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GENSMAC3D: Implementation of the
Navier-Stokes Equations and Boundary
Conditions for 3D Free Surface Flows

Abstract

This report presents a finite difference technique for solving three-dimensional
Newtonian free surface flows. The technique is an extension of that employed by the
GENSMAC code for calculating two-dimensional incompressible flows in arbitrary
domains. The method is based on the SMAC (Simplified Marker-and-Cell) method
using primitive variables for an incompressible fluid. The full methodology and a
detailed description of the finite-difference equations are given.

Resumo

Neste trabalho apresentamos uma técnica numérica utilizando diferencas fini-
tas para resolver escoamentos tridimensionais com superficies livres para um flu-
ido Newtoniano incompressivel. Esta técnica é uma extensdo daquela empregada
pelo método GENSMAC para calcular escoamentos bidimensionais em dominios
arbitrarios. O método utilizado é baseado no método SMAC (Simplified Marker-
and-Cell) usando varidveis primitivas para um fluido incompressivel. Uma detalhada
descrigdo do método € apresentado.



3. Procedure

To solve equations (3) - (6) we employ the following procedure which is the 3D-
version of GENSMAC (see Tome and McKee [1]).

Let us suppose that at a given time, say tq, the velocity field u(x,?o) is known
and boundary conditions for the velocity and pressure are given. To compute the
velocity field and the pressure field at the advanced time ¢t = o + 6, we proceed as
follows:

Step 1: Let p(x,t0) be a pressure field which satisfies the correct pressure
condition on the free surface.

Step 2: Calculate the intermediate velocity field, u(x,t), from

du _ ou®  I(w) I(uww) Ip N 1 [P | Pu | O
o Oz dy 0z Oz  Re |0z? + Oy? + 022
+(1/F7)gs (7)
96 O(ww) O() Ovw) 9p 1 [8% 0% 9%
90 T T Tor oy 0 oy T Re|o:z T T 922
+(1/F)gy (8)
ow __O(uw)  9(vw) (w?) dp 1 [PPw  Pw  w
ot 9z 0y 0z 9: Relom T o T o
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with @(x,%) = u(x,?9) using the correct boundary conditions for u(x, o).

Equations (7) - (9) are solved by a finite difference method.

Step 3: Solve the Poisson cquation
V(x,t) = V.i(x,1) (10)

Step 4: Compute the velocity field
u(x,t) = a(x,t) — Vi(x,t) (11)

Step 5: Compute the pressure

h(x,t)
ot

p(x, 1) = p(x, o) + (12)



2. Basic Equations

The basic equations governing the flow of a incompressible Newtonian fluid are the
non-dimensional Navier-Stokes equations which can be written as

Ju )
=-Vp+— 1
7 +V-(uu) = VP+RVU+F2g (1)
and the mass conservation equation
V=0 (2)

where Re = UL/v and F? = U/+/Lg are the associated Reynolds number and
Froude number respectively. U and L are typical velocity and length scales, ¢ is the
gravitational constant and g is the unit gravitational field vector, u is the velocity
field and p is the non-dimensional pressure.

If we consider three-dimensional Cartesian coordinates then the equations above
take the form

Ju  Ou*  O(wv)  O(uw)  Jp Pu O O
_('5t_’+ Oz + dy + 0z _5—+(1/Re) Oz? + Oy? + 02?2
(l/Ff)ga: (3)
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it or T oy T Tar T oy TR Gt et o
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where u = (u, v, w).

With suitable initial and boundary conditions, equations (3) - (6) consist of a system
of partial differential equations for the unknowns u and p.



Thus, we solve the momentum equations explicitly followed by a sparse symmetric
system (Lhe diserete Poisson equation) for the potential function 4. For cavity filling
problems the order of this system is continually increasing (since one only solves for

u and p within the bulk fluid).

4. Boundary conditions
The boundary conditions at the mesh boundary can be of several types. Let u,, tm1
and u,,2 denote the normal and tangential velocitics to the boundary, respectively.

Then the following boundary conditions can be applied on the mesh boundary:

~ o No-slip boundary

=0, Uy =0, g = 0

e ['ree-slip boundary
Jdu mi aurn2
u, =0, =0, — =0
dn On
e Prescribed inflow boundary
W, = Uinf ’ iy =0 > g = 0
e Prescribed ontflow boundary
u, = Uuut ) Uy =0 ; Uz =0
e Continualive outflow houndary
duy, i) OUing
- =0, o= - =
dn dn ’ dn
[For the Poisson equation we require
o 0
dn
on rigid boundaries and
=0

on the free surface. In the cquations above, the subscript n, m1 and m2 denote
normal and tangential directions to the boundary respectively.



5. Free Surface Stress Conditions

The boundary conditions on the free surface, in the absence of surface tension, are
(see Batchelor [2])

n-o-n=>90
ml-c-n=90
m2-0c-n=20

where o = 0;; is the stress tensor given by

1 aui 8u,~
Oij = —Pij T

S P R 1,7 =1,2,3
Re aa:j+8m,~]’ Y .

and n = (ng,ny,n;) is the local outward unit normal vector to the surface; m1, m2

are the local tangential vectors. If we take Cartesian coordinates then equations
above become:

_2_ %2 01}2 Q_Q ou  Ov Ou  Ow
P BIE + 87 y+ + + — nzny+ + NgNy

: 03/ oz dz Oz
Jdv  Ow
v (5 ??7) | =0 )
1 ou v Jw Ju Ov
20—ml;n, +2 z a. z
e [ a’cml ng + ?/ml ny—}—Za ml,n, + <0y + 0:{;) (mlyny + mlyny)
Ju Jw Jdv  Ow
o T AT =+ 5 Lyn, 2 =
1 du v Jw Ju Ov
T [ —(}——m2 wNg + 2() m2yn, + 28 m2,n, + —05 P )(mQ Ny + m2yny)
Ju Ow Jdv  Ow
(d + 5 ) (m2n, + m2,n;) + (7z + 5 ) (m2yn, + m2, ny)] =0 (15)

Equations (13)-(15) represent the houndary conditions at the free surface of the
fluid. The finite difference approximation to these equations will be given in the
next Section by considering various local surface orientations.



6. Finite Difference Approximation

For solving equations (7)-(12) we employ the following approach. A staggered grid
is used. A typical cell is shown in figure 1. The velocity i is discretized at u, v and
w-nodes respectively.
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Fig. 1. Typical cell in a GENSMAC3D calculation.

For instance, considering eq. (7) for i, the discretization is performed as follows: the
time derivative is discretized explicitly while the spatial derivatives are approximated
by central differences. 'T'he convective terms are first averaged and then central
differences applied, namely

! R
di i bk T i Lk :
20 3sds »
g liHsak T + O(dt
ol |z+2,],k 5l ( )
P o Megor T Markan ¥ lirgak g0
Ox2 i+3.0.k 522
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where
_ (g1 + “i+§,j+1,k) (V541 + Vig1,itde)
(uv)z’+%.j+%,k = 2 2

vy ge g gone) (Vi Vit1,j- k)
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(“w)z‘+’5,j,k+% = : 2 ; : P) :

(g b Wirdjh=1) (Wige-t + Wiprje-1)
2 2 '

Similarly for the derivatives in (8) we obtain

(uw);y Lik-1 =

n+1 n
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_ [} 2 * 27 .
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82v| _ Vimngrbe T Pigade Vgt o0
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2 . - 2u. . .
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g2 bitsk T 522 + 0(é27)
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and for the derivatives in (9) we have
n+l 7

o P w‘t',k+1~
op likts = — 5t ==+ 0(6t)
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With these approximations, equations (7)-(9) become
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The Poisson equation (10) is discretized at cell centres and the discretization can be
written as

Yivi gk — 2%ik + ¢i~1,j.k+?/)i,j+1,k — 2 ik + 71),-,]'~1,k+
bx? 6y2 622

Vijkt1 = 2%k + Yije-1 b
= ik

(19)

where

Uit Lok — %i-tk + Vij+gk ~ YVij-Lk 4 Wijk+s ~ Wijk-}

bz by 0z ’

Dijr =



6.1. Approximate Free Surface Stress Conditions

T'he stress conditions (13)-(15) derived in Section 4 are approximated by local finite
differences considering various surface orientations as [ollows:

6.1.1. Planar surface parallel to a coordinate axis: A planar surlace will be
defined to be one in which the normal vector is pointing to one of the coordinate
directions i.e. n = (n,,0,0) or n = (0,n,,0) or n = (0,0,n,). These surfaces are
identified by surfaces cells having only one {ace contiguous with an empty cell (see
figure 2).

Fig. 2. Surface cells with only the (k£ + -é—)—face contiguous with empty
cells.

In order to approximate (13) (15) by finite differences we consider the following
onentations:

a) Surface cells with only the (k + j)-face contiguous with an empty
cell (see figure 3).
FFor these cells we assume that the outward normal vector is pointing to the
IE-cell in which case we take n = (0,0,1), ml = (0,1,0) and m2 =
(1,0,0).

[iquations (13)-(15) then reduce to

2 [ dw .
L dad
"= T\ 0z (20)
v 4 dw _0 .
d= oy ) 7 (1)
du  Jw :
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respectively.

When computing the tilde velocities by (16)-(18) the velocities at empty cells
and the pressure at the surface cell are required (see figure 3).

L ‘ u r+1/2,i,k+1

R\ U I Y SR

X
O
N

Fig. 3. Surface cell with the (k + 1)—face contiguous with an empty
cell.

These can be obtained as follows. By discretizing (21) at position (143, 7, k+1)
we have
Uitdik+1 — Yitl ik + Wit15k+43 — Wijksl
oz bx

and applying a similar discretization to (22) at position (4,7 + 3,k + 3) we get

=0 (23)

Yij+ik+1 — YVijlk + Wij+1k+L — Wigesl

- > =0. (24)

Now, by requiring mass conservation (4) for the surface cell we have

Uisl gk — Yi-L,ik + Vij+lk 7 Vij-Lk + Wi+ — Wijk-1

bz by 0z

=0. (25)

Equations (23)-(25) provide 3 equations for the unknowns Uit L, jht1s Vit kbt

and W; 5 kg 1 which can be solved explicitly, namely, from (25) we compute

6z bz

Wijk+d = Wijk-L — 5;(”i+%,j,k - ui-—%,j,k) - gg;(vi,j+§,k - Uz',j—%,k) (26)
and (23)-(24) give

oz
Uipiktt = Yir ik T o (Wi kel = Wijked) s (27)

11



bz

Vigtlhdt = Vijale T g;(wi,j+1,k+;— — Wi jke1) (28)
respectively.

The pressure p; ; x for the surface cell is then computed using (20) which gives

" 2 [ Wijk+d T Wikt
= ! 9
Piik = g ( 5z (29)

b) Surface cells with only the (k—1/2)-face contiguous with empty cells
(see figure 4).

)

S ‘
Pk ’
X
Y Wi k-1/2

PN A

E : . UL1/2.5. k-1
v gkl o RE

Fig. 4. Surface cell with the (k — 1/2)-face contiguous with an
empty cell.

Iere we assume that the normal and tangential unit vectors to the surface
take the form n = (0,0,—1), ml1=(0,1,0), m2=(1,0,0). The values of
the velocities at the empty cell faces and the pressure at the surface cell (see
figure 4.) are calculated as in a) above and are given by

bz bz
Wijk-1 = Wijket T+ g(“i%,j,k —Uim1ik) + @(”i,ﬂ%,k = Vij-ix) s (30)
oz
Uipd k=1 = Uipd ke + g(1“i+n,j,k—3; - wi,j,k—;—) ’ (31)
bz
Uik k-1 = Vijale @(wi,ﬂ'l,k—;— ~ Wijk-1) (32)
. 2 [ Wikl — Wik L .
Pijk = 53= : (33)
Re bz

respectively.
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c) Surface cell with only the (i + 1/2)-face contiguous with an empty
cell (see figure 5).

: P Wil kel/2

§ A ‘ A

e ' L @ Uiz
! '

b X U2,k

D Tt EEEEE B R T TR
CUPGR T

0 S /z' E

Fig. 5. Surface cell with the (: + 1/2)—face contiguous with an
empty cell.

IFor these cells we assume the unit vectors take the formn = (1,0,0), ml =
(0,1,0), m2 = (0,0,1). In this case, the stress conditions (13)-(15) reduce

v 2 (0
u
p= TRe (5;) ) (34)
du v
—a—y‘ + E:— =0, (35)
Ju Ow
9z + 30 = 0 (36)
respectively.

Similarly as in a), the velocities at the empty cell are calculated from applying
the mass equation (4) at the centre of the surface cell and eqs. (35) and (36)
at positions (z 4 1/2,7,k + 1/2) and ( + 1/2,5 + 1/2, k) respectively. Then
it can be easily verified that the velocities and the pressure at the surface cell
are given by

bx bz

Uirgik = Yi-pin 5 iiat e = Viimta) T 5 (Wit ~ wiget) o (37)

bz
Vid1i41/2,k = Vijb1/2k = 6—y°(ui+%,j+1,k Ui Lik) (38)

6z
Wit1,jk41/2 = Wigka1/2 = g (Uisd jprn + Uird k) 5 (39)

. 2 [ Wiglik T Yisl ik

Biik = Joo 5 , (40)

respectively.

13



d) Surface cells with only the (¢ — 1/2)-face contiguous with an empty
cell (see figure 6).

Wi.1jk+1/2 i
A A

: o O

Vi1jeligk ' u t:~1/2,1,1;<

A e eeeaas { ...... 1 . -p'i',],k‘ .......
E |, S

Fig. 6. Surface cell with the (i — 1/2)—face contiguous with an
empty cell.

Here we take n = (—1,0,0), ml = (0,1,0), m2 = (0,0,1). In this case,
the stress conditions reduce to eqs. (34)-(36) above. The velocities at the
empty cell faces and the pressure at the surface cell (see figure 6.) are calcu-
lated similarly as in ¢) above and are given by

b bx
Uiotjk = Uipljkt gjj(vi,n%,k — V1) F &‘('LU@',]',ka ~ Wyjk-1) »(41)
oz
Vic1j41/26 = Vij+1/2k ;;y—(ui_%,ﬂl,k U1 k) (42)
oz
Wistjkat/z = Wigks1/2 = e (Uin e H L) (43)
]3} = __2_ 1+%»J»k l"%v]»": (44)
7, - *
! Re oz

e) Surface cells with only the (j + 1/2)-face contiguous with an empty
cell (see figure 7).

E A VijelSk ’ i+1/2,j+1,k
s ’

LK ﬁ

B

Fig. 7. Surface cell with the (j + 1/2)-face contiguous with an
empty cell.
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For these cells we assume the normal and tangential vectors take the form
n = (0,1,0), ml=(1,0,0), m2 = (0,0,1). Equations (13)~(15) reduce

to -
v
_ 2 (ov 4
r=(5) (43
du v
(3 +22) =0 )
Jdv  OJw

respectively. The velocities at the empty cell faces and the pressure at the
surface cell centre are computed similarly as in a), namely, applying the mass
conservation equation (4) at the centre of surface cell and egs. (46)-(47) at
positions (¢ + 1/2,7 + 1/2,k) and (¢,5 + 1/2,k + 1/2) respectively. 1t is easily
verified that the velocities at the empty cell are given by

_ _ %y _ by 48
’vi’j+%'k - vi‘j—%'k 6.’E u1+1§»1ak ui"'%vjyk - 6z w'fq]pk+15 - v’i,j,k—% ( )
by
Vip bk = Yirhgk T 5 (Vi1 ik = Vigasn) (49)
oy
Wijikel = Wigkpr ~ o (Vi rir = Vigera) (50)
and the pressure p; ; x is computed by
I;i’jyk — 2__ Zy.7+2 & 2y 21k i (51)
Re oy



f) Surface cells with only the (j — 1/2)-face contiguous with an empty
cell (see figure 8).

