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Abstract

An operator of Heun-Askey-Wilson type is diagonalized within the framework of the algebraic Bethe
ansatz using the theory of Leonard pairs. For different specializations and the generic case, the correspond-
ing eigenstates are constructed in the form of Bethe states, whose Bethe roots satisfy Bethe ansatz equations
of homogeneous or inhomogenous type. For each set of Bethe equations, an alternative presentation is given
in terms of ‘symmetrized’ Bethe roots. Also, two families of on-shell Bethe states are shown to generate
two explicit bases on which a Leonard pair acts in a tridiagonal fashion. In a second part, the (in)homoge-
neous Baxter T-Q relations are derived. Certain realizations of the Heun-Askey-Wilson operator as second
g-difference operators are introduced. Acting on the Q-polynomials, they produce the T-Q relations. For a
special case, the Q-polynomial is identified with the Askey-Wilson polynomial, which allows one to obtain
the solution of the associated Bethe ansatz equations. The analysis presented can be viewed as a toy model
for studying integrable models generated from the Askey-Wilson algebra and its generalizations. As exam-
ples, the g-analog of the quantum Euler top and various types of three-sites Heisenberg spin chains in a
magnetic field with inhomogeneous couplings, three-body and boundary interactions are solved. Numerical
examples are given. The results also apply to the time-band limiting problem in signal processing.
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1. Introduction

Although not pointed out in standard textbooks of quantum mechanics, the quantum har-
monic oscillator is among the basic examples of quantum integrable systems generated from the
so-called Askey-Wilson algebra introduced in [77] (see (1.14), (1.15) below). Introducing the
Heisenberg algebra with generators a, a’ and defining relations [a,a'] = 1, for an appropriate
change of variables the Hamiltonian, position and momentum operators read, respectively:
Hedlatr, X=—=@ +a), P=-—(a'-a) (L1)
=a'a+ -, =—(@"+a), =—(@'"—a). .

2 V2 V2
The triplet (H, X, iP) generates a specialization of the Askey-Wilson algebra. Considering the
first presentation of the Askey-Wilson algebra with three generators given in [77], one routinely
finds: [H, X] =—iP, [X, iP] = —1 and [iP, H] = X. It follows that the pair (H, X) satisfies the
so-called Askey-Wilson relations [77]:

[X.[X.H]]=-1., [H,[H.X]]=X (12)

giving a second presentation [77]. Alternatively, for the pair (H, iP) one also gets Askey-Wilson
relations, with different structure constants:

[H.[H.,iP]]=iP, [iP,[iP.H]]=1. (1.3)

In the literature, the analysis of the spectral problem for the Hamiltonian H is usually based on
two different representations’ of the Heisenberg algebra. There exists a basis {16;), n € Z4} such
that the generators a, a' and the so-called number operator N = a'a act respectively as aley) =
ﬁnl@r’lil), a”@j) = %W’;"H) and N|6;) = n|6;) where |6;) denotes the lowest weight (or
‘reference’) state such that a|f) = 0. In terms of the operators (H, X), one has:

X—=[X,HD"165) =0 and |6;) = (X+[X,HD" |67) . (1.4)

On the other hand, there exists a basis {|0;), x € R} to which one associates the linear func-
tional denoted (6| such that the generators a, a" and N act as

(Ox| 1d<9| (Ola’ ! 2 d (O]
ila=—=—(6:, ela’ = —=(2x — — ) (6xl,
J2dx V2 dx
| J\ d (1.5)
(OxIN =z 2x — — ) —(0x] .
2 dx ) dx

Then, the transition coefficients (6,]6,") solve a bispectral problem which reads as a second-order
differential equation and a three term recurrence relation given by:

dx ) dx
H,(x) = (6«16,) , (1.6)
(0x1X16;) = (0x16,_1) + 21010, ) & 2xH,(x)=H,_1(x) +2nH, 1(x). (1.7)

(6. HIOY) = (n + %)wxwm - <2x _ i) o ) =2, (v)  with

1 We assume the reader is familiar with the bases {|x)} and {|n)} of standard textbooks in quantum mechanics. For con-

2
venience, below we introduce (x| =e~* /2 (x| and |n) = (2"n!)_1/ 2|9,’f). Note that a rigorous mathematical definition
of the basis {|x)} requires the framework of rigged Hilbert spaces, see [52,53] and references therein.
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This system coincides with the well-known defining relations of the orthogonal Hermite polyno-
mials H,(x) [47, eqs. (1.13.3), (1.13.4)] located at the bottom of the Askey-scheme:
[n/2] nl
H, = D (x)"* .g.
1 (x) ];)( o2 @ e

Ho(x)=1, Hi(x)=2x, Hy(x) =4x> -2, ...

(1.8)

Alternatively, it is also known that the spectral problem (1.6) can be formulated within the
analytical Bethe ansatz framework, see e.g. [41, Section 2.1]. Namely, consider the elementary
Baxter T-Q relation:

n

20, (x) = Q(x) = A, Qu(x)  where Q) =]](x—x). (1.9)

i=1

Given n fixed, (1.9) implies that the zeroes {x;|i = 1, ..., n} satisfy the set of Bethe ansatz equa-
tions

on(xi) Z 1

ok s —x forall i=1,..n, (1.10)
n(xi)

jorgg TN
and the spectrum is given by A, = 2n. Thus, by comparison of (1.9) with (1.6) it follows that the
Q-polynomial in (1.9) can be interpreted as the transition coefficients (6,]6,"):

On(x) =27"(0x10,) = 27" Hy (x) . (1.11)

Furthermore, using (1.1) and (1.5) together with (1.4), the Q-polynomial can be written in terms
of the pair (H, X) as:

d n
On(x) = (Ox| (X + [X, HD" |65) < On(x)=27" <2x - E) 1. (1.12)

More generally, given the triplet (H, X, iP) satisfying the Askey-Wilson relations (1.2) and
(1.3) it is natural to consider the combination (recall that iP = [X, H])

lho = KX+ k*H + k1 [X, H] (1.13)

and the corresponding spectral problem. From an algebraic perspective, the pair (X, Ip,) (or alter-
natively (H, I,,)) generates the simplest specialization of the family of Heun algebras of Lie type
recently introduced in [24, Definition 2.1]. For generic parameters «, x*, k., it is well-known
that the spectral problem? for I, can still be solved in terms of Hermite polynomials (see e.g.
[27]).

The possibility of generalizing the above picture to the Askey-Wilson algebra with generic
structure constants [77] and to the Heun-Askey-Wilson algebra recently introduced in [12] is a
natural problem to be considered, for various reasons. Some motivations are briefly described in
Section 6. Let p, w, n, n* be generic scalars. The Askey-Wilson algebra is generated by A, A*
subject to the relations [77]

2 However, adding a term such as {X,H} to (1.13) where {.,.} is the anticommutator leads to a more complicated
spectral problem.
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(A [AA"] ], -1 =p A" +wA+0T, (1.14)
[A*. [A",A] ], -1 =pA+ A" +7'T. (1.15)

In the literature, these relations are called the Askey-Wilson relations. It is known that the
Askey-Wilson algebra gives an algebraic framework for all the orthogonal polynomials of the
Askey-scheme [77]. Also, it is known that the zeroes of the Askey-Wilson polynomials satisfy a
class of Bethe ansatz equations [72,31]. Define the Heun-Askey-Wilson element [12,24]:

I, k% ko, ko) =k A+ k*A* +K+)(_1 [A, A*]q +K_x [A*, A]q (1.16)

where «, k*, k. and’ x # 0 are scalars. To our knowledge, the diagonalization of a Heun-Askey-
Wilson operator associated with (1.16) has not been considered yet in full generality.* For finite
dimensional representations, as we will show it turns out that this problem can be solved within
the boundary quantum inverse scattering method [60]. In fact, the Heun-Askey-Wilson operator
commutes with a given transfer matrix [74,4] associated with non-diagonal reflection matrices
[30,37], see (2.21) below. Such kind of reflection matrices contain arbitrary constant parame-
ters (boundary couplings) which in general break the U (1) symmetry of the transfer matrix, and
it prevents the application of the standard Bethe ansatz techniques to study its diagonalization,
unless that restrictions on the boundary couplings are imposed, see’ e.g. [20,55,73,32,36,9,58].
An important progress for the unrestricted cases was achieved by the introduction of the off-
diagonal Bethe ansatz [21], a method that proposes an inhomogeneous Baxter T-Q equation as
solution of the spectral problem for integrable models without U (1) symmetry [71]. Beyond the
computation of the spectrum, a modification of the algebraic Bethe ansatz was developed in [8,5,
23,14,2] providing the construction of the associated off-shell Bethe states,® which in particular
allows the computation of scalar products between on-shell/off-shell Bethe states, see [15—18]
and references therein. The main feature of the modified algebraic Bethe ansatz are the off-shell
relations satisfied by the ‘creation operators’, see e.g. Lemma 3.5 and Conjecture 1. In the alge-
braic Bethe ansatz perspective, these off-shell relations are the origin of the inhomogeneous term
in the Baxter T-Q equation.

In the present paper, for any irreducible finite dimensional representation of the Askey-Wilson
algebra and g # 1, the construction of eigenvectors of (1.16) within the (modified) algebraic
Bethe ansatz framework and the analog of the construction (1.9), (1.10), (1.11) is considered. In
this case, the theory of Leonard pairs developed in [64,65] offers the proper mathematical setting.
The main results are the following:

(i) The Heun-Askey-Wilson operator associated with (1.16) is diagonalized on any irreducible
finite dimensional representation (7, V) of dimension 2s + 1 (s is an integer or half-integer),
using the theory of Leonard pairs combined with the algebraic Bethe ansatz technique. Three
cases of (1.16) indexed by ‘@’ are considered in details: the special cases (i.e. a = sp) k #
0,k*=k* =0 or «* # 0,k = kx = 0; the diagonal case (i.e. a =d) «x,k* # 0,k = 0; the
generic case (i.e. a = g) «, k™, k+ 7# 0. In all cases, the solution of the spectral problem7 takes
the form:

3 The parameter x is introduced for further convenience.

4 For a certain image of (1.16) in Uy (slp), see however [72].

5 For a more complete list of references and an account of historic details on this subject, we refer the reader to the
Introduction of [5].

6 The on-shell Bethe states can also be retrieved from the off-diagonal Bethe ansatz [76].

7 Note that for the generic case, the eigenvalue expression can be obtained from the results in [22].
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7 (10, &, ke, k) WY (@)) = A WY () (1.17)

€

where the eigenstates |‘Il£/{e (u)) are given in the form of on-shell Bethe states (with M =
0,1,...,2s for a = sp and M = 2s for a = d, g) obtained from the so-called ‘reference state’
with index € € {£} through successive actions of a ‘creation’ operators {%€ (u;, m;)}, thus gen-
eralizing (1.12). According to the choice of parameters and reference state, the Bethe roots
u=1{uy,..,upy} satisfy homogeneous or inhomogeneous Bethe ansatz equations. See Proposi-
tions 3.1, 3.2, 3.3, 3.4. For the case a = d, the inhomogeneous term is related with the character-
istic polynomial of an operator denoted A® that forms a Leonard triple with A, A*. Importantly,
this provides a proof of the off-shell relations in Lemma 3.5 only based on the representation
theory of the Askey-Wilson algebra.

(i1) An infinite dimensional representation (77, V) of the Askey-Wilson algebra is introduced.
In this representation, the operators 7 (A), 7 (A*) act as second-order g-difference operators
whereas the Heun-Askey-Wilson operator 7 (I(«, *, k4, k_)) acts in general as a fourth-order
g-difference operator. For the special case k = k4 = 0, the spectral problem for the Heun-Askey-
Wilson operator g-difference operator (reduced to the one for 7 (A*)) produces an homogeneous
Baxter T-Q relation generalizing (1.9). In this case, the Baxter Q-polynomial of degree M follows
from the ‘transition’ coefficient (see Lemma 4.2):

M 2 —1.,.,-2
Oum(Z) =Ny @)~ (=W} | (i) = l_[ (Z — M) where
=1 1+4 (1.18)

-1
7 _ 2+2z ,
q+q7!
thus generalizing (1.11). Furthermore, it solves a bispectral problem for the Askey-Wilson poly-
nomial, as expected. For the diagonal case «, «k* # 0, k+ = 0, the action of the g-difference
operator 7 (I(k, k*, 0, 0)) on the Baxter Q-polynomial produces an inhomogeneous Baxter T-Q
relation generalizing (1.9). In this case, the Baxter Q-polynomial of degree 2s is also expressed
in terms of the ‘transition’ coefficient (see Lemma 4.2):

025(Z) = Nas (i)~ (2| W7, (@) (1.19)

For the generic case «, *, k1 # 0 and a different realization of the Heun-Askey-Wilson operator,
a similar picture holds as briefly mentioned.

(iii) For each system of homogeneous or inhomogeneous Bethe ansatz equations derived
in Section 3, an alternative presentation in terms of the ‘symmetrized’ Bethe roots (3.103) is
obtained. In particular, this presentation gives a simpler characterization of the Bethe roots than
the one based on the standard Bethe equations. See Proposition 3.6.

(iv) An algebraic Bethe ansatz solution for the g-analog of the quantum Euler top [72,69] and
various examples of three-sites Heisenberg spin chains with three-body terms, inhomogeneous
couplings and boundary interactions. See Section 5 where numerical examples are given.

The paper is organized as follows. In Section 2, we review the derivation of the Heun-Askey-
Wilson element (1.16) based on the connection between the reflection equation algebra and the
Askey-Wilson algebra [72,4]. Using the transfer matrix formalism and the theory of Leonard
pairs [64,65], the diagonalization of the Heun-Askey-Wilson operator associated with (1.16) is
considered within the framework of the algebraic Bethe ansatz in Section 3. Namely, for various
choices of parameters {«, k*, k4, k_}, the eigenstates of the Heun-Askey-Wilson operator are
given in the form of Bethe states and associated Bethe equations, and in terms of Leonard pairs’
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data. In each case, an alternative presentation of the Bethe ansatz equations is given in terms of
a system of polynomial equations in the ‘symmetrized’ variables (3.103). Also, for any off-shell
or on-shell Bethe state an expansion formula is given using the Poincaré-Birkhoff-Witt basis of
the Askey-Wilson algebra. It follows that certain families of Bethe states generate explicit bases
for Leonard pairs. In Section 4, four different types of Baxter T-Q relations are derived, either
homogeneous or inhomogeneous. The corresponding system of Bethe equations produces the
Bethe equations derived in Section 3 and the solutions are expressed as symmetric polynomials,
identified as Q-polynomials. Independently, a second-order g-difference operator realization of
the Heun-Askey-Wilson element (1.16) is given for the special and diagonal cases. It is shown
that its action on the Q-polynomial produces the T-Q relations. For the generic case, a different
realization has to be considered, as briefly mentioned. For the special case k = k+ = 0 the Q-
polynomial is expressed in terms of the orthogonal Askey-Wilson polynomials. An interpretation
of the Q-polynomial as transition coefficients arises naturally. In Section 5, we apply the previous
results to the diagonalization of various examples of integrable models: a g-analog of the quan-
tum Euler top and Heisenberg spin chains with three-sites, that can be viewed as deformations
of the three-sites U, (sl»)-invariant XXZ spin chain. In Section 6, some perspectives are briefly
described. In Appendices A, B, formulas are collected. In Appendix C, the proof of Lemma 3.5
is given. Appendix D is devoted to the proof of Proposition 3.5. In Appendix E, different re-
alizations of the Askey-Wilson algebra in terms of first or second-order g-difference operators
are given. In Appendix F, realizations of the dynamical operators in terms of the g-difference
operators are displayed.

