and has dense image since it
contains C[Zy, ..., Z,].

Let G (V, 0) denote the ideal of G(V) formed by all v € &(V) which vanish to
infinite order at the origin. Thus ker by = G, (V; 0) and hence if by is surjective we
obtain an isomorphism of Fréchet algebras

S(V)/Goo(V,0) = C[Z1, ..., Zn].

Notice that by can never be an isomorphism for C[Z, ..., Z,,] is a local algebra
whereas the spectrum of G(V) is not an unitary set: if (xg,#y) € V is such that
Zj(x0, 1) # 0 for some j € {1,...,m} then the Dirac measure at (xo, 7o) defines
continuous homomorphism of &(V) which is different from the Dirac measure at
the origin (cf. Theorem 3.1 in [3]). In general the spectrum of the Fréchet algebra
G(V)/Gx(V, 0) equals the set of all nonzero continuous homomorphisms &(V) —
C that vanish on G (V;0) [7, pp. 81-82]. Hence when by is surjective the only
homomorphism G(V) — C that vanishes on G4, (V; 0) is the Dirac measure at the
origin.

B.Both §(V) and C[Z, ..., Z,,] are also Fréchet-Montel spaces. Indeed the former
is a closed subspace of the Fréchet-Montel space C°° (V') and the latter is isomorphic

to a countable product of copies of the complex field, which is easily seen to be
Fréchet-Montel (Tychonoff theorem). We will make use the following result:

Proposition 3.1 Let E, F be Fréchet-Montel spaces and let A : E — F be a contin-
uous linear map with A(E) dense in F. The following properties are equivalent:

A(E) = F;

TA(F") is strongly closed;

. VB C F', "A(B) C E’ strongly bounded = B strongly bounded;

: V{y}} CF,{ ’A(y;.)} strongly bounded = {y}} is strongly bounded;
YA(F") is strongly sequentially closed in E’.

oA N~

Proof The equivalence of (1) and (2) follows from [9], p. 22. The equivalence of (1)
and (5) follows from [9], p. 18. Now, since ’A is injective, (2) implies that ( AL
"A(F') — F’is continuous with respect to the strong topologies and then it maps
strongly bounded sets into strongly bounded sets, which gives (3). It is clear that (3)
implies (4). Assume now that (4) holds and let { ’A(y})} C TA(F), tA(y;.) — x/
strongly in E’. By (4) {y}} is strongly bounded in E’. Since E’, endowed with the
strong topology, is also a Montel space, it follows that {y;.} is compact, which in

particular implies that { ' A(y})} = ’A{y}}. Then x” € 'A(E’), which proves (5).
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1162 G. Della Sala et al.

We apply Proposition 3.1 with A = by, E = &(V), F = C[Zy, ..., Zy]. The
dual of C[Zy, ..., Zy] is the space C[Z. ..., Z,,] under the duality

ClZi..... Zu] xClZ1, ... Zn] - C, (ZaaZ“, Zbﬂ“) > Y ag by

finite

Hence the transpose of by is themap C[Z ..., Z,] 2 P+ Ap € &(V),

Ap(f) = (P(M)F)0), feB(V),

where P is the polynomial obtained from P after dividing its coefficient b by a!. Thus
the Borel map by is surjective if and only if given any sequence of polynomials P; €
ClZy, ..., Zy] with Ap; bounded in S(V)' then Pj is bounded in C[Z1, ..., Z,].

Now a sequence P; is bounded in C[Zj, ..., Z,,] if and only if there is k such that
degree(P;) < k for every j and the sequences of the corrresponding coefficients are
bounded in C. On the other hand the sequence A p; is bounded in S (V) if and only if
it is equicontinuous, that is

There are an open set0 € W CC V, £ € Zy and C > 0 such that

- 3.1
(B0 YO < Cll flleegiy, Fe&W), j=1. O

Notice that applying (3.1) to the monomials f = Z# implies that the sequence of
corresponding coefficients of P; is bounded in C. We summarize:

Proposition 3.2 by is surjective if and only if the following holds: given any sequence
of polynomials P; € C[Zy, ..., Zy] satisfying (3.1) then sup{degree(P;)} < oo.

4 The partial Borel maps

A. We keep the notation established in the previous section and start with a digression
regarding the theory of tensor products in the category of Fréchet spaces.
Let 1 < p < m and consider the natural inclusions

(C[[Zl,...,Zp]] — (CﬂZl,..., Zm]], (C[[Z,,.H,..., Zm]] > (C[[Z],...,Zm]].

Then C[Zy, ..., Z,]®C[Zp41, ..., Zy] canbe identified to the (dense) subspace
of C[Zy, ..., Z,] formed by all power series of the form

M
D 8121 Zp)S2 i (Zprts s Z).
j=1
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The Borel map in locally integrable structures 1163

Recall that C[Z1, ..., Zp]]®n(C[[Zp+1, ..+, Zp] is the completion of this space
endowed with the strongest locally convex topology which makes the natural map

B : (C[[Zl,...,Zp]] X (CHZ[,_H,...,Zm]] — C[z,, ...,Zp]] ®(C[Z,,+1,...,Zm]]

continuous. On the other hand since the space of formal power series is nuclear [12],
p. 526, Corollary 1, it follows from [12], p. 511, Theorem 50.1 that the canonical map
of

ClZ1, .., Zp]®ClZps1s -y Zm] —> ClZ1, ..., Zp|®eClZpt1s - - - s Zi]

is an isomorphism (cf. the definition of the ¢ topology in [12], page 434). In other words
both 7 and ¢ topologies coincide. If we apply the same reasoning as in the proof of
[12], p. 531, Theorem 51.6, it follows that C[Zy, ..., Zp]]@C[[ZpH, s Zp] =
(C[[Z], e, Zmﬂ.

By a property of the w-topology [14], Theorem 6.4, p. 63, it then follows that every

element S € C[Zy, ..., Z,] can be represented in the form
o0
S= 81,(Z1,. . Zp)S2 i (Zps1s - Zm), (4.1)
j=1
where

o0
> ak(S1)a(S2)) < 1
j=1

and g1 < g2 < ... 1is a sequence of continuous seminorms that define the Fréchet
topology in C[Zy, ..., Zu].

B. Denote by 6(()1) (resp. 6(()2)) the space of all u € &g such that M*u(0) = O if
ag{l,...,p}@esp.a & {p+1,...,n}). We then obtain homomorphisms induced
by b:

b1 : 68" = C[Z1,...,Z,], b2: 6 = ClZps1, .-, Zul.

We shall refer to the maps by as the partial Borel maps for V at the origin with the
respect to the decomposition {1, ..., m} ={1,..., p}U{p+1,...,m}.

Theorem 4.1 The Borel map b is surjective if and only if each by is surjective, £ = 1, 2.

Proof If b is surjective and if S € C[Zy,...,Z,] C C[Z,..., Z,] then there is
u € &g such that b(u) = S. But a fortiori u € 681) by the definition of b and thus
b1 (u) = b(u) = S, which shows that by is surjective. An analogous argument shows
the surjectivity of by.

We show the converse. Firstly we remark that if V is an open neighborhood of the
origin and if we denote by G (V), j = 1,2, the space of all u € &(V) such that
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1164 G. Della Sala et al.

(&)
0

the germ of u at the origin belongs the G, then each G© (V) is a closed subspace

of G(V) and hence also a Fréchet space.
By a Baire category argument (cf. Lemma 3.2 in [3]) there is an open neighborhood
V of the origin such that both induced maps

by :6VW) = C[Z1,...,Zp], bayv: 6P V) = ClZpsts---, Zn]
are surjections between Fréchet spaces. From [14], Theorem 6.6, p. 65, it follows that
b1,v®bz,v : 6(1)(‘/) Ry 6(2)(‘/) — (C[[Z], e, Zpﬂ®n(C[[Zp+1, e, Zm]]

is a surjection between Fréchet spaces.

Thus by [14], Theorem 6.5, p. 63, given S as in (4.1) there are u; € sy,
vj € S@ (V) such that Zjozl uj(x,t)v;(y,t) converges in C*°(V x V) and such
that

9]
S=Y biujby(v;).
j=1
Now since each b; is defined as the restriction of b we can further write
o0 o0
S=Y"bpb(v;) =Y bu,v)),
j=1 j=1

since b is an algebra homomorphism. Butthenif we setu(x, r)= 2?0:1 uj(x,)vj(x,t)
then u € G(V) and b(u) = S, which completes the proof.