Fig. 8. Surface cell with the (; — 1/2)-face contiguous with an
empty cell.

For these cells the unit vectors take the formn = (0,~1,0), m1 = (1,0,0),
(0,0,1) and egs. (13)-(15) reduce to (45)-(47) respectively. The velocities at
the empty cell faces and the pressure at surface cell centre are computed in
the same manner as in e) above and are given by

y oy
Vij-bk = Vigrba T g (“i+%,j,k - “i—%,j,k) +t3 (wz’,j,k+% - ”m‘.k—%) (52)
by
Uirdg-1k = Uigljk T+ Sz (vi+1,j—%,k - ”i,j—g,k) J (53)
oy
Wij—1k+d = Wijgpl T 3 (Uz‘,j—%,lﬂ-l - ”M—%.k) (54)
respectively. The pressure ; ; is computed by
5 2 [Vij+ik T Vij-Lk (55)
k= — _
7 Re oy
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6.1.2. 45%-sloped planar surface: These surfaces are identified by surface cells
having two faces contiguous with empty cells. In these cells we assume that the
normal vector is pointing at a direction which makes 45° with the two other axes,
e.g.  and y or = and z or y and z. Thus the following approximations are employed:

a) Surface cells with the (k+ 1) and (i + ;)-faces contiguous with empty

cells (see figure 9).
For these cells we assume that the unit normal takes the form n = (@,0, %—5)
in which case the tangential vectors are taken to be:

VI B
=50

Introducing these vectors into equations (13)-(14) we have

ml ,0, ) and m2=(0,1,0).

L [Ou N Jw Jdu . Jw (56)
P=Re\oz 92 "92"9z) "
Ju Ow
—Z_ZZ =9 57
Oz 0z (57)
respectively.
: E
//" ______________
S0 A
T Wi kenys
' - .
:p ij,k ’ i+1/2,5,K E
R e R R R
”// S ,,I’

Fig. 9. Surface cell with (k + }) and (i + 1)-faces contiguous with
E—cells.

As we can see in figure 9, the values of Uiyt ik and w; ; ket at empty-cell faces
are required. These are obtained by applying (57) and the mass conservation
equation (1) at the surface cell centre in which case we get

itk ~ Hi-fak Wikt T Wijk-d

5 5 =0 (58)
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b)

oz 0z dy
respectively. Solving (58) and (59) for Uit ik and w; ;41 we obtain
16z
Yig gk = Yi-jk — 26y (vi,j+%,k - ”i,j—%,k) (60)
and
16z
Wigkt+d = Wik — ”2"@ (”i,j+%.k - ”z’jm;-,k) : (61)

Once the velocities at the empty-cell faces have been computed the pressure
at the surface cell centre is calculated by (56), namely

5o = 1 [“i+§,j,k " Michak | Wiakty T Vigkd
0 - R
€

Sz 6z
l Uipd ik + Ui Lk ™ Wigd k-1~ Wil k1
9 6z
wz,],k—f-% + wirjvk—;_ B wi~1’j’k+% — wi*l,j,k_% (62)
bz

Surface cells with the (k+ 1) and (:— })~faces contiguous with empty
cells (see figure 10).

lHere we assume that n = (——322,0, %—2) ml = (52é,0, %z) and m2 = (0,1,0).
In this case equations (13)—(14) take the form

1 [Ou n Jw du N dw 63)
)= — — 4+ — — | — + —
! Re |0z 0z dz Oz (
Ju Ow |
~ 92 + 5; =0 (64)
! E
—————— ; *I—_—-_——-—————_
T A
. Wi j,k+1);
Ui 1/2,j\k I ?pz,],k S
-------- [—""--"/7’---—---"--‘---
’ E , //

Fig. 10. Surface cell with k + ; and ¢ — 1 faces contiguous with
E-cells.
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The values of u,_ Lik and w; ; 11 are computed as in a) above, namely, by
applying (4) and (64) at the surface cell centre. It can be verified that they

are given by
1éx

Uisljk = Uiyl gk T 28y (”i,j+%,k - vi,j—%,k) (65)
and
16z 66
Wijkty T Wiik-3 T 5%y (”i.j+'5,k - ”i,j-’;,k) (66)
The pressure at the surface cell centre is then calculated from
5 % lge — Uil sk n Wi k4t = Wigp-1
" ‘?k = 75
” Re bz oz
]- "‘Ll-{-%,],k + ui—%ajyk - uz+%1]1k_1 - 'ui—;—-'j,k—l
2 bz
Wigktd T Wige—t = Wi kel ~ Wiot,jk—4 (67)
dx '

c) Surface cells having the (k + 1) and (j + 1) faces contiguous with
empty cells (see figure 11).
I'or these cells we take n = (0, %_2, %) ,ml = (0, 5@, -%) and m2 = (1,0,0).
In this case equations (13)-(14) take the form

_ b 8_v+6_w+ v ow (68)
"= e dy 0z 0z Jy
dv  Ow
-0
5 " s (69)
E
JES
A ijplizie o
, wz,]'ik+1/2 P2
L 4 N
/'X
S

Fig. 11. Surface cell with the (k + ;) and (5 + %)-faces contiguous
with E—cells.
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The velocities at empty cell faces are obtained by applying (69) and the con-
servation of mass cquation (4) at the surface cell centre giving

Vij+gh ~ Vig-2k Wikl T Wijk-1

=0, (70)
oy oz
Vij+i e ~ Vij-Lk + Wikl = Wigh-1  Yipl ik — Yi-Ljk (71)
by bz oz
respectively. Solving these two equations for v; ;1 ; and w; ;1 we obtain

16y .
Vigrih = Vii-3k T 550 (“z’+%,j,k B “i-é,y‘,k) ’ (72)

16z ,
Wijkts = Wijk-4 = 550 (ui-{—%,j,k - ui—%,j’k) ) (73)

respectively.

The pressure is computed from (68) applied at the surface cell centre, namely,

1 [Uz’,j+;—,k " Vipk | Wiskty ~ Wigke}

ﬁ.y .)k : o
“ Re by oz
1 (Vigedh T V-6 = Vijadh-1 ~ Yij-lka
2 bz
Wightd T Wigpol = Wi g oyl — W5 g 1
(74)
by

d) Surface cells having the (k + ;) and (j — })—faces contiguous with

empty cells (see figure 12). For these cells we take n = (O,~%—§,%—2) ,

m1l = (0, 5?,-%-32@) and m2 = (1,0,0). In this case equations (13)-(14) take
the form
[, e (o o .
P~ e dy Oz dz  dy (75)
dv  Jw
- _83 + P 0 (76)
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Fig. 12. Surface cell with the (k+ 1) and (j — ;)-faces contiguous
with E—cells.

Here we procceed as in ¢) above for the calculation of v;

tj-l k and w,"jk_'__l_. It
s . WJT 1Js 2
can be verified that theses values are given by

16y

Uitk = Vigrde 5 p (Virkik T Uiokik) o (77)
16y
igk+3 igk—% 26z ( i+31.5.k i-1..k (78)

respectively. Once v; ;_ 1k and w; ; 4 1 have been computed the pressure fol-
lows from (75) applyied at the surface cell centre, giving

ﬁi,j,k = ._1_ [vi,j'*'%,k - Ui,j—%,k + wi,j,k+% —_ wi,j,k—;-
Re Sy 52
1 (Viipd e+ V-t k = Vigyleon — Ytk
5 i
Wi jt1h+d T Wijpr1 k-1 — Wijketd — wi‘j,k_%)} )
by
e) Surface cells having the (k — ) and (i + })—faces contiguous with

empty cells (see figure 13). For these cells we take n = (59,0,—%2) ,
ml = (lg,(], 3@) and m2 = (0,1,0). In this case equations (13)-(14) take the

form | [0y 0w (8u
u w u w
P=E[a_m+—a;+(5;+£>] (80)
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————=0 (81)

LoD

S U125,k
' P ik ’ Felizg,
AT
1 A
w{tg,k1/2 E
| N
E

Fig. 13. Surface cell with the (k — 1) and (i + 1)-faces contiguous
with E—cells.

For these cells the values of Uird ik and W; j k-1 are obtained by applying (81)
and (4) at the surface cell centre. It can be verified that they are given by

16z

Yirkik T ULk T35 8y (Uz',j+%,k - ”i,j—%,k) (82)
162

wi,j,k—;_ = U)z',j,k-}-;— + -2_5—3; (Ui,j+%,k - Ug,j_%,k) (83)

T'he pressure at the surface cell centre is obtained from (80), giving

1 luz+%,],k - ui—%‘,j,k + wlr]yk'i'% - wi:jyk_‘lz'

~., »Yk - -
Pij Re 6z 6z
+1 Uipd ket T Uicdl jhtr — Yigl ik — Wicl ik
2 6z
Wikt T Wije-d = Wing kel — Wisg k-1
5 (84)

f) Surface cells having the (k — 1) and (i — })-faces contiguous with
empty cells (see figure 14). For these cells we take n = (—%Z,O, ——‘—’;—5) ,
ml = (@,0, ——3@) and m2 = (0,1,0). In this case equations (13)—(14) take

the form
10w, du, (0u, 0w .
p~Re 0m+3z dz Oz (85)
Jdu Ow
—5;4-—0;—0 (86)
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g)

El.,” Wijk1/2

Fig. 14. Surface cell with the (k — 1) and (: — })-faces contiguous

with E—cells.

Here, the values of u;_1 ;, and w; ;,_1 are obtained as in e) above. It can be

verified they are given by

16z
16z

The pressure p; ;« is computed from (85) discretized at the surface cell centre,
namely

wl’Jyk"'% - wirj’k—;z'

G = Do Uil e = Uiol ik n
" ’ -
I Re 6z bz
+l Yipd gkt T %okt — Yigd ik — Uizl sk
2 6z
Wirtjh+d ¥ Wiy jh-1 ~ Wijhksl — Wijk-1 89
o (89)

Surface cells having the (k — }) and (j + 1)—faces contiguous with

empty cells (see figure 15). For these cells we take n = (0, 5?,—5@) ,

ml = (0, 5?, %——5) and m2 = (1,0,0). In this case equations (13)~(14) take the
form 5 5
1 v w Ov  Ow
vl 5 (54 5) .
Ov OJw
5~ 75 =" (91)
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Fig. 15. Surface cell with the (k- 1) and (j + })—faces contiguous
with E-cells.

For these cells the values of v; 1, and w 1 are required. They can be
1. 27

fik—1
obtained by applying (91) and (4) at the surface cell centres yielding
1 éy
Vigtbh T Vii-lk T 5 (“i+;—.j,k - ui—%.j,k) (92)
16z
Wijk-% T Wijaey T 55 (ui+%,j,k - ui—%,j,k) (93)

For these cells, the pressure is then computed by

1 [vi,ﬂ%,k “ V-l Wijktl T Wik

Pi ik +

" Re by bz
1 (Vijadh F Vi 0k = Vil ko1 — Vij-lir-1
2 bz
Wijpr e+t T Wiip1h-1 — Wijepl — Wikl (94)
oy

h) Surface cells having the (k — 1) and (j — 1)-faces contiguous with
empty cells (see figure 16). For these cells we take n = (0, 2 ——\[2—) ,

207 2
ml = (0, 5@,—?) and m2 = (1,0,0). In this case equations (13)-(14) take
the form

_ 1 in+8w+ 8v+8w 95

P=Reloy " 92 "\9:" By (95)
dv  Jw

~ oy + 7, = 0 (96)
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Fig. 16. Surface cell with the (k- 1) and (j — })—faces contiguous
with E—cells.

Here Vij-lk and Wi j gt ‘take a form similar to g) above and are given by
16y
Vij-tk T Vgl t 26z (“i+§,j,k - ui—%.j,k) (97)
16z
Wijk-1 = Wigkey 55 (ui+%,j,k - “i-%.j.k) (98)

IFor these cells, the pressure is then computed by

Bii = I A Y4t = Yij-Ltk + Wijk+l — Wijk-1
z’ 1 -
J Re oy oz
+1 Vijebh t Vi ioLk — Vijpdh-1 ~ Vij-Lk-1
2 6z
wll.’)!k""li + wivjyk"% - w‘y]'lvk'*'% - wl,]—l,k—%
(99)
by

i) Surface cells having the (i + 1) and (j + i)-faces contiguous with

empty cells (see figure 17). For these cells we take n = (ﬁzé, 3@,0) ,

ml = (%z,—ﬁg,()) and m2 = (0,0,1). In this case equations (13)-(14) take
the form 5 9 5 5
1 U v u v
”*@‘[55*5;*(5;*5;‘)] (100)
Ju Jv
325, =" (101)
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Fig. 17. Surface cell with the (i + 1) and (j + })-faces contiguous
with E-cells.

Here the velocities at the empty cell faces, Uird ik and Vil Are obtained by
applying (101) and (4) at the surface cell centre. In this case we have

Yisd gk — Y-k Yij+ihk — Vij-1k

5 5 = 0, (102)

ui+%—,j,k(;;uz’—%,j,k + vi,j+%,k;yvi,j—%,k n wi,j,k+156—zwi,j,k—--;— = 0. (103)
Solving (102) and (103) for Uipl ik and v 5,1, we obtain

Uiplike = Uiil ke~ %g—z (wi,j,k+15 - wi,j,k—%) , (104)

Vij+ik = Vig-lx— %g_z (wi,j,k+% - wi,j,k-;-) (105)

respectively.

The pressure is obtained from (100) discretized at the surface cell centre which
gives

Vigtgk ~ Vi-gk

l [’“ﬂ"‘i‘,],k —1'Li-}:,j.k

]3"‘,k = = " +
” e bz by

n L Sipdih T %icbih = Yigd 1k ~ Uizli-1k
2 by
Vol ot U 03—V, g 01— Vg i1

1]+—yk l,]——,k Z"11.7+_!k z_lh?_"»k
+ 2 2 6 2 2 )] (106)
T

j) Surface cells having the (i + ;) and (j — })-faces contiguous with
empty cells (see figure 18). lor these cells we take n = (3@,—5@,0)

Y
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ml = (ﬁ ] 0) and m2 = (0,0,1). In this case equations (13)—(14) take

theformz,z’ L T8 3 5 5
u v u v
r=se |35 - (5 50) oo
ou Ov
92~ 7y =" (108)

S

N
o~ q.---»-_----
S\ .
x> : XE‘.:
1]
T F‘#
. N
~ 1
N :\
! s
'l__“_ ceneoasa
! +
5
.
L
T
[
1
1
]
t
1]

Fig. 18. Surface cell with the (i + 1) and (j — 1) faces contiguous
) with E—cells.

Here it can be shown that the velocities at the empty cell faces, u,, 1k and

Vi1 ks A€ given by
16z
Uirtik = %i-lik T 5%, (wi,j,k+12. - wi,j,k_%) ’ (109)
16y
Vig-tk T Viiriat 55 (wi,j,k+’5 - wi,j,k—%) (110)

respectively. The pressure is then calculated by

1 [“i+’;,j,k — ULk Vigtlk " Vij-lk

Pijk = g +

ox by
L ULk T YLk T Y lik T %- ik
2 by
Vijrbk T Vii-Lk ~ Victjedhk ~ Vic1i-ik
+ = . (1)

k) Surface cells having the (i — }) and (j + 1)-faces contiguous with

empty cells (see figure 19). For these cells we take n = (—3é Y2 0) ,

20 2
ml = (lzé, %2,0) and m2 = (0,0,1). In this case equations (13)—(14) take
the form L Ta 5 p 3
u v u v
=5t (5 %) ()
du Ov
% 3y 0 (113)
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Fig. 19. Surface cell with the (: — 1) and (j + ;)—faces contiguous
with E—cells.

