
UNIVERSIDADE DE sAo PAULO

GENSM4C3D: IMPLEMENTATION OF THE NAVIER-
STOKES EQUATIONS AND BOUNDARY

CONDITIONS FOR 3D FREE SURFACE FLOWS

M. .F. TOME’
A. CASTELO FILHO
J. A. CUMINATO

s. McKEE

NQ 29

VNOTAS

Instituto de. Ciéncias Matema’ticas de. 350 Caries



ISSN - 0103-2577

GENSIWAC3D: IMPLEMENTATION OF THE NAVIER-
STOKES EQUATIONS AND BOUNDARY

CONDITIONS FOR 3D FREE SURFACE FLOWS

M. .F. TOME
A. CASTELO FILHO
J. A. CUMINATO

s. McKEE

N9 29

NOTAS DO ICMSC
Série Computaqfio

Sfio Carlos
Set/1996



GENSMAC3D: Implementation of the
Navier-Stokes Equations and Boundary
Conditions for 3D Free Surface Flows

Abstract
This report presents a finite difference technique for solving three-dimensional

Newtonian free surface flows. The technique is an extension of that employed by the
GENSMAC code for calculating two-dimensional incompressible flows in arbitrary
domains. The method is based on the SMAC (Simplified Marker—and—Cell) method
using primitive variables for an incompressible fluid. The full methodology and a
detailed description of the finite-difference equations are given.

Resumo
Neste trabalho apresentamos uma técnica numérica utilizando diferencas fini-

tas para resolver escoamentos tridimensionais com superficies livres para um flu—

ido Newtoniano incompressivel. Esta técnica é uma extensao daquela empregada
pelo método GENSMAC para calcular escoamentos bidimensionais em dominios
arbitrarios. O método utilizado é baseado no método SMAC (Simplified Marker—
and-Cell) usando variaveis primitivas para um fluido incompressivel. Uma detalhada
descrigao do método é apresentado.



3. Procedure
To solve equations (3) - (6) we employ the following procedure which is the 3D-
version of GENSMAC (see Tome and McKee [1]).

Let us suppose that at a given time, say to, the velocity field u(x,t0) is known
and boundary conditions for the velocity and pressure are given. To compute the
velocity field and the pressure field at the advanced timet : to + (St, we proceed as
follows:

Step 1: Let 15(x,t0) be a pressure field which satisfies the correct pressure
condition on the free surface.

Step 2: Calculate the intermediate velocity field, fi(x, t), from
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with fi(x,to) == u(x,t0) using the correct boundary conditions for u(x,t0).
Equations (7) — (9) are solved by a finite difference method.

Step 3: Solve the Poisson equation

V2¢(x,t) = V.fi(x,t) (10)

Step 4: Compute the velocity field

u(x, t) = fi(x, t) — V¢(x,t) (11)

Step 5: Compute the pressure
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2. Basic Equations
The basic equations governing the flow of a incompressible Newtonian fluid are the
non-dimensional Navier-Stokes equations which can be written as

Bu 1
2

1
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and the mass conservation equation

V.u = 0 (2)

where Re = UL/ 1/ and F3 = U/ \/L—g are the associated Reynolds number and
Froude number respectively. U and L are typical velocity and length scales, g is the
gravitational constant and g is the unit gravitational field vector, u is the velocity
field and p is the non-dimensional pressure.
If we consider three-dimensional Cartesian coordinates then the equations above
take the form
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where u = (u,v,w).
With suitable initial and boundary conditions, equations (3) - (6) consist of a system
of partial differential equations for the unknowns u and p.



Thus, we solve the n’iornentum equations explicitly followed by a sparse symmetric
system (the discrete l’oisson equation) for the potential function 1/). For cavity filling
problems the order of this system is continually increasing (since one only solves [or
u and 7) Within the bulk lluid).

4. Boundary conditions
The boundary conditions at the mesh boundary can be of several types. Let un, uml
and um? denote the normal and tangential velocities to the boundary, respectively.
Then the following boundary conditions can be applied on the mesh boundary:

_

o No—slip boundary
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o Free—slip boundary
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0 Prescribed inflow boundary
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a ”m2 :: 0

o Prescribed outllow lmnndary
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o (Jontinuative outflow boundary
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For the Poisson equation we require
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on rigid bomidaries and
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on the free surface. In the equations above, the subscript 71, ml. and 7712 denote
normal and tangential directions to the boundary respectively.



5. Free Surface Stress Conditions
The boundary conditions on the free surface, in the absence of surface tensron are
(see Batchelor [2])

n - or - n z 0

ml'a-nzo
m2 - a - n = 0

where 0 = am is the stress tensor given by
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and n — (nz, ny, nz) is the local outward unit normal vector to the surface; ml, m2
are the local tangential vectors. If we take Cartesian coordinates then equations
above become:
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Equations (l3)—(15) represent the boundary conditions at the free surface of the
fluid The finite difference approximation to these equations will be given in the
next gection by considering various local surface orientations.



6. Finite Difference Approximation
For solving equations (“U—(12) we employ the following approach. A staggered grid
is used. A typical cell is shown in figure 1. The velocity ii is discretized at u, v and
w—nodes respectively.
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Fig. 1. Typical cell in a GENSMAC3D calculation.

For instance, considering eq. (7) for 12, the discretization is performed as follows: the
time derivative is discretized explicitly while the spatial derivatives are approximated
by central differences. The convective terms are first averaged and then central
differences applied, namely
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and for the derivatives in (9) we have
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The Poisson equation (10) is discretized at cell centres and the discretization can be
written as
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6.1. Approximate Free Surface Stress Conditions

The stress conditions (13) —(l5) derived in Section 4 are approximated by local finite
differences considering various surface orientations as follows:

6.1.1. Planar surface parallel to a coordinate axis: A planar surface will he
defined to be one in. which the normal vector is pointing to one of the coordinate
directions i.e. n = (nw,0,0) or n : (0,7z,,,0) or n : (0,0,nz). These surfaces are
identified by surfaces cells having only one face contiguous with an empty cell. (see
figure 2).

Fig. 2. Surface cells with only the (k + §)—face contiguous with empty
cells.

In order to approximate (13) (l5) by finite differences we consider the following
(n‘ientations:

a) Surface cells with only the (k + %)—face contiguous with an empty
cell (see figure 3).
For these cells we assume that the outward normal vector is pointing to the
E—cell in which case we take n 2 (0,0,1), ml 2 (0,1,0) and 1112 =
(1,0,0).
Equations (l3)—(15) then reduce to
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respectively.
When. computing the tilde velocities by (16)—(l,8) the velocities at empty cells
and the pressure at the surface cell are required (see figure 3).

Q ‘ u
r+1/2,i,k+1

Fig. 3. Surface cell with the (k + %)—face contiguous with an empty
cell.

These can be obtained as follows. By discretizing (21) at position (Hg, j, k+%)
we have

ui+%,j,k+l ‘ ui+%.j,k + wi+1.j.k+§ " “11:13“;
62 63:

and applying a similar discretization to (22) at position (i,j + 5, k + %) we get
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Now, by requiring mass conservation (4) for the surface cell we have
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Equations (23)—(25) provide 3 equations for the unknowns ui+%’jyk+1, v,’j+%,k+1
and wijk+’— which can be solved explicitly, namely, from (25) we compute' ' 2

(52 6,2
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respectively.
The pressure [3mm for the surface cell is then computed using (20) which gives

~ 2 wi j,k+§ ‘ mimic—é—
. . Z ’ 2plnyk I?C ( 62

( 9)

b) Surface cells with only the (Ic— .l/2)—face contiguous with empty cells
(see figure 4).

: O
S I

:pi,i,k Q
; x
" wij,k-1/2

E Q ' u i+1/2J,k-1

\

/

Fig. 4. Surface cell with the (k — 1/2)—face contiguous with an
empty cell.

Here we assume that the normal and tangential unit vectors to the surface
take the form n : (0,0, —l), ml : (0,1,0), m2 = (1,0,0). The values of
the velocities at the empty cell faces and the pressure at the surface cell (see
figure 4.) are calculated as in a) above and are given by
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c) Surface cell with only the (i + 1/2)—face contiguous with an empty
cell (see figure 5).

wi+1j,k+1l2
A

. v i+ J+1/2,k

..

+_--_

_--__--

tN)5“ a-
__ ____________ J. ________________rij,k

‘___-_--

-____-

x x:‘

Fig. 5. Surface cell with the (z'+1/2)—face contiguous with an
empty cell.

For these cells we assume the unit vectors take the form n = (1,0, 0), m1 =
(0,1,0), m2 = (0,0,1). In this case, the stress conditions (13)—(15) reduce
to

2 8u
P = fig (5;) , (34)

Bu 81)

3—21-
+ E:- — 0 , (35)

Bu aw
8—2 + 5; — 0 (36)

respectively.
Similarly as in a), the velocities at the empty cell are calculated from applying
the mass equation (4) at the centre of the surface cell and eqs. (35) and (36)
at positions (i + l/2,j, k + 1/2) and (i -|— l/2,j + 1/2, 19) respectively. Then
it can be easily verified that the velocities and the pressure at the surface cell
are given by

52: 6:16
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(1) Surface cells with only the (z — 1/2)—face contiguous with an empty
cell (see figure 6).

w i-1,j,k+1/2 i

A : A

: Q : O
1? i-1,J+1/2,k '“ zr1/2JJ;<

If --------- F‘"-;'L--'p-i.i,lr -------

E s

Fig. 6. Surface cell with the (i —~ 1/2)—face contiguous with an
empty cell.

Here we take n : (—1,0,0), ml = (0,1,0), m2 : (0,0,1). In this case,
the stress conditions reduce to eqs. (34)—(36) above. The velocities at the
empty cell faces and the pressure at the surface cell (see figure 6.) are calcu-
lated similarly as in c) above and are given by

(311: 5:1:

“walk = “i+;—,j,k + 37/(“i,j+%,k ‘ Dig—5k) + gzlwimfi “ wank—9 441)

5:0
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73. k _ __2_ 1+%»ka l—%v]>k
(44)2) t

-— '1 Re 5x

e) Surface cells with only the (j + l/2)——face contiguous with an empty
cell (see figure 7).

\
_

_-_

I\\l
\

w.

\

55.

x

a-

\
i .

Fig. 7. Surface cell with the (j + 1/2)—face contiguous with an
empty cell.
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For these cells we assume the normal and tangential vectors take the form.

n = (0,1,0), m1 = (1,0,0), m2 = (0,0,1). Equations (13)—(15) reduce
to

2 0v=_ __ 4p Re(ay), <5)

au 31)

81) aw

respectively. The velocities at the empty cell faces and the messure at the
surface cell centre are computed similarly as in a), namely, applying the mass
conservation equation (4) at the centre of surface cell and eqs. (46)-(47) at
positions (2 + 1/2,j + 1/2, k) and (i,j + 1/2, k + 1/2) respectively. It is easily
verified that the velocities at the empty cell are given by

5y6
vi,j+%.k = ”id—5k — 53 (ui+1§,j,k — ui—%,j,k) ~ (S—z—

(wi,j.k+15 ‘ ”mug—g) (48)

ui+‘§,j+1,k 2 “why/c “ % (Ui+1,j+~12—,k “ ”133450 (49)

wi,j+1,k+;12- = 105,13“; — g (Ui,j+%,k+1 —1)i,j+%,k) (50)

and the pressure 13mm is computed by

~. . _ 2 vi,j+%,k — ”i,j—;-,k ,.Pam — E2 <——~—6—y—————) . (01)

l, 5



f) Surface cells with only the (j —— 1/2)—face contiguous with an empty
cell (see figure 8).

Fig. 8. Surface cell with the (j — 1/2)—face contiguous with an
empty cell.

For these cells the unit vectors take the form 11 = (0, —~1,0), m1 = (1, 0, 0),
(0,0,1) and eqs. (l 3)~~(l5) reduce to (4-5)—(4-7) respectively. The velocities at
the empty cell faces and the pressure at surface cell centre are computed in
the same manner as in e) above and are given by

by 6.71

“id—ale * vi,j+%,k + 35 (“14W — “i—éM) + 5 (wi,.7,k+% * ”mule—é) C52)

534

“Haj—Lie : “14am + g;(”i+1,j—§,k — via—ale) » (53)
531

“Mi—um; : 7-Ui,j,k+;- + 3; (Um—aw — ”hf—5k) (54)

respectively. The pressure [Sm-1k is computed by

~_A _ 1 ”angle — ”in—5k
mm — —————— - (55)Re 531

16



6.1.2. 450—sloped planar surface: These surfaces are identified by surface cells

having two faces contiguous with empty cells. In these cells we assume that the
normal vector is pointing at a direction which makes 45° with the two other axes,
e.g. a: and y or xv and z or y and 2. Thus the following approximations are employed:

a) Surface cells with the (k+ %) and (i+ %)—faces contiguous with empty
cells (see figure 9).
For these cells we assume that the unit normal takes the form 11 = (lg—5,0,

2Q)
in which case the tangential vectors are taken to be:

flue—i1:m 2
) and mZ : (0,1,0) .

Introducing these vectors into equations (13)—(14:) we have

1 an +110+an +110 (56)) z _ ——1 Re 8:1: az az 3x ’

an aw
—— — —— — 0
8:1: 52 (57)

respectively.

5 E
flii ______________

5 A
, ij,k+1/2
5p ij,k I ll l+1/2,j,k
,;-->< ..........., i ............. 1.3

I’,/ S I,,/

Fig. 9. Surface cell with (16 + %) and (i + %)—faces contiguous with
E—cells.

As we can see m. figure 9, the values of uprabk and wi,j,k+15 at empty—cell faces
are required. These are obtained by applying (57) and the mass conservation
equation (4) at the surface cell centre in which case we get

ui—i—li ,j,k— “i—-—,j k— “%Jfi+% —' {Ui’j’ ,1k—EZO
(ch

17
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10)

5:1; 62 53}

respectively. Solving (58) and (59) for ui+%,j'k and widvflii we obtain
1 5x

“Hg—m = ”with — 55 (”angle — vid—éJc) (60)

and
1 6z

wisp“; = wank—g— — 55 (”murals ‘ ”ti—5k) (61)

Once the velocities at the empty—cell faces have been computed the pressure
at the surface cell centre is calculated by (56), namely

1
[Uwam

— “i—gm “Mm;- — wank—5
[inn/c Re 537 62

1 “145,131: + ui—iTthc - “Hat/Pl - “i—ivjik‘l
2 62

wlyjyk+% + wirjvk—% — wi~1’j’k+% _ wi*1,j,k—%
(62)

6:1:
'

Surface cells with the (Ic+ %) and (i— %)~faces contiguous with empty
cells (see figure 10).
Here we assume that n : (——3zé,0, 34—2) lnl : (59,0, 5?) and m2 = (0,1,0).
[11 this case equations (13)—(14) take the form

Fig.

