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Thermodynamics of hot strong-interaction matter
from ultrarelativistic nuclear collisions

Fernando G. Gardim

Collisions between heavy atomic nuclei at ultrarelativistic
energies are carried out at particle colliders to produce the
quark-gluon plasma, a state of matter where quarks and
gluons are not confined into hadrons, and colour degrees of
freedom are liberated. This state is thought to be produced as
a transient phenomenon before it fragments into thousands
of particles that reach the particle detectors. Despite two
decades of investigations, one of the big open challenges’ is
to obtain an experimental determination of the temperature
reached in a heavy-ion collision, and a simultaneous deter-
mination of another thermodynamic quantity, such as the
entropy density, that would give access to the number of
degrees of freedom. Here, we obtain such a determination,
utilizing state-of-the-art hydrodynamic simulations?. We
define an effective temperature, averaged over the spacetime
evolution of the medium. Then, using experimental data, we
determine this temperature and the corresponding entropy
density and speed of sound in the matter created in lead-lead
collisions at the Large Hadron Collider. Our results agree with
first-principles calculations from lattice quantum chromo-
dynamics® and confirm that a deconfined phase of matter is
indeed produced.

Relativistic hydrodynamics successfully explains the bulk of par-
ticle production in heavy-ion collisions. The little droplet of quark-
gluon plasma formed in a collision undergoes a very quick phase
of thermalization® before expanding according to relativistic hydro-
dynamic equations®. The fluid eventually decouples into individual
particles as its density decreases’. This freeze-out yields a number of
resonances that decay into stable hadrons®’.

It has been speculated for decades® that the temperature of
the medium in the hydrodynamic phase is related to the mean
momentum of the produced particles, (p,), in the transverse plane,
that is, the plane orthogonal to the collision axis. However, despite
early attempts'®"", this relation has never been explored in the con-
text of hydrodynamic simulations. Here we identify this correspon-
dence precisely.

To understand the physical picture, consider first the following
thought experiment. A uniform gas at rest is contained in a vol-
ume V placed in the vacuum. At time =0, the gas is allowed to
expand freely. If interactions are strong enough, this expansion is
ruled by ideal (inviscid) hydrodynamics, and both the total entropy
and the total energy are conserved. If one measures the total num-
ber of particles and the average energy per particle in the final state,
one can reconstruct the initial energy density and entropy density,
provided that one knows the initial volume V and the entropy per
particle. Thus, one reconstructs the thermodynamics of the initial
state from conservation laws, irrespective of details of the hydrody-
namic expansion.
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The situation in a nucleus—nucleus collision is slightly different.
The quark-gluon plasma is not produced at rest, but with a built-
in longitudinal expansion imprinted by the collision dynamics, and
detectors cover a limited angular range, so that only a slice of the
fluid is seen. The energy of this slice is not conserved, but decreases
due to the negative work of pressure forces during the longitudinal
expansion. As we shall see, however, the above argument still holds,
provided that one replaces the initial energy with the final energy.

We thus evaluate the thermodynamics from the total energy, E,
and total entropy, S, at freeze-out. Precisely, we define the effective
temperature, T, and the effective volume, Vg, as those of a uniform
fluid at rest which would have the same energy and entropy as the
fluid at freeze-out (see the illustration in Fig. 1). They are defined
by the equations

E= [ T%do, = €(Tetr) Vesr
f.o. (1)
S= [ sutdo, = s(Tetr)Verr
f.o.

where do, denotes the elementary hypersurface element, and the
integrals run over the freeze-out (f.0.) hypersurface. T is the first
line of the stress-energy tensor T of the fluid, and u* denotes
the fluid 4-velocity'. € and s denote, respectively, the energy and
entropy density in the fluid rest frame. By taking the ratio E/S,
one eliminates V,g, and one can solve the resulting equation for T,y
using the same equation of state as in the hydrodynamic calculation.
Note that T, and s(T,;) are related by the equation of state of the
fluid by construction. The effective temperature is smaller than the
initial temperature because of the longitudinal cooling. However,
it is larger than the freeze-out temperature, because the energy E
defined by equation (1) contains the kinetic energy due to the col-
lective motion of the fluid.