Still keeping the notation previously established we consider the locally integrable
structure V) over U defined as Vll = span{dZy, ..., Z,}. Notice that a u is a solution
for V; if and only if

Liu=0, Mpu=0, j=1,....,n, k=p+1,...,n

In particular M*u = 0 in a full neighborhood of the origin if « ¢ {1,..., p} and
consequently the following statement is immediate:

Proposition 4.1 If the Borel map for V| at the origin is surjective then the same is true
for the partial Borel map b.

5 Partial hypocomplexity
In this section we continue to write Z(x,t) = (Z(x,t), ..., Zy(x,t)) € C™ and

remark that for a fixed structure ) all concepts below are independent of a particular
choice of such map.
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The Borel map in locally integrable structures 1165

A. In the first paragraph of this section we recall the concept of hypocomplexity and
some results presented in [12]. Denote by O the sheaf of germs of holomorphic
functions at the origin in C™. We say that V' is hypocomplex at the origin if every
germ of (weak) solution u for V at the origin can be written as u = H o Z for
some H € O In this case given any solution u for V defined near the origin we
have, for some constant C > 0, [M*u(0)| < Cleltlg) o e Zﬁ, and consequently
hypocomplexity at the origin implies the non surjectivity of the Borel map.

The following theorem gives a complete characterization of hypocomplexity in
terms of the compact neighborhoods of the origin in U. If we recall that for a compact
set P C C™ its rational hull can be characterized as the set all z € C™ having the
following property: every algebraic hypersurface through z intersects P, we can
state Theorem II1.5.1 in [12] in the following form:

Theorem 5.1 The following properties are equivalent:

1. V is hypocomplex at the origin;

2. For every compact neighborhood Ko CC U of the origin in RN the rational hull
of Z(Ky) is a neighborhood of the origin in C™;

3. For every compact neighborhood Ky CC U of the origin in RN the polynomial
hull of Z(Ky) is a neighborhood of the origin in C™.

As a consequence we obtain:

Corollary 5.1 If'V is hypocomplex at the origin then any non constant solution near
the origin is open at the origin.

For a proof see ([12], Corollary II1.5.2).

Corollary 5.2 Assume m = 1. Then V is hypocomplex at the origin if and only if Z is
open at the origin.

Proof The rational hull of any compact set in C is the compact itself.

B. Recall that if V is a locally integrable structure over §2 its characteristic set is the
subset of T*£2 defined by T® = V1 N T*{2.

Taking into account Corollary 5.1, and for further reference, we conclude this
section introducing a weakened version of hypocomplexity:

Definition 5.1 We shall say that V is partially hypocomplex at the origin if there is a
smooth solution W for V' near the origin, with dW|o € Tg \ 0, such that W is open at
the origin.

Remark 5.1 Write the coordinates in C2 as z = x + iy, w = s + it and consider
the hypersurface X defined by r = s|z|>. The CR structure V on X is such that its
orthogonal is spanned by the differentials of the functions Z| = x+iy, Z» = s+is|z|>.
The characteristic set at the origin is spanned by ds|g and the function W = Z> +iZ %
is a solution with dW (0) = ds|o. Moreover introducing s’ = s —2xy as a new variable
we have

Wx,y,s) =5 +i(x* — y? + (5" + 2xp)(x* + %)
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1166 G. Della Sala et al.

and then (ImW)(x, y, 0) changes sign at the origin in R?. Hence W is open at the origin
and consequently this CR structure is partially hypocomplex (but not hypocomplex)
at the origin. O

6 A necessary condition for the surjectivity of the Borel map

In the preceding section we have seen that when Z/(K\) is a neighborhood of the origin
C™ (K C U a compact neighborhood of the origin) the Borel map is not surjective.
We now prove a much stronger statement:

Theorem 6.1 Suppose that for every K C U compact neighborhood of the origin the

polynomial hull Z(K) of Z(K) in C™ contains a non constant complex curve through
the origin. Then the Borel map for V at the origin is not surjective.

Proof Let u be a solution for V' defined near the origin. There are a compact neigh-
borhood K of the origin in RV and a sequence of polynomials P, € Clzy, ..., Zm]
such that P, o Z converges to u over K in the C* topology (the Baouendi-Treves
approximation theorem). In particular P, converges uniformly over Z(K). Now by
hypothesis there is a non constant complex curve T — y (1) € Z/(K\), defined near
the origin in the complex plane and such that y(0) = 0. Hence P, (y (7)) converges
uniformly to a holomorphic function «(7) in a neighborhood of the origin in C. In
particular .

dr d-k
for every k. On the other hand, the Faa di Bruno formula gives

— Py(y (1)]r=0 — a®(0) (6.1)

P Y (@)l=o= Y Aqr(dZP,)(0),

1<|a|<k
i Y w0
! el
Sk =1 G
where pg(a, k) is the set of all (ay, ..., a5, £, ..., &) € (Z])* x Z7 satisfying

loej] >0,> aj =cand ) |a;|l; = k.
By hypothesis there is r > 1 such that

Y@ =ty (@)/rl, ¢ =y.(0) #0.

Thus y)(0) = 0if j <r —1and y(0) = ¢ #0.
We assume k = rg, where g = 1, 2, ... and consider two cases:

A

— Case 1: || > ¢q. If (a1, ...,05,£1,...,4) € ps(a, rq) we have Zj ol €
lo|r. Hence £; < r for some j and thus Ay g =0. O

— Case 2. |a| = q. f (a1, ...,q5,£1,...,L) € ps(a, rg) we have Zj lajl€; =
lee|r. Hence if £; > r for every j we necessarily must have £; = r for every j O
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Summing up when k = rg we conclude that Ay 4, = 0if || > g and

[y )] ‘
arq —(rCI)'Z Z l_[ 1r'|°‘/ _Aa,qé‘ if |05| =dq,

§= 12]71(1/_‘1] 1
a;#0

where Ay 4 is a positive constant. Thus

rq
qera Dy (@)le=0 = Z A g% (97 Py)(0) + Qq(9,) Py (0)

loe|=g

where Q,(X) = Z‘msqq Qq’ﬁXﬁ/ﬂ! € C[Xy,..., X,u] has degree < q — 1.
Now since

@%P,/9z%)(0) = M* {Py o Z} | (x,1)=(0.0)

from (6.1) we obtain

a7P(0) = Y Agg?*M*u)(0) + Qrg (M)u(0)

lal=¢
and consequently for some constant C > 0 we have
3 AagE ME1)(0) + @y (Mu(0)| < €I+ (rg)L.
|r|=¢
In particular, if Z,s agZ(x, NP/l e C[Zi, ..., Zu] belongs to the image of the
Borel map for V at the origin then
D Awgaal®+ Y. Qgpag| < C1T gl k=0,
lol=¢ 1Bl=q—1

for some C > 0. Since it is easy to construct indutively a sequence (ag) for which
this property is not satisfied for any C > 0 our proof is complete.

Remark 6.1 Our argument in the proof of Theorem 6.1 can be enlightened by the
following discussion. Given a formal curve y (¢) € C[¢]™, with y (0) = 0, the map

*:Clzt,.--rzm] — C[t], ur>uoy,
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1168 G. Della Sala et al.

is onto if y’(0) # 0. More generally, if y (1) = 148(1) with §(0) # 0, and if we
consider the projection map

7 :Clt] — C[t9], = Zajtj = Zadktdk,
j k

then
moy*:Clzt,...,zm] — (C[[tdﬂ

is onto, since by the Faa di Bruno formula, for each k there exists a polynomial pi
such that the coefficient of 9% in (77 0 y*)(3_, o Z%) can be written as

> aud0)* + pilag. 8, : |Bl < k. j < dk).
la|=k

Theorem 6.1 shows that if y happens to be an analytic curve contained in Z/(?),
then by the Baouendi-Treves approximation theorem,

(7 0 y*) (b(&p)) C C{r?)

and hence the Borel property must fail. O

Remark 6.2 For the CR structure defined in Remark 5.1 the Borel map at the origin is
not surjective since the complex curve w = 0 is contained X.