L _02

913
az

],

[anP = 15 55+

_@+
33;

3—H
32

=0

(63)%%)l

(64)

\

_______

10. Surface cell with k + i and i— % faces contiguous with
E-cells.
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The values of u_ -‘j k and mij k+1 are computed as in a) above, namely, by
applying (4) and (64) at the surface cell centre. It can be verified that they
are given by

1 5x
“i—g—Jyk = “Mimic + 535 (”male ‘ Uid—éfi) (65)

and
1 6

u z ,

k lzw k 1_ ————.——(v--+1_k—~vi~_ik) (66)”AL +21Hj — 263; w 2, y] 2,

The pressure at the surface cell centre is then calculated from

75- ‘k z
1 ”i+%,j,k “ “i—am + was“; — ”mule-é

m, Re 618 52
1 1Li+%,],k + ui—éajyk _ uZ-l-é-JJC—l —*

{Uzi—Q" 1]1k_ 1

2 5z

wiij<+15 + “Hawk—5- ’ wi-1,j,k+15 ” wi—Lch—é—
(67)

6m
’

c) Surface cells having the (k + i) and (j + %) faces contiguous with
empty cells (see figure 11).
l‘or these cells we take n—— (0 f fl) ,ln1 = (0, Q, ~%) and m2 : (1,0,0).’ 2 ’ 2 2
In (his case equations (13) (14) take the form

1 81) 3w 0?) 37.0
7) Relay + az + (02 831” ( 8)

81) aw
__ : 0

8g + 82 (69)

E E

’

,»:f --------------
X, l

A 1,1 l24k E
, wij£k+112x

h ____________

Filth-"4 ------
/"X

S

Fig. 11. Surface cell with the (1c + 5) and (j + %)~faces contiguous
with E—cells.
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The velocities at empty cell faces are obtained by applying (69) and the con—

servation of mass equation (4) at the surface cell centre giving

”iyj+%,k “ Uni—1,1:
__

wi,j,k+15 “ “hunk—é

5y 62 : o , (70)

vi,j+%,k — vi.j—?;,k + was“;
— “hulk—15 : _“i+§,j,k ‘ ”ewe (71)

6g 62 5m

respectively. Solving these two equations for vi‘j+%,k and wi’j,k+% we obtain

] 671
‘

"angle 2 via—5,1; — 55 (“pram ‘ iii—m) , (72)

l. 62
,

wi,j.k+% z wi,j.k—,j-, — 53; (“i+%,j,k — U,'_1§,j,k) , (73)

respectively.
The pressure is computed from (68) applied at the surface cell centre, namely,

was“; * “Jim—5—
13' k ~ L vi,j+;—,k “ via—ale +m, Re 63; 52

+1 Ui,j+%,k + ”is—5k _ vi.j+’§.k—1 “ ”id—£7,164
2 52

wi,j,k+;— + wiggle—g “ wi,j~1,k+15 — wu—nk—é+ (74)
5.11

d) Surface cells having the (k + g) and (j — %)—faces contiguous with
empty cells (see figure 12). For these cells we take n = (0,—12—5,l2_2) ,

m1 = (0, 59,4—5?) and m2 = (1,0,0). In this case equations (13)—(14) take
the “form

_ a 23 + 0_w 93 +
aw

7577 ~ 26 0g Oz 62 (93/
( )

81) 010
— a; + 5—2—

— 0 (76)
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I
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II’ EI

Fig. 12. Surface cell with the (k + %) and (j — %)—faces contiguous
with E—cells.

Here we procceed as in c) above for the calculation of vi,j_%,k and “11313“; . It
can be verified that theses values are given by

163;
via—ah = mm + 5392 (“with ‘ “i—ifik) ’ (77)

1 63;
w. zw. ~___w ._u..)1,],k+% leyk—%’ 25:1:

( 1+%,],k i—%,J,k (78)

respectively. Once vi'j_%,k and wi'j,k+% have been computed the pressure fol—

lows from (75) applyied at the surface cell centre, giving

155,“ = _1_ [vi,j+%,k
— Ui,j-§,k + wi,j,k+§ — wi,j,k—%

’ Re 631 6z
1 Ui,j+%,k + ”id-5,1: — vi,j+%,k—1 — vi,j-%,k—1
5 <

' 62:

wi,j+l,k+% + wi,j+1,k—;- " wi,j,k+;— —
wi,j,k—%)] (79)

5:41

e) Surface cells having the (k — i) and (i + §-)—faces contiguous with
empty cells (see figure 13). For these cells we take n = (59,0,—%2) ,

m1 = (39,0, 5?) and m2 = (0, 1,0). In this case equations (13)—(14) take the
form

_L fluflm Q2 0_'w
80pfiRe 6m 62 8z+6m ( )
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,____-0 (81)

\
\_ I I I l I I I

E

Fig. 13. Surface cell with the (k — i) and (z + %)—faces contiguous
with E—cells.

For these cells the values of ill-Jr?“ and ways—g are obtained by applying (81)
and (4) at the surface cell centre. It can be verified that they are given by

1 6x
“145ch 2 Iii—wk “ 5317 (“mangle — ”id—5k) (82)

I 5z
“Jam—g— : wz',j,k+;— + 5g (“ma/c “ ”Li—5k) (83)

The pressure at the surface cell centre is obtained from (80), giving

1
lui+%1jyk

_ ui"%’1j1k
+ wirjyk+% * wiij)k_%

~,, "k 2 ~-_P1 J Re 5m 62

+1 ui+%,j,k+1 + Iii—5mm " ui+%,j,k _ ”Fa-7M
2 62

“by“; + “Hank—g— * wi—1,j.k+§ ‘ wi~1,j.k—§
(84)6st

f) Surface cells having the (k —— g) and (i — %)~faces contiguous with
empty cells (see figure 14). For these cells we take 11 : (—5§z,0, ——‘—’;—§)

,

m1 :: (59,0, wig) and m2 : (0,1,0). In this case equations (13)—(14) take
theform

__1_ an 92+ 911+ng 85p~Re 0m+3z 32 am
( )

an Ow
—5;+—a;—0 (86)

22



g)

I
I

l
l

I
|

‘
1

l
I

I
l

l

' :

:ut-1/2,jk I :pi. s
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~ ------------- ;/!-—x---r ------

1

I
E A

, E , wiij,k-1/2
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Fig. 14. Surface cell with the (k —- %) and (z' — %)—faces contiguous
with E—cells.

Here, the values of ui_i’j,k and w
verified they are given y

i,j,k—% are obtained as in e) above. It can be

1 6x

1 52
wi,j,k—% 2 wi,j,k+§ + 55; (vi,j+,i—,,k _ ”id—5k) (88)

The pressure 12'ch is computed from (85) discretized at the surface cell centre,
namely

w2,j,k+% _ wi,j,k—;2'~
1 u1+%1jvk _ ui—lavjik +.’ .,k = _17: J Re 6:1: 6z

1 ui+;-,j,k+1 + “Mi—gym “ ”Him/c — “Fax/c
2 62

”an“; + wi+1,j,k—;— — wi,j,k+-;- — wi,j.k—%

6x (89)

Surface cells having the (k: — %) and (j + %)-faces contiguous with
empty cells (see figure 15). For these cells we take 11 = (0, fig,—5§) ,

m1 :: (0, lg—i, l?) and m2 : (1,0,0). In this case equations (13)—(14) take the
form

0 6 6 61 v w v wp‘fizlé§+57(az+sg)l (90)

av 8w
3? ‘ a - 0 (91)
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Fig. 15. Surface cell with the (k — a and (j + %)—faces contiguous
with E—cells.

For these cells the values of viyJ-Jréyk and wi,jyk_% are required. They can be
obtained by applying (91) and (4) at the surface cell centres yielding

léy
v~- . =v--1—~—(u‘ ~——u- ) 2m+%,k 10—ch 25:6 1+§—.J,k z—%.JJ€ (9 )

w-~ 1 zw-- 1 —~ u- '-—u-1A“bk—é- 1ink+§ 26x t+én77k l—EJvk ( )

For these cells, the pressure is then computed by
1

[Weak ‘ via-5k wi,j,k+;- “ ways—1;
75am +Re (Sy 6z

1 “murals + ”id—5k “ ”angle—1 ‘ ”in—é,“
2 éz
wi,j+1,k+§ + wi,j+1,k—§ ‘ “Jug/Hg — wimkfi (94)

53;

h) Surface cells having the (k —— %) and (j — %)—faces contiguous with
empty cells (see figure 16). For these cells we take n = (0, ~§, —>§2—)

,

ml = (0, 59,—>§) and m2 = (1,0,0). In this case equations (13)—(14) take
theform

__1_ 9141“ 93+6w 95p_Reay az az ay ()
av Ow

—5§/‘+5;:0 (96)
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-__-___‘\__..-.‘-..-_-__

Fig. 16. Surface cell with the (k — %) and (j — %)—faces contiguous
with E-cells.

Here vi’j_%,k and wi,j,k—% take a form similar to g) above and are given by

1 6g
vi,J’-%,k = ”Lyra/c + 55; (“wrath “ “i—§.j,k) (97)

1 (52
“Jam—15 = “4,13“; + 53; (“Haws — meg”) (98)

For these cells, the pressure is then computed by

~
I. vi,j+l,k “ vi,j——-1-,k wi,j,k+l ' mimic—l

p. ‘k — ,_____
2 2 2 2

Z! 1 ~J Re 631 6z

+1 ”mg—J: + ”id—ink ‘ Ui,j+%,k-—1 “ ”main—1
2 62
wi1j1k+'12' + wivjyk“% — wi1j_11k+% __ wivj—11k_%

(99)
6y

i) Surface cells having the (i + 5) and (j + %)——faces contiguous with
empty cells (see figure 17). For these cells we take n = (Q Q 0) ,2’2’
m1 = (gr—39,0) and m2 = (0,0,1). In this case equations (13)-(14) take
the form

8 a (9 31 u v u v7’"E£[55+5§+(5§+5§£>l (100)

Bu 811

g —
53 _ 0 (101)
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Fig. 17. Surface cell with the (z + %) and (j + %)-faces contiguous
with E-cells.

Here the velocities at the empty cell faces, “Ham and vi'j+%,k are obtained by
applying (101) and (4) at the surface cell centre. In this case we have

“i+;~,j,k — “Li—awe “i,j+§,k “ ”in—ah = 0 , 102
5a: 52;

( )

U‘l' '—'U‘l' v..1 .—-'U,,1 wu1_w.. 11+5’J’k 2—5’J’k ¢,]+5,k 171—51,“ 17.7yk‘l‘5 l,],k—--2- : 0 103
6:1: + éy + 6z - ( )

Solving (102) and (103) for ui'i‘éfljyk' and vid+%,k we obtain

15m
“Hi—113k : ”kayak " 55 (wi.j,k+15 * wi,j,k—%) a (104)

1 6y
”LN-ilk = vhf-“ink _ 55 (wi,j,k+% “ “1,3me (105)

respectively.
The pressure is obtained from (100) discretized at the surface cell centre which
gives

7-- — .i11|J+33vk UZJ—‘Jiik
73‘,‘,k = f— . ‘l‘M ie 655 6g

+ 1 “i+;-,j,k + “i—g—m ‘ “i+;—,j~1,k “ ui-éd—Lk
2 5g

Ui-l +U--1 —-vv -1 —’l)- '11]+—yk tyJ—_1k 1~11]+—1k Z—l,]~—,I€+ 2 2

6m
2 2 >] (106)

j) Surface cells having the (i + %) and (j —- %)-faces contiguous with
empty cells (see figure 18). For these cells we take n = (fi,—5§,0) 3
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m1 = (fi fi 0) and m2 = (0,0,1). In this case equations (13)-(14) take
theform2,2’

1 6 (9 6 (9u ”U u vP=§léz+5r(5;+5;)l (107)

311 av
55—534) (108)

S

--—b--‘-

s'f

E

a-
:
XE:

I I

r”

r
\

l
:\ '
g

‘l__“_

______

‘

+

’
Ei

s-

:
a-

‘l I I l I l I

\| | | I | | |

E

Fig. 18. Surface cell with the (z' + %) and (j — %) faces contiguous
) with E—cells.

Here it can be shown that the velocities at the empty cell faces, UH?“ and
”id—é,“ are given by

15:13

“am = ui—%,j,k — 53; (nag-Ml5 — wi,j,k_;_) , (109)

1631
viJ—éJc = vi.j+%,k + 53"; (wi,j,k+’5 — wi,j,k_%) (110)

respectively. The pressure is then calculated by

1
[WNW/c

" ui—éuflc ”that: * ”ti—ahfink = E +
551: 6g

_ l ui+1§,j+1,k + ui—%.j+1,k * “Hath — u‘i—%yj.k

2 6g
”131451 + ”is—5k — ”i—1.j+g,k * ”i—u—ak+ 5 . (111)

(I:

k) Surface cells having the (i — %) and (j + %)—faces contiguous with
empty cells (see figure 19). For these cells we take n = (—52@,5§,0) ,

m1 = (lzé, 5930) and m2 = (0,0,1). In this case equations (13)—(14) take
the form

1 8 0 a (9u v u v“fil52+5§"<5§+67)l (112)

Bu 611
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E s
1Fig. 19. Surface cell with the (i — 5) and (j + %)—faces contiguous

with E—cells.

For these cells, the velocities at the empty cell faces and the pressure at the
surface cell centre are computed in the same manner as above and are given
by

1 5m
ui~%,j,k Z ”wax/c + 55 (wi,j,k+% “ wi,j,k—%) , (114)

1 6y
vi,j+‘5,k Z vi,j—%,k —

55—2“
(wi,j,k+15. " “Hang-g) , (115)

15, 1 __
_1— “245m “ “PM + Ui.j+§.k — ”id—5k

m’ Re 5:1: 5g
ui‘i'lz'rjyk + ui—%)jlk —_ ui+1§,j—l,k — ui—é—yj_lvk

2 6y

Ui+1,j+;-,k + ”ms—5k “ vi.j+’§,k “
Ui,j—%,k>]

5—4

6x (116)

respectively.

l) Surface cells having the (i — %) and (j — %)~faces contiguous with
empty cells (see figure 20). For these cells we take 11 : (-—‘é—§, ——52Q,0) ,

m1 = (12—2, ———\é—§,0) and mZ : (0,0,1). In this case equations (13)—(14) take
the form

7—126 0:5 Oy By 056
( )

an 31)

075—554) (118)
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Fig. 20. Surface cell with the (i — %) and (j —— -1i)~—faces contiguous
with E—cells. ‘

Here 1t 1s found that ui—‘é‘d'uk’ ”id—5k and pig-JG are glven by

1 6x
“i—ém = ”Hague + 55; (wi,j,k+§ “ wiyj,k—'l2‘) ’ (119)

1 6g
vivj‘évk = Did—“é'vk + 5-5—5

(wi,j,k+é— — w11J1k~%) ’ (120)

15 _
1

[uifimk " “i—ém + ”i,j+§.k " ”ti—ale
mule — E—6 6:1: 5g

+
1 ui+%,j+1,k + “i—;-,j+1,k ‘ ui+%,j,k ‘ ui—équ
2 5g

+ Ui+1,j+§,k + ”ind—5k “ ”i.j+;-.k “ ”fa—ale 121
6:1:

( )

respectively.

29



6.1.3. Planar surface cutting three adjacent faces. These surfaces are iden—

tified by surface cells having 3 adjacent faces contiguous with empty cells (see figure
21). In order to apply the stress conditions we consider the following approxima-
tions:

Fig. 21. Surface cell cut by 3 adjacent sides.

a) Surface cells (S) having the (Fri), (j+ 5) and (A:+%)—faces contiguous
with empty cells (see figure 22). For these cells we assume the local unit
vectors take the form:

(in) <M><£M>
Introducing n, m1 and mZ into (13)—(15) we have

_2_ is J. 0-0. + Qua _ m)p— Site 071 (71; Hz 0.7: Oz By
— ’ i

‘

2g _2Q1_0 + (fjfi+ av) - (311+ aw) : 0 (123)dy 02 03; 0:16 5 5;
_4Qfi + 2211 + 292

(71.1,

+
(71) Du

+
Ow

+ 2
(91)

+
811)

__ 0 124
0:1; (7,11 Oz 03/ (93: 02 (9.10 (92 (9g _ ’(’ )

respectively. Adding (123) and (124) yields

an (71) 0M Ow (71) aw
— 4 4— — 2 ~—~ — 2 —— — = . l(7.7:+ ay (0z+0$>+ <02+0y> 0

y

(25)

Mass conservation for these cells also requires
(721, (71) Ow
, — ,—— : 0 . 12
da: + By

+ dz ( 6)
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Fig. 22. S~cellv with the (i + i) and (j + 35) and (k + %)——faces contiguous
with E—cells.