The energy per particle is 3T in a massless ideal gas at tempera-
ture T with Boltzmann statistics'’. We use natural units where the
Boltzmann constant and the speed of light in vacuum are unity,
ky=c=1, such that momentum and temperature have the same
dimension. The transverse momentum of a particle coincides with
its energy in the ultrarelativistic limit and near midrapidity (that
is, for particles emitted perpendicular to the beam). Therefore, it is
natural to expect that (p,) ® 3T,

To illustrate and verify this expectation, we carry out hydro-
dynamic simulations of Pb+Pb collisions. The details of the
hydrodynamic setup are reported in Methods. Since the transport
coefficients of the quark-gluon plasma are poorly constrained",
we carry out three different sets of calculations: ideal hydrodynam-
ics, viscous hydrodynamics with shear viscosity only and viscous
hydrodynamics with bulk viscosity only. In our calculations, we use
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QGP

Fig. 1| Schematic representation of a 2°®Pb-2°®Pb collision at the LHC.
The great density achieved in the collision produces a quark-gluon plasma
(QGP), reaching temperatures of a few trillion kelvin. We also show the
effective volume, defined as a cylinder containing a uniform QGP at

rest that would have the same energy and entropy as that produced in

the collision. The coloured spheres are pictorial representations of the
elementary particles (quarks and gluons) forming the QGP.

mainly a soft equation of state expected from the theory of strong
interactions', but we also perform a cross-check of the results using
a stiff equation of state where the speed of sound takes the maxi-
mum value ¢, = 1/1/3, corresponding to a gas of massless particles.

The results of our simulations are shown in Fig. 2. Figure 2a,b
confirms the expectation that the effective temperature T (red
lines) is tightly correlated with the mean transverse momentum of
charged particles (p,) (black lines). With the soft equation of state,
black lines and red lines overlap, corresponding to the proportion-
ality (p,) =3.07T,. Shear viscosity increases (p,), while bulk viscos-
ity decreases it"*. The remarkable result is that T, is modified by
the same relative amount, so that (p,) =3.07T; holds irrespective
of transport coefficients. This proportionality is satisfied for all
centralities and for most of the considered range of collision ener-
gies. Deviations at the level of few percent appear only at Relativistic
Heavy Ion Collider (RHIC) energies. The results using the stiff equa-
tion of state are shown as dot-dashed lines. We note that, although
(p,) and T, increase by ~40%, the proportionality coefficient only
changes by ~6%: (p,) ~#2.90T

Our results for the effective volume, Vg4, are shown in Fig. 2¢,d.
This quantity is essentially determined by the initial radius, R,
which we define by

2f |r|*s(zo, 1)

(Ro)* = ——F——— (2)
[ s(z0,1)
r
where r denotes the location of a point in the transverse plane, s(z,, r)
is the entropy density at the time 7, when the hydrodynamic evo-
lution starts, and the integration runs over the transverse plane.
The factor 2 in the numerator ensures that for a uniform density
profile in a circle of radius R,, the right-hand side gives (R)". For
dimensional reasons, the volume Vg is proportional to (Rg)’. This
explains the decrease of V,; as a function of centrality percen-
tile (this decrease follows that of the multiplicity, see Fig. 2c), and
that Vg, is essentially independent of the collision energy (Fig. 2d).
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The proportionality constant between V,;and R} depends on details
of the hydrodynamic modelling (transport coefficients and equa-
tion of state), although weakly.

The main conclusion from Fig. 2 is that, while (p,) and T are
sensitive to details of the hydrodynamic modelling (initial density
profile, transport coefficients, equation of state), most of the model
dependence disappears when considering the ratio (p,)/T. Using
T.e~{p,/3.07 from Fig. 2a in combination with the experimental
result (p,) =681 MeV (ref. '°), we obtain

Tesg = 22219 MeV
= (2.58+0.10)x 10K

(3)
in central Pb+ Pb collisions at y/sxn = 5.02 TeV. The experimental
observation that (p,) is almost independent of centrality implies in
turn that different centralities correspond to the same T;.