For these cells, the velocities at the empty cell faces and the pressure at the

surface cell centre are computed in the same manner as above and are given
by

1éx
Uislik = Uirlie T 5% (i jkry = Wijpez) (114)
16y
Vig4ike = Vij-Llp— 262 (wi,j,k+15. - wi,j,k—%) ) (115)
g = L [Mehar " Micpak | Viarbe — i-ik
i, 1 -
7 Re bz oy
N A T P P A RSN
2 6y
Viprgtdk T Vigr-2k T Vigtle T Vij-lk (116)
bz
respectively.

1) Surface cells having the (: — 1) and (; — 1)-faces contiguous with
empty cells (see figure 20). For these cells we take n = (~—\é—§, —32@,0) ,

ml = ({3, ~——\§—2-,0) and m2 = (0,0,1). In this case equations (13)-(14) take

the form
y= QU O (Ou O 117
P= TRe |0z Jy dy Oz (117)
Ju Ov
9 oy 0 (118)
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Fig. 20. Surface cell with the (i — 1) and (j — })-faces contiguous

with E—cells.

Here it is found that u;_1 ;4, v;;_1 4 and Py ;x are given by
1 bz
Uistjk = Yirlge T 55 (wi,j,k+§ - wi,j,k_-;-) ’
16y
vivj_%vk - virj_%vk + _2—-5_; (wz,],k—{-é— - wiy]vk"‘%‘) ?

Biin L (Yirhak T gk | Viikik T Viiohk
v Re bz by
L L (tgare T ULtk T Wl T Yol
2 oy
Vistgrdhk ¥ Virtg-Lh = Vit e ~ Vig-ik
oz
respectively.
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6.1.3. Planar surface cutting three adjacent faces. These surfaces are iden-
tified by surface cells having 3 adjacent faces contiguous with empty cells (see figure
21). In order to apply the stress conditions we consider the following approxima-
tions:

Fig. 21. Surface cell cut by 3 adjacent sides.
a) Surface cells (S) having the (i+31), (j+3) and (k+1)-faces contiguous

with empty cells (see figure 22). For these cells we assume the local unit
vectors take the form:

(5 ) e (08 )

Introducing n, m1 and m2 into (13)-(15) we have

P ST dy = da dz O dz = Oy ST
2_(21_)_25)_1_0_*_ Qﬁ+@ (?1.::+(9w
Jdy 0z dy Oz Jz Oz
u v Jw du v du  Jw dv  OJw
SV EAANTD R (AR B i) Y (i N
9s T Ay + 0z ((’)y + 5)3:) (02 + f)m) 2 ((’)z + (')y) 0 (124)
respectively. Adding (123) and (124) yields
du Ju du  OJw dv = Ow
-1 4— =2 —+ — 2{ —+—1]=0. '
5 T oy (az*'am>‘* <az*'ay) 0. (%)

Mass conservation for these cells also requires

i

0 ,(123)

du dv  Jw

(7);+8—?/'+5;=0. (126)
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Fig. 22. S—cell with the (1 + 1) and (j + }) and (k + })-faces contiguous
with E—cells.

It can be seen that when calculating the tilde velocities through (16)-(18) the
values of Uipd ks Vigelk and W kel A€ required. They can be obtained by
applying finite differences to (123), (125) and (126) as follows. First, applying
(126) at the surface cell centre we have

Yirljk — Ui-1jk 4 Vij+ike ~ Vij-1k + Wigkt+: — Wijk-1 ~0
bz by 6z
which can be written as
5y 6y
,J+ N + = 5 z+2.J,k + = §2 Wi j, k+i = b3 (127)
where
oy by

b3 = vi,j—%,k + ui_%’j’k Jr‘ Szwi,j,k_% . (128)

bz
Now, applying (123) at the surface cell centre gives

o (Jiithh T Vii-gk o (Wigkty ~ Wik N 1 (%agljn T %tk
by oz 2

TUithiotk T Yidiotk | Viith VL k T Vimeke T vi—l,j-—%,k)
by oz
1 (“i+;-,j,k F ULk T Uikl k-1 T sl k-1 + W; k4t + Wik L
2 bz
—Wi_1 kel wi—l,j,k—-%) —0
bz

which may be written as (after multiplying by 2)

dy by by , by
(4 + g:;) Vij+ik + (1 - (S—:C‘) ui+%,j,k - (4(52 + = 5z w,"j’k_f_% =b (129)
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where

oy oy (
o= gyttt b T s T L et~ Gy ) W=
—”%—1J+%x'—7%—1d—§x)'— (5;) (”r+bﬁk~l_F1”—%Jk—l)

oy
+ (3;) (wi,,j,k—% T Wikl T wi—1,j,k—‘§) + 4”i,j—%,k (130)

Similarly, discretizing (125) at surface cell position (7, j, k), we obtain

P S T T W s EA A AN Uip Lk T Wil ik
by ox

‘*%+§mk—1"1%—%ax—x_+7%4x+%‘+lwaw—%“1%—1mk+g“‘%—1mk—%)

bz éx
N Vigpdh T Uitk = Vijgplp1 + 05515 +“%Jx+§+"%ﬁx—§
bz
" Wiamtkry T Whimik=3
oy

which gives

by by Sy N
(4 * —5_7—> Vhitpk T (4 i 57) Yig ik T (1' o Wiy =0 (131)
where
by | by by
e 5’) i = (52) (i + g i)

oy 8y .
— (5;) (vi,j—;-,k T Ui lk-1 T v,-,j_.;.,kq) + (35) <wi,j,k«-;—

TWi-Likty T w"“»f»’“'%) F Wikt T W w1 (132)

It can be seen that eqs. (127), (129) and (131) provide a linear system for the
unknowns Uipdks Vijydx and w; j k1 Which in matrix form is given by

(448 (-8 () ) [sne] [n
(443 —(+5) (@) || wepae [=] 0| (133)
L # 7 Wi jik+4 bs
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The system (133) can be easily solved by Gaussian elimination. Once the
values of u; +1kr Vijadk and w; ;.\ 1 have been computed, the pressure follows
from (122) applied at the surface cell centre, giving

ﬁ' ik = 2 ui+%,j,k + ui-']irj,k - ui+-l2;’j“11k - ui"‘%rj—l’k + vi'j+%’k + vi'ju%’k

i, =

k= 3Re by

—vi"’ln.?’i'%ak - vi-l’j—%‘,k + ui+%1]1k + u'_%lek - uz+%’-7’k"1 + u‘"%vjvk"l
o bz

Wil T Wikl — Wiy eyl — Wiy kL Vig+ik T Vi1
+ +
bz

Vit ket T Vi gket | Wiaked T Wiskoy T Wiske T Whitkd (134)

bz by
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b) Surface cells having the (i — 1), (j +1) and (k + ;)—-faces contiguous
with empty cells (see figure 23).

//,
w
7
12|k ’ VP

g,

2
> A
+ AR
t ~
N

Fig. 23. S—cell with the (z —

1) and (j + %) and (k + })-faces contiguous

with E-—cells.

For these cells we assume the local unit vectors take the form:

o= (-2 J__‘) , ml:(n,_@ 2 ma= (2 V6 op

37 37 3

2 6’ 6 6

Introducing n, m1 and m2 into (13)-(15) gives

2 Ju Ov Ju Ow Jv Ow
fﬂ(‘v?a“)*(‘a‘*v‘)%a‘*@)]
dv

Jw Ju  Jv Ju Jw
KA A I ~ 0,(136
2 2(’)2 (f)y+'dx)+(0z+8$) (136)

du du Jw dv  Ow
‘f‘:?";) + (52‘4-5;) +2<$+a—y) = 0 ,137)

dy

Jdu dv Jw (01L
1+ + 2 -
dy

0 ,(135)

and adding (136) and (137) we get

Ju dv

Ox dy

—4

Jdu Jw dv  OJw _
2((,)24“5;)—{'2(;)—;4‘—8—;):0. (138)

Requiring mass conservation we have

du  Jdv  Jw

T4y, 13
63:+8y+8z (139)

Again, the values of Ui Lk Vijad e and w01 are required when computing

2

the tilde velocitics at nodes adjacents to the surface cell (see figure 23). These
can be obtained in a similar manner as in a) above, namely by applying (136),
(138) and (139) at the surface cell centre. It can be shown that this leads to

thie lollowing linear system

34



4+ (+8) (B-1) |[usu] [n

(g; - g_y) (4 n 1) — (484 1) || vigedk | =] b2 | (140)
-1 %3 ‘g—j Wi jk+4 bs
where
bz bz
by = dugis ik — (3; (ui+%.j,k —Uipl k-1 “z’—%,j,k-l) +4 by Vij-1.k
bx
- (3;) (Iv{,j—-%,k - virj'i‘%»k"l - v'i:]._%vk_l) + wiijvk_% - wi+lyjsk+% - wi+1)j1k_%
dz
-\ (wi =1 — Wikl — Wi k-’-)
5y 1]) 2 1] 1 2 1] 1 2
bz bx
by = (@) (“z‘+%,j,k T Uipl -1k T “i—;-,,j~1,k) - (g; (“i+%,j,k Uit l g1
_ bz
- ui—%,j,k——l) + 4 <@) Vij—tge T Vipr gt e Vi i-16 T Vij-Lk
bz
- 4 -6;- wiijk_%' + wiv]‘yk—%’ - wz""ly]vk"’;— - w3+11]1k—%
b bz bz
3 = Ul T Gy ) ViEk Ty ) Wikt

The solution of (140) is obtained by using Gaussian elimination.

After computing u;_1 1, Vi1 s and Wi ksl from (140), the pressure is cal-
culated using (135) applied at the surface cell centre, namely

.2 Uil gk T Uislik = Yigd i1k ~ %iclj-1k | Vigd,i+lk

p’vjvk - 3Re - 6‘y +

FVip1,5-1k ~ Vijtlk ~ Vij-lk) Uipd e T Uil ik = Yird k-1 T Uil k1
oz 6

z
1+1y.7’k+l + w1+11.71k"%' w1711k+% wivjvk_% v’»]+%1k + vi!j_%yk
+
oz
Vijedh-1 ~Vij-Llhk-1  Wijgad T Wik 1 W5 g0l — Wi g 1
+ (141)
6z oy
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c) Surface cells having the (i + 1), (j — ) and (k + ;)-faces contiguous
with empty cells (see figure 24).

: E

B By

'

A

i,J,R+1/2
! ; W12,k
T pg| prbm
: e EvC S SELAED e
VO R
: g
I S|

Fig. 24. S—cell with the (i + 1) and (j — }) and (k + })—faces
contiguous with E—cells.

For these cells we assume the local unit vectors take the form:

n=<£ \/1?\/-‘_3>,m1=(\/§ \/‘2>,mz:(\/ﬁ 2v6 @)

——, - 0, —— — ——, =
3 3’ 3 2’ 2 6 6 6

Introducing n, m1 and m2 into (13)-(15) yiclds
2 Ju N v N du N dw) (dv N ow
P SRe dy Oz Jz Oz dz Oy
du ow ou Ov Ju Ow
25— 2 < +a$>+<5g+%) = 0,(143)
LOu Jv Jw du v dv  Odw\
2 gy 25+ (3 m) (5 5) + (5 ) = 000w
respectively. Adding (143) and (144) provides

du dv ()u dw dv  OJw

Mass conservation gives

I

0, (142)

dJu dJdv  Jw

%_*_(')—3/-—*—52—:0' : (146)

‘The velocities at the empty-cell faces contiguous with the surface cell faces are
required when computing the tilde velocities. These are obtained by applying
eqs. (146), (143) and (145) at the surface cell centre leading to the following
linear system:
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(4+%) ~(+1) - (482 4+8) | [ wirpin by

(a+8) (a2+%) 1-%& Vijote | = b2 | (147)
1 - b Wi j b+ bs
where

bz
by = duy_y+ (E) ( UirLjark T %ioLjpre — ’"m")

ébx
- (3‘5 (vt,}"‘;‘qk - vi|j+%|k"l - v v] 2‘k 1) + v’ J+ k z—l'j+%lk - Ui_lyj—%yk
bz oz
- 4 55 ) Wiik-} + 5y (wi,j,k-% ~ Wijtrk+; T Wij, k——)
bz
b, = 4%__,3,;: 6z (ui—%,j,k T Uil k-1 T ui—%,j,k-l)
6z 6
+ 4\ =) vt — | o2 (Ui i+, T Vig+lk-1 7 Uiy-1 Ic-—l)
6y !J 2! 62 ‘J 2‘ )J 2’ 7] 2'
bz
- (3; ( 1]+1 k+1 + w; 1.7+1 k—_ - wzlJ1k_%) - wiijk_%' + wi—l,],k-{-;— + wi—lijk_%'

ox bx
by = Ui ljk — 3’?; Ui,j+;-,k+ 5z Wi k-1 -

The solution of (147) is obtained by Gaussian elimination. Once the velocities
at the empty cell faces have been computed the pressure is calculated by (142)
applied at the surface cell centre yielding

5 2 { <Ui+15,j+1.k U1k~ Wil ik — Yinl ik 4 Dhithe + V-1 k
inYk = ‘_.— -
3Re oy
TVimtithk T Victgogk ) (i hk e N e N e s T
bx )

z
+ ‘J'k.*.’ + U) ’J k-w— wi—l,j,k‘f% - 1U’i—l,j,k—%' _ vi,j—’-%,k + vi,j—‘%‘uk
bz
Uik k-1 T VigoLk-1 + Wi j+1,k+d + i1k~ — Wigktd — Wijk-1 (148)
6z by

37



d) Surface cells having the (z — 1), (j —3) and (k + 5)—faces contiguous
with empty cells (see figure 25)

', E
' E .
! . A
! Wijk+1/2
l: Ui ylilk E p Gk
] [ R ) o A
Lang A
S
E

Fig. 25. S—cell with the (i — }) and (j — §) and (k + ;)-faces
contiguous with E—cells.

IFor these cells we assume the local unit vectors take the form:

() () e (38 5.8).