Notations: The parameter ¢ is assumed not to be a root of unity and is different than 1. We
write [X, Y], =gXY — q_lYX, the commutator [X, Y] = [X, Y],—;. The identity element is
denoted Z. We will use the standard g-shifted factorials (also called q-Pochhammer functions)
[47], g-number and binomial, respectively:

n—1

(a: q)n = E)(l —ag"), [nly = % L0l =1, (’fj) = n,(mm—in), . (120
We also use the notation

b(x)=x—x"". (1.21)
For the elementary symmetric polynomials in the variables {x;|i =1, ..., n}, we use the notation:

er(X1,Xx2, ..., xp) = Z XjXjp  Xjy (1.22)

l<ji<jp<--<jk=n
2. The Heun-Askey-Wilson element from the reflection equation

In this section, we show how the Heun-Askey-Wilson element (1.16) introduced in [12] fol-
lows from the transfer matrix associated with the solution of the reflection equation constructed
in [74,4]. Most of the material given in this section is taken from the works [60,74,4,11], so we
skip the details.

Let the operator-valued function R : C* - End(C? ® C?) be the intertwining operator (quan-
tum R-matrix) between the tensor product of two fundamental representations associated with
the quantum algebra U, (s?}). The element R(u) depends on the deformation parameter g and is
defined by
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ug —uqg™! 0 1 0 1 0
0 u—u- —q- 0
R = 0 g—gl m—a 0 : .1
0 0 0 ug —utg™!

where u is the so-called spectral parameter. Then R(u) satisfies the quantum Yang-Baxter equa-
tion in the space C2eCrgC2 Using the standard notation R;;(u) € End(((C2),- ® ((Cz)j), it
reads

Ri2(u/v)R13(u) R23(v) = Roz(v) Riz3(u) Ri2(u/v) Yu, v. (2.2)

Consider the reflection equation (also called the boundary quantum Yang-Baxter equation)
introduced in the context of the boundary quantum inverse scattering theory (see [26], [60] for
details). For the U, (sl) R-matrix (2.1), the reflection equation reads:

R(u/v) (Kw)® ) Rwv) (I ® K(v)) = (I ® K(v)) Rwv) (K(u) ® ) R(u/v),
2.3)

where K (1) is a 2 x 2 matrix. We are now interested in a certain class of solutions of the reflection
equation (2.3) for which the entries of the matrix K (#) are assumed to be Laurent polynomials
in the spectral parameter whose coefficients are elements in certain homomorphic images of the
g-Onsager algebra (see [11]). Here, we consider the simplest solution of this type. We refer the
reader to [74,4] for details.

Proposition 2.1. Assume {x, p,w,n,n*} are generic scalars in C*. Let Kii1(u) = Au),
Kipp(w) = B(u), K21(u) =Cu), Kop(u) = D(u) be the elements of the 2 X 2 square matrix
K (u) such that:

A) = @* —u™?) (quA—qfluflA*) —(q+q Hp! (nu—i—n*u*]) , (2.4)
D) = @ —u™) (quA” —g~u™'A) = (g +47p ™" (n'u+m"). 2.5)
2 -1, -2
2 =2 [ =1 1A% ® qu-+q "u
B(u)=xu* —u )(,0 ([A,A]q+q_q1>+ pEa——; ) (2.6)
2 -1,-2
_ 1,2 -2 -1 * w qu+q 'u
Cwy=px~ (" —u )(p <[A’A]q+q—q—1>+ prl— ) 2.7)

Then K (u) satisfies the reflection equation (2.3) provided A, A* generate the Askey-Wilson alge-
bra with defining relations (1.14), (1.15).

Note that the scalar parameter x does not enter in the structure constants of the Askey-Wilson
relations but it is introduced for further convenience.

Two explicit examples are now given. Let {¢™3, 51} denote the generators of the quantum
algebra U, (sl2) with defining relations:

612S3 _ q—2s3
$3, 84| ==+, S, 8 |=—7—. (2.8)
o s =5 [s05)= 0

The Casimir element

C=(q—q ")2S_8; +¢>3t! 4 251 09)



8 P. Baseilhac, R.A. Pimenta / Nuclear Physics B 949 (2019) 114824

is central. Introduce the coproduct A : U, (sl2) — U, (sly) ® U, (sl2) such that:

A =S, @T+¢™ @5, AS-)=S-®q +I®S_,

2.10
A(CIS*%) :qs:; ®q8"; . ( )
Example 1. [39] Define the parameters
1 1
oY) ().
+ 2‘] ql q 2‘1 q 1‘1 @2.11)
e =cosh(w)gz(") | e_ =cosh (1) g2t |

where w, u', v, V', v are generic scalars. The following gives an example of elements A, A* sat-
isfying the Askey-Wilson relations (1.14), (1.15):

A—kivg'28, g% +k v lgTV2S g% + e g3, (2.12)
A* > kv lgTV28 g7 kv PS_qgT 4 e g7, (2.13)

where the structure constants p, w, 7, n* are given by (3.33)—(3.36) with the substitution ¢g>*+!1 4
—2s5—1
q — C.

Let us mention that this example can be derived using the ‘dressing’ procedure [60] that
generates solutions of the reflection equation. For details, see [74].

Another example follows from [40] (see also [45]). It will connect the Heun-Askey-Wilson
element (1.16) to Hamiltonians of 3-sites spin chains, see Section 5.

Example 2. [40] (see also [45]) The Askey-Wilson algebra is embedded into Uy (sl2) @ U, (sl2) ®
Uy(shh). Definec; =CRQUQN,c; =T QCRI,c3=0Q 1 QC and c4 = (id x A) o A(C).
The following gives an example of elements A, A* satisfying the Askey-Wilson relations (1.14),
(1.15):

A—>AO)RI, (2.14)
A*— I Q@ A(C), (2.15)
where the structure constants are given by:
p=—(q"—q77, (2.16)
w=—(q—q ") (cic3 +cacs) | 2.17)
@*—q7%)?
%
N =—————(cic2+c3c4) , (2.18)
(@+q7h
(¢*—q7%)?
n=——-——(c2c3+cicq) . (2.19)
(@+q7h

Given a solution of the reflection equation, it is known that a generating function for mutu-
ally commuting quantities is provided by the so-called transfer matrix [60]. In the present case,
consider the most general scalar solution of the so-called “dual” reflection equation given by
[30,37]:

—1,—1, % 2,2 _ =22

k-p(@Pu? —qu™?)  quit+q " u e
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where k4, k, k™ are generic scalars in C. The transfer matrix reads 7(u) = tr (K TwK (u)),
where the trace is taken over the two-dimensional auxiliary space. Expanded in the spectral
parameter u, for K (u) with (2.4)—(2.7) the transfer matrix produces the Heun-Askey-Wilson
element (1.16):

() = (g% = g 20 = u?) (e A+ A i T A AT e x [ARA])
+ Fo(u) , (2.21)

where Fo(u) is a scalar function.® It follows that the spectral problem for the Heun-Askey-Wilson
operator associated with (1.16) and the transfer matrix (2.21) are identical. In the next section,
we will use this connection to diagonalize the Heun-Askey-Wilson operator using the algebraic
Bethe ansatz.

Let us mention that the known central element (the so-called Casimir element) of the Askey-
Wilson algebra can be extracted from the so-called Sklyanin’s quantum determinant I"(x) given
in [60]. For the reflection equation algebra, recall that the quantum determinant is defined as:

F(u) = tr (P (K ) @ 1) Ru’q)(I ® K (uq))), (2.22)

where Pj; = (1 — P)/2 with P = R(1)/(g — ¢~ "). As shown in [60], [T (), (K (u));;] =0 for
any i, j. Inserting K (1) with (2.4)—(2.7) into (2.22), one gets:

u’q> —u?q %) ( 2p )
Py =—ad 2 4 7 (Auy-—L—),
“ 2(q—q7" W G=a
with
8 =290 (202 (3 - g2 (4 o)
0

where the explicit form of the scalar function yo(u) is omitted for simplicity and
= (qz —q*2> g ' AA* [A*,A]q g2 [A*’AE 1 g2 pA% + pgA* + w(AA* + A*A)
+ 05 (1 +q DA+ n(1 +q HA* . (2.23)
It follows that I" satisfies

[[,A]=[T,A"]=0 (2.24)

i.e. I is central in the Askey-Wilson algebra. Note that this result provides an alternative deriva-
tion of the central element given in [77, eq. (1.3)]. Also, let us mention that I" is a restriction of
the expression computed in [7] for the g-Onsager algebra. Indeed, the Askey-Wilson algebra can
be viewed as a certain quotient of the q-Onsager algebra by the relations (1.14), (1.15).

To conclude this section, let us make few additional comments. As mentioned in the introduc-
tion, for the quantum harmonic oscillator each couple (H, X) and (H, iP) satisfies the simplified
Askey-Wilson relations (1.2), (1.3). It is thus natural to ask for such triplet in the context of the
Askey-Wilson algebra. Let A, A* satisfy the Askey-Wilson relations (1.14), (1.15). Define the
element:

o i iw
A [A*, Al + @—aNvp

225
NG (2.25)

8 The expression of F(u) is not needed in further analysis, so we omit its explicit expression.
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Then, it is easy to show that the couple (A, A®) satisfies the Askey-Wilson relations:
ig—gq7hH  _iJP

N R
i(g—q7"

P
Similar relations are easily derived for the couple (A*, A®). In the literature, the triplet (A, A*, A®)
is related with the concept of Leonard triple. We refer the reader to [28,44] for details. Some
properties of the element (2.25) will be used in Appendix C.

Let us also mention that the transformation from the pair (H, X) to the pair (H, iP) relating the
Askey-Wilson relations (1.2), (1.3) generalizes to the q-deformed case as follows. Given (6*, é)
satisfying (1.14), (1.15) with structure constants p, w, n, n*, define a new pair of elements (A*, A)
by:

(A [AA°] ], =pA°+ oT, (2.26)

[A°.[A%A] ]~ =pA+ nA°+n*T. (2.27)

i

A* = A* Aelaa 40 (2.28)
Nz " g—-qa P

Then, by direct calculation one finds that (A*, A) satisfy

[A [AA"] ], =p A" +OA+IT (2.29)

A* [A* & R L AR =k

[A*. [A"A] ], =pA+ A" +7"T (2.30)
with the structure constants

__ilg—q Ot iongp  _

o= 1"4 o fl’ A=, (2.31)

Voo a—q
In Section 4 and Appendix E we will give various examples of operators acting on an infinite

dimensional vector space which provide realizations of the Askey-Wilson algebra (1.14), (1.15).
In Appendix E, the invertible transformation (2.28) will be used.

3. Diagonalization of the Heun-Askey-Wilson operator via the algebraic Bethe ansatz

In this section, using (2.21) the Heun-Askey-Wilson operator associated with (1.16) is di-
agonalized on any irreducible finite dimensional representation of the Askey-Wilson algebra
(1.14)—(1.15) for different choices of parameters «, «*, k+ using the framework of the algebraic
Bethe ansatz [20,32] and its modified version [5,14,2] combined with the theory of Leonard
pairs [64,65]. The eigenstates are obtained in the form of Bethe states, and the spectrum of the
Heun-Askey-Wilson operator is given in terms of solutions (the so-called Bethe roots) of Bethe
equations. For each choice of the parameters, it is shown that the corresponding Bethe ansatz
equations admit an alternative presentation in terms of the ‘symmetrized’ variables U; given by
(3.103). Also, up to an overall factor the Bethe states are expressed in the Poincaré-Birkhoft-
Witt basis of the Askey-Wilson algebra with polynomial coefficients in U;. Two eigenbases for
Leonard pairs in terms of Bethe states are derived in this framework.

3.1. Preliminaries
3.1.1. Leonard pairs

Let (7, V) denote a finite dimensional representation on which the elements of the Askey-
Wilson algebra A, A* act as 7 (A), 7 (A*). Assume 7 (A), 7(A*) are diagonalizable on V, the
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spectra are multiplicity-free and V is irreducible. Then, by [65, Theorem 6.2] the operators
7(A), T (A*) form a Leonard pair, see [65, Definition 1.1]. Define dim(V) = 2s + 1 with s an
integer or half-integer. Given the eigenvalue sequence 6y, 01, ..., 625 associated with 7 (A) (resp.
the eigenvalue sequence 6, 0}, ..., 65, associated with 77 (A*)), one associates an eigenbasis with
vectors [0p), |01), ..., [62s) (resp. an eigenbasis with vectors [6), |6]), ..., |05;)). For a Leonard
pair, recall that:

(i) in the eigenbasis of 7 (A), then 77 (A*) acts as a tridiagonal matrix;
(ii) in the eigenbasis of 7 (A*), then 77 (A) acts as a tridiagonal matrix.

According to the properties (i)—(ii) the action of the Leonard pair 7 (A), 7 (A*) on the eigen-
vectors takes the form:
T(M)NOM) =0mlOm) . 7T(A)Om) =apm m+110m+1) + ap m|Om) +amm—110m-1)
3.1)
T(ADOy) =0y10y) . TMNOy) = apy pr110h741) + Ay i 1Ohg) + ahg pg 1107 —1) -
(3.2)
where the coefficients apg —1 = a2s,254+1 = aa‘ﬁl = a;‘s 2541 = 0, and the set of coefficients
{apy . m+1}, {am, M} and {a;\",,’ M1l {aj{,I’ ) are determined according to the representation cho-
sen. Furthermore, the eigenvalue sequences are such that (see [63, Theorem 4.4 (case I)]):
QM :quM +Cq_2M , 0;4 zb*sz +C*q—2M , (33)

where b, ¢, b*, ¢* are generi_c scalars. Due to the existence of the Askey-Wilson relations (2.26),
(2.27), on the vector space V it is clear that (A, A®) and (A*, A®) both give examples of Leonard

pairs. Let |65, ..., |05,) denote the eigenvectors of 77 (A®) with respective eigenvalues 6, ..., 6.
Adapting the results of [44], one finds that the eigenvalues of A® take the form:
Oy =b°q"" + g7, (34

where b°, ¢® are generic scalars. In this parametrization, note that the structure constant p is
given by [63, Lemma 4.5]:

p=—bclg® —q H?=—b*c*(q* —q H*=-b°c(¢* — ¢ H)*. (3.5)

On the finite dimensional vector space YV, in addition to the Askey-Wilson relations (1.14),
(1.15) by the Cayley-Hamilton theorem one has:

2s 2s 2s
[TAa-om=0. [](A —65)=0. [] (A —65)=0. (3.6)
M=0 M=0 M=0

Example 3. [39] With respect to Example 1, let (7, V (s)) denote the irreducible (spin-s) repre-
sentation of Uy (sl2) of dimension dim(V (s)) = 2s + 1 on which the generators {qi”, S1} act
as:

2s5+1 2s5+1

7@ =) ¢ P EG, 7S =) VKI5 + T—KlgExsix, 7(S4)
k=1 k=1
2s+1

= Z [k14[2s + 1 — k1g Exit1
k=1
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where the matrix E;; has a unit at the intersection of the i —th row and the j—th column, and
all other entries are zero. For generic scalar parameters k4, €1+, v and g in (2.12), (2.13), then
7 (A), w(A*) is a Leonard pair. There exists two bases on which 7 (A), 7 (A*) act as (3.1), (3.2)
and the spectra take the form (3.3) with (3.32). See e.g. [ 13] for details.