Remark 6.3 Write the coordinates in C° as zj=xj+iyj,j=12,andw = s + it
and consider the hypersurface X' defined by

tz‘z%—zi

‘2
Let V be the CR structure on ¥ induced by the complex structure in C3. Since ¥
contains the germ of the curve ¢ — (¢3, ¢2, 0) it follows from Theorem 6.1 that the
Borel map for V at the origin is not surjective. We do conjecture that the polynomial
hull of a compact neighbourhood of 0 in M also does not contain any regular curve.
For such a compact neighborhood of the origin K C X in ¥ it can be shown (see
[5]) that the the analogous question for the holomorphic hull of K has an affirmative
answer, that is, the holomorphic hull of K does not contain any germ of a regular
curve curve through the origin.

7 Sufficient conditions for the surjectivity of the Borel map

In this section we recall two conditions which imply the surjectivity of the Borel map.
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A. Here we assume that V defines on §2 a CR structure of the hypersurface type. Hence
we have VNV = 0 and T° is a real line subbundle of T*$2. Let p € £2,let V C 2
be an open neighborhood of p and let ¥ € G(V). We say that v is a peak function
at pif y(p) =0, ¥ (q) #0forq # p and argyy # —m in V\{p}. Furthermore, we
say that a peak function if of finite type if | (q)| > Cd(q, p)* for positive constants
C and «.

The following theorem is the main result in [6] :

Theorem 7.1 IfV is a CR structure of the hypersurface type in §2 which admits a peak
Sfunction of finite type at p € §2 then the Borel map forV at p is surjective.

We shall present a sketch of a proof of this result based on the characterization given
in Proposition 3.2. For this we shall show that given any sequence of polynomials
P;j € C[Zy, ..., Zy] such that degree(P;) — o0, given 0 € W C U a neighborhood
of the origin and £ € Z there is a sequence f; € G(W) such that

(B; DO =1 fill ey = O.

We can assume that £2 is a hypersurface embedded in C™ and that Z; = z;|gq,
j =1,...,m, where (z1, ..., zy) are the holomorphic coordinates in C". We can
also assume that the peak function 1 is defined in in V.

For any j let by ;2% be a non-vanishing monomial of P; of maximal degree, and
define Co; = 1/by;. For any multiindex g € Z we put dg = 2711, We define
a sequence fj € &(V) by fj = Co;Z% @n;, Where ¢y; € S(V) is the function
constructed in [6], Lemma 4.2. We have that Pa; (0) = 1 forall j € N, and all its
derivative vanish at 0 (see [6] Corollary 4.3).

By [6] Lemma 5.1 and more in particular from equation (5.4) in [6], we have
the following: for fixed B € Z" there exists jo(8) € Z, such that IMPB £ (@] <
A|ozj|“‘daj forallg € V and j > jo(B) (here we are using the fact that | ;| — 00 as
J — 00), where the constant A depends on | 8| but not on « ;. Using these inequalities
forall B € Z with || < ¢, it follows that there exist j(£) € Z4 and Ay = A1 (£) >
0 such that || fjllceqyy < A1|otj|’5daj. Thus ”fj”(:f(vi/) — 0 as j — oo for any
neighborhood W CC V of the origin.

On the other hand, let us consider (13;- M) £)(0). Since (Mkgq;)(0) = 0 for all
k. it follows that (P;(M) £1)(0) = Cq, (P;(M)Z%)(0)¢a, (0) = Ca, (P; (M) Z%)(0).
Using that My Zy = Sk it is clear that MAZi(0) = 0 for all B # aj, hence
Co; (PiM)Z*71)(0) = Co;bo;(M* Z%7)(0) /tj! = Co;by; = 1, which completes
the proof. O

B. Next we introduce a very similar condition stated in [3] which now applies to an
arbitrary locally integrable structure V. We say that V satisfies condition (%B) at p € §2
if there is a smooth solution W for V near p such that the following conditions holds:

1. W(p)=0,dW(p) € T(I’,\O and arg W # —m /2 near p;

2. There are smooth solutions Wiy, ..., W,,_; defined in a neighborhood of p,
W;(p) = 0, such that dWy, ..., W,,_1, dW are linearly independent and posi-
tive constants u and C such that (|Wi| + -+ - + [W,,—1D#* < C|W]| near p.
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The main result in [3] is the following:
Theorem 7.2 Property (B) at p implies the surjectivity of the Borel map for V at p.

It is an easy corollary of Theorem 7.2 the fact that when ) has rank N — 1, that is
when V* is locally spanned by the differential of a single function, the surjectivity
of the Borel map at p € §2 is equivalent to the fact that V' is not hypocomplex at p
([3], Corollary 6.2).

The conjunction of Theorem 4.1 and this result allows us to obtain the following
statement:

Theorem 7.3 Assume that the characteristic set for the locally integrable V over £2
at p € 2 has maximum dimension (= m). If V is not partially hypocomplex at p then
the Borel map forV at p is surjective.

Proof Since dim Tg = m by ( [4] Theorem 1.10.1) we can find smooth solutions
Zi, ..., Zy for ¥V near p withdZy, ..., dZ, linearly independent and dZ; (p) € T?)
forall j =1, ..., m. By hypothesis none of the functions Z; is open at p and hence
by Corollary 4.1 and the result just stated we conclude that the Borel maps for the
structures V; = span{dZ; }* are surjective at p. Hence Proposition 4.1 in conjunction
with Theorem 4.1 gives the sought conclusion.

8 A class of tubular structures

A. We recall (cf. [13], p. 308) that a locally integrable structure V over §2 of rank n
is tubular if given any point p € £2 there are an open neighborhood U of p and an
abelian finite dimensional subalgebra g of C°°(U; T§2) such that [g, V|y] C V]u,
dimg, = dim g and CT$2, =V, + g, forallg € U. Here

g =1X,: XeglCT,2, geU.

It is proved in ([12], p. 308) that V is tubular if and only if given any point p € £2
there are, as in section 1(B), a coordinate system (xy, ..., X, 1, ..., t;) centered at
p (N = m + N) and defined in an open neighborhood U = B x ® of the origin in
RY and a smooth map @ = (@1, ..., ®P,,) : @ — R™ satisfying & (0) = 0 such that
V- is spanned over U by the differential of the functions

Zix,t)=x;+®;t), j=1,....m.

Observe that a set of n linearly independent vector fields which span V| is given by

9 WY 9
j=__,'§ _k(t)—, j=1,...,n.
dt; o1 0t On
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Moreover since that in this particular case the vector fields My equal 9/dx; the
Borel map at the origin for V is given by

—(agu)(‘o, D 2.0

Sodur>bu) = Z

o EZI‘I‘I

From now on we shall assume that
§2 and YV are real-analytic.

In particular @ is a real-analytic map. The main reason for assuming such a hypoth-
esis is that in this case hypocomplexity for V at the origin is perfectly determined: by
a result due to Baouendi and Treves [2] this structure V is hypocomplex at the origin
if and only if for every & € R”\{0} the map ¢t — @ (¢) - £ is open at the origin.

B. Assume that m = n + 1 and suppose that @ has the special form

Q(t) = (1, 9(1))

where ¢ : R” — R is real analytic, ¢ (0) = 0, d¢(0) = 0. Such structure V, is CR of
the hypersurface type: indeed in this case it is the CR structure induced by the complex

structure on C"*1, where the complex coordinates are written as (21, . . ., Zn+1), on the
hypersurface defined by Im z,,,+1 = ¢(Imzy, ..., Imz,). Notice that for this structure
the CR vector fields read
0 .0 .00 0 .
Li=—-i——i—®O—, j=1,....m.

al‘j axj' atj 0X;,
Notice also that in this case

m—1

E- D)= &jtj +End(t)

j=1

which is open at the origin if §; # O for some j = 1,...,m — 1. Hence V), is
hypocomplex at the origin if and only if ¢ (¢) is open at the origin.

We first study the case n = 1, which is very simple. If V is not hypocomplex
at the origin then either ¢ has a zero of even order at the origin or else ¢ vanishes
identically. In the latter case we are in the Levi flat case in which case the Borel map
at the origin is not surjective whereas that in the former case the argument in the proof
of Theorem 8.1 below shows the existence of a peak function for V, at the origin and
hence the surjectivity of the Borel map at the origin follows from Theorem 7.1.

In what follows we then assume that n > 2 and that ¢ does not vanish identically.

Our discussion of the surjectivity of the Borel map for this particular CR structure
will be given in terms of the (germ of the) variety V = ¢~ 1{0}. We start with the
following result:
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Theorem 8.1 Let V,, ¢ and V be as before.