It can be seen that when calculating the tilde velocities through (16)—(18) the
values of 11,451)“ vi,]~+%yk and wi,j,k+-;— are required. They can be obtained by
applying finite differences to (123), (125) and (126) as follows. First, applying
(126) at the surface cell centre we have

”Hi—mic ‘ “in,“ + ”any: “ 1&3];ch + wi,j,k+§ ‘ mimic—é = 0
5x 63; 6z

which can be written as

«Syu «Syw”new”5Mg.” +——5 w-,jk+1 = 173 (127)

where
6 6y yb3 Uta—5.16 + gut—54,1: + Ewi,j,k—% - (128)

Now, applying (123) at the surface cell centre gives

2 (vi’j+!2.’k
_ vi1vJ_ 27k _ 2

U)1).71k+% — wiij)k—‘%
+ l ul'i'fi]! k + ui__1.71k

6g 62 2

_“i+§-,,j—1,k — “i——,j— 1 k
+ U',j+§ k + v,j—- k “ ”i—1,j+§,k ‘" ”i—m—ak

63; 5:8

1 new + ui—éwc ‘ ui+‘5.j,k—1 — ”Fame—1 wax/cg + wi,j,k—;—
—— +2 62

‘wi—1,j,k+% — wi—1,j,k—’3
0

6:1:
—

which may be written as (after multiplying by 2)

531 51} 63,1 63;
(4 + 55) ”mars + <1 — 5) ”1415,“ ~ (46; + 5xfi)wm,k+% = b1 (129)
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w here

631
J

611
bl : 111+;J ”+11,J__J-_ 1k+ S—Zj~l (Li_}5,JJL (51

<“,j—%,k

é’y
‘

—7)i—l,j+%,k — 7)i—l,j—%,k) ” (6—2?) (“142 ,j,—k 1+ ui——,jk— 1)

631
+ (52) (wi,j,k—% — wi—1,j,k+‘§ — U)i—1,j,k- g) + 4l)i,j—,’5,k (130)

Similarly, cliscretizing (125) at. surface cell position (17,j, k), we obtain

4 ”i,j+;—,k‘“i,j—%,k _4 ‘“i+?;.j,k”“i—%,j,k ~
7”i+5,y’,k+“i—g,j,k

(Sy 6:1:

"mam—1 " “i—gm—i +
wi,j,k+;— + ”um—15 — wi—LLHE; ‘

“Ji—1,j,k—%)
(52 6:1:

”angle + ”Um—5k “ ”angle—1 + viii—aka + wi,j,k+% + wank—15

52

"wi,j—1,k+;— — wi,.7'—1,k—;- _ 0
5.71

which gives

5:11 511 5.71 4,<4 + 5) Ui,j+;—,k ‘ (4 + 55.) "1+‘5,j,k 4” (l + 55 wi,j,k+% 2 (12 (131)

where

6y 5g 6g
02 Z 4“i,j—-%,k + (—15*L +*521i_7,j,k“5z (ui+%,j,k-—1 + 7‘i-§,j,k—1>

< >+ <
'

__ —_ .. .—’U-- ‘ —'U-- J —— u].i 1

52 I’m—5k w+%,k—1 m—éJu—l 5x ch-g
‘7Ui—1,j,k+’§ * wi—um—g) + wi.j—1,k+§ + wi,j—1,k—§ ‘ wank—15 (132)

It can be seen that eqs. (127), (129) and (131) provide a linear system for the
unknowns 1Li+15,.J'k, U¢,_7'+%,k and wJJJJkJfi which in matrix form is given by

(4 + $51) (1 fifi) <4?” + if) ”my bl.

(4 + if) ‘é<4+ Eff-l (1 + Ki) “145,ch = (92 (133)
1 xi if wax/Hi 173
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The system (133) can be easily solved by Gaussian elimination. Once the
values of 11145”, ”Lil-it and wi,j,k+% have been computed, the pressure follows
from (122) applied at the surface cell centre, giving

15. 1k _
2 “i+;-,j,k + “Fame — “Haj—me * "i—g—J—m

+ vi.j+%,k + vi.j—%,k
z, —J’ 3Re 6g

‘Ui—1,j+§,k ‘ ”Pu—ink + ui+%,j,k + “i—i—M " “Mimic—1 + “Fisk—1
6m 6z

wams + wane “ wi—LM’; ‘ wi—m—é “ma-s + via—sic+ _.____._._.___633

”Ui,j+§,k—1 * ”male—1 + wimk+§ + ways—i “ wi.j—1,k+% “ warm—g 134
6z 5g

( )
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b) Surface cells having the (if — é), (j + g) and (k + %)—faces contiguous
with empty cells (see figure 23).

1 E

111
__

f’: vi-. f
, J /2k

l/l/ LA ____________
, ,/ wi4,k+1/2,

._-_,_-___--_.I,1c_-_x _________

S

Fig. 23. S—cell with the (z' ~ %) and (j + %) and (k + %)—faces contiguous
with Eflcells.

For these cells we assume the local unit vectors take the form:

.»._(_£ fl YE) , “11:01,” _£) , mzz<2f§ fl XE)"’ 3’3’3 7’ z G’T’o
Introducing 11, m1 and 1112 into (13)-(15) gives

2 Bu 82) Ga 810 81) aw__. _ ____ __ _ _ _ 2 5p 3126
l (011 (9:17) + (02 + (733) + (Oz + By” 0 ’(13)

(71) (711) 01.1, (72) PM aw
—— ~ 2— — — — — = o , 1362811 02 (fly + 0x) + (32 + an) ( )

(714 0D aw 011 01) 811 Ow av aw_, —- ,_ —— —— —— ~— 2 — — = 0 137li)a:+z(')y+2f)z+(0y+8w)+<02+0$>+ (82+0y> ’( )

and adding (136) and (l37) we get
(911, (71) (711 Ow BU aw

— , — 2 —— = .
'4am+40y+2<02+0m>+ (512+ 331) O (138)

Requiring mass conservation we have
(711, (71) f)“;
— ~— —=0. 136m+8y+8z (9)

Again, the values of “i—gma vi’fié’k and wax/9+;— are required when computing
the tilde velocities at nodes adjacents to the surface cell (see figure 23). These
can he ()l)l,2l,lll(:‘,(.l in a similar manner as in a) above, namely by applying (136),
(138) and (lflll) at the surface cell centre. It can be shown that this leads to
the following linear system
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(4 + 3—3) (42—3; + (fr) (2—15 — 1) WW In
6-2”- —

5—m 5—39
— a v- - 1 = b 140(éz 6g) (463; +1) (452 +1) z,J+5,Ic b2

( )

“1 if 2—2 wan/cg 3

where

61: 5:6
bl : 4ui+ivifk _ (3; (ui+%.j,k ‘ ui+15,j,k—-1 — ui—%,j,k—l) ‘l' 4 35 via—5k

6:1:

_ (3—5) (vi,j—%ik — vi,]+%,k—1 _ vi’j_%,k_1) + wi'j,k__% —‘ wi+1’j’k+% —— wi+1,j,k—%

6x
_ — (wi 'k—l — w» '—1 k+l “ wi '—1 k—‘-)

61” "7’ 2 “7 Y 2 i] 1 2

6x 6x
62 = —— (UH-l ~k “ ui+l '_1 Ic “‘ ui—l -_.1 k) — —— (Ui+l_ -k —~ ui+l ik_16g zrjv 27.7 1 27] y 6z 2,1, 21],

-
63:

_ ui—ivivk—l) + 4 @ ”id—ale + Ui+1,j+%,k + vi+1,j—%,k “ viyj"%1k‘

6m
— 4 (32?) wi’j’k‘é + wi'ivkfi “ wi+1,j,k+% _ wi+1,j,k—%

527 6m
63 2 _ui+%-J3k + E ”Li—5k + E wi,j,k—% -

The solution of (1/10) is obtained by using Gaussian elimination.

After computing ui—id-k’ vim-JréJc and wilj,k+% from (140), the pressure is cal-
culated using (135) applied at the surface cell centre, namely

15
2

[ (“with
+ “Fain/c — ”Hid—Liv " ui—%,J’—1,k vi+1,j+%,k

iyjyk 3
—

Re 6g

“nu—ah _ Ui,j+%,k “ Umfix) (“MW
+ “i—;—,j,k — “Him/v4 + “Paws—1

6m 6z

wi+1,j,k+g- + wi+1,j,k-;— — wi.j,k+§ ‘ wi,j,k—% vi,j+%,k + ”ti—5k+63:

"finale—1 _ viJ—éJc—l + ”mm; + wiggle—é “ ”Ga—Lug “ wi,j~1,k-§ (141)6z 5?!
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c) Surface cells having the (1' + $), (j — %) and (k + %)—faces contiguous
with empty cells (see figure 24).

5 E
[A ——————————————

-, A
wij,k+1/2

:
: "i+1/2'k

:
1 p.“ f 1,

: g" 944 ------, ---------------
”Lia/2k

; x E
1,1 ____________ S '

E

Fig. 24. S—cell with the (1+ %) and (’ — %) and (k + Jig—faces
contiguous With E—cells.

For these cells we assume the local unit vectors take the form:

f; fifl . fl fl fiQfifi"= T’“T’T "M: T’“"7 W“: F’T’T'
Introducing 11, m1 and m2 into (l3)*(l5) yields

2 al+92 .|_ Oz¢+Ow
—— @+afiw ‘— O (142)I)

31136 Oy O3; Oz Oz Oz Oy
w ’

Ou Ow Ou Ov Ou Ow
—— — 2—— — — —— — : 142Orc Oz <Oy+Ox>+(Oz+ Ox) 0’( 3)

( Ou Ov Ow Ou Ov Ou Ow O1) Ow

respectively. Adding (143) and (144) provides
On On On Ow Ov Ow

4——~4~— 2 —— —— 2 —— —— = .Om Oy
+ (Oz + Ox) + (Oz + Oy) 0 (145)

Mass conservation gives
Ou Ov Ow

%+@+$"0. ' (146)

The velocities at the empty—cell laces contiguous with the surface cell faces are
required when computing the tilde velocities. These are obtained by applying
eqs. (146), (143) and (145) at the surface cell centre leading to the following
linear system:
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<4 + $5) ’" (if + 1) “ (43—95 + 535) ”am bl

(4 + g) (43—3 + %) 1 — % via-5k = bz (147)
1 -—§§- 23 wi,j,lc+%

173

where

6x
bi = 4ui——,j,lc + 55 (ui+§,j+1,k + ui—%,j+1,k — iii—am)

6:1:

“ (a; (”i.j+§,k _ vi,j+§‘k—l —v,,-_ é'k— 1) +v,,~+%k ”1—1..7'+§,k "‘ ”Ha-ale
53: 6:3

“ 4 g; wi,j,k—% + 51;
(tum-1-5. “ wi,j+1.k+§ — wi,j+1,k—§)

6:1:
bz = 4u1"%1j1k —

Ez—
(ui_%1j1k — ui+éyjyk_l — ui_%1j)k—.1)

4
59: 5x

+ 537 ”i,j+%.k — 5 (”angle “ ”angle—1 — Uid—éJc—l)

6x- 5; (wi1j+11k+% + wiyj‘l'lvk—é — wz1j1k_%) _ wi1j1k_%' + wi—1111k+% + wi—11j1k_%'

6516 6.7:
53 = ui_%,j,k_ 51; Ui,j+;-,k+ 5—2 wi,j,k—-‘5'

The solution of (147) is obtained by Gaussian elimination. Once the velocities
at the empty cell faces have been computed the pressure is calculated by (142)
applied at the surface cell centre yielding

15 _ 2
[ (ui+15,j+1.k

+ “i—§,j+1,k — ui+%.j|k — “if,“ + ”i.j+§,k 4“ ”weak
iijk — fiR

——

a e 63;

“vi—1,j+;-,k —

”Ma—w) + (“with
+ iii—am ‘ “Ham—1 + “Pam-1

3:6 52

+ w',j,k+‘- +01-11-- wind-1+; ‘wi—1,j,k—;- ”111+“ + U,j—-k
5m

_vi,j+%—,k—-1 “ UiJ—éJc—l wi,j+1,k+§ + wi.j+1,k-‘§ — t"z“,j.1c+§ * “Jim—i+ (148)52 6y
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(1) Surface cells having the (71 ~ i), (j — .‘~) and (k + 35)—faces contiguous1

with empty cells (see figure 25).

: A

wij,k+1/2

ui' ‘ik I lp'J,k
-— ------

’i" -><—-

~-_______-___

571,1- 1/2,k
' s

E

Fig. 25. S-cell with the (i —~ %) and ( — 5) and (k + l§)—faces
contiguous with E—cells.

For these cells we assume the local unit vectors take the form:

x/i’i fl 0/5 W 0/5 —2¢6 \/f_5 0/6
H : __’ __9 _“ ’ m1 = —’ 07 __ ’ 1112: __.____, _7 ”— '3 3 3 2 2 6 6 6

Introducing n, m1 and m2 into (13)—(15) gives

2 011, 01) (9a Ow 0,0 Ow
.[(—*)(——> (07,5) _ 0,000

(flu Ow On ‘(')v 8a aw
.

255—2540 (EFLfi) + (55+???) _ 0,(i50)
{an 02) (Ow Bu av

(
Ou aw av aw

__2—02—45jl;+25;—(m+—_')_2<5;~%>+(£+_85> —— 0,(151)

respectively. Adding (150) and (151) yields
811, (71) 311, Ow 01) (71.1)

4— — 4~ — 2 — — ~ = . :_

(7:1: 0:1)
(02 + (7m) + 2 (02 + fly) 0 (152)

Mass conservation gives
(711,

+
(71)

+
(7111

_ 0 0,3)00- 03, az “ ‘ ""

I he values of “04513107 1),-'j_;_',c and wiyj,k+% are obtained in a Similar way as m
C) above. By applying eqs. (153), (150) and (152) in the surface cell centre
we obtain the following linear system:
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_ (4 + £2) 4 (“g—z) + g? 1” (2—3) Ui—§,j,1c bl
6 $5— _. éfi __ gin. U' - = 4(“4 + 35) _1+ (5?) 4 (n) 53; RPM 22 (15 >

where

6:1: 696
bx = “4ui+-;-,j,k + (3.7?) (“Ham _ ui+%,j,k—1 " ui—%,j,k—1) + (55) ”male

6:1: 531:

— 3; (vi,j+%,k — ”angle—1 “ ”inf—aw) + @ (wimk-é

“wi,j+1,k+% ’ wi,j+1,k—’5) + wi+1,j,k+§ + wi+1,j,k—§ “ mam—15

5:1:
bz = ‘4ui+§,1,k + (55 (“i+%,j+1,k + u'—%,j+1,k — “My,”

5a:

61:
—' ”ms—5k + (31; (wi,j,k+§ — wi,j+1,k+*5 — wu+1,k—%)

b
6:13 5st

3 — _“i+§,j,k — g ”i,j+§,k + 3; wiJJc—é- -

Once turd-7k, v, i,j—%,k and wimk+§ have been computed the pressure at the
surface ceh centre is given by

15 _
2

[(ui+;—.j+1,k
+ “i—éwuc — ui+%,j,k — “i—é—JJC

+ Ui+1,j+§,k
ivjvk — 3B 6 6g

”mu—5k * ”mg-x “ Uij~%,k) (”MW
+ ui—é—JJC ‘ "Mimic—1 + ui—%,j,k—1

6:1: 62

wi+1,j,k+% + wi+1,j,k—15 ‘ wi,j,k+% — wi,j,k—§ ”i,j+%,k + ”in—ah
5x

‘Uz'.j+%.k~1 — vi.j—%,k—1
+ wi.j+1,k+§ + wi,j+1,k—% “ tum-$495 — wi,j,k—%

(155)6z 5g
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e) Surface cells having the (i + %), (j + 5) and (k — %)*faces contiguous
with empty cells (see figure 26).

5 v 514112 - _
_:r _____ 1.3;

1 ‘ : f
S : 1’ u '. ’.

lEiJJz ’ lfiMJ’k E
4'- - x----------- a” --------------
. A ':

”flak-U2 :

j ______________

E

Fig. 26. S—cell with the (i + %) and (j + %) and (k — %)—faces
contiguous with E—cells faces.