Example 4. [40,45] With respect to Example 2, consider the tensor product of three irreducible
representations of Uy, (slz) denoted V(j1) ® V(j2) ® V(j3). Following [45], define ¥ the set
consisting of all pairs (¢, k) of integers such that

0=<¢=<min{2j| +2j2,2j2+2j3,2j1 +2j3, j1 + j2 + j3} ,
0<k<2ji+2j,+2j3—2L. (3.7)

Define Vi (£) as the vector subspace of V(j1) ® V(j2) ® V(j3) spanned by the simultaneous

eigenvectors of (id x A) o A(q2s3) and ¢4 = (id x A) o A(C) associated with eigenvalues
GPNTRH2 =200 g @21 +2 2320+ 4 0 =21=2)=2j3+20=1 reqpectively. Then

Vin®vineVvin= @ v®. (3-8)
(£h)ex

The irreducible finite dimensional representation (7, Vi (£)) is such that
dim(Vy(£)) = min(21, £) + min(2j5, £) + min(2j3,£) —2£ + 1 . (3.9)

For all (¢, k) € Z, w(A), 7 (A*) is a Leonard pair. There exists two bases on which 7 (A), 7 (A*)
act as (3.1), (3.2) and the spectra take the form (3.3) with (3.32) with the identification

b =g 2min@i0-2)i=2p=1426 . —p=1 and M =h—¢+minQ2j3,¢), (3.10)
b* =g 2minGO=2p=2j3 =120 - ox — p*l and M =h — €+ min(2j1, £)
where £ is an integer such that
£ —min(2j3,£) <h <min(2j;, £) + min(2 2, £) — £. (3.1D)
See e.g. [45, Theorem 5.4, Lemma 5.6] for details.

3.1.2. Gauge transformation and reference states

Our aim is to diagonalize the Heun-Askey-Wilson operator associated with (1.16) on a finite
dimensional vector space within the framework of the algebraic Bethe ansatz and using the theory
of Leonard pairs. In this context, the first step is the construction of the so-called reference (or
vacuum) state. Consider the K — matrix with non-diagonal entries of the form (2.6), (2.7). As
A, A* act as a Leonard pair on V, it is not possible to construct a state that is annihilated by
the off-diagonal entries. Indeed, given the representation V on which A, A* act as 7 (A), T(A*),
according to (i), (ii) there is no state |€2) such that 7 (C(«))|2) = 0 (and similarly for 7 (B(u))).
To circumvent this problem, an idea [20] is to apply a gauge transformation (parameterized by
an integer m) to the K -matrices K (1) with (2.4)=(2.7) and K ¥ (u) given by (2.20):

tu) =tr (KWK ) =tr (1%+(u|m)1<(u|m)) , (3.12)

such that the off-diagonal entries of K (u|m) admit a reference state.

The gauge transformation is built as follows. For more details, we refer the reader to [20] and
[14] for the notations used here. Let € = £1, «, 8 be generic complex parameters and m be an
integer. Introduce the covariant vectors
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X (uym)) = (“qelm’f ) Y€ (0 m)) = (ﬂq_;m“€> (3.13)

and the contravariant vectors

V€ _ q7€u7€ _ em, €
W ml = eye(l,m—l)( Loog™uc), (3.14)
V€ _ qiéuié _ —em €
(P m)l = —e—im s (1 —pa="ue)
where
y€(u,m) =otl%€,3%q_mu —a%ﬂ%qmu_l . (3.15)
Applying the gauge transformation to K (), one finds:
(A, m) FB(u,m)
K(mm)_(‘fe(u,m) @e(u,m)) ’
with
A, m) = (Y u,m—2)|Kw)|Xw",m)), (3.16)
B, m) = (Y<(u,m)| K @)Y (u™",m)), (3.17)
C(u,m) = (X (u,m)|K@)| X", m)), (3.18)
7 my =L LD R 1K 1Y @, m))
ye(l,m)
_ =1\, e, -2
gyt S m A D) e, ), (3.19)

(qu* —q~'u=2)ye(1,m)
In the literature, the elements above are called the ‘dynamical operators’. Their explicit expres-

sions in terms of the elements A, A* are reported in Appendix A. In terms of the dynamical
operators, the transfer matrix (3.12) reads:

1) = (q*u* — g 2u?) (a(u,m)<?(u, m) +du, m)P(u, m) + b(u, m)&B (u, m)
+c(u, m)€* (u, m)) (3.20)

where
auZE (KM +K*M_1) + ue(MZ _ u—2)q—(m+l)E(K+ _ O[/SK_/)) _ ﬁq—(2m+2)€ (K*u + Ku_l)
(@ = Bg=<CmtD)(qu? —q~1u=?)

d( ) . _ﬂu2eq—(2m+1)6(qku +q—]K*u—l) _ Meq—(nl+l)e (q2u2 _q—Zu—Z)(K+ —Olﬂkfp) +aq_f(qk*u +q_1)<u_l)
u,m)= (a— 'Bq—e(2m+2))(q2u2 _ q—zu—z) ’

a(u,m) =

)

el 1€ _
u€ (Olszpq(m—i_z)é—OlquK T k* 2 —K4q mé)

b(u,m) =

o — IBq—Zme ’
ue (_ﬁzK_pq(zﬁm)e + ﬂeqafzm)e,{%,c*%f +K+que)
c(u,m)= o ,Bq—sz .

According to a certain gauge transformation parametrized by the scalars «, f and € = £1, a
reference state and its dual can be identified using the theory of Leonard pairs. Recall that the
Leonard pair is formed by the operators 77 (A), 7 (A*).
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Lemma 3.1. Let mq be an integer. If the parameters o, B are such that:

@ =g Hxtactq™ =1 (resp. (4" —q Dx 'BcrgT™ =1) (3.21)
then |Q) = |0F) satisfies

2

7€, mo))|QLT)=0 (resp. T(BT (u, mp))|QT) =0). (3.22)

Proof. We show the first relation in (3.22). By (3.18), € ¥ (u, mg) is given by (A.3). By (3.2),
one has:

_{ag™ ~mo 241 1
7 ( T_ia a7, — 2L —[a* A, - %A+ (ﬁ +qu) A* 4 go(u)I> s

ux apu
= u"const; (w)|6}) 4+ uconsto(u)|6F) (3.23)
where we denote
qu()fS 3 L
go(u) = ﬁ(” g (qut +q7 ) (azpqzm" - xz)
apx(q”—q=7)

+u~! (q2 + 1) ((azpqz’”" — xNq*o —an*xg™ (q* - 1)) )

and

mo

xq ™"
ap

o _ 0 _ _
consr1<u)=( s —a7'0D - F— ot — 70— (a+a 1)>az;,1, (3.24)

O[é]mo Xq—mo _ _ L
COnslo(M)=(<T— > )@ =a™8 —@+a7") ) o+ qu* + a7 w65

4+ ugo(u). (3.25)

Requiring 77 (¢ (1, mg))|R1) = 0, it implies the conditions const;(u) = 0 and consty(u) =0
to be satisfied. First, let us consider const;(u) = 0. As a’ok 1 #0in (3.2), using (3.3) for M =0, 1,
the equation const|(u) = 0 gives a quadratic equation in ¢, which admits two solutions:

mo —mo+2

U AV { B

(@* —q)c* (¢* = q7Hc*

We now turn to consty(u) = 0. It is found that only the first solution « is such that the coefficients
of u? and u~2 in consto(u) are vanishing. For this choice of «, it follows:

(3.26)

consto@) =0 & ((g—q7H%57 + p) ago + 650+ n* =0. (3.27)

To show that the coefficient aj , satisfies the second equation, we use the defining relations of
the Askey-Wilson algebra. Indeed, by (1.15) one has:

7 <[A*, (A% A] ], — pA—wA* — n*I) 105)=0. (3.28)

Using (3.1), (3.2), one finds that the Askey-Wilson relation (1.15) implies (3.5) and (3.27). Thus,
constg(u) = 0. The second relation in (3.22) is shown similarly. O

Similarly, the following lemma is shown. The proof follows the same steps as previously, so
we omit it.
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Lemma 3.2. Let mq be an integer. If the parameters o, B are such that:

@ =g HxlabgTm =—1  (resp. (¢* —q ) x "' Bbg™ = 1) (3.29)
then |27) = |0p) satisfies

(6 (u,mp))|7)=0 (resp. T (B~ (u, mp))|27) =0). (3.30)

For a proper choice of the gauge parameters «, 8, the action of the ‘diagonal’ dynamical
operators .o/ *(u, mg) and 2% (u, mo) on the reference states |Q2F) is easily computed.

Lemma 3.3. Let « be fixed by (3.21) for |Q2") or fixed by (3.29) for |27). Then, the dynamical
operators are such that:

(A Ew, me)|QF) = AT W)IQE)  and  7( D, m)|QF) = AFw)|QF) ,
(3.31)

where Ali(u), A;E(u) are ratios of Laurent polynomials in the variable u.

Proof. We show 7@ (<7 (u, mo))|QF) = AT )|QF). By (3.16), &7 (u, mo) is given by (A.1).

The action of &/ (i, mo) on the reference state |Q2%) = |6;) reads
2_ -2 mo mo+2
(A me) Q) = —— L7 <Xq A%, AL, — P 1A 4y,
u(og ™m0 —gq*p) P X
2mg 4 4
o + u
+(-+aq™) gA- MA*
qu

+ fo(u)I) |6;)

where we have denoted
1

folw) =~ = (a2 @Ba?p — xHWq? —u™?)

pau*x (q* —q72) (u* -
+(g* + g™ (f)tf?*)(q’"“(q4 -1 —q*wBq’p — xz))
—(@*+ D (Brx(a* = 1) = g™ @Ba’p — 1)
+(g* — hu? ((anxq2’"° - Bixg® (1 +4°)°
— pg" P (@Bq’p — xz))> :

For the choice of gauge parameter « fixed by (3.21), on one hand using (3.2) one finds:

mo+2

xq™° aBq

T (T[A*, Al, — [A, A*]q> 165

B (xq”’o +Bb*q*(q* —q7)
o
xq" b (g% — g7
+ ( p — Baq | ag,167) .

On the other hand, using (3.2) one finds:

)(q —q~ 05 ag0103)
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((ﬁ+aq2’”°)qA)|90> </3q xq’”"“M)a&ol%‘)

B (quo+lb*(q2 _ q72)
P

Combining both expressions, the off-diagonal contribution in |6") vanishes. It follows:

- /3Q> ag 1167) -

7 (<t (u, mp))|Q)
W —u (g — g D)t (((Xq’"O + Bb*q*(q* — 61_2)> (@ —q-Hor
= ulgmy — Bt — 1) P e

b*(q®> —q7%)
+ <,3q — quOHf aso

(AT g g ) 65 + o ) 192)
*q*—q7?)

Inserting the expression of aa‘ o according to (3.27) and using (3.3), A‘l"(u) is obtained as a ratio

of Laurent polynomials in u, depending on b*, ¢* and the structure constant p, w, n*. The other

polynomial expressions A (u), Azi(u) are obtained following the same steps, so we omit the

details. O

Without loss of generality, for a convenient choice of parametrization the eigenvalues
Af(u), AZ—L(u) can be written in a factorized form. The proof of the following result is straight-
forward. Let u, i/, v, V', v be generic scalars. Introduce the parametrization:

1 1
b zqz(v-‘rv )e [,Lq —2s , 2q2(v+v )eﬂqzs , (332)
b = ;qz(v+u’)euq 2s .t = ;qz(u+v/) —u qZS ,
bozéq%(v-i-v’) 2q —2s L = ;qz(v-&-v) q s’

and define the parameter x as

1 _
X = —561”(612 -q7%.

Adapting the results of [66,67] the structure constants are given by:

,0 — 4 V+U (q 2)2 , (333)
1 /
0=10""" @ =g (02 + @ 477 —dcosh(ucosh()) . (334
1 3000 (@2 —q72)? _ o
=——g2t LT 7 (cosh(u)(w* +v2) —cosh() (@t +¢7 1), (3.35
n=-14 r— (cosh(ua)( ) )@@ +g72h), (3.39)

2 —23\2
* _1 %(v+1/)(q —q )

n=—7 m (cosh(,u/)(v2 +v72) — cosh(u) (g +! + q_zs_l)> .

(3.36)

Then, the eigenvalues of the dynamical operators take the factorized form:



P. Baseilhac, R.A. Pimenta / Nuclear Physics B 949 (2019) 114824 17

1 ’ ! A
AS(u) = ﬁee(u—u /2= ()2 (40)) /2= 2s-+1) <q2s+1uv_l _ u_1v> (3.37)

% (q2S+1MU _ u—1U—1> (ue%(l—e)(u_ﬂf) n u_le%(e-i-l)(ﬂr_,'_ﬂ))

% (ue%u—e)(u’w) + u—le%(€+1)(u/—u)>

@ —u=?)
2u¢(qu* —q~'u?)
» (q2s—1u—lv—1 _ uv) (qzue%(eﬂ)(ﬂ’_u) n u_le%(l_e)(ﬂ’-w))

X (‘Izue%(“rl)(”u”“) + u_le%(l_e)(u_u/)) .

AS(u) =

€ U= 2= (b i) 2 (v4V) /2= 25 +1) (qzsfluflv _ uv*‘)

To summarize, given a Leonard pair there are at least’ two possible choices of gauge trans-
formation for which a reference state can be identified. In each case, the reference state is simply
given by the fundamental eigenvector of either 77 (A) or 7 (A*).

3.1.3. Eigenvalue of the Casimir T’

On the vector space generated by successive actions of the dynamical operators {<7€ (u, m),
B (u,m), € (u,m), 2¢(u, m)} on a reference state (the so-called Bethe states), the eigenvalue
of the central element I" is computed as follows. The dynamical operators being combinations of
A, A*, they commute with I". So, it is sufficient to compute the action of I on a reference state,
for instance |Q1). Recall |QT) = |63). Applying (2.23) and using (3.2), one gets:

T1QF) =To|Q") + a5, T1167) + agyafa2165) (3.38)

where I'g (= To(agy. ag,aiy)). T'i(= I'i(agy, af;)) and Ty are functions of the spectral data
65,01, 05 and the structure constants p, @, n, n*. Using (3.3), (3.5), one finds I'; = 0. Applying
(1.14), (1.15), to |65), one extracts the expressions of ag, aj; as well as the product agj,aj, in
terms of the p, w, n, n*. Inserted in I'; (a(*)‘o, af,), one finds I'y (aa‘o, af;) = 0. Similarly, inserted
in the eigenvalue 'y = To(agy, ay,a},), using the parametrization (3.32) and (3.33)~(3.36) one
gets finally:

rQ*) =rolQ") (3.39)

with

2 4s
_ _20) (4 _ o _
F0=<q—q 1) q2(v+v 25)( . (<q2+q 2)(_(q 2s 1+q2s+1)(vz+v 2

x cosh(u) cosh(i”)

+ %(cosh(Zu) + cosh(2,u/))> — cosh(2u) cosh(Z;L/))

. 1_16 <q4s . 1) <q2q4s _ q72> (v4 + v*4)

I ‘ ,
+ 1 ((1+%) g™ + (ma* +4072 #2444 = ¢*) g* +47 +1) ).