1. If ¢ is open at the origin then the Borel map for V, is not surjective;
2. If V. = {0} then the Borel map for V, is surjective.

Proof We have already seen that if ¢ is open then V, is hypocomplex at the origin and
hence (1) follows.

For (2) we can assume without loss of generality that ¢ > 0 outside the origin.
Hence from the analiticity of ¢ we conclude that ¢ () > c|t|?if |¢t| < r,wherec > 0,
r > 0 are small constants and g € N . We set

m—1

Y, 1) = —i(tm +ip) + (m +id ) + K D (xj +i1))™,

j=1

where « is positive small constant. It is clear that v € G(U). Furthermore if r > 0 is
chosen such that ¢ (1) < 1/2if |t| < r then

m—1
ReW(x,1) > xp +¢(1)/2+k Y Re{(xj +it))*} = xp, +clt|*/2
j=1
m—1
+ie > Ref(x) +it)*)
j=1

If we now use the elementary fact that for every 0 < ¢ < 1 thereis C, > 0 (depending
on ¢q) such that

Re (z%) = (1 — &)(Re )™ — Co(Im2)*, z €C,
choosing ¢ = 1/2 and « small enough gives
ReW(x,1) > x2 +clt/ /4 +rc(xt? + ... +x29)/2, 1t <r.

Hence v is a peak function of finite type for V, at the origin and then (2) follows from
Theorem 7.1.

We have now to face the situation when V # {0} and say ¢ > 0. The former is
equivalent to the existence of a (germ of a) non trivial real analytic curve y (s) through
the origin in ¢-space over which ¢ vanishes identically. Notice that ¢ = 0 implies
d¢ = 0 (because ¢ > 0) and hence also d¢ vanishes on y.

Theorem 8.2 Let V,, ¢ and V be as before. Assume that V contains the (germ of) a
non trivial real analytic curve y (s) through the origin such that each of its components
has a zero of odd order at the origin. Then the Borel map for V, at the origin is not
surjective.

@ Springer



The Borel map in locally integrable structures 1173

Proof Write y(s) = (y1(s), ..., ya(s)) and consider the tube structure V; on the
(x, s)-space defined by the first integrals

Z?(x,t) =x;+iyj(s), j=1,...,n.

This structure is defined by a single vector field, namely:

=2y e,
=—— (s)— .
as j:l)/J ax;

The point for considering this new tube structure is the following key obser-
vation: if u(x,t) is a smooth solution for V, near the origin then v(x,s) =
u(xy, ..., xy,0,y(s)) isasmooth solution for Vs near the origin, that is, L% = 0.
This follows from a simple computation.

Now if each y; has an odd order zero at the origin then the map

s> Y yi(9E

J=1

is open at the origin in R for any £ € R"\0, and consequently by the Baouendi—Treves
[2] result alluded to above, it follows that V; is hypocomplex. Hence if u is any smooth
solution for V, near the origin and if v is defined as above then we obtain the bounds

10%(0, 0)| = [9%v(0,0)| < C*at, ez,

which imply that the Borel map for V, at the origin is not surjective.

C. In the rest of this section we shall focus on the case when n = 2 and ¢(¢) =
(t{’ — tg)z, p,q € N. Write p/q = /B, with « and B8 without common factors. By
Theorem 8.2 the Borel map for V, at the origin is not surjective if both o and 8 are
odd since ¢ vanishes on the curve y(s) = (s, s%).

We shall now study some of the cases when o # B and either o or § is even. We
are able to settle the following situations:

Theorem 8.3 Let ¢ be as before:

— if g = 2 and p is odd then the Borel map is surjective;
— if g = 2 and p is even then the Borel map is not surjective.

Remark 8.1 In each one of the cases where the Borel map is not surjective, the nec-
essary condition established in Theorem 6.1 is not satisfied (indeed, we prove the

non-surjectivity precisely by applying Theorem 6.1).

We will first concentrate on the second statement.
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Cl. Given k € N, consider the following hypersurface of C>, which is equivalent to
the ones introduced in subsection B. up to a complex linear change of coordinates:

= {x3 = (xf — 3%}

We also put Xy = X N {zz3 = 0}. Then Xy can be seen as the union of the two
hypersurfaces ST = {x|; = xz} and ™ {x1 —xz} biholomorphic to each other.
We want to show that the polynomial hull 3o of Xo in C? (and thus the polynomial
hull £ of X in C3) contains a complex line passing through 0.

To this aim, we define ¥y = X N {x2 > 0}, ¥j = Xy N {xz < 0}: then we can
write £ = {x2 = J[x1[} and Z§ = {x2 = —/[x1]}. We claim that Z‘/ contains
(a neighborhood of 0 in) {(0, z2) € C?:xp > 0}, and similarly Z‘ contalns (a
neighborhood of 0 in) {(0, z2) € C? : xo < 0}.

Choose thenc € C,c = a+ibwith0 < a < 2k — 1)/(2k)2k2751 and define
f:C— C?as f(¢) = (¢, c + ¢?); furthermore define p : C> — R as p(z1, 22) =
X2 — /x1]. Writing ¢ = u + iv we can express the composition p o f : C — R as
po f(&)=a—v?+u>—Yul

Let now ¢ : Rt — R be defined as () = &7 — t>. A simple computation
shows that ¢ is strictly increasing on the interval [0, 1/(2k) 2kki—l] and p(1/(2k) 2kk*—l) =
2k — l)/(2k)%. We can thus set d’ = ¢~ !(a) and, choosingd’ < d < 1/(2]{)2]{1%1’
define the rectangle R = {u +iv : [u| < d, |[v| < +/a + 1}.

With this choice of R we have that p o f|yr < 0. Indeed, whenever |v| = a + 1
we can write p o f(¢) < a — v> = —1, while for |u| = d one has p o f(¢) <
a—e(lul) <a—e(d) < 0by the choice of d. On the other hand po f(0) =a > 0. It
follows that the open set U’ = R N {p o f > 0} is non-empty and relatively compact
in R. The open set (C\U, has a unique unbounded connected component V. Putting
U = C\V, it follows that U is simply connected, 0 € U and U C {p o f = 0}.

We can thus consider f : U — C? as an analytic disc attached to X, , because
f@U) C X. Since f(0) = (0, ¢), it follows that (0, ¢) € 20, which verlﬁes the
claim. By Theorem 6.1 we conclude that the Borel map is not surjective, which proves
the second statement in Theorem 8.3.

C2. We are now going to treat the first claim in Theorem 8.3.

In order to do so we are going to study the properties of some particular domains
of C2. Fix a small enough v > 0 (to be specified later) and ko € N. We define
2 C C?(z1, z3) to be the set

2={(z1,23)€C:x3>0, |z3l < 7, |21l < 1 + 3}

andput 29 = £2N{z3 = 0}(i.e. theunitdisc in C(z;)). We denote by A%(82), A (£20)
the subspace of C*°(£2), C*°(£2¢) given by the functions which are holomorphic in
the interior of £2, $29.

Proposition 8.1 The restriction map A% (§2) — A (8§2y) is surjective More pre-
cisely, for all f € A®(0) thereis f € A® () such that flg, = f and | 2, =0
forallk > 1.
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To achieve the proof of the Proposition, we modify the construction in [6], and
sometimes refer to lemmas in there without further mention. First, we need to prove
an estimate which will be useful later:

Lemma 8.1 Fixedr > 0, we have

1

— (j"sin(1/j7F2)) 7)) < 21og(25%)

L, 1
= log(j7) < W(l

2
for all large enough j € N.

1
Proof Put x; = 1 — (j” sin(1/j"%%))i"**; then x; > 0 and
j j

(1 —x))™" = jrsin(1/j7+2).
J

1 1
Moreover, since (j” sin(1/j71%))i"** > (1/2j%)/ — 1as j — oo, we have
x; — 0as j — oo. From the expression above we get

1 U
log(1 —xj) = ;;;510g<1’sum1/1’+2>x

since for j large enough we have —2x; < log(l — x;) < —x; and 2/,% <

sin(1/j"72) < =L, we can write
J jr+2

) -2 2 2
log(1/2h) o log@/h)  _log(1/i) - log(j?)

iz T Xj = ——% > PiS TAa XjZ 5
Jr+2 Jr+2 2]r+2 2Jr+2

for large j. The conclusion follows from these inequalities and again from the fact

that 2/1T <sin(1/j?) < j’1+2 for large enough ;.