For these cells we assume the local unit vectors take the form:

”(Q W _W) , ml:(£, W o) , mz:(W W ’W>._3’ 3’ 3 z “7’ T’ 6 6

Introducing n, In] and 1112 into (13)—(15) we have

2 Bu 81) (9a aw 02) aw
p—3Re [<a—y+“a—x>*(5;+%>—<a—z-+5§)] = 0,(156)

fju av 3a aw av aw2%_25§_<5+%>+<$+0_y> = 0,(157)

2071, +20?) 40111 +2
(711,

+
(71;

+
f)“ (711)

+
31)

+
(710

_ 0 158
0:1: Uy (72 Oy 0.7: 02 0:0 (72 a _ ’ (

7 )

resrxmtively. Adding (l57) and (158) it yields

Bu Ow Ou (71; 01) Ow
4. — 4—— 2 — - 2 — __ z _

,

(7:1: 82 + (fly + 0.10) + (82 + 331) 0 (159)

Mass conservation gives

(711,

+
(71)

+
(771)

_ 0 160
One ay 02 ‘ ' ( l
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Similarly as above, the values of ul+§ ,jk7 vij+§ k and mm,“1_ are required.
They are obtained by applying eqs. (1260), (157)2 and (159) at 2the surface cell

centre which leads to the following linear system

(Ht?) Git???) (iii—1) “am 61

@+%> 0—11 ex+1> 111 = 1 <wn
1 t- —§—: Wank—1 b3

where

6:1:
4

6.1:
bl = 4111—5111 + 5; (“145mm + “1—511“ — “1—15,.1,1c)

6T, via—15.1

6x
+ 5—1;

(vial-£31“ — vi,j+%,k+l _ vi’j~%’k+l> + wi’j'k+é— - wi—I’j’k+15

6:13

)“ wi—Lch—‘5 _ gy‘
(wi,j,k+;— — wig—Lula — w1,j—1,k—;-

6m 53x
1)? : 417‘i—;—,j,k‘ "g; (”i—wk_“1+;—,j—1,1c—ui——,j~1k)+ 3; (”m-5k

Ur.j+§,k+1 * ”aha/CH) “ vi,j—%,lc + vi—1,j+%,k + ”14,1;ch
5x 63:

—
5—y-

(w11]1k+% _ wiyjnlyk'l'ii _ wi1j_1|k"15) + 4
6—5, w1137k+%

6:1: 6:1:
(13 _—: ui_%,]~,k+ a; Ui,j—%,k_ 3; wi,j,k+%'

After calculating the velocities at the empty cell faces, the pressure at the
surface cell centre is computed by

2
Kuwait

+ “1—511 ‘ “1451—11 “ “1—— j— 1 k
+ Ui,j+%,k + Did—51C

fin-7k Z r '” me 63;

”14.1451: ”1—11" 11 “115,11“ Jr “1—511“ ‘ “1431.11 + “1—3ch
51; 62

w1,.7’,1c+;- + wamfi “ ”14.13“;- “ wi—Lch-g— ”1.14511“ + ”Li—am
6x

*”1.j+§.k “ ”131—511 wi.j,k+§ + wi,j,k—% — w1,1-1,k+§ * wm—l,k—§+ (162162
,

5?!
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f) Surface cells having the (i —— 5), (j + %) and (k —- %)-—faces contiguous
with empty cells (see figure 27).

E

Fig. 27. S cell with the (7' — 15) and (j + %) and (k — %)—faces
contiguous with E—cells faces.

For these cells we assume the local unit vectors take the form:

Jr‘s x/i'i x/fi fl fl A? \/<'s 2\/’6‘n: —————, —, —— , ml: —, —, 0 , 1112: ~——, ———, ——~ .
3 3 3 2 2 6 6 6

Introducing n, m1 and m2 into (13)—(15) yields

_2 _@+Qz+a_u+_@_?_v+@gp 3126 0y 3m (72 0:1: 82 871

F

(771, (77; 07.7 dw (97; (770

25—17za-l- (biz—+75) + (0—24- 37,1) —— 0,064)(
(777

f
(77) Ow (777 071 ()w 07) 071)2—+2——7*2(—+> (07 a7>+(77797) 7 04165)

)

(7.7; (771 Hz (77/ +07:

icspcctively. Adding (164) and (165 yields

Bu aw Bu 07) 87) Bu)

8; 02 (ay+%>+2<‘5§+a—y)_ 0. (166)

Mass conservation gives

0 , (163)

077 (77) 071)

55+5§+£_0. (167)

The values of ”i—l5,,7',k> 7)i,]-+%‘k and 71)i’j,k_% are found as above. Namely, by
applying eqs. (167), (164) and (166) at the surface cell centre it leads to the
following linear system
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61: (Sat Q __~ (4 + 52) (451! +5—67) 531
1 “1—5” bl
5 . . __— (4 + g) 1— fig;- (42—3 + 3”; ”mg-t — bz

(168)
where

63: 6.7:
I)? = “4ui+%,j.k _ (5—2) (uui+2,j,k+1 + ui——,j,k+1— “1415030 +4 <5)?“LJ—é k

5:0
“ (52> (”i,j+%,k+1 + “ti—am — via—ale) — (j) (wimwg “ wi,J'—1,k+§—

wi,j—1,k~%) + wi,j.k+;— ” wi+1,j,k+§ — wank—i
6:1:

1’2 = *4“i+§,j.k + (55) (“with ‘ “Haj—we “ ui—éJ—Lk)

6.7;

+ (3; (”u—5k — vi,j+%,k+1 - ”ti—am) + vi+1,j+§.k + ”mg—5k * ”ti—5k

6:1:
— (35) (wi'j‘H'lf — wi’j‘lvk+% _ wi,j~1,k—%) + 4 <

61; 6:13

53 = “ui+%,j,k+ g; ”id—5k” 5; wiJ'H‘lz'"

6m

5 “Mug

After solving (168) by Gaussian elimination the pressure at the surface cell
centre is computed by

W = ”37?

+vi+1.j—-;-.k ‘ i 145.1:

y

ui——,j~~l, k2 "145 j,k + ui—— ,j,k " ui+-;-,j—1,k —

e 6

i+-2- ,j,k+1 + ui—— j, k+1~

Ui+1,j+%,k

ui+;2' Jvk + zit-“JV,“v 1 ——~ U~ ~ 1
1. 1,1—5yk

M H
wi+1,j,k+§- + wi+1,j,k—%

6:1:

wz'.j,k+% + “Mme

6z

52 (5g

43

—~'U)l~’-__
,
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g) Surface cells having the (i + 5), (j ~ %) and (k — %)—faces contiguous
with empty cells (see figure 28).

’“ i+1/2,i,k
: J- - » ......................U ij-1/2,k,. >’<*7’* :: l’ A ,

’
:

1 wij,k-1/2 :
E

1 E, """""""
E

Fig. 28. S—cell with the (i + %) and (j — l) and (k — %)—faces2

contiguous with E—cell faces.

For these cells we assume the local unit vectors can be approximated by

(if—seme—s
Introducing n, m1 and m2 into (13)—(15) yields

_2_ _ Qua: _ are) + 911+ng77
3126 (7y 8m 02 0:1: 82 83;

Du 01) an 3w 0?) 3w
20:1: ~28y _ (82 + 0:17) _ (54—55) _ O

’ (171)

flu (91) aw an (71) Bu aw av aw255+257j—40z—2(0y+%)+($*5§)_<5§+6y) — 0,(172)

respectively. Adding (171) and (172) we have

0 , (170)

an aw an (91; av aw4-—4——-2 — — ~2 — __ z .aa- 02 (ay “L am) (02 + 031) O (173)

Mass conservation gives

all (71) Ow
%+Fy+—a;—O-

v

(174)

The values of upraj‘k, “id—5,1: and wi,j,k-§ are required when computing the
tilde velocities. They are obtained by applying eqs. (174), (1.71) and (173)
at the surface cell centre. It can be shown that the resulting linear system is
given by

44



(4 + g) (4255 + 2—3) (£25 — > “'i+§,j,1c bl

(Hg-g) (gag-1) (4§—§+%§) vii-ii = 62 (175)
1 —%£ —% “flaw—é- 63

y z

where

63: 6st
bi = 4ui+;_,j,k+ 5—2-

(“i+%,j,k+1 +“i—;—,j,k+1 —“i+’5,j.k) + 4
35 vi,j+%,k

(5:7) 6517

+ 3; (vi,j+%’k+1 + ”i.j~%»k+1 ‘ ”131450 +
6—3;

(U’i.j+1.lc+‘5 "l" wid+1,k—§

— wi,j,k+%) + wi.j,k+% ’ wi—IJSHIE — wf—lvi»k"%

5.7; 6m
62 = 4ui—15JJC + 3; (“i+%,j+1,k + “i—éyi’rlvk _ uifiM) + 5; (“Ham

+ vi,j—%.k+1 ‘ ”i,j+;-,k) + vi,j+%.k “ ”i—1.j+%,k ‘ ”Fm—ah
5m 5:1:

+ 4" 3; wi,j,k+’5+ 371
(wi.j+1,k+§+wi.j+1,k~’5“wi,j,k+§)

51- «Sr
1’3 I "i~.—}.j,k_ 537 Ui,.1'+‘5.k— 3; wax/cw;-

After solving (175), the pressure at the surface cell centre is given by (170)
applied at; position (i,j, k) which gives

73 _
2

[ (ui+§,j+1,k
+ ui—‘W'HJc ‘ “name “ “i—g—m

+ ”any:
6 6g

+vi,j—-%,k ‘ ”Fug-w ‘ ”i-1,j—§,k) (“Hg-M“
+ “Pisa/m " “Name + iii—awe

(523 62

WW + “wk-g- * wi—nm‘a — U’f—Imk—é- +M(575

—vi,j+;_,k -— vi,j~é-,k + wi,j+l,k+% + wi,j+1,k—% — wiJ,k+% _ Walk—i
(176)(52 531



h) Surface cells having the (i — %), (j — %) and (k — %)—faces contiguous
with empty cells (see figure 29).

Sl
l
I

l
I

l

l
I

I
E fut-1 jk ’|

L.
I

A
W iJ,k-1/2

Fig. 29. S—cell with the (i -— %) and (j — %) and (k - %)—faces
contiguous with E—cell faces.

For these cells we assume the local unit vectors can be approximated by

“3’3’3’“2’2”“6’6’6'
Introducing n, m1 and m2 into (13)—(15) yields

2 8a 01) an aw 811 Owp"§§él’<5§+5§)’ (37+ 37>+(5; + ayll — M177)

‘
(')u 81) Ga
am—2277J_<37+8

2?) (gift 22:2)
_ 0,(178)

du 01) Ow Ou 01) du

respectively. Adding (178) and (179) we have

Bu aw On 81) av 6w4— — —— — — — — —— — z .8m 482 2 (By + 8:0) 2 (dz + 831) 0 (180)

Mass conservation gives
@+93+8w—0 181
0:17 ay 82 * ( l

The values of u," j k, v“; 1 k and wij k_1_ are required when computing the
tilde velocities lliey can be obtained by applying eqs. (181), (178) and (180)
at the surface cell centre which leads the following linear system
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—<4+%> (11—1) <4z—z+zz> In
6 6x 6:1: 51:55 _ vi = b 182“ (4 + Sf) (4331+ 62) (51,6 > J“ k

b2
< )

ya _:c w~ _1 3—'1 3—212 (52 l,],k 2

where

5:1: 5x
bl = 4“1+;-,j,k + (55) (ui-i-lg'J'Jc “ ui+%.j+1,k — ui—-— j+1k) (57) (Ui.j+%,k

— vi,j+;-,k+1 — vi,j—%,k+1) + Ui.j+§.k — ”1+1,j+§,k " ”Hm—ah
6x 5x

+ 4 g; wi.j,k+%+ g; (wi,j+1,k+15+ wi,j+1.k—15—wi,j.k+§7)

5m 6m
bz = “4ui+%,j,k — (52) (Ui+§,j,k+1 + ui—%,j,k+l “ “1+ 174311) + 4 (5—11) vi,j+%,k

5x
+ (3; (”141111111 + ”id—am — 231411) + “My“; — wi+1,j,k+’5

6:1:

6x 61:
b3 2 ui+%’j'k + “5; vi’j+!5'k + “6; wi'j,k+;_ .

Once u1__ J k, vu-__ k and wijk_ % have been computed, the pressure at the
surface ce2'll15 obtained by (177) applied at position (i, j, k) which gives

fl . ‘_ 2 “Hi ,,j+1 k + “i—— Hj+11c“ “Ham “ ui——,j.k ”i+1.j+§.k
phi»)? _ 3126

—
5g +

+Ui+1.j—§-1k “ “aura/c “ ”id-5k) _ (“ 1+;- 1k+1 + “i——,j,k+1ui+§,j,k + “i—ém
6x 62

wi+1.j.k+:-2 + wi+1,j,k—‘5 ‘ wi.j,k+§ — wi,j,k~§ + ”i,j+§,k+1 + "Um—5k“
(5m

“Ui,j+%,k ‘ ”in—5k + wi,j+1,k+;- + wi.j+1,k—1§ “ wi,j,k+§ — wig-1-1 (183)6z 53!
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6.2. Boundary Conditions on Curved Surfaces

When the discretized Navier-Stokes equations (16)—(18) are applied at nodes adja-
cent to a boundary cell (B—cell), the velocities u, v and w on the B—cell faces are
required. If no-slip conditions are imposed on the boundary surface these values can
be estimated in terms of function values at internal nodes and boundary values by
linear interpolation.
It can be seen that the boundary cells can have one, two and three faces contiguous
with interior cells. More specificaly, there are 6 possible configurations of B—cells
with only one face contiguous with an interior cell, 12 cases of B—cells with two
adjacent faces contiguous with interior cells and 8 cases of B—cells having three ad—

jacent faces contiguous with interior cells. In this Section we give the equations for
calculating the velocities on the boundary cell faces by considering various B—cell

configurations as follows:

6.2.1‘ B—cells having only one face contiguous with an interior cell.
For these cells we compute the velocities on the B—cell faces in terms of the veloc—

ities of the adjacent interior cell and the velocity at the boundary by using linear
interpolation. The several cases to consider will be given next:

a) B-Cell with the (i+ %) face contiguous with an interior cell (see figure
30).

x
AwiJ’IH'I : A wi+1j,k /2

Wb v . .
i

/2
5

O i J” ’L O
D +1,j+1/ k

a x i

£1;
vb Po; p, a i+3/2,i,k

:
“b u rid/2,1 k

,. _ - - ____________ L ________________

l’ B F

Fig. 30. B—cell with the (z + %)—face contiguous with an interior cell.

As we can see in figure 30, the velocities u,+%,jyk, 11,0451, and wi,j,k+% are
required when computing the tilde velocities through (16)—(18). These can be
obtained by employing linear interpolation between the velocity on the interior
cell and the boundary velocity as follows: Consider figure 30 for the calculation
of 11,145,316. Let P0 = ($i+%,yj,zk), P1 = ($i+%,yj,2k) and Pb = (rub,yj,zk)
where stub denotes the intersection point between the line defined by P0 and
P1 and the boundary surface, namely, rub is calculated from

f(wub,7/j’ 2k) 2 0
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b)

where f (m,y,z) is the equation describing the local boundary. Thus, linear
interpolation between Pb and P1 gives

5” - $i+<i w — W;2”(x) =“W + “i+%.j.k
mub ‘" “TH-g (”Hg '_ a7ub

so that an approximation for “mg,“ is obtained by

$14.1. "" mub 6.1:

u- 1_- =z+2h71k mub _ mi-{Ji
2$14.3 _ wub

where ub is the boundary velocity in the x-direction. The other two velocities
on the B-cell faces are obtained similarly and are given by

5175 — wub 6:1:
~ - 1 = —————v- ~ 1 -— ————————v 185vw+5Jc $i+1 _ va 1+1,J+§1k (Eub __ $i+1

b ( )

m,- —— mm 636

w. i = —————w. . — ————w 1 6mk+5 $i+1 _ wwb
z+1,J,k+;— scab _ “+1

b ( 8 )

where am, and mm are obtained from

10017061 yj+§azk) = 0 ’

f($wbayja Zia-i) z 01

respectively and vb and wb are the boundary velocities in the y and z directions
respectively.

B-Cell with the (i—;})—face contiguous with an interior cell (see figure
31).