9 Note that if the constraints 77 (g%”i (u, mo))lSZi) =0 are satisfied then the excited states would be created by succes-
sive actions of the dynamical operators ﬁ(%i(u, m)) on \Qi).
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3.1.4. Commutation relations between the dynamical operators
In the following analysis, we will need the commutation relations between the entries of
K (u|m). These relations are derived from the reflection equation (2.3). By straightforward cal-
culations, in particular one has:
B (u,m+2)B (v, m) = B (v,m +2)B (u, m), (3.40)
A (u,m+2)B (v,m) = fu, v)B (v,m)(u,m) (3.41)
+ g(u, v, m) B (u, m) (v, m)
+wu, v,m)B (u,m)PD (v, m),
D (u,m+2)B (v,m) =h(u, v)B (v, m)P(u,m), (3.42)
+k(u,v,m)B (u,m)P€ (v, m)
+n(u,v,m)B (u,m) (v, m),
C (u,m~+2)%B (v,m) =B (v,m —2)6 (u, m) (3.43)
+q,v,m)(v,m)D (u,m) +ru,v,m)d(u, m)2¢ (v, m)
+ s, v,m)Z (u,m)Z(v,m)+xu,v,m) (v, m)d(u,m)
+y@, v,m)2 (u, m) < (v,m) + z(u, v, m) 2 (u, m) 2 (v, m),

where the coefficients are collected in appendix B. Using these commutation relations, the ac-
tion of the entries on products of off-diagonal operators can be derived. Let i denote the set of

variables u = {uy, us, ..., upy}. Define the following strings of length M of operators A€ (u;, m):
B (it,m, M) =B (u,m+2(M —1))--- B (up,m), (3.44)

B (u,u;},m,M)=P (u1,m+2M —1))--- B u,m+2(M —1i))... B (up, m).
(3.45)

Using the dynamical commutation relations (3.40), (3.41), (3.42), one shows that the action
of the diagonal dynamical operators {7 (u, m), 2¢(u, m)} on the string (3.44) is given by

M
A u,m+2M)B (ii,m, M) = l_[f(u, u;)BE(it,m, M)/ € (u, m) (3.46)

i=1

M
+ > gl ujm+2(M = 1))
i=1
M
x [ fui,u)Bu, i), m, M) u;, m)
J=Lj#i
M
+ ) wleui,m+2(M — 1)
i=1
M
< [T #iupBQu, i}, m, M)Z* (i, m)
j=1.j#i

and
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M
D (u,m+2M)B (i, m, M) = l_[h(u, u)B (u,m, M)2¢(u, m) (3.47)
i=1

M
+ ) kG upm+2(M — 1))
i=1
M
[T 7 up)B iy, m M)P (wiom)
J=1,j#i

M
+ Zn(u, uj,m—+2(M —1))
i=1
M
[T Fuiiup)BQu i}, m M) wim).
j=Lj#i
In the next subsections, we will use extensively the above relations for various choices of
gauge parameters €, «, B in order to solve the spectral problem for the Heun-Askey-Wilson op-
erator associated with (1.16).

3.1.5. Action of & (B (u, m + 4s)) on V

According to the choice of the gauge parameter «, recall that the action of the dynamical
operators on each reference state |Q%) is given in Lemmas 3.1, 3.2, 3.3. The vector space V
being finite dimensional, we now study the action of the dynamical operator Z (u, mo + 4s)
(resp. ~ (u, mo + 4s)) on the eigenvector |63;) (resp. |02y)). Recall (3.1), (3.2).

Lemma 3.4. Assume (¢> —q~2)x "' Bb*q™™ =1 (resp. (¢*> — q~>)x "' Bcg™® = —1). Then
T(BY(u,mo+45)|05) =0 (resp.  7(B~ (u,mo+45))|025) =0) . (3.48)

Proof. We show the first relation, the second one is derived similarly. Using (A.2), acting on the
eigenstate |9;‘) of A* with eigenvalue 9;‘ one finds:

(BT, m)o)

22
- % ( Bjjs1(m)|0%,,) + Bj; (U, m)|6%) + B,»,,l(m)|9jf_l>) (3.49)

where By_1 = Basos11 =0,

B,-,-H(m):(xﬁ (071 —q7'07) — fa_ (qe*—q—le,+1>+<q+q 1)) afipn s
B,»,»(U,m>=((%—ﬁqx_ )(q g0+ (g +q” 1)) ~Ug+q7hHe;
(xzqm—ﬁzpq”‘)( w) n*(q+q")
U+ — _—
Bx(q—q=h +p * p
ﬂq‘m

xq" - _ _
Bj,»_1<m>=(ﬁ—p<q9;f_1—q o) — (@67 —q 05D+ (q+q 1>>a;’f,-_1,
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1

and we have denoted U = (qu®> + ¢~ 'u=?)/(q + ¢~ ). From the Askey-Wilson relations, one

gets:

: it 3.50
a.. = — . .
T pt@—aT )67 320

For j = 2s it follows:

Bw? —u=?)

ﬁ@gﬂmm»Wi%=agﬂﬁfiﬁﬂ

(Bas2s (U, m)|03,) + Basos—1(m)|03,_1))

In particular, for m = mq + 4s and B such that (¢> — ¢ ~2)x ' Bb*q ™0 = 1 one finds:

Bosos (U, mg+4s) =0, Bsos—1(mo+4s) =0 (3.51)

which implies the first relation in (3.48). O
3.2. Diagonalization of the ‘special’ case k* =k+ =0o0rk =+ =0

We start by considering two simple specializations of the Heun-Askey-Wilson operator (1.16),
namely:

I(k,0,0,0) =k A or 1(0,*,0,0) =«*A* . (3.52)

In these cases, the spectral problem for the specialization of the Heun-Askey-Wilson operator
acting on an irreducible finite dimensional vector space reduces to the spectral problem for either
7 (A) or 7 (A*). Below, the corresponding eigenstates are written as Bethe states, and the eigen-
values are derived. As a byproduct, the two families of Bethe states provide two explicit bases
for the Leonard pair 77 (A), 7 (A*), see subsection 3.5.3.

In the framework of the algebraic Bethe ansatz, we first need to write the two elements A and
A* in terms of the dynamical operators (3.16)—(3.19) according to the reference state on which
these operators act, either |27) or |Q7). From (2.4), (2.5) and using (3.16), (3.19), according to
the choice of gauge transformation one gets for instance:

(qui) +q 'u=5w™"h)

A=A"(u,m)+ R Yy s (3.53)
S| -1, 1=
s (qui@H+q 'u'nw)
A*=AT(u,m)+ W=D @E — D) with (3.54)
i =(q+q e~ (nu+ ),
where, for further convenience, we have introduced:
A m) = — L wm+ ! P (u. m)
m) = m — m
STy @i g )T T T R ey )
(3.55)
u 1 1
A+ ’ = 'Q{+ ’ “h .~ 9 o\ + ’ .
o) = s (G o)+ G ey ? )

(3.56)
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The spectral problem is now solved. Choose the gauge parameter « according to Lemma 3.1
or Lemma 3.2. For convenience, the parametrization (3.32)—(3.36) is used. Recall the notations
(3.44), (3.45).

Proposition 3.1. Define
I‘IJSM,,,_(IZ, mo)) =7 (B~ (u, mo, M))|27). (3.57)
One has:
- - K Loy ( —u — _ _
n(l(K,O,O,()))|\D?/’{Yi(u,m0)>:qu(v-i-v)(e Hg I g it s 2M>|\I,£I4k(u,m0)>
(3.58)

where the set u satisfies the Bethe equations:
ﬁ <b(u,-/<qu )b ,-))
P b(qui/uj)b(q?uiu;)
(qe“/ui +q_1e“ui_l> (qe_“ui +q_le“/ui_l) b (q%_svu,-) b (q%_sv_lui)
(el"ui + e‘“ui_l> (eﬂui + e"'ui_1> b (q”'%vui) b (qH%v—lui)

fori=1,..., M.

Proof. Recall the notation (1.21). Using the (off-shell) relations (3.46), (3.47) and the actions
(3.31), one finds:

(A (u,mo 4+ 2M) WY (i, mo)) = AM (u, )| WY (i, mo)) (3.59)

ub(q) % Egp (i i)
b(u?) b(uu; b (quuy)

WY ({u. i}, mo))
i=1

where we denote |\D§‘;’,’7({u, i;}, mo)) = (B ({u, i;}, mo, M))|27),

—1 M
M, - U 1 A—
A D) = oy ( = E fluuf) AT W) (3.60)
| M
—————- | | Au,u;)A;
+ G2 — g~ 2u2) /1:[1 (,uj) sy (”)>
with (3.37) and
b(uz) M M
Eé,{(ul-,ﬁ»:—b( s [ fenupsi@n+ ] hGuujAs; ) (3.61)
qui) 21, i J=1,j#i
fori =1,..., M. Requiring E S";,’ (ui, u;) =0, one gets the so-called Bethe equations given below

(3.58) using (3.37). To determine the eigenvalues in the r.h.s. of (3.58), we proceed as follows.
From (3.60), observe that
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(qui) +q w5 ™h)
W? —u=?)(q*u* —q~2u=?)
is a meromorphic function in the variable u. To be equal to a constant (i.e. independent of u), we

need to study the singular part of this function. Using (3.37) and the expressions in Appendix B,
one finds that the singular points are located at:

AM(u, i) + (3.62)

weltuj, +q7'ui', j=1,.., M}. (3.63)

The sum of all the residues at these points vanishes. Extracting the constant part of (3.62), one
obtains (3.58). 0O

Similarly, the eigenstates of the Heun-Askey-Wilson operator for the special case x = k4 =
k— =0 are derived. The proof being analog to the previous case, we skip the details.

Proposition 3.2. Define

(Wi (@, mo)) = 7 (BT (@, mo, M))|QF). (3.64)
One has:
7 (10, *,0,0)) |W3 (@, mo)) (3.65)

K* 1 / . _ r_ _
= GO (7 M o g ()

where the set u satisfies the Bethe equations:
ﬁ <b(ui/(61u )b ,»))
o1t b(qui/u;j)b(quju ;)
<qe‘“u,~ + q_le_“/ui*) (qe“/ui —l—q_le_“ui_l) b (q“
(e—l*ui + e“’ui_l> (e—l"u,' + e‘“ui_l> b (q”'%vui) b (q”%v—lui)

fori=1,...,M.

ol—
@
<
=
~—
N
—/~
BN
rI—
|
@
<
|
&
N—"

Let us point out that the spectra of the two specializations (3.52) do not depend on the Bethe
roots. Furthermore, as expected the structure of the eigenvalues matches with (3.3) in agreement
with [63, Theorem 4.4 (case I)].

3.3. Diagonalization of the ‘diagonal’ case k #0, k* %0 and k+ =0

This case is associated with the diagonal form of the K ¥ (1) matrix (2.20). The Heun-Askey-
Wilson operator that we will diagonalize below using the algebraic Bethe ansatz is given by:

I(k,6*,0,0) = A+ k™ A*. (3.66)

Similarly to the special case discussed in the previous subsection, the Heun-Askey-Wilson oper-
ator associated with (3.60) is first expressed in terms of the dynamical operators (3.16)—(3.19). If
we choose the reference state to be |27), according to the corresponding gauge transformation
the element A is given by (3.53) whereas A* is given by:
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(qui™") +q 'u"7w)

=A"(u,m)+ PSR — (3.67)
with
AT m) = (uzu—_;—% ((qu2 —yq_—(liil;)t:—’gl,)m T e
(P - qy;iqzj}mzl, e

where the notation (3.15) is used. On the other hand, if the reference state is |QT), the element
A* is given by (3.54) whereas A is now given by:

(qui@) +q 'u=qw™"h)

A=AT(, :
ot i g

(3.68)

where

+ (51,2
A+(u m) = ( _” _2)( 14 (61 u ,m) 42{+(u,m)

(qu* —q 'u=2)y+(1,m+1)
v (qu?.m)
(@Pu* —q2u )yt (I, m+1)
Olqur] N ﬁqlfm "
X grumy— L et um))
tordm T R, e

According to the gauge transformation chosen, combining the expressions for A, A* it follows:

2% (u, m)

u€ (aue (Ku —}-K*u_l) _ ﬁq—(2m+2)e —€ (K*u +Ku_l))

(2 —u2) (qu2 — g~ 'u2) (o — Bg—2m+2e)

q—eue (au—e (qK u+q—1Ku ) IBq—2me e(un+q Le#y—1

(2 — u=2) (q%u® — g~2u2) (a — Bg—@m+2e)

e+l I—¢ e+l I—e
Gaqu T Ty ,BK Tk q 2m— 1)6 €

T g S @ g

@+q") ( - ‘o (qu2+q‘1u‘2>)
+ K 0t 4+ (g 4 i) [ F—————— ) .
p (2 —u2) (g2 —q2u2) N A (pe ) q+q

Recall that (3.12) holds for any choice of gauge transformation, i.e. any choice of parameters
€, and B. Having fixed the gauge parameter o according to the choice of reference state |Q)
or |27), to simplify the analysis of the spectral problem for (3.66), without loss of generality we
choose to fix the gauge parameter § in order to eliminate the term % (u, m) in (3.69). To this
end, we set:

KA+ A =

o€ (u,m) (3.69)

N ) e m)

€ (u, m)

B=0.
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A crucial ingredient for the solution of the spectral problem of (3.66) is the following
lemma.'? For simplicity, the proof is reported Appendix C. Recall the notation (3.44), (3.45).
For a generic set of parameters i = {u1, u», ..., uas}, define the Bethe vector:

|3 (i1, m)) = 7 (B (it, mo, 25))|Q°) ,
W2, ({u, &}, mo)) = 7 (B ({u, i}, mo, 25))|12°).

Lemma 3.5. For M = 2s and generic {u, u;}, one has:
7 (B (u, mo + 48))| W5 (i1, mo)) = (3.70)
5 u*Eb(u2) HI%SZOb(q1/2+kfsvu)b(q1/2+k7sv71u)
d - =
]_[?ilb(uui l)b(qfluflui )
U b TR blg 2 vupb(g 2 v~ uy)
_Sdzb(uu—l)b( 1 1 —1\12s bn-ba—u 1y
i=1 i g~ u ) T2y o Qi )b(g™ uy uy )
x |W3' ({u, i}, mo))

|WE* (it mo))

where we denote

6(—1)2s+1 , ,
5y = — e MU= 2= i (146)/2 (V) [2=€(2542) (3.71)

We now turn to the solution of the spectral problem.

Proposition 3.3. For ¢ = *1, one has:
7 (e, €*,0,0)) W5 (i1, mo)) = AZ |WZ (it mo)) (3.72)
with
2s
AZ = k605, + e b (02 + v 25l + 26" cosh(w) — g Y (gud+q7uD)

j=1
3.73)

2s
Aﬁf_ = KO + kel THCH ((v2 + v72)[2s]q +2¢* cosh(n') — g ! Z(qu? + qilujfz)) ,
j=1

(3.74)
where the set u satisfies the (inhomogeneous) Bethe equations:
b(u?)

2s
b(quz)(Kui+K*u,~_l) [1 feiupAi@)—qu > @e*ui+q eu;" (375
i

j=1j#i

2s
< [T riupAs)

J=1

10° Similar relations have been obtained in [23,5].



P. Baseilhac, R.A. Pimenta / Nuclear Physics B 949 (2019) 114824 25

+ (_1)2S 6(q _ q_l)_lqu(l+€)/2K*(l76)/28d
M,-_zeb(“,g)nzs b(q1/2+k_svu~)b(q1/2+k_sv_lui)
I—[] 1, i Diu; Yb(quiu ;)

=0

fori=1,...,2s.