Fix an increasing sequence {m} of positive integers such that m, > e‘. Define
sequences of functions {y;}, {§;}, {¢;} by putting

)\(1/jk()€+2) ' . L
K/fj(ZlyZ3)z—w-i-B(l/]konrz), szew’, pj=e .
Z

for all mg < j < my41, where B(y) = 1/sin(y) and A(y) = B(y)!™>. Note that
¥ is well-defined on £2\£2¢, and Re (21, z3) — —o0 as z3 — 0. Furthermore the
function ¢; extends continuously to §£2 and ¢; = 1 on 2. Put D; = {(z1,23) € £ :
lz3] < 1/7%)}, and fix p € £2\D;. With the same computations as in Lemma 4.1

(choosing Ag = j2) we have [Im ¥/ (p)| < W =:1d;formy < j < meg
and
kor £ ﬁ
. (") 7T
Re; >B<1 W“) (Y _
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1
= sy ey (1 = U sin(1/74042)) 77 > log(12)/2 = log())

by Lemma 8.1. Choose 1 < d < 7/2 such that d > d; for all j € N large enough
(indeed d; — 1 as j — 00). From the expression above follows that

Re;(p) = 1§ (p)] cos(d) = € Vi) cos(d;) = j cos(d;) = j cos(d)
and thus
10 (p)] = e REEIP) < pmicos@),
On the other hand we have |¢;(p)| < e forall p € D; (same proof as in Lemma 4.2).
Lemma8.2 Forall p = (z1,23) € §2 we have |¢;(p)

< —f—.
= U+ /D)

2
>
(1+ kQ/|z‘z D/~ (1+1//>f

e > |p;(p)|. If instead p € £2\D; we can write (1+kQ/|zT)! > (H"Qf)f = (ecw<d>)f

Proof Suppose first that p € Dj, i.e. [z3] < 1/j ko Then

I\/

loj(p)|if T > 01is small enough.
The next statement is an immediate consequence of the chain rule.

Lemma 8.3 Fix k € N. There is a polynomial Py (X1, X», ..., Xx) such that

Moy _,op (05 28
azk ! 823" 9z3 Ak

for all j € N. Furthermore, Py is weighted homogeneous of degree k (where the
variable X j has weight j).

Thus, to obtain an estimate for ? we need to give one for 251 a , h < k. Inthe next
3 23

lemma we show that | ( p)| grows as a polynomial in j if p € £ N D;, while if

p € £2\Dj its growth is compensated by the exponential decay of |¢;(p)|, resulting
in the following statement:

Lemma8.4 Letk € N, k > 1. There exist Ny > 0, T’ > 0 such that

ok Q) 1
2 L(p)| < NijHook —————

1+ %/zDi

orall p = (z1,z3) € 2 with |z3| <t andall j € N.
forall p = (z1,23) € 2 with |z3| <t and all j € N
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Proof In the following we always consider £, j € N such that my < j < mg+1, and

fix h € N. Moreover weputy; = 1/ j*0t+2_The following expression for o g] can be
3
checked inductively:

ahsj 04
azh =& Zﬂ“ J aly,+h

a=1 23

where B, ; is bounded in j forall 1 < a < h. Thus we have

hg_—]

1
hygy_ ~—
|s]|§:|ﬂa,| laey = Ol

for some constant Cj, > 0 (independent of j). Taking in account the definition of &;,
we can write

Ayj)

hg, —Re -~
’ i] < Cpt" hi pe s
azh |z3|"tvit
1 Ayj)cos(ly;)
h B i LB())
< Cpl'—————-e 231 e”Vi/,
= hyi+h
|z3|1Yit

Define the function « : Rt — R* as
A(yj)cos(rty )

- ly;
K(r) = ——Fe€ rd ;
( ) rh@yj-i-h

clearly x(r) — 0 asr — 0% and as r — +o00. Computing the first derivative

oy = (it | 60 cos(rty;) _topenty)
K (r) = rhlyj+h+l r(h""l)f)’j+h+l e |

we see that it vanishes only at

¥ Lyjr(yj)cos(mly;) 1/ty;
hey; +h

hence « is increasing for 0 < r < 7 and decreasing for r > 7. Furthermore

Qi AV /ey . 1/€y;
. Yj Sm(yj)y/ / yj I 1/¢
OjrNYP = (— =|— sin(y;)
e sin(y;) sin(y;) !

. 1/¢
- <(1 — /6 + 0y )i Sm(yj))
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and
cos(ueyp)!? = (1= (rey))* /2 + O((wey;)h) /o

are bounded (above and below) independently of j, so that for some K > 0 we can

write
; l/ey] ) jk0€+2/£ 1 jkol+2/£
= (hfyj +h> (h) (1 +e/jkoi+2>

K ¢ jk0(+2/z
>= (= .
= (i)

If h < £ we obtain 7 > % In fact, if 7 < £ we have ¥ — 00 as j — 00, so we can
assume 7 > 7. Thus the function « is increasing on the interval [0, t].
Let p € 2N Dj, p = (z1, z3). Since [z3] < 1/ jk0 we have

g,

ikot+2

—L(p)| = Ctic(lz3heP D
0z
3

(p)

< ChﬁhK(l/jkO)eB(l/jkOHz)

Zhjkoh(1+£/jk0£+2) exp (B(l/jk0€+2))
exp <jk()€/jk05+2)\‘(1/jk()l+2) cos(nﬂ/jko”z))

<Cp

= Cuth RN HTO) exp(a).

We can rewrite the argument of the exponential as follows:

o) = W (1 — cos(m e/ j0F2) (ol sin(l/jk““))-f’“’l“”)
1

= Sin(l/jk0£+2)

1 —cos(mt/j

sin(1/ jR0+2)

1
(1 _ (jk()f Sin(l/jkoe+2)) jkOK-%—Z)

k0€+2)

1
(jk()[ Sin(l/jko[+2))jkow )

The second summand in the expression above is bounded (in fact it can be seen to
be O(Ez/jk0€+2)), while the first one is estimated by 210g(2j2) by Lemma 8.1. We
deduce that

ahg;

S ()| = Gt D expog(j) + 0(1) < €
23

(p)

for a large enough C; > 0 (here we are using the fact that £ < log(j) by the choice
of my).
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The Borel map in locally integrable structures
The estimate above, together with Lemma 8.3, show that there exists N, > 0 such

kg
8.1)

8k

that
(p) < N/ -3kok

forall p € 2N D;.
Consider now p € £2\Dj, p = (z1, z3). Since |z3| > 1/j% we have
. YAS)
1€;(p)] < Cpt" JOPTHITED 1 ()]

&( IO A —
a h P =Cn | |h€/jk0[+2+/’l

kol+2
< Cp(log(j)) jRohU+t/ I Re ;] cos(d;) < Cp 2" (—log(l; (P)]))

As before, using Lemma 8.3 we get that there exists N;” > 0 such that

o
o, N{ %% 05 ()| (—log(lg; (p) )

(p)| =N,
32}

for all p € £2\D;. Since |@;(p)| < e/ @ — 0as j — oo we have that
(—log(le; (PIN* <1/ /le; ()]

for all p € £2\D; and all large enough j, and thus

// 2k0k /l(pj(p)l < N]é/jzkoke—jcos(d)/Z'

Using that 1/(1 + %/[z3])7 > 1/eif |z3] < 1/j% and 1/(1 + *¢/[z3])/ > e/ cos@)/2
if |z3] < 7’ small enough, we can put together (8.1) and (8.2) as in Lemma 8.2 to

kg
(8.2)

conclude that there exists Ny > 0 such that
1

0+ Tz

k
3k0k

(p)
9 ’3‘

forallp e £2,j eN.
Proof of Proposition 8.1: For t > 0, define the dilation v, : C2 — C? as ¥;(z1, 23) =
(z1.123), and let ' = ¥, (£2). We have

={(z1,23) € C* 1 x3 > 0, |z3] < /1, |z1] < 1 + V1 'yx3)

so that 2" N {z3 = 0} = 2p and 2" N {|z3] < 7} C L ift < 1. For a glven
+k 7
f € A% (£20), we will construct f holomorphic in the interior of £2, such that v af"
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extends continuously to £2o forall 4, k > 0. Then it is clear that f lor € A®(£21), and
thus f o wfl € A®(£2); furthermore f o 1//t71|90 = f since y; is the identity on £2.
Let f € A®(£2), f(z1) = Z?":O ajz{. Since f is smooth up to b§2j the sequence
aj goes to 0 faster than any polynomial, that is for all kK € N there is A; > 0 such that
laj] < Ag/j* forall j > 1.
We define now f(zl, z3) = Zj ajz'{ ¢;j(z3). By Lemma 8.2 follows that the series