Introducing n, m1 and m2 into (13)-(15) gives

2 du v ou  dw dv  dw .
P 3 [(5;+;)‘;) (()7 +(T)‘,‘> - (5—24‘5;)] = 0, (149)

L Ou Jw Ju dv ou Jw .
25= — 2~ + (5;+%) + (8~+a—r) = 0, (150)
du  dv _Ow du  Ov ofOu Ow dv  Ow
Z—d;—‘la;-l-.l—é;— (5&*4—5;) —2<5;*—8?)+ (%‘*"a?) = 0, (151)
respectively. Adding (150) and (151) yields

du Jv du  Ow dv  Jw
4— —4— — 2| — + — 2] —4+—1=0. 152
dx Ay (f)z + f):l:) + (f)z + f)y) 0 (152)
Mass conservation gives
du v Jw
— t+ —+ — =0 153
oz "oy T 2 (153)

The values of u;_ Lk Vit and w; ;. 1 are obtained in a similar way as in

c) above. By applymg eqs. (153), (150) and (152) in the surface cell centre
we obtain the following linear system:
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- (4 + %) 4 (%) + % 1- (%) Ui L ik by

é sz —_ bz _ bz Y; = 4
(-s+k) 1 ()~ - || we |=| 0| 059
where
bz bz
by = —dugr s+ (3?;) (ui+%,j,k = Uil k-1~ ui—%,j,k—l) + <g§> Vg dk

bx bz
- \5 (vi,j+%.k T Vij+lk-1 T ”i,j—%,k~1) + Sy (wimk—%

~W; i1kl T wi,j+1,k—%) t Wikt T Wigrje-1 — Wijk-1

bx
by = —duy i+ (g; (“i+%,j+1,k t ULk T “i+%,j,k)

dx
Sz
T Uikt (Ej (wi,j,k-r% Wikl T u)z',j+1,k_%)

bx bz
b = —ui+%,j,k— g ”i,j+§,k+ 3; wi,j,k—%‘

Once u,;_1 4, v

i Q- Lk and W; k4 1 have been computed the pressure at the

surface cell centre is given by

3 2 Ui bgbte T Uil e = Wig ik — Winl ik L Vrnithe

p‘? bik =

” 3RRe oy

R Pt A L AN e T R Y N B F |

6z bz
+ Wit1kd T Wigrih-1 ~ Wijhel ~ Wijk-1 Vijrik t Vil
bx
—V; ;21— UV - 1 . w; ; 1 w; . 1 —w; . 1 —w, . 1
1»J+2’k 1 47 21k 1 + 2|]+11k+2 + 1’J+1'k"2 lv.’yk+2 11.71k_§ (155)
6z 6
y
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e) Surface cells having the (i + 1), (j+ 3) and (k — 3)-faces contiguous
with empty cells (see figure 26).

N ] ij 1/2 ' E

' Jt b il 7

H ® : .

S b ul

P Lj.k ’ .Pj‘lmd’k E
B R L e R EEEE
A ':
W;ik-1/2 !

|

E

Fig. 26. S—cell with the (i + ;) and (j + }) and (k — })—faces

contiguous with E—cells faces.

FFor these cells we assume the local unit vectors take the form:

Vi V33 f V2 V6 V6 26
n=\|—,—, —«—, ——— , ml = 0 y M2 =} —, —, —— | .
3 3 3 2 g 6 6 6

Introducing n, m1 and m2 into (13)-(15) we have

2 du Ov Ju OJw Jv OJw
P~ 3he [(a—ffa—x)*(‘a‘z*%)“(a‘é*@)] = 0,059

2@-2@—(?—”+?E>+<av+a—w> = 0, (157)

dz dy dz Oz 0 Jy
Ju v Ow du v du  Jw dv  Jw
920 490 4T o2 0 ar_ 7 AT P 158
dx § Jdy -1 0z + (f)y + 0.7:) + (02 ()'L) + (02 + 8y> 0, (158)
respectively. Adding (157) and (158) it yields
Jdu Jw Jdu v Jdv  Jw
A DY EAAT ) '
9z~ "9s T <8y + a.»c) 2 (82 + ay) 0 (159)
Mass conservation gives
du N v n dw 0 160
gty ta. =0 (160)

10



Similarly as above, the values of Uipl ik Vig+lk and w; ;) L are required.

They are obtained by applying egs. (160) (157) and (159) at the surface cell
centre which leads to the following linear system

(4+§) (4633 + 52) (% - ) Uitd,jk by
(4 + %fj—) (1 -4 (4‘5”” + ) Vijrip | = | b2 | (161)
where

P\)P—
ES

bz 4 b
b = du_st | (“i+%.j.k+1 T UisLgket T u"‘lf"”"‘) sy) i
oz
t\% (”u—%,k T Vit T vi,j~%yk+1> T Wijkry T Wistike}
bx
T Wik T \ 3y (wi,y‘,k+;— T Wii-nkts T w"rj‘l"c‘%)

bz bx
by = 4f“i—;—,j,k" "&; (Ui-%,j,k_ui+;—,j—1,k— Uil j~ 1k)+ b2 (v,]~—k

Vijtdher ”i,j—%,k+1) T Vit Uitk T Vi oLk

bz bz
- 3}/‘ (wi,j.k+% T Wikl T wi,j—l,k—-%) +4 52 Wi jk+d

0z ox
by = Uil ik T 5y Vij=Lk — b2 Wi jk+d -

After calculating the velocities at the empty cell faces, the pressure at the
surface cell centre is computed by

ﬁ’ = 2 [(’ui"'%!jrk + ui_;—vjyk - u’+;—11_lvk - ’u'i""%'yj'—l»k + 1'.7+ k + v .7"‘" k
SPETT3R 6
. c Y

~Viy bk vz‘-—l.j—%,k) (“i+’;,j.k+1 F ULy T Wil T ULk
T

é bz
Wikl T Wi k-l = Wiy iyl = Wiy g1 Vij+dh1 T Vi1 k1
6
Uik T Vii-Lk + Wikl T Wijpl = W5 gyl — Wi qp L (162)
oz oy
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f) Surface cells having the (i — }), (j + ;) and (k — ;)-faces contiguous
with empty cells (see figure 27).

E

Fig. 27. S cell with the (: — 1) and (j + }) and (k — {)-faces

2
contiguous with E—cells faces.

JFor these cells we assume the local unit vectors take the form:

e () e (£ ) e (6.5,

3 3 3 ) “\" 6 6 6

Introducing n, m1 and m2 into (13)-(15) yields
"~ 3Re dy Oz dz Oz dz Oy
L Ou v ou  Jw dv  Jw
2?);*2%4— (;j_z__*—_(j;) + (a-l— 33/) = 0, (164)
du v Jw Ju v du  Jw dv  Ow
2(7);-*-2(7);—-4—;)-;“—2(%4-5;) - (ﬁz‘_f)—7> + (5;—*--5:!/—) = 0,(165)
respectively. Adding (164) and (165) yields

Ju Jw Jdu Ov ov  Jw
4 — 44— — — D — —_— = .
dx 402 2(8y+0$>+2<02+ ay) 0 (166)

Mass conservation gives

0, (163)

du dv Jw
95t oyt =0 (167)

applying eqs. (167), (164) and (166) at the surface cell centre it leads to the
following linear system

I'he values of Ui ik Vijpts and w; ;x-1 are found as above. Namely, by
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- (44 5) (4§ij+) =l | Jugae] [

6 —_
(145) 1ok ()| | e =
(168)
where
bz bx
b2 = _4ui+%v3’k - (3-;) ( 1+27.71k+1 + ui_"y]yk'*'l 2+32-,J,k) + 4 (5:,;/-) vi1j"'%‘1k
bz bz
~ \s2 ( Vigrg ke T Uitk ”i,j—%,k) 8y (“’i,j,k+§ T Wikt
bz
by = —dugy 1+ (55) (“i+%,j,k T Uil -1k T Uil - uc)

bz
(;5‘2' (”i.j—g,k T Vigtlkel T vi,j—%.k+1) T Vgt T Viga-Lk ~ Vil
bz A bz
~ \&y (wz'.j.k+% T Wij-rk+d T wi,j~1,k—§) TA\ 5 ] Wikl

6;(; 6.’13
by = —ugat 5 Vig-1k T\ 55 | Widk+d

After solving (168) by Gaussian elimination the pressure at the surface cell
centre is computed by

1'5 2 ’uz'*' J k + u'l_— ]1k - ui+'lr_';'vj_17k - ui—;—vj"lyk + v7r+11.7+%'1k
ik = 3ps | T
I 3Re oy
FVip1-Lk ~ Vijalk T Vij-ik [ Yetpakn T ULk T Yigl ik T %o Lk
oz bz
Wit1,jk+d T Wigtjk-t ~ Wiikpl — Wil i+l kit T 0551 ki
bx
Uitk T Vigolk o Wikl Wil T Wi el T Wikl
+ (].69)
bz by
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g) Surface cells having the (i + 1), (j —}) and (k — ;)—faces contiguous
with empty cells (see figure 28).

/ S
: ’ w112,k

) - 253
Vi 1iok. @) P

7 A | T

Vi k-1/2). ! E

=

Fig. 28. S—cell with the (i + }) and (j — 1) and (k — })—faces

2
contiguous with E—cell faces.

For these cells we assume the local unit vectors can be approximated by

(L) (£ B0) e (5, 2

Introducing n, m1 and m2 into (13)—(15) yields

B0 o) (0 00\ (00 00Y]
P=3Re | dy Oz dz Oz dz Oy o
du dv Jdu Jw ov Jw
207”20y_<az+am)_($+5§) = 0,(171)
du dv Jw du  Jvu Ju Jw dv OJw
25;4-2;)—7;—4“0?—2(5?;4—%)4-(&*ax)—(gg‘i-gy‘) = 0,(172)

respectively. Adding (171) and (172) we have

Ju Ow Jdu v dv  OJw
A LA N A RICA ) IO A I 1
481‘ 0z <8y + ax) (02 + ('?y) 0 (173)
Mass conservation gives
du Ov Jdw
Td;+a~y+—a;—0. | (174)

The values of Uiyl ik Vij-dk and W jk-L are required when computing the
tilde velocities. They are obtained by applying egs. (174), (171) and (173)
at the surface cell centre. It can be shown that the resulting linear system is
given by
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(@+5) (45+2) (51 |[wene] [

where
b =
+
b, =
+
+
by =

+ g—;—) (% - 1) (4 + y) vz,]—g,k = | by (175)
1 _oz _.QE W; -1 b3
by bz 2

bz ) 4 bz
itk T\ 5 (u Uirhgkrt T ¥ispiker = Ui gik) T G ) Vet
bz ox
5z (”z‘,j+;—.k+1 Vi tkr T “i,j+;«,k) + 5y (“’z',;+1.fc+15 T k-
wi,j,k+%) T Wikl T Wicngktd T Wisik-4

bz bx
4 1"_v]1k + 5y (ul'*"lz'r]"'lak + ’ul—%,]-*-l,k - l—_vj l“) + _6——2:_ (v11]+%1k+1

Vij=Lk+1 — ”i,j+;-,k) T Viitle T Vicyi4le T Vicri-Lk

Sz bx
4 52 ) Liiktd + by (wi.j+1,k+§ T W -1 — wi,j,k+§)

bz bz
ui-—-ljk_ - ’Uij-i-l—k— o u}ijk+l—'
PR 6?/ W 62: 12y 2

After solving (175), the pressure at the surface cell centre is given by (170)
applied at position (z, 7, k) which gives

Di,jk

+v.

" 3Re

2 Uigljare Uil jpr e = %igd ik — Wil jik 4 Diitgk
oy

ii-tk T Vienjele T ”z’-l,j—i,k) B <“z‘+-;-,j,k+1 T ULk T Wik gk T %Lk

oz bz

7.7 k+] + ’u}‘] k"'" )i_11j|k+15 - U)i—lvj1k'—%'> + (vlv]+%’yk+l + vz,]-%,k-f—]

bz

itk T Vig-bk | Wigpiker Y Wiiga -t T Wijkgl wz‘,j.k~;—)}

+

bz oy (176)



h) Surface cells having the (i — 1), (7 — ;) and (k — ;)-faces contiguous

with empty cells (see figure 29).

Joofo el e o - LRI i EpU .
PYSLTITYY Ve &
J A
Wijk-1/2

~

Fig. 29. S—cell with the (i — 1) and (7 — }) and (k — })-faces

contiguous with E—cell faces.

For these cells we assume the local unit vectors can be approximated by

Vi V3 3 Vi o\ VB V6 216
n={\—, ———7, —— |,ml=|—, —, 0], m2=|—, —/«—, ——
3 3 3 2 2 6 6 6

Introducing n, m1 and m2 into (13)-(15) yields

2 (Qu Oy _ (0w Ow)  (0v Ow
P~ 3Re Jdy Oz 0z Oz dz Oy

L 0u dv Ju Ow ov  Ow
zam—2%—<5;+5;)-<5+55) = 0, (178)

du dv Jw Jdu v du  Ow ov Ow
255”%“‘5?”(@*55) ¥ <a*‘é‘) - (-a—+5;) = 9,0m)
respectively. Adding (178) and (179) we have
du Jw Ju  Ov v Jdw
d— 4= 2=+ =] -2{=+ ) =0.
Oz 482 2 <8y + 8:0) 2 (82 + (?y) 0 (180)

Mass conservation gives

0, (177)

@+av+8w_0 181

dz Oy 9z (181)
The values of Ui 1k Vi1 and w; ; k-1 are required when computing the
tilde velocities. They can be obtained by applying egs. (181), (178) and (180)
al, the surface cell centre which leads the following linear system
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((eg) (5-1) (E+B)]fuan] [n

~(a+g) (4g+E) (1) || vose | =1 R) 08)
where
bz Sz
1)1 = 4u1+2‘1’k + ('6‘;) (ui+15,j,k - 1+2.J+1 k= ut-‘“,3+1 k) (5;) (U’:'j+%’k

Vil ~ Ui,j-;—,kﬂ) t Vil e T Vit bk T Vidi-1k

bx bz
+ 4 55 | Wiik+} + 5 (wi,j+1,k+15 + W i1 e-1 — wi,j,k+;—)
bz bz
by = —dugi— (g;) (Ui+§,1,k+1 + ULk T i+%.j,k) + 4 <6y) Vi i+l k

bz
+ (3’2‘ ( i+ Lkt1 T Vi L egr — Vil k) T Wikl T Wigr ikt

bz

bz bz
bs = it \ Gy ) Viarka T\ G | Wisked -

Once u;_1 ik, ;-1 and w1 have been computed, the pressure at the

surface cell is obtalned by (177) applled at position (z, 7, k) which gives

Biip = 2 | (Hirbitik T ULk T bk gk T Yie Lk + Vit1,j+3.k
b 3Re by
Tt -3k T Vigabk T Vig-1ak) | (Yitdaker T okt T Yipdk %Lk
oz 6z
Wit ikt T Wigjh-t — Wijked — Wikt 4 Vij+thtr T Vi1 kg
bx
TUig+ik T Vij-1k n Wigtr kst Wijrrh-1 ~ Wijked — Wi k-1 (183)
6z oy
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6.2. Boundary Conditions on Curved Surfaces

When the discretized Navier-Stokes equations (16)—(18) are applied at nodes adja-
cent to a boundary cell (B-cell), the velocities u, v and w on the B—cell faces are
required. If no-slip conditions are imposed on the boundary surface these values can
be estimated in terms of function values at internal nodes and boundary values by
linear interpolation.

It can be seen that the boundary cells can have one, two and three faces contiguous
with interior cells. More specificaly, there are 6 possible configurations of B—cells
with only one face contiguous with an interior cell, 12 cases of B-cells with two
adjacent faces contiguous with interior cells and 8 cases of B—cells having three ad-
jacent faces contiguous with interior cells. In this Section we give the equations for
calculating the velocities on the boundary cell faces by considering various B—cell
configurations as follows:

6.2.1. B—cells having only one face contiguous with an interior cell.

Ior these cells we compute the velocities on the B—cell faces in terms of the veloc-
ities of the adjacent interior cell and the velocity at the boundary by using linear
interpolation. The several cases to consider will be given next:

a) B-Cell with the (i+}) face contiguous with an interior cell (see figure

30).

k AVBRYE Wik

wb v :

12
5 o ® 12k O Ly 1j+1/2k
1 x '
Py PP Py, P, Q i+3/2,j,k
' ub Uit125,k
B F

Fig. 30. B—cell with the (i + })—face contiguous with an interior cell.