"ft-1 ,k-l-1I2 A

v Lug/2,1: Q
ui-3/2Jk Q 5 “id/2;

Fig. 31. B—cell with the (i —— %)—face contiguous with an interior cell.
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Here we procceed as in a) above and it can be shown that the velocities at the
boundary cell faces are given by

371415 “ $116 656

u'_l . : U'_3 1 ”I?
1 2.1.k

13—92- _ xub
t 2.1,19

wub _ (Bi—3

v
T1 * CCUb

U +
(5117

1)“1+” Ii-i * Him;
1 I'J+2‘k wub — 731-1

10
xi — mm),

11) +
656

w. . l = ——————————— -_ - 1 —————— 1,ch+2 $1.4 __ wa z 1,1,k+2 33m _ mi_1

where snub, my), and new), are calculated from

f(37ub,?/j,2k) : 07

f($ub9yj+%7zk) 2 a
0

f(waayjazk+%) : 0,
respectively.

0) B—Cell with the (j + %)~face contiguous with an interior cell.

(187)

(188)

(189)

Similarly as in a) above, the velocities on the B-cell faces are computed by
employing linear interpolation between the velocity of the interior cell and the
velocity on the boundary (see figure 32). It can be verified that in this case

n l ".\v" 1"1 " .. ‘ f.)the vcloutics uh‘i‘mk’ UMP?) and mei are {Divcn by

111+ij 2 MUM“ 1. _Lu),2“ ?/j+1 " 3/sz 2’ ’

yub *‘ yj+1

J 2' yj+§ — yv” 14+2, yvb — yj+%

wt. 1: MW ,___§y__w”‘HE yj+1 — ywb ”H’Hf ywb — yj+1
b

where yub, yvb and ywb are calculated from

f($i+157yub7 210) Z 07

f($iayvbazk) : 0,
f($ivywbazk+%) : O

9

respectively.

l"

(190)

(191)

(192)



{F
wiJ+ ,k+"1/2 A C; iJ+3 .k

a“ '+1/2,j+1,k

Fig. 32. B—cell with the (j + %)——face contiguous with an interior
cell.

51



d) B—Cell with the (j — %)—face contiguous with an interior cell (see
figure 33).
As in c), the values of 11143“, 2)if“ and wiyj1k+% are approximated by

yj — yub «Sy

———~ui 1. c + —~———ub 193)
llj—l — yub +2” ”’°

yub — l/j—l
(

ill-J. ~ yub 61
J‘J—“Ui j..§ k ‘l‘ "—J—“’7<’b 0.94)
iii—51 ’ yvb

’ 2' yvb “ Eli-é
‘ '— ? w 61

'M‘wij—i,k+1— + _’—J_‘wb (195)
yj-1 — ywb

’ 2 ywb ~ yj—l

where yub, yvb and ywb are calculated from

respect] vcly.

f(xi+;-ayubizk) : 0,
f(xi,yub,zk) 2 0 ,

f(xi7ywb>zk+’5) : O
7

. y
w ‘j kit/2 A

.

B
: i+1/2J,k

yl’b ’ y“
wij- ,k+i:/2 x6 if“ k; .......

six 41
;: ..............I! 171/2J-1,k

2 5 O

Fig. 33. B—cell with the (j — %)—face contiguous with an interior
cell.

e) B—Cell with the (k + %)—face contiguous with an interior cell (see
figure 34).
Again, interpolation between the velocity of the interior cell and the velocity
on the boundary surface gives the following approximations for u“; 1- k, v2 1 i

and uri’j1k+15
i,j+§,k

zk — zub éz
ui+%,j,k+1 ‘hub (196)

216+] _' zub zub _ zk+1
2k — 2m, 62
m”i,j+%,k+l * —————v;, (197)
Zk-H _' va zub _ zk+1
2k _' zwb (SZ

,

——————wi‘jlk+g — ———————wb (198)
Zk+1 — Zwb 2 Zwb — Zk+1
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where yub, yvg and 31105” are calculated from

f(xi+%7yj, zub) = 0 ,

f(wi,yj+%,zub) 1: 0 ,

f(xi’yiazwb) = 0 7

respectively.

i+1/2,j,k+1

F+1/2,i,k

Fig. 34. B—cell with the k + %—face contiguous with an interior cell.

f) B—Cell with the (k —- %)—face contiguous with an interior cell (see

(199)

(200)

(201)

figure 35).
Similarly as m e) above, the values of “14-5131“ ”131451: and wiyj7k_% are given
by

2k — zub +
62

U- 1- 'k = —————u4+r "k—l “lib1+7’J’ zk—i — Zub
1 2,3. Zub — zk-1

zk — 21,1,
+

62
103+20k zk—l __ z'ljb 171+21k 1

Z‘Ub _ zk_%

zk —— zwb +
6z

w-- r = —————w~_g ————————wb“M“ 2k—1 — Zwb
Q'J’k 2 Zwb — zlc—l

where yub, yvb and ywb are calculated from

f(xi+%ayjazub) : 0
v

u
-

f(113,‘, yj+§izvb) = 07

f(wi,yia Zwb) : 0 7

respectively.
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B'A“‘,“' "j:

k-I
i+1/2,j,k-1

,’1 A w ° ',k;/1/2

,B Cyan/2
I

O
u

,’ A w tj,k /2

Fig. 35. B—cell with the (k — %)—face c
cell.
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6.2.2. B—cells having two adjacent faces contiguous with interior cells.

The twelve configurations of B—cells having two adjacent faces contiguous with
interior cells will be treated in a similiar way as “for B—cells having only one face
contiguous with an interior cell. Each of these cases will be reduced to linear in-
terpolation in one direction and then the equations derived in Section 6.2.1 will be
used to obtain approximations for the velocities on the B—cell faces. The twelve
cases will be considered next:

a) B—cell with the (i + %) and (k+ %)—faces contiguous with interior cells
(see figure 36).

i+1/2,j,k+1

wa

P f \
, \bz. zub/’ /

Fig. 36. B—cell with the (z + i) and (k + %)—faces contiguous with
interior cells.

As we can see from figure 36, in order to obtain an approximation for ui+l,j,k
one may employ linear interpolation in the x-direction by using uprgd-yk an ab
or interpolate in the z—direction by using ui+l,j,k+1 and ub. To choose which
direction is the more appropriate to perform the interpolation we procceed as
follows.

Consider figure 36 for the calculation of ui+%'j,,c. Let P0 : ($i+%,yj,2k),
Plx = (33i+g,yjazkl, Pbx = ($ub,yj»zk), P17. = ($i+%angzlc+l) and sz =
(IIIi+i§,?/j, zub), where (tub is the intersection point between the line defined by
P0 and Plx and the boundary surface; zub is the intersection point of the line
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defined by P0 and PM and the boundary surface. The values of 171111 and zub

can be computed from
f($ub, yj1 2k) = 0

and
f(xi+;—aijzub) : 0

respectively. Once scab and zub have been obtained we can calculate the dis-
tances

druu : mub — sci-+5 and dzu : [zub — zk|

To choose the direction for interpolation we take the closest point to P0. For
instance, if dmu < dzu we take Pbx and interpolate between Pbx and Plx. In
this case, it can be easily verified that ui+§mk is given by

$~ l — it: b 62+2 u (L'

uprhk — ————~ub . (202)u- 11 21+21J1k $111) _ mi+g2$1+§ _ 1131111

On the other hand, if elm > dz“ then we choose sz and interpolate between
PM and PM which gives

zk — zub 62 (

ui+%,j,k+1 — ———ub . (203)it. 1. II‘i‘21.71k zub __ Zk-l—lZk+1 ’_ Zub

101 the other two velocities,v”13+; ,k and wimk+1, the same criteria are ap~
plied. or instance, to obtain an approximation2 for 1),]‘;_1L ,k we compute the
intersection points snub and zvb from

f($vb’ yj+§a Zk) : O

and
f($isyj+%azvb) = 0

and calculate the distances

dam z 1wa — ml and dzu = lzub ~ 2ch

Finally, we check which1s the smallest distance and compute v2j+1 k, thatIS,
if d“, < dzu we interpolate between v1+1 143k and vb which gives

(L'i — grub (527

Ui+1,j+%.k _ ”b - (204)v- - 1 z1, +-,kJ 2 wvb _ 3214.1mi-i—l _‘ mub

Otherwise, we interpolate in the z-direction which yields

2k _ Zub ($2
v~-1__=——————v~~1 ————————Ub. 205l.]+2J~ Zk+l __ va l.]+2,k+1 Zub _ 2k+1

( )
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Similarly, in order to calculate mm)“ % we first compute intersection points wwb

and zwb from
f(wwbayj’zk+%) = 0

and
f($i,yj,2wb) = 0

and calculate the distances

dxw = lmwb — xii and dzw = lzwb _' zkl ~

If dam < dz“, then interpolating in the m-direction leads to

(L'i — wa 5:1:

wi+1,j,k+;- “ —_’—‘wb; (206)w. 'k _1_ z1.1, +2 Iwb _ (“+1xi+1 '_ zwb

otherwise we interpolate in the z—direction which gives

2k — Zwb (SZ

z‘,j.k+%“Gay“;- = wb . (207)
Zk+1 — Zwb zwb "— Zk+1

b) B—cell with the (i — %) and (k+ %)—faces contiguous with interior cells
(see figure 37).

Fig. 37. B—cell with the (i —- i) and (k + %)~faces contiguous with
interior cells.

Here we follow the same ideas used in a) above. The values of u
.

i_%1j1k ’ viyj‘l'é’yk
and wi,j,k+;- are obtained as follows:
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—- Computation of ui—§,j,k
1. Compute stub and zub from

f(xub7yj7zk) : 0 3 f(xi—%3yj,zub) 20
2. Calculate the distances d“ and dzu

dzu : mub '_ mi—l—l ) dzu = lzub —" zkl
13. Compute u._;_’j,k
”(dam < dz”) Then

"Ti—g $ub 6.1;

u__ we: u-_g- “b1 21.77 $i_l _ lub
1’ 2n71k

mu!) __ $i_§2 2

Else
2k — zub 62

I 2’J'k 2k+1 — Zub
z ”NC-H Zub — Zk+1

, .
— Computatmn of vi.j+%.k

1. Compute mug, and zub from

f(va)yj+%,zk): 0 ’ f(wi,yj+%,zvb) 20
2. Calculate the distances dry and dz“

dry I lxub '— mil , dzv = lzvb _ zkl
13. Compute ”131451:
HM” < dzv) Then

33,- — va +
5x

v- . 1 = -————u ‘ 1 ~————vz,J+—,k —1, +—,k b
2 565—1 — vab

l J 2 wub ~ Sci—1

Else
2k _ zvb 62

U'-l :————v-~1 ————————v11J+—1k 1) +_1k+1 b
2 zk+1 — z'ub J 2 2111) _" zk+l

, .
— Cornputatlon of wi.j,k+‘5

1. Compute scwb and zwb from

f($wbayjazk+%):07 f($i,yj’zwb) 20
2. Calculate the distances dam, and dz",

dzw : lwa ”' wil a dzw : lzu/b — zk+15|
‘

A3 Compute wi,j,k+15
“(dim < (1m) Then

w
re,- —— mm +

6x
i,j,k+l Z _ '——wi—1,',k+l ——_'wb2 $i—1 ~ $wb J 2 wwb — flit—1

Else
u)

2k —— Zwb 62
i,j,k+’- 2 _ "_‘wi 'k+é "‘ “wt;2 zk+1 '_ zwb

R71 2 zwb _ zk+1



c) B—cell with the (j + 35) and (13+ %)—faces contiguous with interior cells
(see figure 38).

Fig. 38. B—cell with the (j + g) and (k + ~1,-)—-faces contiguous with
interior cells.

As above, the values of iii-+5“ , vm-Jréyk and wi,j,k+15 are obtained as follows:

— Computation of 11141?ij
1. Compute yub and zub from

f($i+%,yub,zk) =—‘ 0, f($i+§>yj>zub) z 0

2. Calculate the distances dyu and dw

dyu = lyub — yjl , dzu = Izub — Zk

3. Compute 215+?“
If(dyu < dz“) Then

u 1 — ~————-yj_ yUb
u 1

———————5y
ubi+—,',Ic — z'+—,'+1,k ‘2 J yj+1 — W» 2 J yub — yj+1

Else
2k — Zub (52

u~1- =‘——————’U,-1» ———————u1+_1]yk 1+“) 1k+1 b
2 2k+1 — Zub 2 J Zub — 2k+1

, .
— Computatlon of ”i,j+%,k

1. Compute yub and zub from

f(-71i,,7/ub,Z/c) = 0 , f($i7?/j+;_azvb) : 0
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2. Calculate the distances dyv and dz”

dyv : yub _' y_7+% , dzv : lzvb ’_ 2k

13. Compute vilj+%'k
”(c/Wu < dz”) ',|.‘hen

yj+% —' yvb <5y

v~1=—-—-—v~3 ——————-———’Ul)]+—|k 1,]+—,’C b
2 y”; " yvb 2 W7 _ yj+%

Else
2k - zvb 62

UHL :—__—U"_l_ —-.__._—_—'Ub2,J+2.k 2k“ _ Zub w+zyk+1 va _ 2k+1
, .

— Computatmn of mm“;—
1. Compute ywb and zwb from

f(xi’ywbazk+15):0 a f(xi1yjazwb)=0

2. Calculate the distances dyw and dzw

dyw : lywb _ yjl a dzw 2 lzwb _ 25134";

3. Compute wi’j,k+%
“(dyw < dw) Then

yj _ ywb éy
w- - Z ----——————w‘ - 1 — ————————wch+— z, +1,k+— b

2 yj+1 — ywb J 2 ywb — yj+1

Else
. 2k _ zwb 62

ww<1_=———w.-‘3——————-—wlyjyk+2 Zk+1 _ Z'LUb 2|J1k+5 Zwb __ Zk+1
b
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d) B~cell with the (j — %) and (19+ %)—faces contiguous with interior cells
(see figure 39).

‘ “ i+1/2,j,k
b

Fig. 39. B—cell with the (j — %) and (k + %)—faces contiguous with
interior cells.

As above, the values ol ui+§mk , vi‘j_%’k and wi,j,k+15 are obtained as follows:

1 , _' v.-— Computation of til-”ELM.

1. Compute yub and zub from

f(fci+;»yub,zk) =07 f(w¢+%,yj,zub) =0
2. Calculate the distances dyu and dz“

dyu 2 lyub — yjl , dzu = lzub — 2k,

3. Compute ui+;—,j,k

lf(dyu < dw) Then

yj - yub (Sy
ui+Lll1k : __*—~ui+1-Y—17k + —_—ub2 J

yj—l — yub 2 J yub '_ yj~1

Else
u 1

2k — zub
u

62
u1+2,J,k Zk+1 _ Zub 2+2,J,k+1 Zub _ Zk+1
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— Computation of vi,j_%7k

1. Compute yub and zvb from

f($i,yvb,2k) = 0, f(mi’yj—%vzvb) = 0

2. Calculate the distances dyv and dzu

dyv = yvb — 91>}; , dzv = lzub — 2k

3. Compute ”i,j~§,k
“(dyu < dz”) Then

-_l_ — b

”ii—l k = uvuik _ LU!)' 2' yj—%_yvb
’ 27 yw—yj—g

Else
zk - zvb 6z

v--1 :————-——v~-1 ——-—v1 ‘1k 1 _vk 1 b”+2 Zk+1 — 2116 ”+2 + Zub — 2k+1
, .-— Computatlon of “ML“;-
1. Compute ywb and zwb from

ft“, ywbv Zk+%) : 0
a f(mi7yj7 Zwb) : 0

2. Calculate the distances dyw and dzu,

dyw = lbe _ yjl a dzw : lzwb — zk+%

3. Compute “Jim“;-
If(dyw < dzw) Then

yj _ ywb (Sy
w..1:———‘w>~ 1_"——‘_—wlevk'l'" v +11k+_ b

2 yj+1 — ywb ” 2 ywb — yj+1

Else
10

2k —— zwb 5z
ch+2 Zk+1 _ Zwb 1,1,k+2 b

zwb _ zk+1



e) B—cell with the (z' + i) and (k— %)—-faces contiguous with interior cells
(see figure 40).

k C)

i+1/2,j,k ¢

xF
Fig. 40. B—cell with the (i + -,i;) and (k — %)—faces contiguous with

interior cells.