The uncertainty in equation (3) is from the ratio (p,)/T. This
ratio depends slightly on the freeze-out temperature T;, at which
the fluid is transformed into individual particles. Our default value
is Tz, =156.5MeV (Methods), but one must allow for a variation
of T;,. Thermal fits to particle abundances return a temperature
close to 160 MeV (ref. '7), which sets a natural upper limit on Tj,.
However, any value lower than 150 MeV would miss the particle
ratios after resonance decays by a substantial amount. Figure 3
shows the variation of T,; and (p,) within this range. As explained
above, T is larger than T;, by construction. We observe that T, is
almost independent of T;,, showing a mild increase in Fig. 3, while
(p,) decreases. We have checked that these results change very little
if partial chemical equilibrium is implemented'*. We conclude that
the error on the ratio (p,)/T.; due to the freeze-out temperature is
about 4%, which sets the uncertainty in equation (3). Note that with
a stiff equation of state, (p,)/ T,y is smaller by 6%. However, since the
stiff equation of state overestimates (p,) by 40%, we do not include
this 6% difference in our uncertainty estimate in equation (3).

Before evaluating quantitatively the equation of state, we per-
form a back-of-the-envelope estimate of the number of degrees of
freedom. A quark-gluon plasma, modelled as a massless ideal gas
with Boltzmann statistics, has a particle density n=gT®/n* (ref. %),
where g is the number of degrees of freedom (colour, flavour, spin),
and we set fi=1. If the number of produced hadrons is equal to the
number of quarks and gluons in the medium, and by taking into
account that only two-thirds of the hadrons are charged, the par-
ticle density in the effective volume is n=1.5(dN,,/dn) / V.= 4 fm=,
using V.~ 780fm* from Fig. 2¢, and dN,,/dn~2,000 from experi-
mental data. dN;,/dn denotes the multiplicity of charged particles in
the pseudorapidity interval —0.5 <# <0.5. Now, with T,;=222MeV
and fic=197 MeV fm, one obtains g= 30. This large number shows
that the colour degrees of freedom are active, or, in other words, that
a deconfined state is produced.

We now evaluate the entropy density at T, from experimental
data. The charged multiplicity gives a direct measure of the entropy
at freeze-out. The effective entropy density is then related to the
multiplicity through the formula:

1 S dNg
Vet Nop dy

s(Tet) = (4)

where dN,,/dy denotes the multiplicity per unit rapidity (Methods),
while for the entropy per particle we use S/N,=6.7 +0.8, obtained
in a recent analysis'®. The theoretical uncertainty on V. depends
on both transport coefficients and initial conditions. The uncer-
tainty due to transport coefficients can be evaluated from Fig. 2d
and is of the order of 15%. The uncertainty due to the initial size
is comparable. Different models of initial conditions give values
of R, (equation (2)) that differ from the one used in our calcula-
tion by up to 3.5%. Since V,; is proportional to R3, this results in
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Fig. 2 | Results from hydrodynamic simulations of Pb + Pb collisions. Black curves correspond to the average transverse momentum, (p,), red curves to
the effective temperature, T, and blue curves to the effective volume, V.¢. a,c, Results are presented as a function of the collision centrality for a fixed
energy per nucleon-nucleon collision \/syy = 5.02TeV, corresponding to the current energy available at the LHC for ion beams. b,d, Results are presented
as a function of the collision energy for a fixed centrality range (5% most central collisions). The variable on the horizontal axis is not the collision energy
itself, but the multiplicity of charged particles in the pseudorapidity interval —0.5<# < 0.5, or, equivalently (since # = —In tan(6/2)), in the range of polar
angles |0 —90°| < 27.5° relative to the beam. This multiplicity is denoted by dN,,/dn. We scale it by the mass number A of the colliding nuclei, so that a
and b would be essentially identical for other symmetric collisions, such as Xe + Xe, Cu+ Cu or Au+ Au collisions*?>. In a and b, the scales for (p,) and