As we can see in figure 30, the velocities Uitliks Vijelk and Wy kel are
required when computing the tilde velocities through (16)-(18). These can be
obtained by employing linear interpolation between the velocity on the interior
cell and the boundary velocity as follows: Consider figure 30 for the calculation
of Uipt ik Let Pg = ($i+%,yj,zk), P, = (:ci+%,yj,zk) and Py, = (2w, y;, 2k)
where ., denotes the intersection point between the line defined by Py and
P; and the boundary surface, namely, z,, is calculated from

f(wub,yj’ Zk) =0
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b)

where f(z,y,z) is the equation describing the local boundary. Thus, linear
interpolation between Py, and Py gives

T —= T3 T — Typ
— 2 - T
u(z) = up + Uisd ik
Tyup — a:i_*,% CL'H.% — ZTyb

so that an approximation for u;, Lk is obtained by

$i+% — Tub bz

U 1 5 =
1+21Jak Tub — x2+§
2

w1+% — Tyb

where u; is the boundary velocity in the z-direction. The other two velocities
on the B-cell faces are obtained similarly and are given by

T; — Tyb éz
V; il = ———V.pq i, 1, — ————————
tJ4+ 5.k Tit1 — Tub i+1,44 5.k Top — Tir Up (185)
Ti — Tob bz
W, gyl = ———————— W, 1 521 — ——— W) 186
tik+35 Tip1 — Tuh i+1,5,k+3 Tub — Tit1 ( )

where z,, and z,, are obtained from
f(wvba yj-{-;—’zk) =0 )

f(waayja zk-{-%) =0 ’
respectively and v, and wy, are the boundary velocities in the y and z directions

respectively.

B-Cell with the (:—3)-face contiguous with an interior cell (see figure
31).

Vitjrti2,k O
U ;.3/2,jlk ﬂ S 1A

Fig. 31. B—cell with the (i — 1)-face contiguous with an interior cell.
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Here we procceed as in a) above and it can be shown that the velocities at the
houndary cell faces are given by

Uil jk
Vij+ik
Wi k41

where T, Ty and T,

respectively.

c) B—Cell with the (j + 1)-face contiguous with an interior cell.

Tial = Tub 6z
Tz a—x ui_g‘j’k Tup — T b
1—-2- ub ub 1—3
T Tub 633
= Uy ipl vy
Tiog — Ty PR T gy
Ti — Tuwb bx
Ti1 — Ty Twh — Ti-1

are calculated from
f(l'ub,?/j,zk) =0 )

f($ub,yj+%,zk) =VU,

0
f(waayjazk+%—) =0 ’

(187)
(188)

(189)

Similarly as in a) above, the velocities on the B-cell faces are computed by
employing linear interpolation between the velocity of the interior cell and the
velocity on the boundary (see figure 32). It can be verified that in this case

the velocities Uigl ik ¥

Uir L ik
Vig+ik

Wi jk+}

where yup, Yy and y,, are calculated from

respectively.

f($i+157yub72k) =0,

f(l'i,yvb,zk) =0,

f‘(xi’ywbazk+%) =0 3

=

b~ Yj+3

oy
_Uy
Yub — Yj+1

oy

U

oy
Ywb — Yji41

Db Lk and W, kgl are given by
— Yi — Yub w1 _
Yirr = Yup T 2HE
_ yj+é— - yvbv‘ L
Yies —Yu TE oy,
_ Yi — Yuwb W . _
B Yi+1 — Yuwbd Litlkty

Wp

(190)
(191)

(192)



o 0" j+1/2,j+1E

+]1/12|k

2,k

Fig. 32. B—cell with the (j + 1)-face contiguous with an interior
cell.
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d) B—Cell with the (j — })-face contiguous with an interior cell (see
figure 33).

As in c¢), the values of Uipd ks Vij-tk and w; ;1 are approximated by

Yi — Yub by
s, = LTYW o Y, 193)
ik Yimt = Yo TNy — gy (
Yi-4 — Yub 4 dy (194)
Vi 1lp = 0 8 F W 194
2,7 2|k y]_% _ yvb 1,7 2 y'Ub _— y]-%
Y — 1 ) _
W; el = —‘/i——ﬁu—b——wij_.l kel + W, (195)
Wikt Yj—1 — Ywb ~ 2 Ywb — Yj-1

where Y, ¥ and y., are calculated from
f(xi+;-a Yub, zk) =0,
f(xh Yub, Zk) =0

)
f(xivywh Zk+]5) =0 )

respectively.

/E Aymh
wilky112 A
/ B P i+1/2,j,k
' ! 0 4
Nt 7Y
Wijdkediz B 0 ',"“J;j -----
F | |, @ o
A/ 9
[ 4 u 121,k

Fig. 33. B—cell with the (j — ;)-face contiguous with an interior
cell.

e) B-Cell with the (k + 1)-face contiguous with an interior cell (see
figure 34).

Again, interpolation between the velocity of the interior cell and the velocity
on the boundary surface gives the following approximations for Uiyl ik Vigalk

and Wi j ke d
Zk — Zub 6z
U1 =™ —m—————U. 1 —_——y 196
i+5.0,k Zkt1 — Zub t+3,5,k+1 Zub — Zkit ( )
Zk — Zyh bz
Vil = ———————, ) _— 197)
1,7+ 5,k 1,74 5,k+1 b (
2 Zhy1 — Zyp T2 Zyb — Zkt1
Zk = Zuwb oz ,
W, ;1,1 = ——-—w——ﬁw‘ . 3 — Wy (198)
11]1""’”2 l,],k+2
Rk+1 — Zwb Zwb — Rk41

~

52



where vy, Y5 and y,p are calculated from
f(xi-f-%,yj, zub) =0 ’

f(wi’yj+%7zvb) =0,
f(xi’yi,z'wb) =0 ’

respectively.

Vg j+1/2,H+1
O Uy 1/, ke 1

U+1/2),k

Fig. 34. B—cell with the & + }—face contiguous with an interior cell.

f) B—Cell with the (k — })-face contiguous with an interior cell (see

figure 35).

Similarly as in e) above, the values of Uird gk Vigtlk and w;,

by t

Zk — Zub + bz
Uiyl ;) = ——————U 1 g+ Uy
Tk Zhot — Zap T2V — 2k
2k — Ryb + oz
v 1 = ————) 1 ——-—-——-—-—.vb
1;J+21k k-1 — Zub ’v.7+2vk 1 Zob — zk_ﬁ
2
2k — Zub + bz
Wyl = ————————W,; 3 F ————————w
hikts Zho1 — Zap I iy — 2y

where yup, Yub and y,p are calculated from
f(@ip 1095, 20) =0,

) . f(ilf,‘, yj+%,z'vb) =0 )
f(wi, Yis Zwb) =0 y

respectively.
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[ S
,’/ Aw; ',k;/1/2
B 1 Qvijze
; 0 UjGr1/2,j,k-1
./ Aw ij, k312

Fig. 35. B—cell with the (k — 1)-face contiguous with an interior
cell.
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6.2.2. B—cells having two adjacent faces contiguous with interior cells.

The twelve configurations of B-cells having two adjacent faces contiguous with
interior cells will be treated in a similiar way as for B-cells having only one face
contiguous with an interior cell. Each of these cases will be reduced to linear in-
terpolation in one direction and then the equations derived in Section 6.2.1 will be
used to obtain approximations for the velocities on the B—cell faces. The twelve

cases will be considered next:

a) B-cell with the (:+1) and (k+ })—faces contiguous with interior cells
(see figure 36).

a Ui 1/2,5,k+1

Xwb

i+3/2,,k

P A
, N
b2 %ub.
7 /7

Fig. 36. B—cell with the (i + 1) and (k + })-faces contiguous with
interior cells.

As we can see [rom figure 36, in order to obtain an approximation for u;, 1 ;.
one may employ linear interpolation in the z-direction by using Uiy ik and up
or interpolate in the z-direction by using v, 1 .,., and us. To choose which
direction is the more appropriate to perform the interpolation we procceed as
follows.

Consider figure 36 for the calculation of Uiyl k- Let Po = (:1:1-+_;_,y]-,zk),
Pix = (213,95 2), Pox = (2w, ¥4, 2k), Prz = (441,95, 2k41) and Py, =
(mi+;§,yj, zup), where x4, is the intersection point between the line defined by
Pg and P1x and the boundary surface; z,; is the intersection point of the line
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defined by Py and P15 and the boundary surface. The values of x5 and zy
can be computed from

f(zu,yj,2:) =0
and
T2 1055 2us) = 0
respectively. Once z,4 and zy have been obtained we can calculate the dis-
tances

d:uu =

Tub — :ci+;_l and  dyy = |2up — 2| -

To choose the direction for interpolation we take the closest point to Pg. For
instance, if d;, < d,, we take Ppyx and interpolate between Ppyx and Pix. In
this case, it can be easily verified that Uiyl ik is given by

T, 1 — Typ )
i+ u T
Uipg jp = ————— s (202)

U;p1 o =
i+3.0k Tup— T;y3
2

Tipd = Tub
On the other hand, if d;, > d,, then we choose Py, and interpolate between
Py, and Py, which gives

Zk — Zub 6z .
ui-l-%,j,k-{-l _— Uy . (203)

U, 1 ke =
A Zub = Zk+1

Zk+1 — 2ub

For the other two velocities, v Viitlk and Wi gkt the same criteria are ap-
plied. For instance, to obtain an approxnnat)on for Ui+l We compute the
intersection points ., and z,; from

f(va’ yj+%—a Zk) =0
and

S(@i Y541, 20) =0

and calculate the distances
doy = |z — ;] and  dyy = |20 — 2] -

Finally, we check which is the smallest distance and compute Vi bk that is,
if dz, < d;y we interpolate between v, , i+1.k and vy which gives

T;i — Typ ox
Vit — ) | (204)

V; ;413 =
J+ 5.k
HTe Tyb — Tig1

Tit1 — Tub
Otherwise, we interpolate in the z-direction which yields

Zk = Zub 0z )
By L — (205)

V; ., 1 =
) -vk
nts Zub — Zk41

Rk41 — Zyb
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Similarly, in order to calculate w; ; ., 1 we first compute intersection points
and 2, from
f(@wn; Y5> 244 1) =0
and
f(xi, Y55 2up) = 0

and calculate the distances
dew = |$wb - mil and dzw = ‘Zwb - zk| .
If dy, < d,. then interpolating in the z-direction leads to

Ty — Twb bz
Wiprjk+l = W (206)

Rl T — Titi

Tiy1 — Tawb
otherwise we interpolate in the z-direction which gives

Zk T Zwb 6Z
trar — 2 Yaiksd T

Wi jk+d = wp . (207)

Zk4+1 — Rwb Zwb ™ k41

b) B-cell with the (i —1) and (k+ })-faces contiguous with interior cells
(see figure 37).

Fig. 37. B-cell with the (i - 1) and (k + })—faces contiguous with
interior cells.

Here we follow the same ideas used in a) above. The values of u

. i_%1j1k ? viyj+%1k
and w; ;. 1 are obtained as follows:
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— Computation of Ui Lk

1. Compute z, and z,, from

f(‘rubv yj,zk) =0 P f(xi_%7y]'7zub) =0
2. Calculate the distances d, and d,,
d:cu = |Zub — mi'—lil ’ dzu = |2ub - zk|
3. Compute u,;_1 ;.
2’ b}
{(dyy < dzy) Then
Tii — Tuwb bz
U; 1 = u;_3 . up
T l'i_‘l — Ty 4 2».7yk Tub — :l:i_:l
2 2
Else
Zk — Zub bz
=k Zk4l — Zup 2k H Zub — Zk41
. .
— Computation of FTER
1. Compute z,; and z,, from
f(va)yj+%,zk): 0, f(xi,yj+%,zvb) =0
2. Calculate the distances d, and d,,
dru = Ixub - wil ’ dzv = lzvb - Zk‘
1
3. Compute v, ;1
If(dyy < dyy) Then
T;— Typ + 6z
Vil = —————V. 1 .1 —_—
Li+ 5.k ~1,j+5.k b
E Tioy— Ty 772 Typ — Ti-1
Else
2 — Zyb bz
Vil = ———V; ., 1 e —)
1,3+ 5,k 1,74 =, k+1 b
2 Zk+1 — Rub T2 Zub — Zk41
1 . M
— Computation of Wi kgl
1. Compute z,p and z,,; from
f(mwbayjazk.q.%—):O ) f(xiaijzwb) =0
2. Calculate the distances d,., and d,,,
dzw = wab - a:il 3 dzw = Izwb - 2k+15|
1 3
3. Compute Wi j ey L
(dyw < dzi) Then
w Ti — Tub + bz
fak+l = T Wiy gkl T T Wy
2 Ty = Ty PETT T Th — Tiog
Else
w Zk — Zwb 6z
Lak+d = T Wkt T T W
2 Zk+1 — Zwh T Zwb — k41



c) B—cell with the (j+}) and (k+ ;)-faces contiguous with interior cells
(see figure 38).

Fig. 38. B—cell with the (j + 1) and (k + })-faces contiguous with
interior cells.

As above, the values of Uitl ik > Vijslk and w; jk+L are obtained as follows:

\ .
— Computation of Uit L,k

1. Compute yyp and zy from
f($¢+%,yub,2k) =0, f(wi+%,yj,zub) =0
2. Calculate the distances dy, and d,,
dyu = |yus — Y] » dou = |2ub — 2k

3. Compute uzy1 ;4
If(dyu < d.) Then

Yi — Yub oy
U 1 g = ————U. 1 . _—_—u
i+3,5.k i+ii+1,k b
2v Yie1 — Yup 27 Yub — Y541
Else
Zk — Zyb (52
U; 1 g, = ——————U. ;1 _—_—
1+_1]yk l+") 1k+1 b
2 Zh41 — Zub 2 Zub — Zk41

. .
~ Computation of Vil ok

1. Compute y,, and z, from

J(xiyyup,2z) =0, f(wia?/j+;.azvb) =0
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2. Calculate the distances dy, and d,,

dyy =

Y

Yob = Yj+i

3. Compute vy, 14
If(d,, < d,,) Then

dzv = 'zvb — 2k

Y. 1 — 1
v Ly = ——-———JJ+5 vav 3 ——————-—6y Uy
i).+_|. - iyj"’-v
T Yi+2 — Yub 2 Yub — Y543
Else
2k~ Zub bz
47+ 5.k Zht1 — Zub 4,4+ 5,k+1 Zob — Zk41

. .
— Computation of Wi kgl

1. Compute y,p and z, from

f(xi’ywbazk+15) =0 3

f(xis yjazwb) =0

2. Calculate the distances d,,, and d,,

dyw = Iywb - yjl )

3. Compute w; ;1
If(dyw < dzw) Then

dzw = Izwb - zk+_;.

w Yi =~ Yub w 5y )
. ] = ——— .. ] — ———
Else
2k — Zub 8z
w, 4,1 = ——W,: ., 3 — ———W
SRR T 2kt — zwp PR 24y — 2k ’
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d) B-cell with the (j—3) and (k+ ;)-faces contiguous with interior cells

2
(see figure 39).