As above, the values of 111415,“ , vi'j+%,k and wid’kJE are obtained as follows:

" _ , ' .— Computatlou of “Hg—“73k

1. Compute am, and zub from

f(xubayj7zk) : 0, f($i+§.,yjazub) = 0

2. Calculate the distances dam and d,m

dam 2 mub _' mi+£| a dzu = lzub — 2k

3. Compute ui+1_jk
2,1)ll(d,u < dz“) 'l.heu

11:1 —— Dub (5L
U- 1, :: ———-——————u. 3. _____._.__ U1+—1]1k l+~h7lk b

2
{Bl-+3 —- itub 2 xub _' (Ki-1.3

Else
2k — zub +

52
u- 1 - : ————————u~ 1 l ————-—uz+—,J,lc z+— k—l b

2 Zk~1 — zub 2'1‘ Zub — 219—1
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_‘ _ ,-— Computation of ”i,j+%,k
1. Compute rm, and zub from

f($vb’yj+%)zk) -_-: 0, f(mi7yj+%7zvb) 2:0

Calculate the distances dam, and d“,

dam : lva _ mil 5
dzv : lzvb '_ Zk

‘3. Compute vi,j+;_,k
”(dry < dzv) '.|‘hen

573i — rm 53?

v. t 1 : ———v. . 1 ~ vls]+_$k l+1,]+—,k b
2 IIIi+1 — (Dub 2 va ’_ SCH-1

Else
zk — m +

6z
U” 1 = ————v.- 1 v

, —,k 1 “1k— b11+2 zk—l __ zvb 11+2 1
2116 _ Zip—35

‘ .~ Computatwn of wi'j,k_;_
1. Compute wwb and zwb from

f($wbayjazk—%)=03 f($iaijzwb)=0

Calculate the distances dam and dz“,

dzw Z lwa "' mil ’ dzw : lzwb _ zk_%'

|Compute wi,j,k~;_
If(dw < dzw) Then

wijk_,_ :MM ,k_,_ _Lu”,’ ' 2 $i+1 ~ wab ’J' 2 l’wb — a”+1

Else

wt. 1 ~Mu, +
52

1,1,k—5 ~ Zk_§ __ Zwb
i,j,k—% wb

2 —-Z 3wb k_.2_
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f) B—cell with the (i —— i) and (k— %)—-faces contiguous with interior cells
(see figure 41).

Fig. 41. B—cell with the (i — %) and (k — %)—faces contiguous with
interior cells.

As above, the values of ui_%,j’k , vi,j+%,lc and waft—g— are obtalned as follows:

— Computation of ill-J?“
1. Compute grub and zub from

f(rvub,yj,2k) = 0, f(fci_;.ayj,2ub) = 0

2. Calculate the distances dm and dz“

dxu = lmub — xi-)_ 7 dzu : Izub “ Zk

r 13. Compute up?“
”(elm < dz“) Then

xi—% “ ”fub 5m
u-_1 - — u - + ubl 21.71":

xi_% _ mub
z 20:19 (tub __ $i_§_

Else
2k _ zub +

62
u 1 z u‘ u1— , ,k z— , ,k 1 b

2 J Zk—l _ zub 2 J

‘ .
— Computation of vi7j+%'k

1. Compute snub and zvb from

f(xub,yj+%7zlc) : 0
7 f(xiayj+%>zvb) : 0



2.

3.

— Computation of w

1.

2.

3.

Calculate the distances dam, and dz“

dam; = lwvb — wil 7
dzv : lzub "‘ Zk

Compute ”i,j+;—,k

If(dm, < dz“) Then

at,- -— va 511:

”mu- k = “vi—1 j+‘— k +mm)' 2’ ”ii—1 — fliub
’ 2’ wub — sci-1

Else
zk —- zvb +

62
”"lk=—“—“*v~lk_1 —————vb”+2’ Zk—l — zvb ”+2’ zvb — zk—%

ivj’k_l§

Compute numb and zwb from

f($wb,yjazk—32-) = 0, f(xi,yj’2wb) _—_ 0

Calculate the distances d“, and dzw

(1m, _—_- lwwb —— xi] , dzw : lzwb — zk_;_|

‘
.Compute w-’j,k_;_l

”(de < dzw) Then

(L'i "" mwb +
611?

w-. _1_ = ————w._ ~_l “‘_——"wb1,1,k 2 3711-1 __ mwb
1 1,1,k 2 me _ {65,4

Else
Zk—% — Zwb

+
62

w" —1— Z —_—_w“ _1 ————wb1,1,k 2
Zk—g- _ zwb

1.3.k 2 zwb _ Zk_§
2
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g) B—cell with the (j + %) and (k — %)——faces contiguous with interior cells
(see figure 42).

Fig. 42. B—cell with the (j + g) and (1c — %)—faces contiguous with
interior cells.

As above, the values of all-+5“ , vw-Jrak and wi_j,k_1§ are obteuned as follows:

1
_

.
— Computatlon of UM?“

1. Compute 7m; and zub from

f($i+;-’yub>zk) : 0» f($i+%,yj,2ub) = 0

2. Calculate the distances dyu and dzu

dyu : lyub ~ yjl , dzu = lzub — 2k

3. Compute ui+§mk
lf(dyu < dzu) Then

yj ~ yub éy
U» 1 - = ——————-———u, 1 . ._ ________u1+—, Jc —, +1,k b

2 J yj+1 " yub ”2 J W: — yj+1

Else

_ 2k — Zub <5z

”i+%.j,k *“F1 __ Z bui+§,j,k-1 +“2b _ 2k IUb_ u u _

G7



— lomputation of 1216+; k| 2)

1. Compute yvb and zvb from

f(xiayvb,zk) I 0, f($i7yj+;-7zub) = 0

2. Calculate the distances dyv and dz“

dyv = yub — yj+%l ’ dzu = lzvb " 2k

3. Compute Ui,j+§—,.k

If(cly,, < dz”) Then

yj+-;- _ yub 5yU.., :——————v-»a ———————v1,]+—,k w+~Jc b
2

yj+121 —~ 3111!) 2 yub _ yj+§i

Else
U

2k —— zvb +
62

i1+lyk Z ————v.1l+lrk_l ———_UbJ 2 Zk—l — zvb ” 2
‘ Zub — Zk—l

1 , .'— Computatlon of wi'j,k_;_
1. Compute ywb and zwb from

f(xiaywb,zk—‘5) = 0, f($iayjazwb) = 0

2. Calculate the distances dyw and dzw

dyw : lywb _ yjl a dzw : |zwb — Zk_%l

3. Compute wi'jyk_%
l[(dyw < dzw) Then

yj — ywb 5g
wi,j,k—% : “wi,j+1,k_l. — —-——wbyj+l — ywb 2 ywb —' yj+1

Else
2k -—- Zwb (52

wijk—l : ‘wi -k_:1+——————wb" 2 zk—I — Zwb ’J’ 2 Zwb — Zk—l
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h) B—cell with the (j -— %) and (k — %)—faces contiguous with interior cells
(see figure 43).

B

\ /2j,k

Fig. 43. B—cell with the (j — %) and (k — %)—-faces contiguous with
interior cells.

As above, the values of ui+§mk , viyj,%,k and wi‘j'k_% are obtained as follows:

, _' ,. .

— (Jomputann ol ui+%,jyk
1. Compute yub and zub from

f($i+;—»yub’zk) Z 0, f(xi+%7yjazub) : 0

2. Calculate the distances dyu and dzu

dun = lyub — yjl , dzu = Izub — 2k

3. Compute 14415,ij
ll’(clyu < dw) Then

yj — yub 5yu'l‘:——“—‘U~1' +-———uZ+~,],k‘
_

l+—1.7—11k b
2 311-4 ~ yub 2 yub —' yj—l

Else
2k —~ Zub +

52
u- 1- =—————u. 1. ————ub1+ aJyk +"y vk—l2 zk—l — Zub ' 2 J Zub — zk—l

1 _‘
A~ Computatlon of “131;ch

1. Compute yvb and zub from

f($iayvbvzk) : 0) f($i)yj—%,va) z 0
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2. Calculate the distances clyu and dzu

dyu : yvb _ yj_%l 1 dzu = Izub _ Zk

3. Compute vi,]~_%,k

If(dyu < dz”) Then

yj_1_ " yub 5g
”id—1,1: = —i—“”i,j-%.k + ——_‘”b2 15-3 _ yvb yvb _ 35—3.

Else
zk — Zub 62

v.-1:—————-v--1 —-—————v”T’k 2k-1 — zvb ”Wk—1 zub — 2k—1
b

-— Computation of Luz-WW];

1. Compute ng, and zwb from

f($iaywb3zk_15) = 0, f($i,yj,zwb) = 0

2. Calculate the distances dyw and dzw

dyw Z lywb _ yjl ’ dzw : lzwb _ zk‘él

' .3. Compute wig-VF]?
If(dyw < elm) Then

yj _ ywb 61;
win—1 =—wi '_1 k—1 + —————wb” 2 yj_1 — ywb

‘J ’ 2 ywb - 345-1

Else
w

zk — zwb
w +

6z
w--,k_L~——--_g ————bl” 2 Zk—l — zwb "J’k 2 zwb — Zk—l
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i) B—cell with the (i + i) and (j + %)—faces coritiguous with interior cells
(see figure 44).

Fig. 44. B—cell with the (i + %) and (j + %)—faces contiguous with
interior cells.

As above, the values of 10+;ch , vi'j+%,k and wi.j,k+‘5 are obtamed as follows:

— Computation of iii-+1?“
1. Compute mug, and yub from

f(mubayjszk) 207 f(xi+%7yub7zk) 20
2. Calculate the distances dam and dyu

dam Z xub —' $14.15 a dyu z lyub _ yjl

( C3. Compute “Him/v
HM” < dyu) Then

wig-é— "‘ xub 63:
U' 1 - 2 u, 3 . — _—_——_ul"l'_:.71k . Z+_v.71k .

b
2 li+%"$ub 2

(bub—Clii+%

Else
u 1 - yj _ yUb

u 1

6g
ui+—,j,k —“ i+—,j+1,k 'm b

2 yj-I-l _ yub 2 yub ”— yj+l
‘

_
.

— Computation of vi’j+%’k

1. Compute arm, and yub from

f($ub3yj+%’zk) 20 a f(xiayvb,z'ub) 30

7]



2. Calculate the distances d” and dyv

dxv = l-Tvb _ mil 7 dyv = yvb _ yj+%

3. Compute vi,j+%,k
If(dm, < dyu) Then

in - wub 6:1:

0.1, lJc = ————————v.+ly.+l,k ._ .—-__—_—vb”+2 mm — stub ' J 2 stub — mm

Else
yj+§ — yub 6y

vi . l = -——————v. . g ._ .—_-._—-_vb’]+ ,k 191+ 7k2 yj+g — yvb ’ yvb — yj+g
— Computatlon of wi,j’k+%

1. Compute mm and ywb from

f(mwbayjazk+%) 20 ’ f(mi,ywb,2k) : 0

2. Calculate the distances dam, and dyw

dzw = [$1116 _ mil , dyw = lywb _" yjl

3. Compute wi,j'k+%
If(dw < dyw) Then

cc,- — wa 6:1:
w. l 1 = ————————w. . _ __ _ w

’ vk - 11 1k _ bt] +2 113i+1 __ mm 1+ J +2 wa _ $i+1

Else
6yj —' ywb y

w>1.7k+l = _—-—_w" '+11k+1- — _—_—_wb1] 2 yj+1 — ywb ” 2 ywb — yj+1
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j) B—cell with the (i - %) and (j + %)—faces contiguous with interior cells
(see figure 45).

F
Fig. 45. B—cell with the (i —- i) and (j + %)-faces contiguous with

interior cells.

As above, the values of uh?“ , vi,j+%,k and wi,j,k+1§ are obtained as follows:

-— Computation of uh?“
1. Compute (tub and yub from

f(‘rub,yjazk) 20, f($i—%7yubvzk) 20
2. Calculate the distances d“ and dyu

dzu : mub ~ Sci—15] , dyu = lyub .— yjl

3. Compute “i—IW‘Jc

“(elm < dyu) Then

xifi — stub 630
u-__ ~k — u __ - ubt 2,1,

xz—g _ mu
1 2,1,k

it’ub _ mpg

Else
6yj — yub yuv1-:———u~1A —-—————ul‘l"'|‘7|1€ 1+“, 4-111C b

2 yj+1 - Mb 2 J yub — yj+1
I _‘ v

—— Computatlon of vim-Jré’k

1. Compute scvb and yvb from

f($vb,yj+;_azk) = 0, f(il7i,yub,zvb) = 0

73



2. Calculate the distances dw and dyu

dam = Iwub "" mil , dyv z y'ub — yj+%|

3. Compute ”111451:
If(dm, < dyu) Then

13," — va +
656

v. ‘ 1— = —————v._ , 1— -—-——-vb"3+” $i—1 — xub
i 1’J+2’k mvb — $i-1

Else
yj+§ — yvb 5g

”i,j+‘—,k = “0131+“ ‘ ————”b
2 yj+§ “ yvb 2 yvb "’ yj+§

‘ .
—- Computatlon of wi,j,k+}5

1. Compute numb and ywb from

f(wa7yjyzk+%) = 0, f(mi)ywb>zk) = 0

2. Calculate the distances dam and dyw

dxw = lwwb _ mil 7 dyw = lywb '_ yj'

3. Compute tum-JG“;
If(clxw < dyw) Then

w
xi — mm +

6x
. . L = ———————-w._ . l wbz,],k+2 xi—l "' $106 2 1,.7,k+2 w'wb — art—1

Else
6yj _ ywb y

w','.k+l : ————w., '+1,k+l _wwb” 2 W“ — ywb ” 2 ywb — yj+1
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k) B~cell with the (14-5) and (j — %)—faces contiguous with interior cells
(see figure 46).

Fig. 46. B—cell with the (11+ %) and (. — %)—faces contiguous with
interior cells.

As above, the values 01 ui+%,j,k , ”id—5k and wi'j'k+% are obtalned as follows:

— Computatlon ol ui+1§mk

I. Cmnpnto film; and yul, from

f(mubayjazk) : 0 a f($i+;—7yub,zk) : 0

2. Calculate the distances dam and dyu

(ll‘u : lmub “ ali+§l ) dyu 2 lyub _ yjl

3. Compute 11,1417,ij

ll( (1m < (lyu) Then

$i+% _" ”full (SSE

M 1 - 2 U‘ 3 - — ————’LL1+—..7.k . . z+-,J,k‘ . . ,
b

2
{Ll-+g ~ (bub 2 (bub —’ a'i+%

l‘llso

71 x — _______.’l/_1'_ yub
u + “(931 U'i+—,j,k —-

,
i+,’—,_7'—l.k

,
"’2 yjpn — Hub 2 yub ~ .?/j—:|

- Computation of vi’j_1 k

1. Compute grub and yub from

j.(~7f'vb,yj_,-}7 Zk) : 0
7 ft”, yuba va) : 0



2. Calculate the distances elm, and dyu

dzu = Imub _ mil a dyv I yvb — 15-5!

3. Compute “id—He
If(dm, < dyv) Then

1)
w,- — wvb

1)
5:1;

1).7 ._l,k = _——‘——— > 1,._l,k —— —'—_—- bH 2 $i+1 — (tub
1+ J 2 Stub — $141

Else
. 1 —

vu-l k :Murat _£y__vb
2 yj_g — yub 2 yub — 39-3.

— Computatlon of win-7k“?

1. Compute mm and ywb from

f(xWb7yja zk+%) : 0, f(xi7ywb, 2k) = O

2. Calculate the distances (Zn, and dyw

dam; Z vawb _ wil a dyw = lywb — yjl

3. Compute wijk+1-Y 1 2

If(dw < dyw) Then

to
cc,- —— wa 6:1:

.'.,k l = ————w. 1,',k l. —- —————wb1] +2 $i+1 _ mwb 1+ J +2 wa — $i+1

Else
6'

y- — y b

wi,j,k+;- =“Jw wi,j—1,k+—;- + y
wb

yj—l _ ywb ywb ~ yj—I
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l) B—cell with the (i —— 5) and (j — %)—faces contiguous with interior cells
(see figure 47).