Proof. For convenience, define the element:

(g+q?
p (2 —u2) (q2u? — g 2u~2)

2 -1,,-2
X (nK*+n*K+(nK+n*K*) (7(1” 14 1u )) :
qa+q-

Wy(u,m) =xA+rk*A* —

Explicitly, using (3.69) for B =0 it gives:

_ u¢Ag(u) .
Wd(uvm)_ (uz_u_z) (quz_q_lu_z)'g‘z{ (uvm)
€ —-1,,—1
+ uAdlg—u) 2¢(u, m)

(2 — u=2) (q2u? — g~2u~2)
eq p 2IK 1;6

5 B (u, m),
u? —u-

where the notation
Ag(u) =u (Ku + K*u”) (3.76)

is introduced. From the multiple actions (3.46), (3.47), Lemma 3.3 and Lemma 3.5, it follows
that the action of W, (u, mg + 4s) on the Bethe vector |\IJ§f,6 (u, mg)) is given by:

W (1, mo + 45) | W3, (it, m)) = Aﬁl(u )| W7 (it mo))

_ (¢+4¢ DU Ealuwi @) o o
Z(Mz—u_z)b(uu_l)b(qu l)l d,e({uiul}’m()»

where
u¢Ag(u)
(u? —u=?) (qu* —q
uAg(q~'u") a
(2 —u2) (%2 — g2 | H h(u, uj) A5 (u)

4 (— 1) H g 102, x(1-0/2 Hk oD@ RS vu)b(g PR sy )
]_[zslb(uu Yo(quu;)

2s
AG (i) = ) [T /@ upasw
j=1

+

(3.77)

and
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b(u})
b(qu3)

Eq(ui, it;) = Ag(ui) H £, u ) AS ()

J=Lj#

2s
+Aag uyy ] hGu)AS@)
j=1,j#
—(=1D)e(q — g1 g1+ (1-0/25
u; b)) [Tilo b(ql/z“‘ Soup)b(q' P Sv )
]_[] 1, i Diny Yb(quiu ;) .

Requiring E4(u;, u;) =0fori =1,...,2s, one gets the Bethe equations (3.75). To determine
the eigenvalues Agf 4 in (3.72), observe that

(3.78)

_ (@+q")?
A2 (u,ii) +
d,e( ) 0 (uz _ ufz) (qzuz _ quufz)
2, —1,-2
x <r;i<* i+ (ke + ) (M)) (3.79)
q+q-

is a meromorphic function in the variable u. To be equal to a constant, we study its singular part.
Using (3.37) and the expressions in Appendix B, one finds that the singular points are located at:

ue{tu;, iq*lu;l, j=1,..,M}. (3.80)

The sum of all the residues at these points vanishes. Extracting the constant part of (3.79), one
obtains (3.73), (3.74). 0O

3.4. Diagonalization of the generic case k #0, k* #0, k+ #0

We now consider the most general case, associated with the non-diagonal matrix K +(u) given
by (2.20). Similarly to the special and diagonal cases, the first step is to express the Heun-
Askey-Wilson operator (1.16) in terms of the dynamical operators (3.16)—(3.19). According to
the gauge transformation parametrized by «, B applied in (3.12), recall the expressions (3.53),
(3.54), (3.67), (3.68) for the elements A and A*. In addition, from (2.4)—(2.7) and (3.16)—(3.19)
one gets the following expressions for [A, A*]; and [A*, A], in terms of the dynamical operators:

—1,—€e(m+1),,e
" _ afpxq u 1 3 1 .
[A%,A]l, =— o g2 <qu2—q—1u—2d (u,m) — 7142_“_29 (u, m)
—1,,¢
px u 2 e(m+2) g€ 2 e(=3m+2)cpe
gt (0 F ) = g G m))
2 -1,,-2
qu-+q 'u w
- (p q*—q? * q —ql) ’ G-8D
—e(m+1),,€
x _ X4 ¢ u 1 € 1 €
(A A7), = o —g-2emiDg ( _q—lu—Z'Q{ (. m) — m@ (u, m)
Xe—mGMG

— (a _ q_2€mﬁ)(u2 _ u_z) (%6 (M, m) — %5 (]/[, m))

qu2+q_lu_2 w
NPt =)
q q q9—4
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For generic parameters «, 8 and integer m, in terms of the dynamical operators recall that the
transfer matrix is given by (3.20). In order to simplify the analysis of the spectral problem, as
a second step let us fix the gauge parameters «, 8 and m such that the coefficients of % (u, m)
and ¢ (u, m) in (3.20) vanish. For convenience and without loss of generality, let us choose the
following parametrization:

Ky = % , ko= _qu’ . k=p2qWt 2 cosh(E),  k* = p'/2q Wt/ 2 cosh(g') .
(3.82)
Then, for the choice of gauge parameters
o = —ep~ /2= 2me(m+2M) £ (140) /24 (1-6)/2 (3.83)
B = _ép—1/2q(w—fﬂ/)/2—6(1—m0—2M)65(1+€)/2—§/(1—E)/2 ,

from the expression of the transfer matrix (3.20) at m = mg + 2M and (2.21), for any choice of
€ = %1 one finds the following expression for the Heun-Askey-Wilson element (1.16):

1 u€ Ay (u)
(i, k¥, Ky k) = 3 € (u, 2M 3.84
(e, K™ ks ) (u2—u—2)((qu2—q—1u—2) (u,mo +2M) (3.84)
uEAg(qflu’l)
gz oD
(p+¢"/2 —1)2
q (g+q7) N
W — ) (P — gD (n cosh(§7) + 1" cosh(§)
2 -1,-2
+ (nycosh(§) + n* cosh(&’))%)
q+q-
(q“’xl—q‘/”x)< qultq )
— o
2 *—q  q—q7!
where we have denoted
1 7 ! ’
Ag(u) = Ee*-’?q(wﬂo )/2101/2(6*5 u+ eéufl)(eS(lfé)/ZJré (1+€)/2 (3.85)

"+ eé(1+e)/2+é/(lfe)/2u—1) '

Below, we will consider the action of the dynamical operators on the reference state |QT) or
|27). For the choice of the gauge parameters «, 8 (3.83), the action of the dynamical operators
7€ (u, mg) and 2€(u, mg) is now considered.''

Lemma 3.6. For the choice of gauge parameters (3.83), the action of the operators </€(u, mg)
and D¢ (u, mg) on |Q2€) is given by

(€ (u, mo)) Q) = A () |QF) + M7 (B (. mo — 2))|2°) , (3.86)

— o€ € € € (q2u2_q—2u—2) M= € €

(D (u, mp))|2°) = Ay ()|Q) — ——————=c, T(F (u,mo—2))|Q), (3.87)
(qu—q="u=7)

where AS(u) and A5 (u) are given by (3.37) and

11 Similar relations were derived in [2].
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oM e—é‘(l+6)+$’(1—€)q—26(2M+1> (3.88)
p .
qlﬂ/2 _ e(ﬂ’+§)(1+é)/2+(ﬂ—$/)(1—6)/2q(lﬂ'+U—V/)/2+€(2M—2S+1)p1/2
qw/Z — e(u’—é‘)(l+e)/2+(,u+é’)(l—E)/2q(tp’+u—v’)/2—6(2M+2s+1)p1/2 ’

X

Proof. We show (3.86) for € = +1. Recall |Q1) = |6). Using the explicit expressions (A.1)
and (A.2) for m — m — 2 together with (3.2) it follows:

= ﬂe M = %e 2 + u_l (Mz — u_z) 1o My % *
(7‘[( (u, mo)) — M7 (B (u, mo — ))) 199 = oz — ganyconsti€Nai o)
+eigen(u, ci/[)|98‘)

where

mo

X4

@6F —q7'65)
(Olﬂqm0+2 _ C_’Ailﬂ2q—mo+4)

X
+Bq +ag®™ ! —MBgP+q) .

const| (i) = (1 =)

(g6 —q~'0)

Requiring const| (c_’t’ ) = 0 determines the coefficient cﬂ‘f in terms of the Leonard pair’s data and
the gauge parameters «, §:

o _ O+ aBp)g"t20r — (2 + aBpg g™ 05 + @+ + Ba*)px
T (gt B2pg Mot hor — (x2g™ + B2pg o004 (g* + g2 Bpx
Inserting (3.3) for M =0, 1 in the above expression, for the choice of gauge parameters (3.83)
and using the parametrization (3.32) one gets (3.88). Then, inserting (3.88) in eigen (u, c_’t’ ), one

finds eigeng(u, cf )= A]L (u). This completes the proof of (3.86) for € = +1. The other relations
(3.86) for €e = —1 and (3.87) are shown similarly, so we skip the details. O

. (3.89)

As for the case of ‘diagonal’ parameters studied in the previous section, a crucial ingredi-
ent for the solution of the spectral problem of (3.84) is the conjecture below (see also similar
relations in [14,2]) which is a generalization of Lemma 3.5. For a generic set of parameters
u={uy,uy, ..., uy}, define the Bethe vector:

(W2 (@, mo)) = 7 (BE (@, mo, 25))|Q°) , (3.90)
W2 ({u. i}, mo)) = 7 (B ({u, it;}, mo, 25))|Q°) . (3.91)

Conjecture 1. For M = 2s and generic {u, u;}, one has:
ggr‘r(%’f (u, mo + 4s))|\11§f€ (, mp)) = (3.92)
5 u=b(u?) 1—[2%?:0b(q1/2+k—xvu)b(q1/2+k—sv—1u)
[T, bGuu; Hb(g= uu; )
a3 MM [l bla P b )
= b(uu; )b(g~ u=lu; )Hjll,j¢i buiu; )b(q Yu; u;)

< W ({u. i}, mo))

(W2 (i1, mo))
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where

(D" ot 1—e 2142, () 2=25-1 1)
b= (g e g p'12) (3.93)
% (q(p/2 _ e—(,u—f/)(l—6)/2+(M/+§)(1+6)/2q((p/+v—v/)/2+2x+lpl/Z) ,
5, = e~ HUHO/HE(1-0/2, (phe)/2- (1429 HD) (] _ f (1= +5(14+0) 265+
() — eB—EN 1= 2 +E 1+ 2 (¢ +r=V) e 41) y1/2) 5172
g7 — U B (10 2 - 2G4 D 172

This conjecture has been checked with Mathematica for small values of s = 1/2, 1, 3/2. Note
that the case s = 1/2 has been proved in [2] using the separation of variables (SoV) basis, and the
method can be generalized for arbitrary s. For generic s, it might be interesting to give a proof
by analogy with Appendix C using the theory of Leonard pairs. This might be studied elsewhere.

We now turn to the solution of the spectral problem. Recall the parametrization (3.82).

Proposition 3.4. For ¢ = 1, one has:

7 (0, k% g k) (W3 (i, mo)) = AL W3 (i, mo)) (3.94)
with

cosh(w)
A2 =8 0 g B

K* ‘ .
- <_m9§ﬂs+l/2|u’—m'+s +(—DFHs 25 + 1]q> W2 +v72)
(x iy + xx2)
— W
(g—q7")
K*qv+v’ e ) / -
+ m(g g (@B e B ey (Lt 5

2s

<Yl a7,
j=1

cosh(u”)

2s
Agf_ =K + K‘92s|u—>—5’ cosh(€)

K 25+1 2 -2
+ <—m93s+1/2|/4—>u—5/ + (=1 o+ Sgl2s + 1]61> W +v™)

(g 4 xxe) +< K
(g—q~" 2cosh(é)

2s
<Dt a7,
j=1

(q - q_l)ez‘i‘lﬂ,—)u—g — (—1)25+15g)

where the set u satisfies the (inhomogeneous) Bethe equations:
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b(u)l

TE eEqUAI2 P12 (o i 4 oyl (SU-O/2HE (a2,

2s
+ OO T i up) AS )
J=1j#i

e~EqOrI2 o112 (gof ;1 1o T (geb O/ =0/,

2
2s
g IO,y T s, ) AS ()
J=1j#i
2 1/2+k— 1/2+k—s, —1
_( 1)238 (q qfl) 1 1 b(bt )l_[ b(q 17+ SU“)b(‘] 7+ Sv M,') -0

H; 1, ji Duin; Yb(quiu )
fori=1,...,2s.

Proof. For convenience, define the element:
@x ' =q"x) ( qu*+q u? Lo
2 ?-q2 q—q7!
—=1/2 ,(p+¢)/2 —152
P g (g+q ) / ¥

— cosh + n™ cosh(&) 4 (n cosh

iy — (n (€') + 1* cosh(£) + (y cosh(§)

qu2 + q—lu—Z)

q+q7! '

Explicitly, using (3.84) evaluated at the point m = mg + 2M we have:

1 uAg(u) .
We (u, mo +2M) = " 2)<(qu2_ — 72)@7 (u, mo+2M) (3.95)

We(u,m) =1(k, k™, k4, k) +

+n*cosh(¢")

ueAg(q_lu_l)
(q*u? —q~2u?)
From the multiple actions (3.46), (3.47), Lemma 3.6 and Conjecture 1, it follows that the action
of W, (u, mo + 4s) on the Bethe vector |\Il§f€ (u, mgp)) is given by:

W (u, mo + 45)| W2 (i1, mo)) = Az"; (u, it) | (it mo)) (3.96)

D (u, mgy + 2M)> .

—Z (q+q Du‘E, <ui,a,-)
“ (2 — u=)b(uu; Yb(quu;)

W2, ({u, i}, mo))
where

€ 2s
u” Ag () [T /@ upasw (3.97)

2s
o= G g —g ey L

ué A (qflufl)

T D@ g D) |

]_[ h(u, uj) A (u)

H]%A:O b(q 1/2+kfsvu)b(ql/2+k7svfl u)
[T bluu; Hb(quu;)

+(=1)*8,
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and
b(u?)

Eg(uj, i) = —
§ b(qu?)

2s
Agu) ] flwiupAf@) (3.98)

J=1j#

2s
+ A7 Ty [ G, up)AS i)
j=1,j#i
q—l)—l u:éb(ulz) 1—[%‘:0b(q1/2+kfsUui)b(ql/2+kfxvflui)
T35 i b Hb(quin )
Requiring Eg(u;,u;) =0 fori =1,...,2s, one gets the Bethe equations below (3.94). To
determine the eigenvalues Aif . 1n (3.94), observe that

+ (=1)*84(q —

g2 g +q7")
p1/2(u2 _ u—2)(q2u2 _ q—2u—2)

AP (i) + (3.99)

24 1,2
u-+ u
x <n cosh(€") + n* cosh(£) + (5 cosh(§) + * cosh(é’))%)
@x ' =q”0 (a’+q o
2 ?-q* q—q!
is a meromorphic function in the variable u. To be equal to a constant, we study its singular part.
The singular points are located at:

ue{tu;, iq*lu;l, j=1,..,M}. (3.100)

The sum of all the residues at these points vanishes. Extracting the constant part of (3.99), one
obtains the eigenvalues Aé‘fi below (3.94). 0O

3.5. Bethe ansatz equations and Bethe states revisited

In this subsection, it is shown that each system of Bethe ansatz equations previously derived
can be rewritten in terms of the polynomials (3.104) in the ‘symmetrized’ Bethe roots (3.103), see
Proposition 3.5. Thus, solving the Bethe ansatz equations is reduced to finding the solutions of
a system of polynomial equations instead of Laurent polynomial equations, see Proposition 3.6.
Also, an expansion formula for the Bethe states in the Poincaré-Birkhoff-Witt basis of the Askey-
Wilson algebra is given, exhibiting the explicit dependence in the variables {U;|i =1, ..., M}, see
Corollary 3.1. This leads to the construction of two different eigenbases for the Leonard pairs,
see Proposition 3.7.