Uir1/2,j,k
b

Fig. 39. B—cell with the (j — }) and (k + })-faces contiguous with
interior cells.
As above, the values of Uit Lk o Vij-ik and w; ;4 1 are obtained as follows:

4 il £
— Computation of Ui Lk

1. Compute ¥, and z, from
f(@ip 1 yw,26) =0, H&ip 1,95, 2w) =0
2. Calculate the distances dy, and d,,
dyw = lyus — Y5l Ao = |2ub — 2

3. Compute Uirl ik
If(dy. < d,u) Then

Yi — Yub 5:’!
Ui} g =~ 1 —_—u
1+51.71k yj—l — Yub 4 5?.7—17k + Yub — yj._l b
Else
U, kT Zub u 8z u
. . = —————— . 1 - —_ ——— .
t+3.0k Zk41 — Zub i+ 5,7,k+1 Zub — Zk1 b
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— Computation of v; ; 1,

1. Compute y,» and 2z, from

f(@isyun,26) =0, f(@iy;_1,20) =0

2. Calculate the distances d,, and d,,

yv — |Yub — Y;-11 zv — |Qub T
d,, = Yub — Y ; dy = |z Rk
3. Compute v; ; 1,
If(dyy < d;y) Then
Yi-1 — Yub 0y
Vijulp = Vi 3~ — U
YJ , 17] Y
2 yj_% — Yub 2 Yub — yj_%
Else
Zk — Zub oz
Vpjplp = TVl g — T}
WREE T kg — 2w TR 2 — 2
. .
— Computation of Wi j kg b
1. Compute y,, and z,, from
j(xi,ywbvzk+;—) =0 ) f(mi’yjazwb) =0

2. Calculate the distances d,,, and d.,,

dyw = |y7-Ub - y.7| ’ dzw = Izwb - zk+%

3. Compute w; ;41
If(dyw < dzw) Then

w L= YT Y oy w
g o= 2L T -
bkt Yitt — Yus TRy Yj+1 ’
Flse
w 2k = Zwh w 6z
DR T e — zwp YT 2y — zi
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e) B-cell with the (i +3) and (k— j)-faces contiguous with interior cells
(see figure 40).

Fig. 40. B-cell with the (i + 1) and (k — })—faces contiguous with
interior cells.

As above, the values of Uipl ko Vijply and W; ; k-1 are obtained as follows:

1 " o1 -
— Computation of Uiy L ik

1. Compute z, and z,, from

f(wubaijzk) =0 ) f($i+%) ) 2ub) =0

2. Calculate the distances d, and d,,

da:u = Ty — -'I/','.*.%.l > dzu = Izub - Zk
3. Compute u; 1 .,
2)1’
If(dyy < dyy) Then
Tizl = Tub oz
T U 3 o q — U
Z+—,],k z+—l]|k b
2 :L'H_%—-:L"b 2 Tupb — Tjy3
Else
2K — Zub 4 6z
Ui 1 ;) = ——————— Y. 1 . e ——)
i+5.d.k i+5.0,k—1 b
2 Zho1 — Zyp T2 Zub — Zk~1
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1 af1
— Computation of Viitd k

1. Compute x4 and z, from

f(mvb’yj-q-%)zk) =0 ) f(xh yj+%7 zvb) =0
Calculate the distances d,, and d,,

dwv = twub - mil ) dzv = lzvb — 2

\l
3. Compute v;;, 1,
If(d,, < d,,) Then
Ti — Tup bz
Vi1 = Viplj4lhe = "V
ls]+_$k l+1' +—'k b
2 Tit1 — Ty IT2 Tyb — Ti41
Else
2K — Zyb + bz
V: -, 1 foend V; .41 v
N —,k [ "1k— b
vyt+3 Zk_1 — Zub ty+3 1 Zub — Zk-—%
. :
~ Computation of Wy k-t
L.

Compute x5 and z, {rom

f(mwbayjazk—%)zo ) f(xi,ijzwb)zo
Calculate the distances d,,, and d,.,

d:vw = ‘-wa - 113," ) dzw = |zwb - zk_%'
ks 1
3. Compute W k- L

f(dzw < d;w) Then

Wy = I _ %,
PETIT Zig — T PETZ Th — Tiga
Flse
w. . m kef T Eeb 4%
igk—1 = Zp 3 — Zub i k-3 Ty — 2k_%wb
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f) B-cell with the (i—3) and (k— })-faces contiguous with interior cells
(see figure 41).

Fig. 41. B—cell with the (i — 1) and (k — 1)-faces contiguous with

interior cells.

As above, the values of u._1 ., ,v..,1, and w, ., 1 are obtained as follows:
? t 2 1.7rk ’ z)]+2 1k 2,7 k 3
— Computation of u;_1 ;,

1. Compute z, and z,, from

f(@uw,yi,26) =0, f(@i1,9552u) =0
2. Calculate the distances dg, and d,,
dxn = lmub - 37,'_15 ) dzu = Izub — Zk
< 1
3. Compute Ui Lk
If(dyy < dzu) Then
Tyl = Tup N bz
U, 1 . = U, _3 U
2-_1.71": =5, yk b
2 Tiig — Ty 2V Typ — T;_3
Else
2k — Zub + 6z
u-_l . = ‘—‘—_—‘_‘U'_l_ oy ————_—ub
IR T i~z TR — 2
. .
— Computation of Vil k
1. Compute x5 and z, from
f(xubyyj-f-%) Zlc) =0 3 f(xi, yj+%> zvb) =0



Calculate the distances dg, and d,,

dz-u = |wvb - wii ) dzv = Izvb — 2k

1
3. Compute v; ;1

H(dzs < d,,) Then

bz
Vil g = ————V; 31l k v
R A
Else
Zk — Zub 6z
V; ;1,1 = Vi1 g Vp
Ltk Zhot1 — Zub tijt5.k-1

— Computation of w

igk—5%
1. Compute z,5 and z,, from

f(@wbs yjr2e_1) =0, f(zi, 95, 2up) =0
2.

Calculate the distances d,, and d,.,

dzw = lwa - .’Ei' 3 dzw = 'zwb - Zk_;_l
3. Compute w;

lt]’lk—;_

H(dyw < dyy) Then

Ti — Ty + 6.’1:
W, ;1] = ———W, 4 :1_1 —_—w
WS T i) — Ty TVRE T g iy
Else
Zg-1 T Zwb " 6z
Wil = —————W; . 3 + ——————w
t,3.k—3 Zemg — Zub ta.k—3 Zwb — Zp_2
2
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g) B—cell with the (j+31) and (k- )-faces contiguous with interior cells
(see figure 42).

Fig. 42. B—cell with the (j + 1) and (k — })—faces contiguous with
interior cells.

As above, the values of Uipl ik o Vijslx and w; k-1 are obtained as follows:

} "
— Computation of Uit L ik
1. Compute gy and z, from
f($i+;—’ Yub, zk) =0, f(mi-;--;-,yja zub) =0
2. Calculate the distances dy, and d,,
dyu = |yub - yjl ) dzu = lzub — Zk

3. Compute Uip L ik
If(dy, < d;.) Then

Yi = Yub dy
Upy ) g = ————"——U. 1 -_—u
i+ 3.0,k Yitl — Yub i+5.041,k Yub — Uit b
Else
2k Zwp oz
Yithik = Mk hike R T
- u u -
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. L
~ Computation of Vi il

1.

2.

Compute y,5 and z,; from
f(xiayvb)zk) =0 ) f(xia yj+%7 zub) =0
Calculate the distances dy, and d,

dy, =

Yub — yj+%l ) dz = lzvb - 2k

Compute v; ;1 4
If(dy, < d,») Then

yj+_1_ — Yub 6y
Vigdk = T Vi e T TV
’ Yi+d — Yub T Yub — Yjad
Else
_ 2k — Zyb bz
Vigtik T T, Vigtkk1 T U
<k-1 Zub b Zk-1

4 ~
Computation of Wy kL

1.

Compute yup and 2, from

S, Yuby 2e_1) = 0, (i, Y5, 2up) = 0
Calculate the distances d,,, and d,,,

dyw = 'ywb - y]l y dzw = Izwb - Zk_%'

1
Compute Wy kL

If(dyw < d..y) Then

Y; — Ywb 6y
Wijk~3 = ~W; 41 k-] T T W
Yi+1 — Yuwb 2 Ywb — Yj+1
Else
w Rk — Zyb w + 62
[ _}_ - - - 3 _—
bk 2 Zk—1 — Rwbh I’J,k—a Zwb — Zk-1 bt
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h) B-cell with the (j—}) and (k—

)—faces contiguous with interior cells

1
2

(see figure 43).

ub
12,j,k

IR,

L

Fig. 43. B—cell with the (j — 1) and (k — })-faces contiguous with
interior cells.

As above, the values of Uirl ik > Vij-ik and Wy k-1 are obtained as follows:
. L \
— Computation ol Ui Lk
1. Compute y,, and zy from
f(‘Ti-}-;—»yub’zk) =0 3 f(xi-{-%,yjazub) =0

2. Calculate the distances d,, and d,,
dyu = lyub - :'/Jl ] dzu = Izub — 2k

3. Compute Uit ik
If(dyu < dy) Then

Yj — Yub by
U; 1 oy = ———————U-, 1 + —u
2+_1]1k . l+—,]"1,k b
2 Yiw1 — Yub 2 Yub — yj—l
Else
Zk — Zub + 6z
U1 ., = ——U: 4 1 — U}
i+ 1Jyk + 5, ik—l
2 Zko1 — Zup | 2Y Zub — Zk—1

~ Computation of v, . 1,
WJ T

1. Compute y,, and 2z, from

f(mia yvbvzk) =0 ) f(mi) yj—%azvb) =0
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Calculate the distances dy, and d,,

dyu = (Yub — yj_%l 3 dzu = lzub — 2k
3. Compute Vij-Lk
If(dyy < d,v) Then
yj—;- — Yub 6y
Vij-ik = Vit — U
Yi-3 — Yub Yob — Yj-2
Else
2l — Zyb bz
v _1 = —. S R —-——————’vb
Wk T e — 2 TR — 2

— Computation of w

iujvk—]f

1. Compute y,p and z,, from

f(xi,ywb, Zk—la) =0 3

dyw = |Yur — Y5| »

Compute w; ;, 1
If(dyw < dzw) Then

Wi k-1 =
Else

Wi jk—1

f(mia Yi, Zwb) =0

Calculate the distances dy., and d.,,

dzw = |Zwb - zk_%l

Yi — Yuwb (Sy
Yi—1 — Yuwb 2 Ywb — Yi-1
Zk — Zwb 6z
T Wik-g W
Zk—1 — 2wb 2 Zwb — Zk-1
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i) B—cell with the (i+1) and (j + )-faces contiguous with interior cells
(see figure 44).

Fig. 44. B—cell with the (i + 1) and (j + )-faces contiguous with
interior cells.

As above, the values of Uirl ik > Vijedk and W; j k41 are obtained as follows
— Computation of Uit ik

1. Compute z,, and y,; from
J(zuw,y5,26) =0, H@ips,yuby 26) = 0
2. Calculate the distances dg,, and d,
dow = |Tub — Tip 1| dyu = |Yup — ;]
3. Compute Uiyl ik

[f(dyy < dyy) Then

Tipl — Tub oz
Ul = ——————U 5 g — ——————
i+ 5.5,k it — T S — Tia
Else
vy = YTy by
bl = T i+1 41k T b
2 Yi+1 — Yub 2 Yub — Y41
. .
— Computation of Vit bk

1. Compute x5 and y,, from

f(mumyj.}.%azk) =0, f(xi,yvbyz'ub) =0
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2. Calculate the distances d;, and dy,

d:cv = l-’l?vb - xil ’ dyv = |Yuvb — yj+%
3. Compute v; ;.1 ,
If(dzy < dyy) Then
T; — Top bx
Visplp = ———Vii1 4Lk = —_—
MEIE T g — ey TR gy — i
Else
Yiel — Yub oy
UV jpl = ———0; 3, — ———7
’]+ ,k l,]+ ’k
2 yj+% — Yub 2 Yub — yj+%
— Computation of w; ;;,1
1. Compute x5 and y,, from
f(mwbayja zk-}-%) =0, f(mﬁ Ywb, 2k) =0
2. Calculate the distances dg,, and dy,
d:l;w = lzwb - mil ) dyw = Iywb - y;l
3. Compute W, j kel
If(dyy < dyw) Then
Ti — Tuwb bz
W, gyl = e W, 1 gy 1 )
1 vk 5 lv vk 3 b
Lhk+3 Tip1 — Twb t+1,5,k+ 3 Tuwb — Tity
Else s
Y5 — Yuwb Y
Wigk+d = Wijp1k+d T o Wb
MRy — Yus 2 Yub — Y+
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j) B—cell with the (i —1) and (j + ;)-faces contiguous with interior cells
(see figure 45).

F

Fig. 45. B—cell with the (i — 1) and (j + })-faces contiguous with

interior cells.

As above, the values of u; 1 ;.\, v; ;14 and W; ksl are obtained as follows:

— Computation of Uil ik

1. Compute x4 and y,, from

f(‘rub, Yis zk) =0 » f(xi—%7yub7 Zk) =0

2. Calculate the distances d,, and d,,

d:l:u =

Tub — mi-%l ) dyu = lyub - yjl
A} .
3. Compute Uik

If(dgy < dyu) Then

Tiol — Tub 4 bz
i—5J T, 3 — Ty i34,k Tup — T;_3
2 2
Else 5
Y; — Yub )
Uy 1 g = 2y 1 _—
’+_|]|k ’l+", +11k b
2 Yig1 — Yup 27 Yub — Yj+1
— Computation of v; ;, 1,
9. 21
1. Compute x,, and y,p from
J(@o,y541,26) =0, S (@i, yob, 206) =0
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2. Calculate the distances d;, and dy,

da:v = Iwub - IIJ,“ s dyu = |Yub — y1+%|
3. Compute Vit ok
If(dyy < dyy) Then
A A )
Else
Yjel = Yub oy
Vijtdhk = Y43k T — Vb
: Yj+3 — Yub ? Yub — Yj4 3
. .
— Computation of w; ;4,1
1. Compute .5 and y,, from
f(wav yj,zk+%) =0 ’ f(mi)ywb) zk) =0
2. Calculate the distances dy,, and dy,,
dew = |Twb — T4| dyw = |Yuwb — Yj]
3. Compute Wi ey L
If(dyy < dyw) Then
w Ti— Tyh w + bz
DR T i — Ty TR T g —xi
Else P
Yi — Yuwb Yy
Wighk+t = — Wikl T T W
SRR i = ywe TRy — g
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k) B—cell with the (i+ 1) and (j — ;)—faces contiguous with interior cells
(see figure 46).

Fig. 46. B—cell with the (1 + ) and (j — })—faces contiguous with
interior cells.

As above, the values of Uipd gk o Vigolk and w; j k41 are obtained as follows:
T .
— Computation of Uit d ik

. Compute x, and g, from

f(mubayjazk) =0 3 f(xi—{-;—v yub,zk) =0

2. Calculate the distances dg, and dy,

d:cu - lmub - 3-"1‘4.%] 3 dyu = lyub - yjl

s 1
3. Compute Uiy ik

(dy, < dyy) Then

:L'H,.% — Tyb 6’!7
u1.+4_<k:————’lt‘ 3 sy T T Uy
N2 \ ) i+ 3,5,k . R
2 .’I,H_% — Tyb 2 Tub — :1'3‘_*.%
lilse
U1 = Vi T Y U, 1 -+ ‘———6?/ [
gk ik = , it dg-1k T o
2 Yict — Yup 2 Yub — Yj-1

— Computation of Vi Ly

1. Compute z,, and 7, from

./.(:-Uvb, y]—%a Zk) =0 ) f(wia Yub Z'ub) =0



2. Calculate the distances dg, and dy,

dey = lmub - mil ) dyv = Yub — yj_%‘
3. Compute v;; 1,
If(dyy < dyy) Then
Ti— Tob bz
v','_l,k = —. 1’—_1_‘16-—--—--——-———'0[)
R Tig1 — Top T2 Typ — Tit1
Else s
yj_l_ — Yub Y
Vij-Lk = — —Vij-3kt W
Yj-2 = Yub Yub — Yj-2
— Computation of w; ;1
1. Compute x4 and y,, from
f(wa,yj,zk+%) =0, f(ziyYuwb, z6) = 0
2. Calculate the distances dg, and dy,
dﬂ«”w = I:CWb - iL'ZI 3 dyw = ly'wb - yjl
3. Compute Wi 5kt L
If(dyw < dyy) Then
w i — Twb bx
Gkl T T Wiy kel T T Wy
s Tit1 — Tuwb Lokt Tywb — Tit1
Else p
' Y5 — Yuwb Yy
W; kgl = W, ;4441 + Wy
Ty —y " 2 Ywb — Yji-1
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1) B—cell with the (: —3) and (j — })-faces contiguous with interior cells
(see figure 47).