T, differ (see vertical scales to the left and right) by a constant factor 3.07. Solid, dashed and dotted lines correspond to simulations using a realistic
equation of state, representing respectively, ideal hydrodynamics, viscous hydrodynamics with shear viscosity # and viscous hydrodynamics with bulk
viscosity £. s denotes the entropy density. Dot-dashed lines correspond to ideal hydrodynamic simulations with the stiff equation of state. Symbols in a
and b are experimental LHC data for (p,) (ref. ®). The experimental value of (1/A)dN,,/dy at centre-of-mass collision energy 200 GeV (ref. %) is indicated
as a vertical line in b. Symbols in ¢ represent (dimensionless) LHC data for the charged multiplicity, dN_,/dzy (ref. ), multiplied by 0.41fm?* (1fm=10"m),
while the thin dotted line is 1.27:R(3), where R, is defined by equation (2). Experimental errors are smaller than the symbol size.
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Fig. 3 | Estimate of the theoretical uncertainty on the effective
temperature. Variation of (p,) and T as a function of the freeze-out
temperature in ideal hydrodynamic simulations of central Pb + Pb collisions
at /sy = 5.02TeV. Lines are drawn to guide the eye.

a 11% uncertainty on V4 Taking dN,,/dn from ALICE data' and
V. from the ideal hydrodynamic calculation in Fig. 2d, assuming
that dN/dy~1.15dN/dn near midrapidity'’, and adding all errors
in quadrature, we obtain
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S(Teff) =20+5fm~>

(5)

With equation (3), this gives s(Tefr)/ Tgff = 14+3.5, in agreement
with ab initio calculations (Fig. 4, top).

We finally evaluate the speed of sound by varying the collision
energy. Increasing energy at a fixed centrality amounts to stuff-
ing more energy in a fixed volume, and the associated increase
in pressure or temperature gives the compressibility, which is
related to the speed of sound. Quite remarkably, all large sources
of uncertainty (freeze-out temperature, transport coefficients, sys-
tem size) cancel if one considers the relative variation of (p,) and
dN,,/dn with colliding energy, rather than their absolute values.
The effective volume is essentially constant as a function of energy,
so that the effective entropy density is proportional to the multiplic-
ity. Analogously, the effective temperature is proportional to (p,).
This implies:

dS(Teff) _ chh
$(Tett)  Nen '’

dTer _ d(py)
T (p)

These relative variations do not involve the proportionality coef-
ficients, which are the dominant source of error for both quantities.
Taking the ratio of the right-hand sides in equation (6), one obtains
the velocity of sound at T, (ref. °):

(6)
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Fig. 4 | Thermodynamic properties of hot strong-interaction matter.
Top: entropy density scaled by T>. Bottom: speed of sound as a function of
the temperature. Magenta bands are ab initio calculations using quantum
chromodynamics discretized on a lattice?, where the width of the band

is the uncertainty. Grey boxes show our results obtained from heavy-ion
experimental data with the corresponding uncertainties (see text), as
given by equations (3), (5) and (8). Since the derivative in equation (8)

is evaluated using the evolution of observables from /syy = 2.76 to
VSN = 5.02TeV, the relevant temperature is halfway between these two
points, that is, 5MeV lower than that given by equation (3), and the box in
the bottom panel has been shifted to the left accordingly.

(Teir) = b _dll - dnip) (7)
de  Tds|; ~ din(dNa/dn)

We estimate the right-hand side using 0-5% central Pb-Pb data. We

use the values of AN, /dn at 2.76 TeV (ref. *°) and 5.02TeV (ref. ),

which are extrapolated down to p,=0, and p, spectra from ref. *', with-

out carrying any extrapolation down to p,=0, that is, assuming that the

relative variation of (p,) is insensitive to the extrapolation. We obtain

(Tefr) = 0.24%0.04 (8)

where the error bar comes from taking into account the possible
variation of the effective volume between the two energies, which
we estimate to be at most 3% according to the results in Fig. 2d.
Thus, the speed of sound in the quark-gluon plasma produced at
the Large Hadron Collider (LHC) is half the speed of light in vac-
uum, in agreement with ab initio calculations (Fig. 4, bottom).