K

Fig. 47. B~cell with the (i — i) and (j — %)~faces contiguous with
interior cells.

As above, the values of u v~j_1 k and wijk+1 are obtained as follows:
2 l 7 71437,“ 7 z, 5

1 , , ' , .~ Computation of uiiflj’k
1. Compute mub and yub from

./(mnbayjazk) :O7 f(:Ui-%1yubazk) 20
2. Calculate the distemccs (1m and d”u

(turn. : livid) — 3;1‘_,'§|
1 (ll/"Iv Z Iii/“Mb ’ y?!

( ‘
>3. Compute ui_%’j’k

”(61mL < dyu) 'fl.'l’1en

731__1 —- tub 63;
u ,1 »k _ u 'k ub’ 2’J’ 11-«3 — mu

1 2’J’ ”nub —— 731-_3

Else
yj — yub 5?!

“i—am : mlti—lJ—Uc +mu?)yj-i — Hub 2 yub — yj—l
‘

. 1. 1

.Computation ol vi‘j_%,k
l. Corm‘mtc my], and yub from

f<va7yj_%7zk) : 0) f(-7:i,yvbyzub) : 0
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Calculate the distances dam, and dyv

dzv Z vab — mil 7 dyv : yvb _ yj—%|

‘Compute vi’j_%,k
If(dm, < dyv) Then

11),- — Stub
+

6:1:

”Wk sin—1 —wvb
’ WWI“ stub — avg-1

Else
1 6yj—l- _ Jub y

”id—ale Z _‘2‘—“Ui.j—g-,k +“vbyj—% — yub yvb “‘ 315—32.

- Computatlon of wi,j,k+‘5

Compute azwb and ywb from

f(wa,yj> zk+%) = 0, f(xia ywbazk) = 0

Calculate the distances (1M, and fly“,

dzw = wab _ (Bil
a dyw = lywb — le

Compute wiyj'HlE
If(dzw < dyw) Then

w
as, —— scwb

+
6x

“H2 SIM-1 -— ivwb ' I’M“ wa — mi-l

Else
6y — b

wi’iv’flri- : J yw
i.j—1,1c+l + y

wb
yj~1 — ywb 2 ywb — yj—l
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6.2.3. B-cells having three adjacent faces contiguous with interior cells.
Here we have 8 difl'ere1'1t configurations of B~~cells having three adjacent laces

contiguous with interior cells. Each case will be treated in a Similar 111a11111er as that
employed [or B—cells with two adjacent faces contiguous with interior cells as follows:

a) B~cell with the (24—5), (j+%) and (k+%)—faces contiguous with interior
cells (see figure 48).

zvb® é z

Fig. 48. B—cell with the (1+ g), (j + %) and (la + %)—faces contiguous.
with interior cells.

As we can see in figure 48, an approximation for 117+;177k may be obtained
by employing linear interpolation in the m—direction using 117+ 7k and ub or
i11te1polate111 the y- di1ectio11 by using u7+%7+1 k and ub 01 interpolate1n the z-
<lir:;,((lion using 117+% 7,7“ and uh, 'lo select which directionis most acceptable
to perlorni the i11t(:2'1p()lati()1'1 we adopt the same ideas used111 Section 6. 2. 2.
Let us consider figure 48 for the calculation of u7+%77yk. Let P0 : (x7+%, yj, 2k),
Plx : (mi+%7yj72k)a Pbx Z (ff-Tub,yj,2k), Ply : ($i+%,?/j+1,zk) and Pby 2
(17+? yub, 2k), P1z : (327,713, yj, 2k“) and PM : ($74in 2.4), where mu}, is the
intersection point between the line defined by P0 and Plx and the boundary
surface; yub is the intersection point of the line defined by P0 and Ply and
the boundary surface and 2,11, is the intersection point of the line defined by
Po and P1, and the boundary surface. The values of mub, yub and zub can be
computed from

f($ub,yjizk) : 0
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and
f($i+151yjizub) = 0

f(mi+%5yubazk) = 0

respectively. Once xub, yub and zub have been obtained we can calculate the
distances

dzu = xUb — mi+é~| ’ dyu : lyub ~ yjl 7 dzu = lzub _ zkl

To choose the direction for interpolation we take the closest point to P0,
namely, let

dmin = mm (dam, dyuadzu)

Thus, if dmin = dm then we interpolate between Pbx and P1x. In this case,
ui+%_’j1k is given by

$i+§ — CBub (SSE

ui+§,j,k “b 'ui+§—,j,k =
xi+% —'-'17ub xub—ng

On the other hand, if dmin = dyu then we interpolate between Pby and Ply
which gives

yj _ yub
u 1

524
“b.____._ .+_’.+1‘k _ ______ ,

yj+1 — yub
’ 2 ’ui+’—,j.k =

2 yub — yj+1

Otherwise, dmin —_— dzu in which case we interpolate between PM and P12,
giving

zk —- zub 5z
uui+%’j’k+l — mu}; .

The other two velocities ”11+,kuand wimp-1 are obtained similarly. For
instance, to obtain an approximation for 011+ ,k we compute the intersection
points x06, yub and va from

u. 1 . '_‘_" -———-—————

f($vbsyj+;},zk) : 0
1

f(-’17i, yulnzk) Z 01

f(xi1yj+%,zvb) = 0

respectively and calculate the distances

dry 2 lva '_ wil 7 dyv : lyub _ yjl 3 dzu z lz'ub _ zkl -

Finally, we check whichIS the smallest distance and compute ul 743" ,k> namely,
if dmm—— dxu we interpolate between fol-+1 j+_1k and vb which gives

(If-i _" {cub 6-73

vi+1,j+%,k —“vb -v.- 1 =—,kZ,J+2 xub _ IIii-+1CEH—l — J7'le
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Otherwise, if dmin : dyv we interpolate in the y-direction which yields

1~ 1 —JJ+‘2’ yvbv”
3 k _

5g
vb10+"! '

yj+§ _ W) 2“Ti—2, yvb _ yj+%

Otherwise, we interpolate in the z-direction yielding

2k —— va 6z
vi,j+%,k+1 — ——————v,, -vi '+_1_ k 2’J 2’ Zub - Zk+1zk+l _ zvb

Similarly, for calculating zui'j’k+% we first compute intersection points 331m), ywb

and zwl, from
f($wbayja zk+%) : 0

It“, ywbi Zk+%) : 0

[01713 yja zwb) : 0

and compute the distances

drum 2 lwa _' mil 7 dyw : lywb _ yjl 7 dzw :: lzwb _' Zkl

and calculate dmm = min(dzu,dyu,dzu). If dmm : m, then interpolating in
the fir—direction leads to

mi — mwb
,

63:
wi+1,j,k+;— ‘ “101; .UJ' » 1 :z,i7,k+— ,2 lwb _‘ mi-i-lmi-l—l _‘ mwb

’ ll" dmin : (lg/w then interpolating in the y-direction gives

to 1 “ yj _leb w 1

6g
wi,j,k+— ~ _— i,j+1,k+— * “— b ,2 yj+1 "’ ywb 2 ywb "’ yj-H

otherwise we interpolate in the z-direction which yields

210+]? _ Zwb 6,2
—_——ll)' ' 3 *fill), chJr— b

zk+§ _ zwb 2 2101) _ 219+;
“Mug —

8],



b) B—cell with the (z' — %), (j + 5) (k + %)—faces contiguous with interior
cells (see figure 49).

:§_---L-----_

\
r'-"

Fig. 49. B—cell with the (i — é), (j + %) (k + %)—faces contiguous with
interior cells.

Heie we follow the same ideas usedin a) above. The values of u2—5- ”jk’v ivj‘l‘évk
and wi,J-’k+_12_ are obtained as follows:

—- Computation of up; J- k
1. Compute xub, yub and zub from

f($ub’yj>zk) =0a f(xi—%7yubazk) 20) f(xi—%ayj32ub) ZO

2. Calculate the distances d“, dyu and dzu

dz“ 2 Pub — 1131-_1 , dyu = Iyub — yjl , dzu = PM ~ 2k]

3. Compute dmin
dmin : min (dzu, dyu, dz“)

4. Compute u2_1_jk
Hum = (1m) The

__33i—;— — "Tub 5.73

ui—— Ic_’_ z 'k Ub

I[(dmm = dyu) Then

u 1 —- J _yub u
6g

ui~—,j,k —‘ ,——— ,-_1_,j+1,k ‘m b -
2 ya+1 — yub 2 yub — yj+1

If(dmin = dz“) Then

u __
2k — zub

u
62

ui,j.k i——,k1——'——b-2 Zk+1 - Zub J’ +
Zub — 2k+1



| ' ' '
— Computatlon ot 1)ih7-+%,k

1. Compute grub, yub and 21,1, from

f($vbvyj+15azk) ZOv f(mi>yub>zk) 207 f($iayj+%azvb) : 0 -

2. Calculate the distances (1m, (lyu land (In,

dam = 1va — mil , fly” 2 yub — yjfl.‘ , dzv = Zub — Zlc| -

3. Compute (1mm

dmin : min (dm, dyv, cl”)
4. Compute vi,j+%,k

[Helm-n = d“) Then

xi — «Tub (SIB

“aha/C = “$4_ vavi—l.,j+%,k ”Cub __ ”Ll—[vb

“(dmm —_: fly“) Then

vi,j+;—,Ic I Mvi,j+%,k — ——_é——’J———l—'Ub.

yj+§ yvb yvb yj+§

”(dmm : dz“) Then
2k — Zub 6z

,1)i,_;‘+%,k 2
2k“ _ Zubvi,j+§,k+| -_mm, .

1
, ,

’
,

—— Computation of wi,j’k+1§
1. Compute rcwb, ywb and zwb from

f($w’)ayj7zk+15): 0, j‘($i7ywbazk+é—) : 01 f<miaijzwb) :O
2. Calculate the distances dzw, dyw and dzw

dam; : Ixmb * mil , dyu/ : lywb '_ 1/7l 5 dzw Z Izwb _ Zk+;_'

3. Compute clmm
(1mm 2 min (dww, dyw, (law)

4. Compute wi,j,k+‘5
“film” : (in) Then

at.- — rcwb 6:6

mwi—lwrg +mwb -A], +2 35111!) "- wi—l(CF; —— Himb

J.[(c/,7m-n : (lyw) Then

wifk+l =Mwifil k+l — -———62———wb.
H 2 111+; ‘_ ywb L l‘ 2 ywb ”' yj+1

”(dmm : (1m) The“

zk+§~ ‘“ Zwb 62
wi~k 1_: w~~ g———————wb.y], + 11k+2

216+; __ zwb 11 2 zwb — zk+%
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c) B—cell with the (i + 5), (j — %) (k + %)—faces contiguous with interior
cells (see figure 50).

i+1/2,j,k

Fig. 50. B—cell with the (i + %), (j — %) (k + %)——faces contiguous
with interior cells.

As above, the values of upréJ-yk , vi’j_%yk and wiyj1k+;_ are obtained as follows:

— Computation of 11,43”
1. Compute xub, yub and zub from

flmumypzw = 0, f(:ci+%_,yub,2k) = 0, f(mi+%,yj,zub) = 0

2. Calculate the distances dam, dyu and dz“

dxu = wub — xH—é—I ’ dyu : lyUb _ yjl a dzu = lzub _ zk

3. Compute dmin
dmin = min (dru, dyua dzu)

4. Compute 14+?“
Hum-n = d“) Then

7jz+-1- — $111) ($513

U,~ 1 ~ 2 u- 3 - — ———————u .+—,..k +—, ,k bI 27 -i+%‘”$ub
Z 2] mub“$i+%

“(elmn : dyu) Then

y' '— b <5

uH-ij : $4114; '—1 k + fii-ub -21» . _ 21.7 , __ ,yJ—l yub yub 311—1
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ll'( (1mm 2 dz“) Then

2k — Zub 52
ui+%,j,k+l *mu!) 'u- 1- :1+2‘J’k Zub - Zk+1zk—i—l '_ zub

— Computation of v1”; J:up-

1. Compute va, yvb and zvb from

f($vbvyj—15azk) : O
7 f($i1yvbazk) : 0

7 .I'($iv?/j-é—7zvb) : 0 -

2. Calculate the distances (1M, dyu and dz“

dzv : |$vb _ £13,“
7 dyu : a

(1211 : |Zub _ 731:'l ‘— - lJ‘Ub 313—5

3. Compute clmin

dmm : min, (elm, (lyv, (lav)

4. Compute 0 ~ 1

173-31k
Il‘(dmin : d”) Then

sci ~ stub 63:
v- - 1 = —————v- - 1 —— ——————v .2w —_‘k . 1+1v ~_yk bJ 7 li+1 — xub J 2 vab — $i+1

”(dmm : (lyv) Then

yJ—l 31W 63;
?)i,7—l;,k : l

U [Uh

ll'(rl,,,,,i,,, : dz”) Then

v” 1 =—————v~1 ————————v .z, —— lc 1,]———,k+1 b
2 2m; — zk+1

‘
7

.
— Computatlon of lUi,J-’k+%

]. Compute azwb, ywb and zwb from

f(57:wb>yja Zk+é_) : 07 f(mi1.7/wba Zlc+%) : 0) jv($i7yj7 Zwb) : 0 '

2. Calculate the distances (law, (1M, and dz“,

(11:11) : livwb h llil ) dyw : lywb _’ yjl 7 dzw : Zwb ‘“ zk+l2_[

3. Compute elm-n

dmin 2 7712.71 (darn/a dywy dzw)



4. Compute wiJ-‘kfi
If(dm,~n : dzw) Then

mmzmw. A1___@_w.W“? 5514-1 _ mwb z+1,3,k+§ wwb _ 30141
b

“(elm-n = (tum) Then

wmzk+§ = Mwm—LH27 + __6_y._wb '
yJ—l ywb ywb yJ—l

If(dm,'n = dzw) Then

w-- 1 = 2k+% ~ zwbw
- 3 -—

_____52
wb1,1,k+§

Zk+§ — zw “J”: Zwb — zk+%
'
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d) B—cell with the (i —— i), (j — i) (k' + %)—~faces contiguous with interior
cells (see figure 51).

Fig. 51. B—cell with the (1. — 5), (j _ %) (k: + %)—faces contiguous with
interior cells.

As above, the values of up?“ , vi‘j_%‘k and wi,j,k+1§ are obtained as follows:

— Computatlon of uplwlk
1. Compute snub, yub and zub from

f(-'L'uba:l/j> 2k) 2 0 ’ f(:l:i._%7yub7 2k) z 0
7 j-(wi—%7yj12ub) : O

2. Calculate the distances dw, (11m and 112”

(Ifzu : $111) “15i_%‘ 7 (l'yu : lyub — yjl 7 dzu : lzub '_ 2k

3. Compute dmin
dmm = min (dm, dyu, dz“)

‘ ' ' \4. Compute ui_;_,jyk
”(c/mm —_~ 11”) Then

I“: mu], 6:13
1/ _1_ : 11 _ -

. + m,1 2m!» L'i_g __ Lu
1 FM Iub ~ ‘L'i—3

ll'(dm,~n = dyu) '.l‘hen

Zl' — y b 5
ui——l,j,k : Alli—134119 + _—L—ub .2. 3/j—1 _ yub 2 yub _ yj—l

87



“(chm-n : (In) Then

zk — zub 52
u’—l,‘,k = M“'—l,',k+1 — ub -

z 2 J Zk+1 — zub
l 2 J zub - Zk+1

—- Computatlon of vi,j_%yk

1. Compute zyb, yvb and zub from.

f($vb’yj—%,Zk) = 0, f($i,yub,2k) = 0, f($i,yj_%,zvb) = 0-

2. Calculate the distances elm, dyv and dzv

dxu = lva "‘ mil 3 dyv : yvb '_ yj_%' 7 dzv : lzvb ”" Zk

3. Compute dmm
dmin : min (claw, dyv, dzu)

4. ‘Compute vi’j_%‘k

Hum = d“) Then

mi —— mug, +
6:0

v. - 1 = u - 1 ——————v——,k _. , __ b -“J 2 3&4 — Ivub
1 U ”k Ivb — $i—1

If(dmin = (lyu) Then

yj—;— _' Val) 53]
”id—ah = “Um—ink _——“b -

yj—g— _ yvb yvb _ yj—~%

If(dmin : dz”) Then

U
2k — zvb 5,2

‘1 _'l'1k : i1.—lyk 1 _———_vb .l] 2 2k+1— va U 2 + zvb -‘ Zk+1

, .Computatxon of wi.j,k+3;,

1. Compute wa, ywb and zwb from

f(‘rwbayj’zk+%) 203 f($i>ywb7zk+%—):O> f(xi,yj,2wb) 20
2. Calculate the distances dw, dyw and dm

dzw = Iwwb "‘ xi] 7 dyw : lywb _ le > dzw = lzwb _ 2704.2.