3.5.1. An alternative presentation for the Bethe ansatz equations
For the three cases studied in the previous subsections, observe that each system of Bethe
ansatz equations in Propositions 3.1, 3.2, 3.3 and 3.4 enjoys the symmetries

ui < g it wj — —u; (3.101)
wj<—=xq u; , uj<——u; for j#i. (3.102)

This suggests that each system of Bethe equations admits an alternative presentation as a system
of equations written solely in terms of the ‘symmetrized’ variables
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—1,,—2
U: = qut'z+q 1I"i

’ qg+q7!

as we now show. Recall the notation U; = {U1,Us, ..., Ui—1,Uj41, ..., Up} with (3.103). Define
the polynomial:

with i=1,.., M, (3.103)

M—1
- (=Dfg+q HM !
P TU)=") ;w_lq_k e (Ui) (3.104)
k=0
M—1—k —I\l 7 M—1-k~I
M—-1-k\(@q@—q )U; 2[4] i)
X Z < ) 2 2 1l+k+l_M 80 : (Ui)ga,e (Ui)
( P ! @*+q7%
+AaH(Ui)

with (D.1), (D.2), (D.3), (D.4), (D.5) and

0 for a=sp,
—(v4v')/2+€ 1—€ l4e
Aa = _2(_1)2? q(l]—ﬁk-* 2 K%Sa’ for Cl:d,
_1)2sg—WwH+v)/2
%&g for a= g

Note that PaM i, 05) is of maximal degree M in the variable U; for the case a = sp, and of
maximal degree 2s + 1 for a € {d, g}.

Example 5. For the special case a = sp and € = 4+, for M = 1, 2, 3, the polynomials are given
by:

PLUN=(q+q DsiaU1 —ro—s10* +v77) |
szp(Ul, U)=(q+q1H? (S3,2sU12 — s1-2s U1 Uz)
~@+47) (2 + 5502 + U1 = G0+ 510 + 072U )

+@> = a @™ =)+ @+ @+ )
PS,,(Ul, (U2, Us)) = (g + ¢ ") (552, U3 — 53-2,UE(Ua + U3) + 51-0,U1 U2 U3)
+U1 <q—2S—3(q _q—l)(q +q—1)2(eu./(q4s+2 +q4S+6 _ 2q6)
+e 7 (<2g% + g+ D)+ (g + g7 e +07)
+W + U@+ D107 —¢*)g* g7
— 520 +072) = UaUs(g +47 D2 (o + 510 +07))
+(U1 Uz + U1 U3)(q + g~ 22+ 53007 +v72)
~UHg+q D2 (s +s50% +v72)
—(@® = HUG® — g g2 — 51> — g HW +v7Y)
where
2s—j —2s+j)’ 5 =e“/qj —e_“/q_j .

rj =2cosh()(g> 7 — g
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Example 6. For the diagonal casea =d ande =+,for M =1 (s =1/2)and M =2 (s = 1), the
polynomials are given by:

—1\2

P}(U) =— % - KU} +2(q + g~ H(sinh(u)cc*
+(—cosh(u) + e * g7 (g — g H T W + v 2O
+(=2cosh(u)(g — g~ ") — (ge* — g e )W + v )i
—(e" (g —q7)? =2¢7 g — g Hcosh() (W +v7?)
+q 2 MW+ D) —q )k,

1\3
PV U ==L e (U] + (1= VU

+U>((—2¢7 ' (g + ¢ ") cosh(w) (v* +v7?)

+a g — g N +a D" g — e g
+2(q—q (g +g7 ) cosh(u) + (g + 9~ (e g
—e M gTH P+ o)

+U1Ux(q + ¢~ (2 cosh(u) — g 2™ (0% + v 2))ic
— (Mg — e F ")
e " (g+2¢7")

+ U+ )G > +v72)

(g—q7"
—2g cosh(u))k + (e"'q — e g~ Hi*)
+U1((2cosh(u)g (g + g~ Hw* +v7?)
e (1427242974 +¢7°)
- (g—q7hH
g +a @293 +3¢7)
(g—q™hH
—(g+q )" P — e g+ v
+@* = a7 DG* =g (e g —e " q7") = 2cosh() (v + v )K"
+(—=2¢7"g? — g7 cosh(w) + e * g3 (g —qH W0 +v70)
—e" (¢ — )W +v7H)
+e M2 —q " +q 0 +q N —gHTT W+ v Ak

W+ v

K

The proof of the following proposition is given in Appendix D. Recall (3.61), (3.78) or (3.98).

Proposition 3.5.
ui—éb(uiZ)q(U-HJ/)/Z

Ea (ula l’_tl) =
2n7¢ib(ui/uj)b(quiuj)

P (U;, Uy (3.105)

with
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M=0,1,..,2s for a=sp,
M =2s for ae{d, g}’

Recall that the Bethe ansatz equations follow from requiring
E,(ui,u;)=0 (3.106)
foralli =1,..., M. Let {uy,us, ...,up} denote the Bethe roots that satisfy the Bethe ansatz
equations in Propositions 3.1, 3.2, 3.3 and 3.4. According to (3.105) and (3.100), it follows:

Proposition 3.6. The Bethe roots {uy,uz, ..., up} are determined from (3.103) where {Uy, U,
..., Uy} are solutions of the system of polynomial equations:

PMWU;,U)=0 for i=1,..,M. (3.107)

In general, there may be solutions such that U; = U; for i # j. However, these solutions
are not compatible with (3.105). In the following, a solution is called admissible if the con-
dition U; # U; for any i # j is fulfilled. We now study the subset of admissible solutions
U ={Uy, Uy, ..., Uy} of (3.107) for the special a = sp, diagonal @ = d and generic a = g cases.

Admissible solutions for a = sp: For M = 1, it is clear that Pslp(U 1) has a unique solution.
For M =2, we have to solve the set of equations

P (U, U) =0, P2 (Us,Up)=0. (3.108)

Numerically, we find that this system admits 4 = 2% solutions. Two solutions are such that U; =
U», which are discarded (not admissible). The other two solutions are distinct and related by
permutation. So, up to permutation, the admissible solution of (3.108) associated with (3.105) is
unique. For M = 3, we have to solve the set of equations

Py, (U1 {Uy, Ush =0,  Po(Us, {U1,Us) =0,  PJ,(Us, {Uy1, Us}) =0. (3.109)

Numerically, we find 27 = 33 solutions. Among them, only 6 = 3! are admissible. Furthermore,
they are all related by a permutation. So, up to permutation, again we conclude that the admissible
solution of (3.109) is unique. For M = 4, numerically we find 256 = 4* solutions to (3.107).
Among these, only 24 = 4! are admissible and related by permutation. Again, this manifests
the fact that, up to permutation, the admissible solution of the polynomial equations (3.107) is
unique.

More generally, by Bezout’s theorem [38, p. 670] the total number of solutions of the system
(3.107) for a = sp is MM . Previous numerical analysis suggests that the number of admissible
solutions is M!, all related by permutation. Although we have no proof at the moment for M
generic, we formulate the following conjecture:

Conjecture 2. The system of polynomial equations (3.107) for a = sp admits a unique admissible
solution U = {Uy, Uy, ..., Uy} up to permutation.

Admissible solutions fora =d anda=g: For M =1 (s = 1/2), Pal(Ul) is a polynomial of
degree 2 with two distinct solutions. For M = 2 (s = 1), we have to solve the set of equations

PX(Uy,Uy) =0,  PXU,U)=0 (3.110)
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where the two polynomials are of total degree 3. Numerically, we find 9 = 32 solutions. Among
those, only 6 solutions are admissible. Up to permutation, we have 3 distinct solutions. For M =3
(s =3/2), we have to solve the set of equations

PX(UL,{U2,Us) =0,  PX(U, (U, UshH =0,  P(Us,{U,Us)=0 (3.111)

where the three polynomials are of total degree 3. Numerically, we find 64 = 43 solutions.
Among those, only 4 are admissible and distinct.

For generic M = 2s, by Bezout’s theorem the total number of solutions of the system (3.107)
fora =d or a = g is (25 + 1)>. Previous numerical analysis suggests that the number of admis-
sible solutions is 2s 4+ 1 which matches with the dimension of the vector space V, as expected.
We formulate the following conjecture:

Conjecture 3. The system of polynomial equations (3.107) for a = d, g with M = 2s admits
2s + 1 distinct admissible solutions.

For all three cases a = {sp, d, g}, we wish to observe that the numerical analysis of (3.107) is
simpler compared with the usual analysis of the Bethe ansatz equations in terms of the original
Bethe roots {u;}.

3.5.2. Bethe states and the PBW basis of Askey-Wilson algebra

In the framework of the algebraic Bethe ansatz applied to the K-matrix given in Proposi-
tion 2.1, by construction any Bethe state is a polynomial in the elements A, A* of the Askey-
Wilson algebra acting on a certain reference state, |27) or |Q27). In general, this polynomial is
not written in terms of linearly independent monomials in A, A*. Furthermore, according to the
previous subsection, it is expected that any Bethe state can be written, up to an overall factor, in
terms of the ‘symmetrized’ variables (3.103). Below, an expansion formula for any (off-shell or
on-shell) Bethe state is given in the linear basis of the Askey-Wilson algebra, and the dependency
in the variables U; is exhibited.

As a preliminary, recall that a linear basis for the Askey-Wilson algebra is known, see e.g.
[68, Theorem 4.1]. For convenience, we introduce the element B such that:

B=[A A*]q (= A*A=g’AA* —¢B). (3.112)
In terms of the elements A, A*, B, from the Askey-Wilson relations (1.14), (1.15) one obtains:
[A.B], .1 =pA"+wA+nI = BA= g 2AB—pg A" —wg ' A—ng7! |
(3.113)
(A%, B]q =—pA—owA* =" = BA*=¢’A'B+ pgA+wgh*+nqg. (3.114)

Thus, using the ordering relations (3.112), (3.113), (3.114), any polynomial in the elements
A, A*, B can be written in terms of the linearly independent monomials

A'A*/BF  foranyi, j, k>0 (3.115)

that form a Poincaré-Birkhoff-Witt basis (see definition in [29, p. 299]) of the Askey-Wilson
algebra. We refer the reader to [68] for more details.

Consider the dynamical operators %% (u, m). Recall their expressions in terms of the elements
A, A* of the Askey-Wilson algebra given in Appendix A. Define
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B qu2+q71u72

. 3.116
q+q—l ( )

According to the ordering prescription (3.115), in the PBW basis of the Askey-Wilson algebra
(3.115) we obtain (the notation (1.21) is used):

B (.m) = Bbw?) (g +q~") (xq’”“b(q) . OCq" T+ BPogT™)

U

AA

u(ag®+2 — ) Bo (g +q HBpx
—UA* +A+hg(U,m)I> , (3.117)
2 -1 —m+1 2 —m+2 2 5 m
B m) = Bub(u)(q +q )(xq b(@) yp 74 +A7rq") o
(ag=2m=2 —B) Bo (q+q9"HBox
+ UA—A* +h0(U,m)I> (3.118)
where
¢ (x2q“™ — B*pq ™) ( w) T fore=+1,
h& (U, m) = U+ — |+ )
oW.m) Bx(g>—q~?) o —% fore = —1

For an arbitrary product of the dynamical operators %% (u, m), it is easy to extract the general
structure in terms of the ordered monomials (3.115). For instance, consider a product of two
operators B (uy, m'), B (uz, m). In its ordered form, it reads as a polynomial of total degree
four in A, A* and B with the prescription that the power of each element is at most two. More
generally, by induction it follows:

Lemma 3.7. For any integer M > 1 and any set u = {u1, us, ..., up}:

B (ur,m+2(M = 1) H(up, m)

_ ey M _
= ((E)M (g +q HMg?MM=m=2) l—[ (“12 — U 2)> Z g[M] (U)A' A BF

B ,—2m—2. 4 € i,j.k
o (4" %94 =1 “ i,j k<M
i+ j+k<2M
[M] /77 . . . qui+qu?
where gi,j,k(U) are polynomials of total degree M in the variables U; = W

Remark 1. Note that both expressions (3.117), (3.118) are regular in the parameter 8. Thus, for
the special case 8 = 0 the product of %€ (u;, m;) in Lemma 3.7 is well-defined.

Applying the ordering prescription (3.115) to any product of dynamical operators %€ (u, m),
the polynomials {i{";’ (@) can be derived recursively.

Example 7. For € = +, the non-vanishing coefficients ;i[’%]c(ﬁ) are given by:

xq" Mg —q7")
Bp ’
(xX*q" "+ B*pq™)
(g +q HBox

ForM=1: ¢\ =ciom) =

E(E(l)]l = Goo1(m) = —
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oy =t00=1, &4(U1) = Go10(U1) = U1,
Zob U1 = Cooo (U1, m) = h (Ur, m).

For M =2: &) =q>tii0(m —2)Z110(m),

4“1[%]1 = {110(m — 2)o01(m) + L110(m) Soo1 (m — 2)
—q*¢1100m — 2)¢110(m)
4“1[(2)]1 = &100 (§001 (m) 4+ q 001 (m —2) — q&110(m — 2)) ,
C(Eﬂ = ¢ 001 (m — 2)5010(U2) + Soo1 (m)Z010(U1) — g>C110(m)Zo10(Uh),

Cl[% = q*¢c110m)%o10(U1) + ¢110(m — 2)¢010(U2),

Cz[ﬂ) = ¢100(g%¢1100m — 2) + L110(m)),

41[%2) = C110(m — 2)Zo00 (U2, m) + ¢110(m) §ooo (U1, m — 2)

+2100(q*¢010(U1) + Lo10(U2)) — g*wti10(m — 2)¢110(m)

£ob = pEio(m) (g~ Zoo1 (m — 2) = g*¢110(m = 2)) + Loy,

§£2) = 010U S010(U2) — pg ™" Zoo1 (m — 2)¢110(m),

5&%]2 = Coo1(m — 2)&o01(m),

51[(2)2) = pq oot (m — 2)Z010(U2) — pg*¢110(m)o10(U1) — n*g*¢110(m — 2)¢110(m)
— g™ 001 (m — 2)Z100 + 0* g 2001 (m — 2)¢110(m) + (G000 (Ur, m —2)
+%000(U2, m))¢100,

;0[?2) = —pq " o001 (m — 2)¢100 — n&oo1 (m — 2)¢110(m) + ©qZoo1 (M — 2)5o10(Ua)
—wq*Z010(U1)E110(m) + Lo00 (U1, m — 2)Z010(U2) + o00(Uz, m)¢o10(Uy),

;(g(z)]l = —q%010(U1)¢100 + So0o (U1, m — 2)oo1 (m) + Sooo(Uz, m)&oo1 (m — 2),

5&‘;2) = 2000(U1, m — 2)&o00 (U, m) — ng ™" Coo1 (m — 2)¢100

—n* (612§010(U1)§110(m) —q%010(U2) Zoo1(m — 2)) .