Note that equation (7) elucidates the conclusion from the
Bayesian analysis of ref. % that RHIC and LHC data in combina-
tion would provide a better constraint on the speed of sound than
either alone. We have not analysed RHIC data for the following
reason. The latest data on spectra® are limited to p,>0.5GeV,
and the extrapolation down to p,=0 would entail large errors. We
emphasize that if measurements of (p,) were available at RHIC, it
would be straightforward—and potentially of great interest—to
extend our analysis down to the lowest beam energies, to probe the
thermodynamics of quantum chromodynamics at other tempera-
tures and at non-zero baryon chemical potential.
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Methods

The details of the hydrodynamic calculation are as follows. We assume a boost-
invariant longitudinal expansion?, and we neglect the baryon chemical potential.
These are good approximations at ultrarelativistic energies. Longitudinal boost
invariance implies that the quantities E, S, and V,gare per unit rapidity, that is,
they stand for dE/dy, dS/dy and dV,/dy (see also equation (4)). We initialize
hydrodynamics at a time 7,=0.6 fm ¢™" (ref. ) after the collision. We neglect the
transverse expansion before 7, (refs. -*'). We assume that the entropy density at
time 7, at a given transverse point r, s(z,, r), is proportional to /T4 Tg computed

at r (refs. %), where A and B label the two colliding nuclei, and T, ; is the integral

of the nuclear density along the longitudinal coordinate (or, equivalently, the
thickness function in the optical Glauber model**). The proportionality factor is
adjusted at each collision centrality to match the observed charged multiplicity
dN,,/dn in the pseudorapidity interval || < 0.5 (refs. 1>*).

The centrality is specified by the impact parameter, b, of the collision. The
relation between centrality fraction, ¢, and the impact parameter is geometric,
c=1tb?/ Gpypr, Opyppy = 767 fm? being the total inelastic cross-section of Pb-Pb
collisions at \/sxn = 5.02TeV (ref. **). We run a single hydrodynamic event at
each centrality.

The choice of taking /T T is motivated by the phenomenological success of
the TRENTo model of initial conditions”’, where the same prescription for entropy

deposition is used, although with the inclusion of initial-state fluctuations®.

We include initial-state fluctuations in our smooth calculation through their
effect on the transverse size of the system. The mean transverse momentum in
hydrodynamics is sensitive to the transverse size’, which is somewhat reduced
by initial-state fluctuations. To take into account this reduction, at each impact
parameter we shrink our smooth initial conditions so that they present the same
radius R, (see below equation (2)) as in the full TRENTo parametrization, tuned
to data as in ref. *°. The correction to the size is of order 5%, 15%, 30% at b=2, 7,
12 fm, respectively.

The fluctuation-corrected initial conditions are then evolved using the
MUSIC hydrodynamic code*~*. We run it either with a realistic soft equation of
state computed using lattice quantum chromodynamics, s95p-v1', or with a stiff
equation of state:

e=3P+C (9)

where Cis a constant adjusted so that P and e at freeze-out are correct for a gas
of hadrons and resonances (as with the soft equation of state), so that energy and
momentum are conserved.

We run ideal and viscous hydrodynamic simulations. To assess separately the
effects of shear and bulk viscosity, we implement either a constant shear viscosity

over entropy ratio, /s =0.2 (refs. “**), or a bulk viscosity parameterized as in ref. .

Cooper-Frye freeze-out* is implemented at the temperature T;, =156.5 MeV
(ref. /), a reasonable choice in a hydrodynamic setup that does not implement
partial chemical equilibrium'****** or a hadronic cascade**"'. The viscous
corrections to the momentum distribution functions are evaluated using the

quadratic ansatz**~**. We take into account hadronic decays after freeze-out, but we

neglect rescatterings in the hadronic phase'**>*

We evaluate the mean transverse momentum of charged hadrons in the
pseudorapidity interval |57| < 0.8. This observable does not require particle
identification, unlike the mean transverse mass”~*’, but it does require coverage
of the whole p, range, and the low p, particles are not detected. There are two
strategies to compare theory and experiment. One can either implement the same
p. cut in the calculation, or extrapolate experimental data down to p,=0. We
choose the latter approach, because hydrodynamics is meant to describe the bulk

of particle production, and because this extrapolation has been carried out by some

of the experiments.

Data availability

The data represented in Figs. 2 and 3 are available as Source Data. All other
data that support the plots within this paper and other findings of this study are
available from the corresponding author upon reasonable request.

Code availability

The hydrodynamic code used in this article is publicly available at http://www.
physics.mcgill.ca/music/. The code used to generate initial conditions for
hydrodynamics is publicly available at https://github.com/Duke-QCD/trento.
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