DN

Fig. 47. B—cell with the (: — 1) and (j — })-faces contiguous with

interior cells.

As above, the values of u,_ v; ;-1 and w; ;1 are obtained as follows:

1 - |
Eyjyk ? 2v.7_5 2

. e
— Computation of Ui Lk

1. Compute x5 and yqu frqm

./.(mnbayjazk) =0 ) f(mi—%-vyubyzk) =0

2. Calculate the distances dy,, and d,,

(/'.'I:'u. = l;I:'II.I) - -'I/',‘_,‘;I ) d-y'u, - l?j'lll) - 1/7‘

€ 1 R
3. Compute Uil gk

If(dyy < dyy) Then

Tyl — Tup bz
U; 1 = U;_3 i Uy
Klse
Yi = Yub by
1‘Li—- j = lLl 1.k Uy
5o Wil1 —1 5.1, —
Yi—1 Yub Yub Yi-1
‘ e
Computation of ViioLk
L. Compute x, and vy, from
f(-’I:ub,:’/]'_%7 Zk) =90 P f(mh?/vbyzvb) =0
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2. Calculate the distances dg, and dy,

dzv - vab - xil y dy'u -

Yub — y]—%'
3. Compute Vijoik
If(dzy < dyy) Then
P, el S LA,
BEEk T g — ey YRR iy
Else y y p
=L = Yub ]
Vij-dk = T itk
yj—% — Yub Yub yj—%
— Computation of w; ;.1
1. Compute x5 and y,p from
f(wa, Yis zk+%) = 0 ) f(xz’ Ywbs zk) =0
2. Calculate the distances d,, and dyy,
da:w = wab - xil ’ dyw = Iywb - y]l
3. Compute W j kg L
If(dzw < dyw) Then
w g = T tub 1 + bz w
=T o ——
BT T gy —wy TR T g — iy
Else s
Yi — Yuwb Yy
Wikl = ,J — Li-1,k+1 + W
Yj~1 — Yuwb Ywb — Yj—1
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6.2.3. B-cells having three adjacent faces contiguous with interior cells.
llere we have 8 dilferent configurations ol B-cells having three adjacent faces

contiguous with interior cells. Fach case will be treated in a similar manner as that

employed for B-cells with two adjacent faces contiguous with interior cells as follows:

a) B—cell with the (:+31), (j+3) and (k+;)-faces contiguous with interior
cells (see figure 48).

Zpp @ é )

Fig. 48. B-cell with the (i + 1), (j + ) and (k + 1)-faces contiguous
with interior cells.

As we can see in figure 48, an approximation for Uird gk TOAY be obtained
by employing linear interpolation in the z-direction using Uih 3,4k and uy or
interpolate in the y-direction by using Uipl i1k and uy or inter polate in the z-
direction using Uig Lkt and uy,. To sel(*(,l, which direction is most acceptable
to perform the IllL(‘l[)()]rLi]()ll we adopt the same ideas used in Section 6.2.2.

Let us consider figure 48 for the calculation of Uiyl ik Let Po = (:vz-+%, Yis 2k),
Pix = (zi13,952), Pox = (2w, 95 2), Pry = (23.1,5541,2) and Ppy =
(z; _,7/,,,,,zk), Pi, = (z iyl Uiy Zhil ) and Py, = (2,,1,9;, 2w), where x4 is the
mt(‘xs(‘(,l ion point, between the line defined by Pg and P1x and the boundary
surface; y,p is the intersection point of the line defined by Py and Pyy and
the boundary surface and z, is the intersection point of the line defined by
Py and Py, and the boundary surface. The values of x,, y.» and 2z, can be
computed from
f(a:ub,yj,zk) =0
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and
f($i+15’yj’zub) =0
f(mi-}--;-’yubazk) =0

respectively. Once Zu, yus and zy; have been obtained we can calculate the
distances

dzu =

Lub — mi+%—| ’ dyu = lyub - yjl ’ doy = Izub - zkl

To choose the direction for interpolation we take the closest point to Pp,
namely, let
dmin = min (drm dyu,dzu)

Thus, if dpin = dz. then we interpolate between Pypy and Pix. In this case,
Uipd ik is given by

Tivl — s bz

Uird,jk Us -

U, 1 = -_———
"'Jf"vJ;k

2 :IZH_% — Tyb xub——xH%

On the other hand, if dpin = dy, then we interpolate between Pyy and Piy

which gives

Yj — Yub - 6:’/ s
R Y pp— ,
Yiel — Yup 27

Uip Lk =
2 Yub — Yj+1

Otherwise, dyin = d., in which case we interpolate between Py, and Py,
giving

2k — Zub bz
Ui+§,j,k+1 T b — Zh1 zk+1ub :
The other two velocities, v, G+Lk and Wikl aTe obtained similarly. For
instance, to obtain an approxunatlon for v, ; +1k We compute the intersection
points 44, yyp and z, from

U, 1 - = —-—————

f(wvbayj-;-%—,zk) =0,

f("’:i, yvb»zk) =0,
J(@i,yj41520) =0

respectively and calculate the distances
dey = |va - 5’52" ) dyv = |yvb - yjl y dy = Izvb — zkl .

Finally, we check which is the smallest distance and compute Vi i+ Lo namely,
if dmin = dz, we interpolate between v, G+Lk and v, which gives

Ty — Tyb 6-77

Vit1,j+3k ~ —Ub -

vV: -, 1 =
_'k
RAE Tob — Ti41

Titr — Tob
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Otherwise, if dpin = dyy we interpolate in the y-direction which yields

TP 1 Sk . | A
i,j+—,k - — ivj+—7k — P :
? 3/]+% Yub 2 Yob y]-{-%
Otherwise, we interpolate in the z-direction yielding
Zk — Zyb 5z
—_—p .

Vij+the = T Vijtl ke T
r2 Zhy1 — 2oy T2 Zyb — Zk+1

Similarly, for calculating W j kel We first compute intersection points x5, Yuwb
and 2z, from
f(mwb') Yis Zk-}-%) =0
.[(:Eia Yuwb, Zk-}-%) =0
_/(xi, Yis zwb) =0

and compute the distances

Ao = lwa - :L'," ’ dyw = Iywb - yj' v oy = Izwb - Zk'

and calculate din = min (dgy, dyu, dzo). I dimin = dzy then interpolating in
the z-direction leads to
T; — Toyb bx
W, ] = U 1 —_——wy .
4, 0,k+ 5 . i+1,7,k+5 . b
2 Tipy — Tawb 2 Twb — Tig
"I dypin = dyy, then interpolating in the y-direction gives
w 1= ——yj T Yub w 3 6y w,
Lk T L,j+1,k+L T b
2 Yi+r — Yuwb 2 Yuwb — Yj41
otherwise we interpolate in the z-direction which yields
zk.;.% — Zwb (SZ
W, g1 = e . 3 — w
t5k+ 5 t,5,k+2 b
2 b 2 Zwh — Zk.}.%

Zk+'% — 2w
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b) B-cell with the (i — 1), (j + §) (k + 3)-faces contiguous with interior
cells (see figure 49).

\,
p——_———

R £y

Fig. 49. B—cell with the (: — 1), (j + 1) (k¥ + 1)—faces contiguous with
interior cells.

Here we follow the same ideas used in a) above. The values of u,;_1 ks Viialk
. 2 Sy )2 21
and w; ;.1 are obtained as follows:
(XA ) 2
— Computation of Ui Lk
1. Compute Ty, Yup and 2y from

f(mub,ijzk) =0 ) f(xi—%ayubazk) =0 ’ f(xi—-%‘)yﬁzub) =0
2. Calculate the distances dgy, dyy and d,

dru = ’xub - ZE,-_%

y dyu = Iyub - y_;l ; dzu = lzub - zkl
3. Compute dpin

dmin = min (d:cua dyu.a dzu)
4. Compute u;_ 1

-,

If(dmin = dgw) Then

Tt — Tub + bz
U;_1 g = u;_3 ; —_——up .
t 2!])k ml_% — m‘u,b 1 2v.77k T b — xz_ﬁ
I[(dmm = dyn) Then
u Y T Y w (5:(} "
i" 1j7k - . l—l‘,]+1,k - b ‘
? Yi+1 — Yup 2 Yub — Yj+1
If(dmin = dzu) Then
" Rk — Zyp " bz u
i-Lgk — T U likyr T T Up .
2 Zpp1 — Zgp | 2INF Zub — Zk41



. L ,
— Computation of v; ;.1
1. Compute zy, Yo and z, from
f(vavyj+;-7zk) =0 ) f(miayvbazk) =0 y f(mi7yj+%7zvb) =0.

2. Calculate the distances dy,, dy, and d,

da:v = lmvb - .’171" P dy'u = |Yub — .7/]‘+;.‘ y dzv = |Bub — 2k| .
3. Compute dpin
Amin = min (dpy, dyy, d0)
4. Compute i+l
(dmin = dy) Then
Ty — Typ bx
Vigthh T g Vinlithk t oo
H(dmin = dyy) Then
Yl — Yub o1
Ui,j+;—,lc = J];?—:———vi,]-_}_%,k - ——_——J—f—vb .
Yi+2 — Yub Yob — Y48
(dmin = d.) Then
Zk — Zub 63
Ttk T = 2 R T e

B P i A
— Computation of Wi g kg L

1. Compute Ty, yuwy and 2z, from

f(way Yis Zk+15) =0 ) j‘($i7ywbazk+—;—) =0 3 f(wia yj’zwb) =0.

2. Calculate the distances dyw, dyw and d,,

(]'J:w = Immb - Tzl ’ dyu/ - I:‘/wb — "/7| > dzw = 'Zwb - 2k+;_'
3. Compute diin
i, = AN (dyyy dyyy sy )

1 o)
1. Compute Wy kg b
H(dmin = dyyw) Then

Ti— Tub ox
Wikl t W

nakty Lok — Tio

Ticg — Tawb

H(dinin = dy) Then

w | = T Yub w 1 Sy w

ikt = — Wikl T W
2 Yiv1r — Ywb ! 2 Ywb — Yji41

(i = ds) Then

N

— Zwb bz

w; . 3 — Wy .
Lkt 5 b
1 2 Zwb — Zk-l»—%

DD [~

k+
Wikl =
Wkt
z k+2 7 Rwb

N
[

33



c) B-cell with the (i +}), (j — ;) (k + })-faces contiguous with interior
cells (see figure 50).

5+1/2,j,k

Fig. 50. B—cell with the (4 }), (j — 1) (k+ 1)—faces contiguous
with interior cells.

As above, the values of Uirlik > Vij-ix and W; j k41 are obtained as follows:

1 ' :
— Computation of Uirl ik

1. Compute Ty, Yup and z,, from

f(mubv ijzk) =0 ) f($i+%_yyub,2k) =0 3 f($i+%,yj,2ub) =0

2. Calculate the distances dg., dy, and d,,

da:u =

Tub — xi+-;—| ’ dyu = lyub - y]l ’ dzu = 'Zub — Zk

3. Compute dpin
dmin = min (dxu, dyu, dzu)
4. Compute Uiy d ik
If(dmin = dyy) Then

‘Tz+%- — ZTub Sx
U: 31 gy = —————1. : — U
+ 3.0k +2,7,k b
e Tipg = Tup 27 Tub — Tiy 3
U(dmin = dyu) Then
Y = Yub oy
U, 1 = U, 1 u
i+ 1Jvk . i+ v l,k b
2 Yi-1 — Yub 2 Yub — Yj-1



— Computation of v, ;_

1.

2.

({(diin = dz) Then

2 — Zub 6z

Uit djk+1 U -

U, o =—
1+2"7’k Zub T Zk41

Zk4+1 — Zub

Wk

-

Compute Ty, Yo and z,, from

f(a:vbv?fj-’;a zk) =0 ) f(xi’yubazk) =0 ) .I'(xb?/j*é-azvb) =0.

Calculate the distances d,.,, dy, and d,,

dxv = |va - IL’,“ P dyv -

Yub — y]_;_} y dzv = ‘zub — Z

Compute din
Aimin = man (dgy, dyy, doy)

1
Compute Vii-Lk

H(dmin = dz) Then

T — Tob bz
V, i 1), = —————V, 4 i 1 — —————p .
2, —_‘k > 1‘+1v '_'_yk b
72 Tip1 — Tub T2 Typ — Tit1
H(dpin = dy) Then
. :'/j-,‘; — Yub 6y
Vij—tp =~ V5 2y + .

9 o l,]—,—,k
!/j-% — Yub 2 Yub — yj-—%

I(dpin = dsy) Then

Zk = Zyb bz
vV, = UV, ;1 —_ = .
1,7— 5,k 4,5~ 5,k+1 b
2 Zkyt — 2y 772 Zyb — Zk41

, L
— Computation of w; ; ;1

1.

2.

Compute T, Yuwp and z,, from

./.(wa, iy Zk.f.%) =0 ) f(miq."/wba Zlc—{-%) =0 ) j.(mi’yj) Zwb) =0.

Calculate the distances dy.,, dy,, and d.,

dxw = '-'-wa - ’Lzl P dyw = lywb - y]l 9 dzw =

Zwb — Zk+.12_[

Jompute dpin
dmin =nmn (dxwa dywy dzw)



4. Compute w; ;;,1
If(dmin = dzw) Then

w Ti — Twb w 6$
1, “k+]— = W 1,i,k 1 — ——Wy .
WAT T p —agy TN — 3
l[(d'min = dyw) 'J“h(;‘n
Yi — Yuwb é
W; bk P =~ Yu w; o 1+—-—g——wb.
LK+ 5 ] ij—~1,k+1
Yi-1 — Yub Ywb — Yj-—1
_ k4l T Fuwb 6z
Wikl = 77— Wijked — T Wh -

P Zked T Zuwb Zwb = Zky 2
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d) B—cell with the (i — ), (j — 1) (k+ 3)-faces contiguous with interior
cells (see figure 51).

Fig. 51. B-cell with the ( — 3), (j — 1) (k+ 5)—faces contiguous with
interior cells.

As above, the values of u v

fi-Lk and w; ;, .1 are obtained as follows:

.1
1_57]'1‘: ? 3

— Computation of u;_1 ;,

1. Compute zyp, yup and z,, from
S(@u, y5,26) =0, S 1Y, 2k) =0, T 1,95, 2w) =0
2. Calculate the distances dpw, dy. and d,,,

(['z:u =

Tub — 5’31‘_%.‘ y d'yu = ‘:’/ub - :‘/J' y dzu = 'Zub - Z
3. Compute dp;n

dmin = min (dxuy dyuv dzu)
4. Compute u;_1 .,

H(dmin = dyy) Then

(dpmin = dyye) Then

Yi — Yub 6
frnd _—u—/]_——‘{i—ui—l—,j—l,k + ___L_ub .
Yj—1 — Yub 2 Yub — Yj—1

Wil ik
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(dmin = dy,) Then

2k — Zub bz

U, L, = U'__l_,',k 1_'__‘_—'(1/[,.