Let V be the irreducible finite dimensional vector space on which the Leonard pair
7 (A), 7 (A*) act. Denote the (off-shell or on-shell) Bethe state:

W, (i1, m)) = 7 (B uy,m+2(M — 1)) - B (upg, m))|Q°) . (3.119)

For M < 2s, there are no relations besides the Askey-Wilson relations (1.14), (1.15), whereas for
M > dim(V) = 2s + 1, additional relations occur from the characteristic polynomials of 7 (A)
and 77 (A*), see (3.6). By Lemma 3.7, it follows:

Corollary 3.1. For 0 < M < 2s, any Bethe state admits the expansion formula:

o Eg=m=2ghy 1 U

x Yy C,-{‘?,k(l?)ﬁ(AfA*ka)mzf). (3.120)

ijk<M
i+j+k<2M

M —I\M 2MM-m-2) M .2 -2
|wé”(a,m>>=<<é> T [T )>
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3.5.3. Eigenbases for Leonard pairs

The results of previous subsections suggest that the two families of on-shell Bethe states
(3.57) and (3.64) for M =0, 1,2, ..., 2s, provide two explicit examples of bases on which the
Leonard pair 7 (A), 7 (A*) act as (3.1), (3.2). Recall that solving the system of Bethe equations
in Proposition 3.1 or 3.2 reduces to solving (3.107) for a = sp.

Proposition 3.7. For each M =0, 1, ..., 2s, assume the system of polynomial equations (3.107)
for a = sp admits at least one admissible solution U = {Uy, ..., Uy} with (3.103). Given the
Leonard pair 7w (A), T (A*) defined in subsection 3.1.1, the set of Bethe states (3.57) (resp. (3.64))
with M =0, 1, ..., 2s, forms a basis of the vector space V. We identify:

M U
Om) = l_[ m |\D£;17’7(12,m0)) for « according to Lemma 3.2 ,
=1 ‘"1 l

M €

u

103) = <l_[ m) |‘I’£;I,’+(IZ, mg)) for «a according to Lemma 3.1 .
=1 1

Proof. By definition, recall that dim(V) = 2s + 1, see subsection 3.1.1. For ¢ not a root of unity
by (3.3) the (25 + 1)-eigenvalues 6y, and 6}, are multiplicity-free, with M =0, 1, ..., 2s. By
Propositions 3.1 and 3.2, the Bethe states (3.57) and (3.64) are the eigenvectors of 7 (A) and
7 (A*), respectively. Given M fixed and according to previous comments, each eigenspace has
dimension one. Also, in view of the form (3.120) for different values of M the eigenvectors in the
set {|\U§‘Z,E(ﬁ, mo))} are linearly independent (no additional relations besides the Askey-Wilson
relations). O

Note that this is consistent with the numerical analysis of the polynomial equations (3.107)
for a = sp: up to permutation, (3.107) admits a unique admissible solution {Uj, ..., Up}.

Finally, let us mention that the numerical analysis for s = 1/2, 1, 3/2 done in subsection 3.5.1
suggests that it should be possible to generalize Proposition 3.7 to the cases a =d or a = g.
Indeed, in these cases and M =1, 2, 3, it was found that the total number of distinct admissible
solutions is exactly 2s + 1 = dim(V). However, for generic values of M = 2s the proof that the
spectrum in (3.72) or (3.94) is multiplicity-free — a key ingredient in Proposition 3.7 — is missing.

4. Baxter T-Q relations and the Heun-Askey-Wilson ¢g-difference operator

In this section, homogeneous and inhomogeneous Baxter T-Q relations are deduced from the
results of the previous section. Independently, for the special and diagonal cases we construct
a g-difference operator realization of the Heun-Askey-Wilson element (1.16) acting on an in-
finite dimensional representation (s, V). For each choice of parameters, 7 (I(x, *, 0, 0)) gives
a specialization of the Heun-Askey-Wilson g-difference operator introduced in [12, Proposition
5]. Its action on the Q-polynomial produces the T-Q relations. We also briefly comment on the
similar result for the generic case. For completeness, the action of the dynamical operators on the
unit is given. These results suggest an interpretation of the Q-polynomials as transition matrix
coefficients.
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4.1. (In)homogeneous Baxter T-Q relations

4.1.1. Special case k* A0 andk =k+ =0

For the special case k* = k1 = 0, k 7% 0 and the reference state |27), a functional relation
for the spectrum of 7 (A) is given by (3.60) with (3.59), (3.53). For the special case k =kt =0,
k* # 0 and the reference state |Q2%), the functional relation for the spectrum of 77 («k *A*) - denoted

below A* ff, - - that occurs in the proof of Proposition 3.2 is given by:

K*u AT ) A (w)
(qu? — g1 —2) Hf(“ ”JH‘WH}ZW uj)

(qun@™h+ q‘lu‘lﬁ(u))
(u2 _ u—Z)(q2u2 _ q—zu—z) :

*M
A spot+ = (u 2_u—2)

“.1)

Introduce the g-difference operator 7 such that T4 (f (u?)) = f(g*2u?). By elementary com-
putations, one finds:

M
Ty Qu(U T_QuU
Hh(u uj) = Z)Q”g[(])) and Hf(u,uj)z% with
j=1

Ou(U) = H(U ~Uj) (4.2)

j=1

where the notations (3.116), (3.103) are used. Furthermore
(quiw™H+q 'w @) (g +q H2n+n*0)
W? —u=2)(q*u* —qu?)  pu? —uH)(q?u? —q2u"?)

Replacing these expressions in (4.1), the proof of the following proposition is immediate.

Proposition 4.1. The eigenvalues A*Tp + of the Heun-Askey-Wilson operator 7w (I(0, x*, 0, 0))
are given by the homogeneous Baxter T-Q relation

(2 =u )@ —g72u™)) A"} L Qu (V)

(@*u® —q~u™?)

=" uhT T+ QmU) + k*urf (u) PrEEr=p T_0u(U)

—1\2
+K*w(n+n*U)QM<U>

with (3.33), (3.35), (3.36).

According to the results of Section 3, the roots of the Q-polynomial are determined by (3.107)
and the spectrum is given by

* 1 ’ ’ ’
A*il;l] L= 5 qi(v—l-v) (e—u q2s—2M 4t q—2s+2M> ]
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4.1.2. Special case k #0and k* = k1 =0

As mentioned previously, eq. (3.60) together with (3.59), (3.53) determine the spectrum of
7 (kA). Following the same arguments as for the special case «* # 0 just described, an homoge-
nous Baxter T-Q relation characterizing the spectrum of 7 (xA) can be written. However, it is
interesting to observe that specializing the results of the diagonal case allows to exhibit an in-
homogeneous T-Q relation characterizing the spectrum of 7 (kA) too. Consider (3.77) for € = +
and «* = 0. It reads:

2s

s _ W AT ()
A D=0 = g f”u_z) ( a1 f ) (4.3)
j=1

-2, -2+ 2s
g u" "Ny (u)
—I——Hh(u,u-)
2,2 _ ;2,2 J
(g u”—q="u=") ;|

5 1_[%:0 b(ql/2+kfsvu)b(q1/2+k7svflu)
d N

+(_1)2S+1qK - —
12, bGuu; b (quuy)

Using (D.5),

2s
[ [pw/uib(quui) = (g + 47> 025 (U)

i=1

and
(qui)+q 'u=tq@w™")) B (q+q D (" +nU) 44)
@ —u ) (g —q2u2) " p? —u) (g — g ) '
it follows:
Proposition 4.2. The eigenvalues A%IS, . of the Heun-Askey-Wilson operator 7t (I(x, 0,0, 0)) are

given by the inhomogeneous Baxter T-Q relation

((u2 —u"?) (g% u* - q_zu_z)) AXM,,,JF 025 (U)

(q2u2 _ q—2u—2)
WYl Q25 (U)

—1y2 )2+
Kw(n*-i-nU)st(U)—FKCI&J )

=1q2u” AT )Ty Qo5 (U) + 1’ AT (u)

—U*—1HU)

+ N
(qg+q~H*

with (3.33), (3.35), (3.36), (3.71) and (D.5).

According to the results of Section 3, the roots of the Q-polynomial are now determined
by the specialization of (3.107) for a = d, € = + and «* = 0. Also, the spectrum follows from
Aff 4 lkx=0. Contrary to (3.65), it depends on the Bethe roots satisfying the inhomogeneous Bethe
ansatz equation (3.107):

2s
AZ L = gq%wﬂ’) g ((v2 +v D251, + 2" cosh(p) — (1 +¢7) Y Ui> . (45)

i=1
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Table 1
Spectrum of 7 (kA) fork =v =1V =v=1,¢g =2, u =1log(1/3), u’ =log(1/5).

spin s A%;+ (M) Bethe roots {U7, ..., Uy}

172 2.16667 (0) {0.36}
6.16667 (1) {0.04}

1 2.08333 (0) {0.4 —0.646529i,0.4 + 0.646529i}
3.33333 (1) {0.3 +0.676757i,0.3 — 0.676757i}
12.0833 (2) {—0.4 4 0.859069i, —0.4 — 0.859069i }

3/2 2.16667 (1) {0.249828, 0.645086 + 1.62544i,0.645086 — 1.62544i}
3.04167 (0) {0.201668,0.529166 — 1.67841i,0.529166 + 1.67841i}
6.16667 (2) {0.0420546,0.108973 + 1.83288i,0.108973 — 1.83288i}
24.0417 (3) {—2.42474 4+ 2.13318i, —2.42474 —2.13318i, —0.610518}

2 2.08333 (1) {0.299681 4 0.596429i,0.299681 — 0.596429i, 1.22532 — 3.42503i, 1.22532 + 3.42503i}
3.33333(2) {0.214101 +0.612971i,0.214101 —0.612971i,0.910899 — 3.58263i,0.910899 + 3.58263i}
5.52083 (0) {0.0723844 —0.630621i,0.0723844 4 0.630621i,0.352616 4+ 3.810157,0.352616 — 3.81015i}
12.0833 (3) {—1.3877 —4.22879i, —1.3877 + 4.22879i, —0.287303 + 0.617224i, —0.287303 — 0.617224i}
48.0208 (4) {—11.8331 —3.15869i, —11.8331 4 3.15869i, —1.84146, —0.842389}

Combined with the fact that the spectrum of 7 (kA) is always of the form (3.3) with (3.32), it
implies that for each set of symmetrized Bethe roots satisfying (3.107), there exists an integer
M {0, 1, ..., 2s} such that the following equality holds:

2s
eTHgTITEM 4 it 252U it =2 ((v2+v_2)[25]q +2e cosh(u) —(1+4%) U,-) .
i=1

(4.6)

This equality has been checked numerically for small values of s =1/2, 1,3/2, 2. Given s fixed,
for each set of symmetrized Bethe roots the eigenvalues Af;,’ . are displayed in Table 1. The
corresponding value of M is given in parenthesis.

4.1.3. Diagonal case k,k* #0 and k+ =0
Following a similar analysis, for the diagonal case it is straightforward to derive the inhomo-
geneous Baxter T-Q relation from (3.77). It yields to:

Proposition 4.3. The eigenvalues Aflf  of the Heun-Askey-Wilson operator 7t (I(k, k*, 0, 0)) are
given by the inhomogeneous Baxter T-Q relation

((u2 —u")(g*u? —quufz)) AG4025(U) = D
2.2 —2.-2
:uAd(q_lu_l)A;_(u)T-i-st‘(U)+uAd(u)AT(u)%T_QZY(U)
—1y2
FOETD g 4 Gen + 100 0, (U)
_ 2s+1(U27_1)
+rqdq(=1) G+q-D)>2 H(U)

with (3.33), (3.35), (3.36), (3.71), (3.76) and (D.5).
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According to the results of Section 3, the roots of the Q-polynomial are determined by (3.107)
for a = d, € = + and the spectrum of 7 (I(k, «*, 0, 0)) is given by (3.73).

4.1.4. Generic case k, k™, k+ #0
For the generic case it is also straightforward to derive the corresponding inhomogeneous
Baxter T-Q relation from (3.98):

Proposition 4.4. The eigenvalues Az,f | of the Heun-Askey-Wilson operator w(I(ic, k™, k4, k_))
are given by the inhomogeneous Baxter T-Q relation

(@ —u g% — g2 A2, 05, (1) = .8)
R, )
= ulg (g~ u"YAT )T 02 (U) + ulb g ) AT (u )%T 02,(U)
e (U2—1)
+5(U) Q25 (U) + 3, (—1) WH(U)

where
Kkn* +k*n + (kn + k*n*)U)
0

W= eV +0))

¢o(U) =(q+q‘1>2(( (4.9)

(K+x +K-x)
(g—q7hH
with (3.33), (3.35), (3.36), (3.93), (3.85), (3.82) and (D.5).

Here the roots of the Q-polynomial are determined by (3.107) for a = g, € = + and the spec-
trum of 7 (I(k, k™, k4, k_)) is given below (3.94).

4.2. Heun-Askey-Wilson g-difference operator and the Q-polynomial

The starting point is a realization of the Askey-Wilson algebra (1.14), (1.15) in terms of
g-difference operators. Define the elementary g-difference operators 7.+ such that 74.(f(z)) =
f(g*?z). In Appendix E, examples are given. Applying the invertible transformation (2.28) to
the realization (E.1), (E.2) of the Askey-Wilson algebra given in [63, Section 5], we obtain the
linear transformation denoted 77: AW + Cl[z, z~!] such that:

A =gz p@(Tr — D +q 20 HT- — 1) @.10)
" %‘IM g (26" cosh(u) — 02+ v g g e+ D)
AN =¢@)(Ty — D +¢ HT- - D+ %q("""/)/z(eu/q—h 4o g @.11)
where
b(@) = Lqts w g L 4TI+ g™ (1 - —2~‘v2z><1 —q v

11—z —-4¢%2?%
4.12)
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Note that 77 (A*) is a specialization of the Askey-Wilson second-order g-difference operator, see
e.g. [47] for details. By straightforward calculations, one finds that the corresponding structure
constants in (1.14), (1.15) are given by (3.33)—(3.36). Using (4.10), (4.11), the realization of the
g-commutators in A, A* is also computed. For instance, one finds:

4
+¢ 2 Hw? +v7?) +4cosh(n) cosh(u")) .

7 ([A*,Aly) = — ((g+qg Hz+zhH — @@= (4.13)

For simplicity, the expression of 7 ([A, A*],) is reported at the end of Appendix E.

In general, the image of the element (1.16) by the map 7 reads as a fourth order g-difference
operator that generalizes the Askey-Wilson operator (4.11). However, for the special and diago-
nal cases this expression reduces to a second-order g-difference operator. In these cases, it is easy
to see that it is a specialization of the Heun-Askey-Wilson operator introduced in [12, Proposi-
tion 5]. Below, we consider the action of 7 (I(«, k*, 0, 0)) on the Q-polynomial Q ;(Z) with (4.2)
where we denote:

_ (z+z7hH

- = 7 4.14
(g+q7hH @19

For convenience, we denote respectively by Qu(Z), Qas(Z) and 02(Z) the Q-polynomials
associated with the symmetrized Bethe roots (3.103) satisfying (3.107) for a = sp, fora =d and
k* =0, for a = d, respectively.