> ja jz{ga ; converges uniformly on compact sets of the interior of £2, hence fis a
well-defined holomorphic function in the interior of £2. We will show now that, for all

k > 1, supg. a k | — 0 asc — 0, where 2, = £2 N {z3 = c}. This will imply that

f (as well as 2 ) extends continuously to £2g, and f |2, = f. The same argument,

k
applied to { , proves that ; 3{ extends continuously to £2¢.
Fix then k € N, and let A3k0k+2 > 0 such that |a;| < Agk0k+2/]3k°k+2 for all
Jj € N. Given € > 0, let jo € N such that Ny Azpr+2 ZPJO 112 < €. For any
p = (z1,23) € §2 we get
akf g
‘ TP =2 k L@+ ) ajs @)
4 Jj<io J>Jjo 073
<|> a aye] 24 72 k L (23) +Z|a,||z1|' (z)‘
iZjo J>Jjo
Akok+2 j3kok |z1] /
= | Dl G|+ ¥ S ()
1+ %
i<jo J>]0 + 23]
<> a,z] (Z3) + €
Ji=Jo

where we used Lemma 8.4 and the fact that |z1] < (1 + %/x3) < (1 + %/]z3]).

Since ) a]zl = k / (z3) is a finite sum and @; is flat at O for all j, we conclude that

J=Jo

< 2e for |z3| small enough.

ok f
@(P)

Corollary 8.1 Define I' C C3(z1, 22, 23) as the set
F = {(Zlv 22, 23) (S (C3 X3 2 0, |Z3| <T, |Z1|2 + |Z2|2 < 1 + W}

and let To = T' N {z3 = 0} be the unit ball in C2. Then the restriction 1 map A®T) —»
A% () is surjecnve More precisely, for all f € A% (L) there is f € A®(T) such

thatf|r0 fand |r0 =0forallk > 1.
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The Borel map in locally integrable structures 1181

Proof Given f € A®(I'g), we can apply the construction of Proposition 8.1 on the
slices I' N {«z; = PBzo} to define an extension f of f to T, holomorphig on each
slice. Since the sequence of “cut off”” functions ¢; is independent of «, B, f is in fact
globally holomorphic in (z1, 22, z3).

Corollary 8.2 Define X C C*(z1, 22, 23) as the set
¥ ={(z1,22,23) € CP 1 x3 >0, x| > xz “0/x3)

andlet (S, 0) be a germ of smooth real hypersurface of C? such that0 € Sand S C X",
Furthermore let So = SN{z3 = 0}. Then for any formal series c = Zh A a]“zzflzéz

there is a (germ of a) solution g € &(S) whose Taylor series at 0 is given by o and
k
";7@50 =0forallk > 1.

Proof Define the Cayley transformation @ : C?\{z; = 1} — C> as

14+271 22
D(z1,22,23) = (1 = 1_21,z3>;

we have that @ maps I'’ to X", where
I'={(z1,22,23) € C* 1 x3 > 0, |z3l < 7, |z1]* + |221* < 1+ |1 — z1|* %/x3)
on the other hand, since |1 — z;|? is bounded we have (locally) I'' C I with
" ={(z1,22,23) € CC 1 x3 >0, |z3] < T, |z11> + |z21* < 1 + C Y/x3)

for some large enough C > 0. However I'” is biholomorphic to the set I" of Corol-
lary 8.1 via a rescaling of the z3 coordinate, so the conclusion of Corollary 8.1 holds
for I'”. Since @(—1, 0, 0) = (0, 0, 0) we can consider 6’ = o o @ as a formal power
series centered at the point pg = (—1,0,0) € I'y. Since ¥ = —i(z1 + 1) is a (global)
peak function of finite order for I'| at Po, there ex1sts asmooth CR solution f* € &( Ty
whose Taylor expansmn at po is o’. By Corollary 8.1 there exists f € A such

that f|1~~ =f and f |1~u = 0 for all k£ > 1. Putting g = f o @7, we have that g is

defined on a nelghborhood of 0in X" and smooth up to the boundary. By construction
gls satisfies the requirements of the Corollary.

Consider now for £ > 0 the hypersurface
and put Xy = X' N {z3 = 0}.

Using the notation of section 3 with m = 3, p = 2, we consider the partial Borel
maps

by : 6(()1) — C[z1, z2], b2: 6(()2) — C[z3].
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1182 G. Della Sala et al.

We have that b is surjective because z3|5 = (x213+1 )622)2 + iy3 is a peak function at

0, which implies that the corank 1 structure induced on X' by the function z3 satisfies
the Borel property.

In view of Theorem 4.1, the first claim of Theorem 8.3 is proved if by is also
surjective. This is the content of the following statement:

Proposition8.2 Let 3, ;. aj, jzz{lzéz be any formal series in (21, z2). Then there is
a neighborhood U of 0 in X and a solution g € S(U) such that
— the Taylor expansion of g at 0 is given by _;, ., ajipz] 29
k
37@;0 =0forallk > 1.

Proof Define the domains

Y ={(z1,22,23) € CP 1 x3 20, x1 > *V/x2 — /x3),

" ={(z1,22,23) € CP 1 x3 > 0, x1 > x3 — 243},

It is clear that ¥ C X’; we claim that, if € > 0 is small enough, X’ N B.(0) C
2" N Be(0) (where B.(0) C C3 is the ball of radius € centered at 0). Indeed, for
(small) fixed x3 > O consider the function y : Rt — R

y() = Nz —t — (24 xs — 1)

Looking at the interval [0, 2 “£Z/x3] we note that y (0) = — *2/x3 < 0 and moreover
YUY = Y5 2N < MR~ 2% = ~ 45 < 0. On the
other hand we have

1

1
241 (Jx5 — 1)2/@t+D +1

Y@ =—

hence y’ vanishes exactly at t = /x3 £ 5-———". If x3 is small enough, neither
L/ (2e+1)2£+1

of these values lies in the interval [0, 2 4¢t2/x3], showing that y is monotone on that
interval. Since y(0) < 0 and y (2 ##¥x3) < 0 we must have y < 0 on [0, 2 *+%/x3],
i.e.

2“,1/ x% —Jx3 > x% —2%42x3 for0 < x% < 2 44 x3.
If instead /x3 < x2 < 1wehave 0 < x2 /X3 < 1, so we can write (for small x3)
X2 — x5 > x5 — a3 > x5 —24R/x3 for /a3 < x3 < 1.
Since /X3 < *+2/x3 we conclude that ** x% — Jx3 > x% — 2 44/x3 for x3 small
enough and —1 < x, < 1, which proves the claimed inclusion X' N B.(0) C X" N

B:(0).
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The Borel map in locally integrable structures 1183

Using a suitable change of coordinates we can map X" biholomorphically to the
domain {x| > |z2]? — “+¥/x3}, so that X is a one-sided neighborhood of the Lewy
hypersurface {x; = |z2|*}. We denote again by o = Y, ; aj,j,21'z5" the formal
series obtained by transforming the one in the statement through this coordinate
change. The conclusion of the Proposition follows then by applying Corollary 8.2
with § = X and kg = 4¢ + 2.

By using the methods above, we can deduce directly the following (apparently more
general) consequence:

Theorem 8.4 With the notation of Theorem 8.1, suppose that n = 2 and ¢(t) =
(f(, )2 where the differential of f does not vanish at 0 and the domain { f (¢, t) >
0} is strictly convex (or concave) around 0. Then the Borel map is surjective.

Proof Let us consider the tube manifold ¥ = {x3 = (f(xy, x2))2}. Up to a linear
change of coordinates, we can suppose that the tangent line of { f = 0} at O is % and
{f > 0} is (locally) strictly convex. Then it is easy to show that there exists C > 0
such that f(x1, x2) > x1 — Cx% for all x1, xp around 0. This implies that X' is locally
contained in the domain

{(z1,22,23) € C* 1 x3 > 0, x1 > Cx5 — J/x3}.