3. Compute elm-n
dmin : mln (damn dyw, dzw)
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1 ,4. Compute Wm)“;-
If(dm,~n = dam) Then

w __
331" '— wwb

w 1 +','.k+— —m i—1,j,k+—Z J 2 mi—l _ wa 2

”(dmm : (1,,,,,) Then

yj — ywb
wi,j,k+§ = wi,j—1,k+§

yj—l _ ywb

[mm = dw) Then

Zk+1§ _ Zwb
w- . 1_ :ly]1k+2

Zk+% — 2m!)
“Jim/Hg ‘

6m
————wb .

mwb ~ (vi—1

5:11

—————wb .

ywb '_ yj—l

6:5
wb .

21111) ”— zk+%

e) B—cell with the (1?+%), (34-5) and (Ic—é)—faces contiguous with interior
cells (see figure 52).

Fig. 52. B~cell with the (14—5), (j + l) and (19

As above, the values 01 ui+£,j,k , ”flak and tum,“
~ Computation of ui+

1.

2

w1th interior cells.

IEY-jlk

Compute snub, yub and zub from

f(:1:u1,,yj,zk) = 0 ,

89

f(‘ri+%7yubazk) : 0a

1 a
— 5 )—faces cont1guous

1 are obtained as follows:

f($i+;—a yj’ zub) : 0



2. Calculate the distances dm, dyu and dz“

dz'u : xub — SCH-é ’ dyu : lyub _ yji 7 dz“ :: izUb ~ 2k

3. Compute dmin
dm‘in : mm (dam, dyu, dzu)

4. Compute ui+;-,j,k
lf(dmin = (ll-u) Then

JIM“; _ wub 5117

1+2vJyk
$i+g __ (Bub

1+2117k mu!) __ xz+g

Hum = dyu) Then

yj "_ yub 5.74

“14W — muwiauk "‘mub -

yj+l _ yub yub _ yj-i-l

”(dmin : dz“) Then

2k —- Zub 62
Hawk—1 + ———Ub -1+27J7 zub _ 219—1Zk—l _ Zub

— Computation of vi’j+%’k

1. Compute mub, yub and M from

f($ubiyj+15azk) : 0? f(mi’yvbazk) 20» f(xivyj+%,zvb) .—..O '

2. Calculate the distances d”, dyu and d“,

(1m, :: Iii/"vb -—- -’Ui| , dyv Z yvb _ yj-g-é—l
7 dzu : Izub '— Zlc

3. Compute dmin
dmin = min (dam, dy'u, dzv)

4. Compute vi,j+%,k
Hum-n : d”) Then

1;
m,- — am, (5:17

i,j+l.k = “If" 1,'+l,k ‘ “vb-2 art-+1 — xvi, ’+ J 2 mm, ~ sci-+1

Hum : dyv) Then

U k
yJ-i-é —

31va 5g
vbi7J+2y —

. __ i1j+21k _91+; 11 b yvb yfig
If(dm,-n : cl”) Then

1) _ 2k — Zub
+

52
i,j+l,k — “Unfit-1 “vb -

2 Zk—l — zvb J 2 Zub — zk—l
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— Computation of w- 'k-1-m, 2

1. Compute zcwb, ywb and zwb from

f(x1flb’yj’zk_%) 20’ f($i’be’zk-%) 207 f(xi7yj’zwb) IO.
2. Calculate the distances clxw, dyu, and dz“,

dzw = lfliwb _ (Bi!
1 dyw 2 Wm!) " yjl . dzw : zwb _ Zk—é-

3. Compute dmm
dmin : mm (dm, dyw, dzw)

‘4. Compute wi,j’k_%_

IE,- —- mwb (5:1:

wiJJc—J— : “——””"wi+1,j,k_,i + ———————wb .
2 (12+: “‘ IBM/l) 2 (limb '- {Bi-Fl

[admin : dyw) Then

__ yj _ ywb éy
wivj'k'i' * ”f—“wi.j+1,k—§ + _______wb .

' 71144 — 3/1ub ywb —— yj+1

”(dmin : dzw) T1101“)

Zlc—l — zwb 6Z
U)-~ 1:_2___w_' 3_____—_wb.1,],k-§ 1131k_—

21c-g - Zwb 2 zwb — zk_%

”Q



f) B—cell with the (i—%), (j+%) and (k—%)—faces contiguous with interior
cells (see figure 53).

Fig. 53. B~cell with the (i — é), (j + %) and (k — %)—faces contiguous
with interior cells.

As above, the values of ui_;_'jyk , vi’j+%,k and wi'j’k_é_ are obtained as follows:
1

_, _- r— Computation 01 “145,311;

1. Compute scub, yub and zub from

f(xub,yjazk) Z0, f(xi—%ayubvzk) 20, f(xi—%7yj7zub) =0
2. Calculate the distances dw, dyu and dz“

dxu = xub "' sci—Q
7 dyu = lyub '— yjl a dzu : lzub '_ zkl

3. Compute dmin
dmin = 771i” (damn dyua dzu)

‘4. Compute ui_1 7.1,“51.

“(c/7mm : dzu) Then,

$,_L _ :£sz
+

(527

t 2,1,k xhg _ xub
z 2,1,k xub __ (”z—Q

lf(clmm : dyu) Then

u 1 _ w — yub
u

531
ui__1.71k _ '—_—"—'— i_ln]+11k _ "——_‘_‘_ b .

2 yJ+1 _ yub 2 yub ’_ yj+1

lf(dmm : dzu) rlhen

3k -- Zub
+

(52:

u- 1 - = —————u- a » ——————u .z—— JJC z—-, ,k—1 b2” zk—l — M; 2 J zub — Zk-i



1 ' _'— Computatnon of. vi,j+’5,k
1. Compute grub, yub and zvb from

f(mvb1yj+12-azk) : 0a f(-77i,yvb,2k) : O
’ f($i’yj+%’zvb) ZO '

2. Calculate the distances d“, dyv and (121,

dxv : ‘xub "‘ {Bil , dyv : yub — 31174151 ’ dzu : Iva ‘_ Zkl -

3. Compute (1mm

dmm = min ( (1M, (lym dz”)
4. Compute vi‘Hé’k

If(dmin : d“) Then
mi —— mm, 5.7."

vi~lvj+éyk +M”) -v” 1 :z.J+—,k‘ ,. .2 J‘ub __ n’i—lmi—l .__. 517111)

”(dmm : dyv) Then

yj+§ _' 31111) 51;
U- - 1 : ———’——v- ~ 3 —‘ml) .113+“,k _ 1,3+-,k _ b

2 3/14; yub 2 yvb 3/1433;-

[f(dm,‘n : d”) Then

1; 1
———————————zk_zvb

v 1 +_____62 v.,<+_’k _ a, '+_,k_1 b .u 2 zk—l — Zub ” 2 zvb — zk—l
1

_ _, ,‘ A— Computatlon of lamb]:
1. Compute rem, ywb and zwb from

f(33wb,,7/j,2k_;_):0a f(xiaywb,zk_%):07 f(xi3yj?Z7Ub):0'
2. Calculate the distances dw, dyu, and dz“,

(lam; Z l-Tmb "" $1" a dyw : ‘ywb — yj' a
(lzw : Z — z, 1 1ml) k_§

3. Compute (1mm

dmin : mm (dzwy dywa dzw)
1

,4. Compute numb}?
”(elm-n = elm) Then

__
Hfi - IBM) (53?

wi’j’k—é _
iEi—1 — wwbwi_l’j’k_% +

icwb — IEi—1
wb '

“(61mm : (lg/w) Then

yj '_ ywb 5?!
T'l)l.,j,k~% Z mtui,j+|,k—% '— mun, .

yj+1 — ywb ywb ~ yj+1

”(dmm = dzw) Then

Zk—§ ‘ Zwb (Sz
”LU- - 1 = —-————w. A 3 + .__—____w17JYk—__ 11.7yk—'— b .

2
Zk_:2i _ zwb 2 Zwb — zk_%
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g) B~cell with the (Hg), (j—§) and (k—%)—faces contiguous with interior
cells (see figure 54).

1
I

1

1’ F

Fig. 54. B—cell with the (i + %), (j — %) and (k: — %)~faces contiguous
with interior cells.

1 are obtained as follows:As above, the values of ui+é~,j,k , v Jc and w-
5zuj—g mulc-

' .
— Computation of ui+§,j,k

1. Compute grub, yub and zub from

f($ub7yjazk) = 0 , f($i+%ayubvzk) = 0, f(wi+%)yj7zub) ZO

2. Jalculate the distances d”, dyu and dzu

dam, : imub _ wi+§l a dyu = lyub '_ yjl , dzu —_— |zub — Zk

3. Compute dmin
dmin : mm (data, dyu, dzu)

4. Compute ui+%,j,k
If(dm,-n : dam) Then

xi+§ " wub 6x
U-;-=——~————-u-_a_<————————ub.Z+27])k

$1+g _ $111)
l+21Jyk

(Cub _ 332+;
2

If(dm,-n = dyu) Then

yj — yub éy
at.“ ~k : —————u,- 1_ -_1k+ ————ub-2,1, ‘ _ +2»: . ,yj~1 yub yub _' yJ—l

If(clm,~n = dz“) Then

u
zk — zub

u +
62

-i-k=-—————,~1_~_ —————u.1+2’J’ Zk-i — Zub ”2M 1

Zub ~ Zk—l
b
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— Computation of v. - 1 k

1.

2.

3.

4.

— Computation of w
1.

2.

3.

171—51

Compute mob, yvb and zvb from

f(va)yj_;-7zk) = 0,
Calculate the distances d“, dyu and dzv

f(mi7y'ub,zk) = 07 f($z'a yj—éq zub) : 0 -

dam : “Bub '_ 71‘!
a dyu I yvb _ 7/J'._17| a dz“ : lzub '" Zk‘

Compute dmin
dmin : 7712.71 (dam, dyv, dzu)

Compute vi'j_%,k
If(dm,-n = claw) Then

1)
xi — new

1)
636

v‘ - 1 = —————— - - l —— ———————— b .1, ——,k 2+1, — JcJ 2 $i+1 '_ va J 2 xub _ $i+1

If(clmz-n = dyv) Then

__
yj—li _ yub (Sy

vi7j_%1k ~— _—_—Uiyj_%|k + vb
yj~% _ yvb yvb —' yj_.%

“(dmin : dz“) Then

zk ~ va 62
Ui,j—%Jc " “Um—g,“ + ”b

210—1 -' va Zub "" zk—l

mus—g-

Compute arwb, ywb and zwb from

f(waayj7zk—15): 07

Calculate the distances dw, dyw and dzw

dmw : Iwwb ’_ 5til 7

Compute dmin

f(wiaywbaZk—%) : 0
7

dyw = lywb — yjl ,

f(:ci,yj,zwb) 2 0 .

dzw : lzwb _ zk_%

dmin 2 mm (damn dyun dzw)
1

A vCompute mimic—17

[admin : elm“) The“.

_ x,- — rcwb 5m

“M — _t—w' —‘-—*“’ ~

”(dmin = dyw) Then

“Jule—l :Mwuq k—1 + ”Jy—‘wb-" 2 yj—l _ywb ' ' 7 ywb _yj——1

”(dmm : elm) '_l‘hen

w 1 : Zk—li Z1wa~
. 3 +

62
w1,7.k—5

gig—£21 Z“, z,],k—7 Zwb _ 2k_%
b



h) B—cell with the (i—é), (j——%) and ( —%)—faces contiguous with interior
cells (see figure 55).

E u l-I J k I E

J ............. J ............ I?x v mil/2,15a/ XI A
, F ’ ufij,k-1/2

z’lF ll

_____________

Fig. 55. B—cell with the (z — %), (j —— %) and (k — %)~faces contiguous
with interior cells.

As above the values of u~_1_ - v- 4-1 , and 10A 4 __1_ are obtained as follows:’ z 2,1.k ’ w {pk MA 2

1 ,
,—— Computation of ui_;_‘j,k

1. Compute snub, yub and zub from

f(wub)yjazk) 20 7 f($i_1§ayub>2k) : 0 ’ f(mi_%,yj,zub) 20
2. Calculate the distances dm, dyu and dzu

dzu : (Cub “ $i_%| 7 dyu = lyub _' yjl , dzu : Izub _ Zlc

3. Compute dmin
dm‘in Z min (dew, dyua dzu)

4‘ Compute u- 1chl"'—

[rum-n = (1m) Then

xi—l— " Icub 6:6
ui_i]~k= 2

z—ij ub2" $i_§“-Tub 2" $ub—‘xi_§2 2

If(d,m~n : dyu) Then

y] — yub 511

{Li—2m = “hawk + “Uh -

311-1 — yub yub — yj—l

If(dmm = dzu) Then

zk — zub
+

52
Up. "k = ————U~_1_ 4c- —————ub-J! z y |

12’ Zk—l ~ Zub 2 J Zub — Zk—i
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| _ 4' A— Computatxon of vi,j_%,k
1. Compute va, yvb and zvb from

f($ub’yj—-l2—’Zk) : 0, f(:c1~,yub,zk)= 0 , f($i,yj_%,zvb) = 0.
2. Calculate the distances (1m, dz," and (121,

dam) = Imub — Sci] , CM 2 3/11!) — yj_%l , dzv = Izvb -— 2k

3. Compute dmin
dmin : min (dm, dyv, dz“)

l .Compute ”id—gt
If(dm,~n = dzv) Then

1)
mi _ mm)

o +
6m

A . 1 :: —————-— - ~ 1

le—51k (vi—1 __ mu!)
1—11J—51k ————vb .

va — (Di—1

H(dmm : dyu) Then

yj_x_ yvb 53]
1 —lyk : v'yl—g‘vk Ub11 2 yj_§_’yub I] 2 yvbflngg

If(d,m~n = dz“) Then

zk — 21,1,
+

62
’U~ - 1 = v‘ - 1 v .11]——vk ) __vk_1 b

2 Zk—l — Zub
l J 2 Zub — Zk—l

1
‘ .'— Computatlon of wi,j,lc-—;—

1. Compute CCwb, ywb and zwb from

f<$wbayj7zk—]§) 20, f($i7ywb72k—%) : 0, ft“, yj) zwb) Z O -

Calculate the distances clam, dyw and dz“,

dam: : lwa — 517i!
a dyw 2 Wm!) _ yjl 7 dzw 2 lzwb _ Zk_1_

2

Compute dmin
dmin : min (dzw, dyw, dzw)

‘Compute wiyj,k_§_
l[(dm,~n : clxw) Then

U) _ fL'i '_ mwb
i,j,k—-% _

(5:17

11). . 1 +1—1, k—-—
Sin—1 — frwb 1’ 2 wwb ~ “Ci—1
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If(dm,~n : dyw) Then

_ yj —ywb 5y
wi,j,k—% — ‘—“— M—Lk 2 __““. .

wb
yj—l '— ywb ywb yJ-l

H ( (1mm = elm) Then

zk_1 — Zwb
+

6z
__ z w - _g wb"1 k

2 zk—Q — Zwb
U’k zwb —- Zk_%
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