2R T i — 2w 2 —
— Computation of v; ;_1 ,
1. Compute b, Yup and zy from
f(vaayj—-%—azk) =0 3 f(xiayubazk) =0 ’ f(xi,yj_%,zub) =0.
2. Calculate the distances d;,, dy, and d,,
d:r:v = lxub - l‘il 3 dyv = Yyb — y]_%| ’ dzv = ‘zvb — 2k
3. Compute dpin
dmin = mn (dxw dyv, dzv)

4.

Compute v; ;_1

If(dmin = dby) Then

. T — ZTob
Vij-Lk =

bz

iyt ———
i—1,5—-%,k
Tim1 — Tub TR gy — Ty

Uy .

If(dmin = dyy) Then

Vil — Yub by
— 2
B T L
y]--i J’Ub yvb yJ_..i
If(dmin = dzv) Then
v 2k T Zyb " 6z v
=tk = =L k+1 T T Vb .
"2 Zkgr — Zyp T2 + Zyb — Zk+41
Computation of Wikt
1. Compute Zyp, Yub and z,, from
f($wbsyj’zk+;—)zo’ f(xi,ywbvzk+-;-):0>

f(xiayja Z‘wb) =0.
Calculate the distances dgy, dyy and dy,

dew = wab - wil ’ dyw = '?/wb - yjl ’

d — 'Z —Z
2w wb k+;_
Compute dmin

dmin = min (dxwa dyw, dzw)
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4. Compute Wi j k4 d
(dmin = dyw) Then

Ty — Tb ox

W 1 = W, 4 it F ———————wy .
ZY]lk+'2_ 371_1 — wa ¢ ly]yk+2

(dmin = dy) Then

Yi — Yub oy
Wikl = Wi g gy L Wy
Yi-1 — Ywb Ywb — Yji-1
H(dmin = dzw) Then
Zk+]§ = Zwb ¥
Wikl = T Wippd T T W

Zk+% — Zwb <wh T /—"k_(,%

e) B—cell with the (i+3), (j+3) and (k—1)-faces contiguous with interior
cells (see figure 52).

Fig. 52. B—cell with the (i + 1), ( + 1) and (k — 1)-faces contiguous

with interior cells.

As above, the values of Uiyl ik s Vijedk and w; ;-1 are obtained as follows:
t . M "
— Computation of w1 ;,

1. Compute 2y, yup and z,, from

f(g:ubayjazk) =0 ) ,/($i+%7y14b,zk) =0 ) f($i+%;yj,zub) =0
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2. Calculate the distances dg,, dy, and d,

d:x,"u. = Tyb — xi.}.% ) dyu = Iyub - y;' y dzu, = |zub — Zk
3. Compute dpin
dm‘in = mun (dzu, dyu, dzu)

4. Compute u;y1 ;4
H(dmin = dzu) Then

ZBH_% = Tub bz
1+2‘.7vk $i+% — Tup 1+2137k Tub — xi-{-%
If(dmin = dyu) Then
Y5 — Yub by
Uipdgk = Uiyl ik~ T U .

Yitr — Yud Yub — Yji+1
H(dmin = dsy) Then
Zk — 2ub 62

Uigd k1 T U -

1+27J7 2ub _ Zk_l

Zh—1 — 2ub
— Computation of v, ;.1 ,

1. Compute z, y» and z, from

f(mvbvyj+15azk) =0 ) f(mi’yvbazk) =0 y f($i7yj+%azvb) =0.

2. Calculate the distances dg,, dy, and d,,

dpy = | — x| dyy =

Yub — yj-;-%l ) dzy = Izub - %k
3. Compute dp;n
dmin = min (dzu, dyv, dz-u)

! .
4. Compute v; ;41

1(dmin = dyy) Then

v T; — Typ bx
itk T T Vi e T Vb
I*s Tip1 — Ty TEEE g —miy
f(dmin = dyy) Then
o= Yi+i —yvbv . by o
17]+§'yk - . — l,]+§,k - _ .
yﬂ.% Yub Yub yj.,_%
If(dmin = d;y) Then
y _Zk— Zw n bz
i+t kT Vit l k1T T U .
2 Pkl — Zyp M2 Zyb — Zk—1
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— Computation of w

iajyk"'é_
1. Compute b, Yus and z,, from
f(wa;yj’zk—%) =0, f($i,ywb7zk-%):07 f(xi’yj’zwb>:0'
2.

Calculate the distances d,.y, dyy and d,y,

dl‘w = |$Wb - $il K dyw = lywb - yjl . dzw =

Zab — Zp_1
wh k__.Q_

3. Compute dpin

dmin = nmun (dxw’ dyw, dzw)

4. Compute w

iljlk—%

f(dmin = dzw) Then

T; — Twb (3:1:
“—‘——’*"IUH_] k=1 + — Wy .
2 Tah — Tigi

W; ;L =
bl 2 Tigtr — Lawb

[§(dpmin = dyw) Then

Yi — Yuwb

L%
w; - ] = =  _w. . 1 — 7w
Lt B Gt k=1 b
? Yi+1 — Ywb 2 Yuwb — Y541
[{(dpnin = dz) Then
o il 62
W oy 1| = —— ., 3 = ——
k=3 _3 b -
(s Zk—% — Zwh t,J,k—% Zub — Zk-%
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f) B-cell with the (:—1), (j+3) and (k—})-faces contiguous with interior
cells (see figure 53).

\ \
' i
; -
i“ i-112,\k :
R R Rttt o
/F Wijk-1/2
oo L
F

Fig. 53. B—cell with the (i — 1), (j + 1) and (k — })—faces contiguous
with interior cells.

As above, the values of Uil ik v Vijedk and W; k-1 are obtained as follows:
1 e § 1 [
— Computation of Uiy Lk
1. Compute x4, yup and 2z, from
f(xub,yjazk) =0 y f(xi—%ayubvzk) =0 ’ f(xz'—-%7yj7zub) =0

2. Calculate the distances dgy,, dyy, and d,

dz:u -

Tub — xi—%l ’ dyu = lyub - y]l 3 dzu = IZUb - zkl
3. Compute dp,in

dmin = min (dzu, dyu7 dZU)
4. Compute u,;_1 .,

2y

(dmin = dgu) Then

Tyl — Zub oz
Uu I = ’u,._g. . ub
t—35,J,k T, 3 — & =55,k Tup — T;_3
2 2
lf(dmin = dy) Then
v o Vi oy "
i__1j1k - .—_———_ 1_ln]+11k - Y
2 Yi+1 — Yub 2 Yub — Yj41
f(dmin = d,u) Then
u Zl — Zuyb w + 6z
sk = o Yilgkr T T Ub
K Zpo1 — zwy |27 Zub — Zk—-1
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1 -
— Computation of Vil k
1. Compute x4, Y and z,, from
f(mvbv yj+-1é-7 zk) =0 ) f(xi, yvbazk) =0, f(‘?:i? yj+%azvb) =0.
2. Calculate the distances d,, dy, and d,,

dzv = ‘371/b - sz‘l ’ dyv = |Yuvb — .7/‘,’4..%’ y dzu = Izvb - Zkl .

3. Compute dyin
Amin = Min (dypy, dyu, dy)
. ‘
4. Compute v;; 1 4

H(dmin = dyv) Then

l']+§,k T — Ty Z~l']+2’k Tub Ti—
U(dmin = dyy) Then
Y., 1 —1
vi,j-}-%,k == J]_H—:ﬂvi,j—i‘%,k . .__—fg__._vb .
y]-{-% Yub Yub y]+%
.[f(dm;n = dz,,) Then
_ Zk — Zyb bz
Viitgk = Zk—1 = Zub Viity k-t * Zyb — Zk—1vb '

— Computation of w; 1
k=5

I. Compute b, Yap and z,, from

j.(mwbayjazk—-%) :Ov f(wi,ywb,zk_%)ZO, f(xhyjazwb) =0.

2. Calculate the distances dgy,, dyy and d.,,

('{zm = |-7"wb - :I:i| P dyw = ’ywb - ?/;l 3 dzu; =

z — Zp_1 ‘
wb k—%
3. Compute dyin
dmin = mun (dzwy dywa dzw)
1 .
4. Compute w;;, 1

(dmin = dyry) Then

_ T; — Twb (5’1’}
kb Ty ik T T
(donin = dyw) Then
Yi — Ywbd 63/
Wijh-1 = =W, L T W

Yi41 = Yuwb Ywb — Yj+1

f(din = dzy) Then
Fp-1 = Zub bz

W; ol = ——————W,; i} 3 + —————— W .
40,k—3 10k~ b
P23 T 2w 2
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g) B—cell with the (i+3), (j—3) and (k—})-faces contiguous with interior
cells (see figure 54).

Fig. 54. B—cell with the (i + 1), (j — ;) and (k — 1)—faces contiguous
with interior cells.

As above, the values of Uiy lik >V 1

:i—tand w, ;. 1 are obtained as follows:
1 2Y 14

. .
— Computation of u; 1 ;4

1. Compute xyp, Yup and z,p from

f(xub,yjazk) =0 5 f($¢+.;_,yub,zk) =0 y f(xz'-{-%)yj)zub) =0

2. Calculate the distances dgy, dy, and d,,
dzu = '-Tub - wi.*.%l 3 dyu = lyub - yJI y dzu = |zub - 2k
3. Compute din
dmin = min (dxua dyu, dzu)

4. Compute Uipd ik
f(dmin = dzy) Then

Tipl = Tub 6z
U 1 g = U3 g — Uy
1+27-7»k Z.1+% T b 1+21.7’k l'ub _ $2+3
[f(dyin = dyy) Then
Yi — Yub oy
Uil o, = Us 1 s U
l+"1]vk 1+_y _l|k b
2 Yio1 = Yup 27 Yub — Yj—-1
If(dmin = dsu) Then
ZE — Zyp 4 6z
U1 g = ) u
+'_1 1k 3, ,k—l b
Ty Zpoy — 2y T2 Zub — Zk—1



1 M [
— Computation of Vij-ik

1. Compute x5, Yy and z,;, from

f(va)yj—%azk) =0 ) f(miay'ub,zk) =0 ’ f(wiayj—%azub) =0.

2. Calculate the distances dy,, dy, and d,,

da:v = |'7*'ub - 'Itl 3 dyu =

Yub — ?/.j-%l ) dyy = Izvb - zk‘
3. Compute dyin

dmin = mun (dgy, dyy, d2y)
4. Compute v; ;

l!]—%yk

I(dpmin = dyy) Then

. Ti— Tob ; bz ;
il = U,y 1~ — U .
1,0—>,k i+1,7—% .k
73 Tit1 ~ Tyb 172 Tyb — Tit1
If(dmin = dyy) Then
yj—-% — Yub (Sy
Vijolp = Vi 3t ————p .
: Yj—2 = Yub ? Yoo — Y;-8
(dmin = dz) Then
2k — Zub oz
Uitk = T Vit T T
2 Zl—1 — Zyb 2 Zyb — Zk—1

1 . . M
— Computation of Wi k-1

1. Compute xyp, Yuws and z,, from
J(@uwpsyin 1) =0, [(@oyus, ze-1) =0, f(@i,y5,2u) =0

2. Calculate the distances dyy, dyy and d,,,

d:r,w = Iwwb - Jl:il ) dyw - lywb - ?J;| ’ dzw = Izwb - zk_%

3. Compute dpin
dmin = MmN (dgw, dyw, daw)
4. Compute Wy k1
(dypin, = dyy) Then
Ti— Tuh bz

Wigy,jk-} = T W

W, 1=
BhETS Twb — Tig1

H(dmin = dyw) Then

Titl — Tywbd

Yi—1 Ywb Yuwb Yj-1
H(dpin = d,.,) Then
Zh—g T Zwb oz
Wik~ = T Wijk-3 + —w .

Zp_3 —.Z2 Zib — Zp_3
k-3 wh wh k-3
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h) B—cell with the (i—1), (—3) and (k—})-faces contiguous with interior
cells (see figure 55).

U125\ k ’ ;
1 ' B
LT i SRt P fmmm % ------
Uij-112,k. @
/,I /II A
F . Wijk-1/2
/’IF ll _____________

Fig. 55. B—cell with the ( — 1), ( — 1) and (k — })-faces contiguous
with interior cells.

As above, the values of w;_1 ., , Vij-ik and w; ;1 are obtained as follows:
21 ) 1, 3 L2

2

. . :
— Computation of Uil Lk

1. Compute zy, yup and z, from
f(wuhyjazk) =0 ) f(a:i—%ayubvzk) =0 ) f(xi~%,y,7',zub) =0
2. Calculate the distances dgy, dy, and d,

d:z:u =

Typ — xi_%| ) dyu = lyub - y]l y dzu = lzub — 2k
3. Compute dp;ip

dm‘in = min (dz‘zn dyuy dzu)
4. Compute u; 1 .,

a2

If(dmin = dyu) Then

Tl — Tub + bz
u. L, = 3 u
- k -3 b
? 21]1 wz_% —_ xub T 29.7>k xub —_ mz_i
1f(dpmin = dyu) Then
U;_ 1 = Yj — Yub 1 6y U
i_ y]vk - T aj"l k b
2 Yi-1 — Yub 2 Yub — Yj-1
If(dyin = d;v) Then
Zk — Zub . 6z
U, _1 k= U, _ 1 o Up
Jy t WJy 1
2’ Zg—1 — Ry 2 Zub — Zk-1



1 . 3 ’
— Computation of v; ; 1,

1. Compute T, Yy and z,, from

f(vaayj—%azk) =0 ) f(l'i’yvbvzk) =0 ’ f(fﬁi, yj—-;dzw) =0.

2. Calculate the distances dyy, dy, and d,,

d:cu = lmub - xi] ) dyv =

Yub — yj...%l ’ dzu = Izub — Z

3. Compute dpin
dmin = mn (dm,, dyy, dzu)

t 5
4. Compute ;i Lk

If(dmin = dzv) Then

T; — Tyb N b
Vo1, = V_y i1 v
1, "‘ak . Z_11 - yk 7 b
72 Ti-1 — Tyb o Typ — Li-1
H(dmin = dyy) Then
y]—~— - yUb 6y
G-k =™ Vi 3k Vp
72 Yima —Yub 7T Yub — Y,

— Computation of Wi k-1
1. Compute Typ, Yup and z,, from
f(wa»ijzkm%) :Oa f(wiayu1b7zk-%) = 0’ f(miayj)ZWb) =0.

2. Calculate the distances dg.y, dy, and d,,

d:mu = lwwb - mil 3 dyw = ‘ywb - yJ| y dzw = lzwb - zk*li

3. Compute dpin

dmin = min (dgy, dyw, dzw)

1
4. Compute W k-1

1

U(dmin = dyy) Then

T = Tob oz
o T Witk T W

W, g1 =
BT Th — Ti—q

Ti-1 — Twb
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lf(dmin = dyy) Then

i — Ywb dy
wi,j,k—l — Lyi_wi,j—l,k—l + —Wp -
2 Yi—1 = Yuwb 2 Yuwb — Yji-1
U(dmin = dse) Then
Zp L — Zyb 6z
w”k_;_ = ——2——-w”k_g + —_— Wy .
M2 zk__%—zwb w2 zwb-—zk_%
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