From Corollary 8.2 follows that the partial Borel map b is surjective, which implies
the Borel property just as in the proof of the first claim in Theorem 8.3.

9 The structure of the maximal ideal of 5,

A. In most of this section we shall assume that the locally integrable structure V over
£2 satisfies condition (®8) at p € §2 (cf. Section 6B).

According to ([3], proof of Theorem 6.1) we can assert the following: p is the
center of a smooth coordinate system (x, ..., Xp, 1, - .., t;), Which can be assumed
defined in a product U = B x ®, where B (respectively @) is an open ball centered
at the origin in R (respectively R}), over which there is defined a smooth, real
vector-valued function @ (x, 1) = (D1(x, 1), ..., Dy (x, 1)) satisfying @(0,0) = 0,
D,®(0,0) = 0, in such a way that the differential of the functions

Zr(x,t) = x +iPr(x, 1), k=1,...,m,

span V* over U. Contracting U even more around the origin we may achieve:
1. dZ,,(0,0) € T(%,O) andarg Z,, # —mw in U;
2. There are constants C, M > 0so that (|Z1| + ...+ |Zn_1D™ < C|Z,| in U.

As before we can consider the corresponding vector fields L;, My satisfying the
standard orthogonality conditions.

B. & is a commutative local ring with maximal ideal

m={u e &: u) = 0}.
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1184 G. Della Sala et al.

Our goal now is to give sufficient conditions in order to insure that m is a finitely
generated Sp-module. This is of course true when V is hypocomplex at the origin. On
the other hand we also have the following result:

Theorem 9.1 Assume thatV satisfies condition (°B) at the origin. If either V is minimal
at the origin or if V is a real-analytic locally integrable structure then the following
holds: if Wy, ... W, € mare suchthatdW(0), ..., dW,,(0) are linearly independent
then

m=(Wy,...W,)

as a Sg-module
We start by proving:

Lemma 9.1 If'V satisfies condition (°B) given u € m there are v; € &g such that

m
u —ZUij € ker b.
Jj=1

Proof Since u(0) = 0 we can write b(x) = Z'}Ll gjZj,where g; € C[Zi, ..., Zy].
By the surjectivity of b we can find v; € &g such that b(v;) =g, j =1,...,m.

Then b (u — Y1 0,2, ) = bw) = Y, 8,2, =0.
We also have:
Lemma 9.2 Assume that condition (B) holds and also that V is minimal at 0. Then

[e¢]

kerb = [)(Zh)-

k=1

Before we embark in the proof of Lemma 9.2 we show how it leads to the proof of
Theorem 9.1. Indeed let Wy, ..., W, be as in its statement. By Lemmas 9.1 and 9.2
we can write

m
Wi = Zykrzra Yir € G0-
r=1
Since Z;(0) = 0 for every k we have
m
dWi(0) = ) %4,-(0)dZ,(0)
r=1

and hence the matrix (yxr(0))1<k.r<m is invertible. By continuity it follows that the
matrix of germs (Ykr)1<k,r<m 18 invertible and that its inverse (yk’)lfk,,Sm is such
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The Borel map in locally integrable structures 1185

that y*" belongs to &, since the latter is a ring. Furthermore we have

m
Zi=Y y"w,
r=1

and this concludes the proof of Theorem 9.1.

Proofof Lemma9.2. Let V C U be an open neighborhood of the origin and let u €
G(V) vanish to infinite order at 0. Assume first that )V is minimal at the origin. By
[10] there are an open set U in C™, a compact neighborhood of the origin K C V
(both indeed independent of u) and & € O(U) such that the following is true:

- Z(K) c U,foreverya € Z!"} the holomorphic function 9% h extends continuously
up tod U Z(K) and
(0“h) o Z =M*uonK. 9.1)

]

Notice in particular that if we consider the continuous functions on U x U

Uo(z.w) = [0%h(z) — Y 3 Phw)@—w)f/Bl/|z — w* ™,
|BI<k—le]

defined as zero when z = w, they all extend continuously to Z(K) x Z(K). Conse-
quently the family {uq g} (4, BT XTI 5 defined as

0“Mzk) if p =0,

ua,ﬁ(Z,Z)z{ 0 lfIB;éO

is a Whitney family on Z(K).
By the Whitney extension theorem ([8], Theorem 2.3.6) for every p thereis H), €
CP(C™) such that

07mk if p=0,

@297 Hp)l 2k ={ 0 if8 20

and |a| + |B] < p. By (9.1) all the derivatives of H, of order < p — 1 vanish at the
origin and hence we must have |H,(z)| = O(|z|?), for z near the origin in C™. In
particular

lu(x, )] = [h(Z(x, )| = |[Hp(Z(x,1))| = O( Z(x, 1)|").
Hence, by (*B), we obtain
lux, )] = O(Zn(x,1)|"), p=0. 9.2)
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Repeating the argument with M*u replacing u we further obtain
|(M*u)(x, )| = O(Zm(x,1)|"), p=0. 9.3)

Define vi(x,t) = u(x,t)/Zf,%(x,t), if Zp(x,t) # 0, vg(x,t) = 0 when
Zyn(x,t) = 0. Then (9.2) implies that vi(x, ) is continuous and is smooth when
xm # 0. By a standard result in distribution theory ([8], Theorem 3.1.3) we have
Ljv =0and

Movp = Meu)/Z5 — ku/z5! (9.4)

in the distribution sense, j = 1,...,n, £ = 1,...,m. By (9.3) it follows that the
right hand side of (9.4) is continuous (if defined as zero when Z,, = 0) and then by
([8], Theorem 3.1.7) it follows that v; € C! and that L vk = 0 in the classical sense,
j =1,...,n.If we iterate the argument it follows that vy is smooth for every k € Z .
and also that Ljuy =Oforall j =1,...,nandallk € Z,.

Next we assume that Zy, ..., Z,, are real-analytic functions and let V be an open
neighborhood of the origin in U. By the Baouendi—Treves approximation theorem the
following can be said: there is an open ball W CC V centered the origin such that
every element in G(V) is constant on the set

Fo={(x,t) e W:Z(x,t) =0}
Let u € &(V) vanish to infinite order at the origin. Then M*u € &(V) (a € Z)
vanish at the origin and consequently vanish on F. Consequently all derivatives of u
vanish on Fp and hence Taylor’s formula gives, for every g € Z,

lu(x, 0] < Agl(x, ) = &, O, (x,0) e W, (X, 1) € Fo,

where A, only depends on bounds for the derivatives of u on W of order ¢. Taking
the infimum over (x’,¢") € Fy we obtain

lu(x, )] < Agdist((x, 1), Fo)?, (x,1) € W.
Let K C W be a compact neighborhood of the origin. Since Fy is the zero set of the
real-analytic function f = |Z1|> 4+ ... 4 |Z,,|> by Lojasiewicz inequality (cf. [M],
Theorem 4.1) there are constants C > 0 and y > 0 such that

dist((x, 1), Fo)’ < C|Z(x, 0], (x,1) € K.
Hence

lu(x, )] < CYV7 A Z(x, )7, (x,1) € K,
for every g € Zy. Again by (®8) we derive the validity of (9.2) in this case and

the preceding argument applies without modifications. The proof of Lemma 9.2 is
complete. O
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The Borel map in locally integrable structures 1187

Corollary 9.1 Assume that V is a real analytic locally integrable structure of rank
N — 1 (that is, V* is a complex fiber subbundle of CT*$2). Then the conclusion of
Theorem 8.1 holds at every point in §2.

Indeed when the rank of Vis N — 1 and p € §2 then V is not hypocomplex at p if
and only if property (¥8) holds at p ([3], Corollary 6.2).

C. Besides the hypocomplex case, the conclusion of Theorem 9.1 holds in some cases
when it is not known whether condition (®8) is valid or not. As in section 6(A) we
assume that V is the locally integrable structure associated to a smooth, minimal,
(weakly) convex hypersurface £2 ¢ C™. Assume 0 € £2. We claim that

m=(z1l@, ..., Zmle)-

Indeed let V be an open neighborhood of the origin in §2 and let f € G(V) satisfy
f(0) = 0. Then there is a weakly convex smooth domain ¢/ in C"” such that 98U/ N §2 =
W C V is an open neighborhood of the origin in §2 and there is F € OU) N C®WU)
such that F = f in W. Since F(0) = 0 we can write, for z € u,

1
F(z):F(zl,...,zn):/ 3(F(tzl,...,tzn))dt
o Ot

where the integral is well-defined because, by convexity, (¢z1,...,1z,) € U for 0 <
t < 1. By the chain rule we get

F(z) = E /0 ng(fZ]a-..,th)dtZ E 7jFi(2),
j=1 J j=I1

where

. [loF
Fj(z)=/ B—(tm,...,tzn)dt
0 9%j

is holomorphic on ¢/ and smooth up to the boundary for all 1 < j < m, so that

£ =) (Filw)Ejlw).
J

Such argument applies for instance to the hypersurface
2 ={(zw) e C?: Imw = e V/Fl

which is convex, minimal but not of finite type. Note that we do not currently know
whether the Borel property holds for the CR structure induced on £2;.
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10 Principal manifold ideals

We continue to work under the notation established in the last section. Let f1, ..., fr €
m and consider the ideal I = (fi, ..., f¢) C m. We say that [ is a manifold ideal if

(dfi Accondfe Adfi AL AdSe) (0) # 0. (10.1)

We denote by V(I) the germ {f1 = ... = f¢ = 0}, and call it the variety of I.

Lemma 10.1 If I is a manifold ideal then V (1) is the germ of a regular submanifold
of real codimension 2¢ of RN around 0. Moreover, we can find a coordinate sys-
tem (X1, ..., %Xm,t, ..., ) centered at the origin in RN and solutions Z1, ..., Zn
satisfying the properties listed in Section IB such that I = (Zy, ..., Zy).

Proof The first claim is an immediate consequence of (10.1) whereas the second
follows from the arguments in ([4], Theorem 1.10.1) as done in ([3], Section 4).

We shall now restrict our attention principal maximal ideals, that is the ones gen-
erated by a single element f € & such that (df A df)(0) # 0. For any submanifold
germ V of RY around 0, we denote by Z(V) the ideal of V, i.e. the ideal of S
consisting of those germs vanishing on V. It is clear that I C Z(V (I)). Our aim is to
show that the opposite inclusion also holds:

Theorem 10.1 Let I C &g be a principal manifold ideal. Then Z(V (1)) = 1.

We remark that in the previous statement no assumption is made about the mini-
mality of V nor on the validity of property (!8). In order to prove Theorem 10.1 we
first prove a simple lemma.

Lemma 10.2 Let k > 2. Then the function C 3 z — ¢r(z) = Zk/z € Cis of class
ck=2,

Proof Clearly ¢ extends continuously to 0 since the function 7/z is bounded. Choose
Jj,€ € Nsuchthat j +¢ < k — 2. Then

j+-¢ . —k—¢ . N
- b (2) = (—1)fﬂz_ = (/L k(2 Sh—(j+HE+1)
3Zj825 g zitl 7 Z

is again continuous around 0 by the boundedness of z7/z, since k — (j + £+ 1) > 1.

Proof of Theorem 10.1. We can assume that we are in the situation described in Section
I1Binsuchaway I = (Z;) (cf. Lemma 10.1). Moreover since [ is a principal maximal
ideal we can even assume that ¢ (x, t) = #;.

Let g € Gg vanishon V(1) = {Z; = 0} = {x; = 11 = 0}. Our goal is to show that
g = g«Z1 for some g, € Sg.

We start by setting

k .
G Y A
hie=Y" ) ZiMig, k=>1. (10.2)
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Notice that h; € G9. We claim that
M*(g +h)lvay =0, aeZl, |a| <k. (10.3)

In order to prove (10.3) we first note that if j > 2 then 0 = M;Z; = M;x; and
hence M; only involves 9/0xz, ..., d/dxy,. Thus if v € Cgo vanishes on V (/) the
same is true for M*v if @ = (0, a2, ..., ) € Z. Thus (10.3) follows if we show
that M{(g + hx) = 0 on V(I) if £ < k. By Leibniz rule we have

(=1)/
M{(g + ) = Mbg + M] § —7/Mlg
Pl
k min{j,¢}

(— 1)) TR
Mig+) Y )<> e T A"

j=1 r=0 J_r)'

If we restrict this last sum to V (/) and recall that £ < k we obtain

Z( 1)]( )(M‘fgnz] —0=—M‘g)lz,=0,

which completes the proof of (10.3).

Let g’ = g/Z;. Then g’ is defined — and is a solution of V — on the complement of
{Z, = 0}.Itis enough to prove that for any k > 2 the germ g’ extends across {Z; = 0}
as a function of class C¥=2. If hy_ is as in (10.2) then hx—1/Z1 € S and hence we
are left to showing that (g + hx—1)/Z; extends accross Z; = 0 as a function of class
ck=2.

We take advantage of (10.3). By Taylor’s formula we can write

—k
g+hi—1=AcZ1+ Bk Zy,
where Ay, By € C3°. Consequently by Lemma 10.2 we can write
(& +hk-1)/Z1 = Ak + Bi i (Z1)

is of class C¥~2, which completes the proof. O

Example 1 If the assumption that 7 is a manifold ideal is not satisfied, the conclusion
of Theorem 10.1 can fail to hold. For instance, let }V be the locally integrable structure
on R3, with coordinates written as (x, v, s), whose orthogonal viis spanned by the
differential of the functions

Z=x+iy, W=s+ix>+y?

(this is the standard Hans Lewy structucture on C2), and define / = (W). Then I is
not a manifold ideal, and we have that V(I) = {0} and Z(V(I)) = (Z, W) =m 2D I.
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Also note that m does not coincide with the radical of the ideal 7, since there is no
k € Z, such that ZK/W is of class C* around 0. It follows that the Nullstellensatz
does not hold for a (general) ideal of &y.

Example 2 On the other hand, consider the structure V on RS, with coordinates writ-
ten as (xq, x2, y1, ¥2, §) whose orthogonal VL spanned by the differential of the
functions

Zy =x1+iy1, Zr=x2+iy, W=s+i(x12+y12—x22—y22).

Once again we have that / = (W) is not a manifold ideal, but in this case we have
Z(V(I)) = I. Indeed it is well known that V is hypocomplex at the origin [1]. On
the other hand, writing the complex coordinates in C3 as (z1, z2, w) we see that that
if H € O® vanishes on V(I) then H(z1, z2,0) vanishes on |z{|> = |z2/%, and
consequently H = wHy, with H; € O® . This proves our claim.

11 Some open questions

A certain number of questions arise, in our opinion, naturally from the results presented
in the previous sections. Despite the quite elementary nature of some of them (the topic
of the algebraic properties of the ring &, appears to be to some extent unexplored) their
treatment seems to lead to delicate analytic issues. The following is an (incomplete)
list of the problems which are for us most natural and interesting:

Question 1 Is the necessary condition found in Theorem 6.1 also sufficient for the
surjectivity of the Borel map?

We conjecture that this should be the case, at least when the structure V is real-
analytic.

Question 2 Does the conclusion of Theorem 10.1 hold for a non principal manifold
ideal?

The method used in the proof of Theorem 10.1 does not extend easily to ideals
generated by more than one solution.

Question 3 Is there an example in which the maximal ideal m is not generated by the
basic solutions Zy, ..., Z;;?

The results in Sect. 9 show that this property in various situations, far apart from
each other. The knowledge of the behavior of the Borel map seems to be important in
most of the proofs, with the exception of the argument in Sect. 9C.

Question 4 For what values of p and ¢ does the structure in Theorem 8.3 satisfy the
Borel property?

We expect that the Borel property should hold precisely when p and ¢ have different
parity.
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Question 5 Is the image of b always a suitable quotient of a ring of the form
((C{le R} Zp})[[zp+1’ cev Zmﬂ‘)

In other words, in the cases settled so far the image of b consists of formal series in a
subset of variables whose coefficients are holomorphic functions in the other variables
(more precisely, these coefficients must have a common radius of convergence).

Question 6 Suppose that two integrable structures V', V, are not hypocomplex (e.g.
correspond to pseudoconvex hypersurfaces M, M, C C"), and the solutions rings
S 6(2) are isomorphic. Does it follow that V1, V), are locally equivalent (i.e. that M
and M are locally CR diffeomorphic)?

Itis clear that the answer to the previous question is negative if V;, V; are hypocom-
plex, since both rings of solutions will always be isomorphic to the ring of convergent
power series in n variables: if, however, there are enough solutions, one might hope
that the ring Go contains enough information.
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