Lemma 4.1. According to the parameters k, k*, the action of the Heun-Askey-Wilson g-difference
operator w(I(k, k*, 0, 0)) on the corresponding Q-polynomial is such that:

(0, 6*,0,0)Qum(2) =AY, . Ou(Z) (4.15)
_ 25 B _1)2s+1
(k. 0,0,0)) 02:(2) = A*3) | 02:(Z) — qude(Z) : (4.16)
. - by A (_1)25+1
7k, k7, 0,0)) Q25(Z) = Ag L Q25(Z) — KqumH(Z) : (4.17)

Proof. Firstly, we show (4.15). Consider the Baxter T-Q relation (4.1). Recall (3.37). Observe
that:
A =u"'w? —u ) g’ =g u)pg ), (4.18)
A @) =u”' @ —u) (@ — g U (qu?) (4.19)
with (4.12). Also, one easily show that:

(@+q )0+ n*U) 1 l(m/)( 2 " 2
— e M g2 4ot S) _
02 —u-2) (2 —q2u—2) 27 q q ¢ (qu”)
—¢q ).
Inserting these expressions in (4.1), one obtains (4.15) using (4.11) through the identification
2
z=qu".
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Secondly, we show (4.17). Inserting (4.18), (4.19) and

(@ +q D" +nU)
p* —u=2)(q*u? —q~u?)
1 1

= Eqi(v—&-w)e_u/qzs ((1 + q—2)U + 20" cosh(u) — (vz + v—Z)q—2s—l)

—q U pqu’) —uPPp(q T u?)
into (4.7), one obtains (4.17) using (4.10), (4.11) through the identification z = quz. The proof
of (4.16) is the specialization «* = 0 of the proof of (4.17). O

Although not reported here, the connection between the Baxter T-Q relation for the generic
case (4.8) and the Heun-Askey-Wilson g-difference operator introduced in [12] can be estab-
lished using a different realization of the Askey-Wilson algebra. In this case, the action of the
Heun-Askey-Wilson g-difference operator 7 (I(«, k*, k4, k_)) on the Baxter Q-polynomial also
takes a form similar to (4.17).

4.3. The Q-polynomial for the special case and the Askey-Wilson polynomials

It is well-known that the eigenfunctions of the second-order g-difference operator (4.11) are
given by the Askey-Wilson orthogonal polynomials [47, eq. (3.1.6)]. Recall that the Askey-
Wilson polynomials Pys(x), M =0, 1, 2, ... are defined by:

—2M 2M—2
, abco . _
q with x=z+z".

(4.20)

—1
, Az, azg L2 2
]

Py(x;a,b,¢,0) =403 |:q ab, ac, ad

Denoting the Askey-Wilson second-order g-difference by D according to [47, eq. (3.1.6)], the
Askey-Wilson polynomials solve the bispectral problem:
D Py (x) = (M + abedg®™ ) Py (x), 4.21)
x Py (x) = by Pyy1(x) +ap Py (x) + ey Ppyr—1(x) (4.22)
where P_; =0 and
(1= abg?)(1 — acg®™)(1 — adg*™)(1 — abedg?¥—2)
N a(l — abcdg*M—2)(1 — abcog*M)
_a(l = g*)A = beg? ) (1 — bog*M (1 — c0g*M )
M= (1 — abcdg™—4)(1 — abcdg*M-2)

ay=a+a ' —by —cuy.

by

’

E)

From the three-term recurrence relation (4.22), one extracts the leading term of degree M in the
variable x:

(ab; ¢*) m(ac; ¢%) p (a0; ¢*) pr (abcdg —2; qz)M)_1 My

4.23
aM (abcog=2; g p(abed; g*) 429

Py (x) =(

For generic parameters g, a, b, ¢, 0, the spectrum in (4.21) is non-degenerate, of the form (3.3).
Based on this observation, a comparison of (4.21) and (4.23) with (4.15) immediately yields to:
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Proposition 4.5. For the special case k = k+ = 0, the Q-polynomial (4.2) of Proposition 4.1 is

given by

(ab; ¢*)m (ac; ¢*) p (a0; ¢*)m (abedg ™% ¢H)m
(g +q~HMaM (abedg=2; g*) p (abed; g*)

Om(Z) = Py(z+z % ab,c,0) (429

with

—2s UZ

a=—qge " | b=—ge'tt | =g , =g Fv2. (4.25)

Expanding the Askey-Wilson polynomials in the variable Z = (z +z7!)/(g + ¢~!) using
(4.20) (see [47] for definitions), for the Q-polynomial (4.24) we obtain:

M
On(2)=> (-D'Quz"" (4.26)
=0

with

_ (=DM(ab: %)y (ac: ¢*) u (a0: ¢*) yr (abdg %1 4%
(g +g~H'aM (abcdg=2; g*) p (abed; g*) i

y % (q2M; )i (abcdg?M=2; g2)g* * D gk
(ab; g2)x(ac: g2 (ad; g2 (g% ¢k

Qiu (4.27)

€l+k—M (X1, X2, ..., Xk)
k=M—I
where

2[-2

x=ag? " +alg? .

Example 8. With the identification (4.25):
(a4+b+4+c+0—abc— abd— acd — bco)
(g+g7") (1 —abed)
ga+b+4c+0—g?*(abc+ abd 4 acd + bcD))Z
(1 — abcdg?)
(¢> = 1) (1 — a®6%c*0?g*) + (ab + ac + ad + bd + be + d) (¢ + 1)
+ (0% + 6% + & +0%) g% + (a?bc? 4 0?6702 + a’P0? + b2 c?0?) ¢*
+abcd (ab + ac + ad + bd + be + @) (¢* + ¢°)
(A2 2 2 2 2 2 2 2 2
(¢*+q +1)(abc + ab“c 4 abd” 4 ab“0 + acd” + ac“0 + a“cd + a“bd
+a2bc + b%cd + bc?d + bed?) — abed (¢ + l)3
+abc(a+b+c)+abd(a+b+0)+acd(a+c+0)+bcd(b+c+0)

(g +q~H2(1 — abcdg?) (1 — abedg?)

01(2)=2

’

0:(2)=27%—

According to Proposition 4.5, the roots of the Q-polynomial can be computed for large val-
ues of M, a regime in which usually they are difficult to access by solving directly the Bethe
equations of Proposition 3.2 (or similarly (3.107) for a = sp).

To conclude this subsection, let us remark that the identification of the roots of the Q-
polynomial (4.26) with the admissible Bethe roots satisfying Proposition 3.2 (or (3.107) for
a = sp) imply the existence of certain relations that are now described for completeness. For
instance, given M fixed a comparison between Qr(Z) (see (4.2)) and (4.26) leads to a system
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of equations for the symmetrized Bethe roots (3.103). Equating the coefficients of both polyno-
mials, one finds that the symmetrized Bethe roots (3.103) satisfy the following set of relations:

e(Uy,Up,....Uy)=Qm for 1=0,1,--- M. (4.28)

For small values of M =1, 2, 3, these relations are equivalent to the following polynomial equa-
tions.

Example 9.

ForM=1: U =Qi;,

ForM=2: Uy=Qi2—- Uy,
U12—U1Q1,2+Q2,2=0

ForM=3: Us=Q;3—-U; —U>,
U22+ Ux(Ur —Q13) + Ulz —U1Q3+Q3=0
Uy —UiQi3+U1Qp3 — Q33 =0.

Let us make some comments about the polynomial equations (4.28) compared with the poly-
nomial equations (3.107). For small values of M, using (4.25) and (4.27) we have computed
numerically the solutions of (4.28). It is found that they correspond to the subset of admissible
solutions of (3.107). A direct proof of this fact for generic values of M remains to be done.

As a second consequence of the relation between the Q-polynomial and the Askey-Wilson
polynomials, an explicit relation between sets of Bethe roots associated with different values of
M can be extracted from the recurrence relation (4.22). For convenience, introduce the notation

Q=M UM . Ul (4.29)

where the indices are added in order to distinguish between different root systems {U 1[M], UZ[M]
., UL} that solve (3.107). From (4.22) and (4.24) it follows:

am
Qu+1=Qu+——", M>0
(q+q ‘1)
cmbp
Qiom+1 =Qom+ ———Qrim — ———5Q.m-1
(q + - (q+q=1)?
for [=0,1,---, M—-2, M>1
am cmby—1
Quiim+1=———Qum — —5Qu-1.m-1-
(q+q7h (q+q=1)?

4.4. The Q-polynomial as a transition coefficient

For the dynamical operators (A.2), consider the choice of gauge parameter 8 = 0. Using
(4.13), after straightforward simplifications one gets:

b 2 + -1
T ) = _XQET);HW <U - ;+f1‘> . (4.30)

Considering in particular the product of dynamical operators (3.44) entering in the definition of
the Bethe states of Propositions 3.1, 3.2 and 3.3, the following lemma is easily shown.
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Lemma 4.2. Assume the gauge parameter « satisfies (3.21). For a =sp (M =0, 1, ...,2s) or
a=d (M = 2s), the Baxter Q-polynomial (4.2) is given by

Oum(Z) =Ny @)~ (W), @) with

_ MM o0
gt OM e o b(u?)
for (3.107) and the following notation:
WY @) =7 (BT, mo+2(M — 1))+ BT (up. mo))lp=o 1. 4.31)

Here we have denoted

(2lWo 4 (@) = (z]Q4) = Qo(Z) =1.

For completeness, the action of the other dynamical operators on 1 is computed in a straightfor-
ward manner using 741 = 1. Using the expressions reported in Appendix F, for which « satisfies
(3.21) and B =0, for any integer m( one finds'”

(et w, mo))1 = u"bb(qu®)p (g~ u?),
(DT (u, mo)1 = u"'b(u)b(q*u*)p (qu?),
(€ (u, mp))1=0.

Suppose a rigorous mathematical definition of a basis {|z)} within the framework of rigged
Hilbert spaces (see e.g. [52]) is given for the Askey-Wilson algebra, extending the case of the
quantum harmonic oscillator and Hermite functions [25] to the realm of Askey-Wilson orthog-
onal polynomials [47, p. 50]. To our knowledge, this problem has not been considered yet in
the literature. If solved, then the notation (z|\IJ§Z’ 4 (u)) would find a natural interpretation as a
transition coefficient connecting the continuous basis {|z)} and the discrete basis {|0},)} given in
Proposition 3.7.

5. Applications

In this Section, we apply the algebraic Bethe ansatz solution for the Heun-Askey-Wilson
operator of Section 3 to the diagonalization of the g-analog of the quantum Euler top as well
as to various examples of Hamiltonians of 3-sites Heisenberg spin chains in a magnetic field,
inhomogeneous couplings, three-body terms and boundary interactions.

5.1. Algebraic Bethe ansatz solution for the g-analog of the quantum Euler top

The relation between the Hamiltonian of a quantum Euler top in a magnetic field built from
sl (R) and the Heun operator has been recently studied in [69] (see also [72]). It is a quan-
tum version of the Zhukovsky-Volterra gyrostat of classical mechanics [3,51], and arises in spin
systems with anisotropy [75]. Considering the realization of the Askey-Wilson algebra given in

12" Note that after acting on 1 with the expressions in Appendix F the dependence on z vanishes and the results drastically
simplify.
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Table 2

Numerical results for the parameters g =3, v=v"=1,u=0.2, u’ =03, v=1.1.

Spin s = % Direct diagonalization Diagonalization via Bethe roots {U7, ..., U}

ABA AL |

k=1,«*=0.25, 6.40701 + 3.99187 i 6.40701 4 3.99187 i {—0.8157 — 1.07769 i}

k+ =0 6.40701 — 3.99187 i 6.40701 — 3.99187 i {—0.8157 + 1.07769 i}
- Mﬁﬁ) = 2—% 294.909 — 337.0181  294.909 — 337.018 i {0.454184 + 0.509566 i}

Ky = 4 Ko=—3x= —% —1006.7 4+ 746.6971  —1006.7 + 746.697 i {1.36299 — 0.412627 i}

Table 3

Numerical results for the parameters ¢ =3, v=v"=1, 4 =02, u' =03, v=1.1.

Spins =1 Direct diagonalization Diagonalization via Bethe roots (U1, ..., Ux}
ABA A2 |

k=1,1* =025, 17.8556 17.8556 {—7.53525, —2.25731}

Kkt =0 10.5068 + 9.82751 i 10.5068 + 9.82751 i {—2.89915 — 7.58381 i,
—0.941451 — 0.375642 i}

10.5068 — 9.82751 i 10.5068 — 9.82751 i {—2.89915 + 7.58381 i,

—0.941451 + 0.375642 i}

K= L\/gﬁ) K= 2—% —2394.67 4+ 986.732 i —2394.67 + 986.732 i {2.98826 — 0.846233 1,
—0.155658 + 1.20672 i}

Ky = ? Ko =—3 —6079.21 + 1505.54 i —6079.21 + 1505.54 i {4.06015 + 0.244047 i,
1.69724 — 0.997537 i}

X = 7% —1543.12 — 1249.58 i —1543.12 — 1249.58 i {2.43438 + 1.09148 i,

0.117738 + 1.26215 i}

Example 1, it is straightforward to derive a q-deformed analog of the Euler top [69, eq. (2)] gen-
erated from U, (sl>) starting from (1.16). Replacing (2.12), (2.13) in (1.16) one gets the bilinear
expression considered in [72, Section 3.2]. It gives a Hamiltonian of the form:

Ak, ™, K k) =1 Sy S— +100g™ + t0q ™™ + 11487 +1-_S2
+ 10+ 819™ +1t0-S—q" + 1, S+q ™ +15_S—q" P + 1o,

where the coupling constants ¢, fgp, t(/)o’ trt, to+, t(’) .. are expressed in terms of the parameters
ki, e+, v, Kk, k%, K+, x introduced in Example 1 and Iy central in U, (sl2).

For an irreducible finite dimensional representation of U, (sl) of dimension 2s + 1 on which
this Hamiltonian acts, we consider the parametrization (2.11) and apply the results of Section 3.
For generic parameters «, k*, k4, the spectrum and Bethe eigenstates are given by Proposi-
tion 3.4. In the Tables 2, 3 and 4, we give the numerical results for s = 1/2,5s = 1,5 = 3/2,
respectively.

5.2. Algebraic Bethe ansatz solution of 3-sites Heisenberg spin chains
The construction of 3-sites Heisenberg spin chains follow from Example 2 and Example 4,

by inserting (2.14), (2.15) into (1.16). In the next subsections, we compare numerically the
direct diagonalization of these Hamiltonians to the algebraic Bethe ansatz solution given in
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Table 4
Numerical results for the parameters ¢ =3, v=1v"=1,u=0.2, ' =03, v=1.1.
Spin s = % Direct diagonalization — Diagonalization via Bethe roots {Uq, ..., Uy}
ABA A} |
k=1,k*=0.25, 37.2756 37.2756 {—13.1346, —1.2149, —40.6532}
k+ =0 46.446 46.446 {—14.4407, —1.493, —61.3506}
16.5142 4 19.0709 i 16.5142 + 19.0709 i {—3.616 — 3.04982 i, —0.0635861 —

43.0976 i, —0.878068 — 0.190033 i}
16.5142 — 19.0709 i 16.5142 — 19.0709 i {—3.616 + 3.04982 i, —0.0635861 +
43.0976 1 —0.878068 4 0.190033 i}

= 10iA4S) ox f% —20905.2 + 2621261 —20905.2 + 2621.26i  {1.04709 — 1.16555 i, 8.06887 —
1.51037 i 9.48236 + 1.52911 i}

Ky = 4 JK— = —% —15139.6 4 3210921 —15139.6 43210921 {—0.255185 4 3.99139 1, 3.64641 —
1.51464 i 11.0049 — 0.370951 i}
X = —% —9508.34 —2492.841 —9508.34 — 2492841 {0.658762 + 0.810534 1, 4.03758 +
7.37438 1, 9.56462 + 1.26855 i}
—6679.41 43932911 —6679.41 +393.2911 {2.80458 + 9.49603 i, 0.718949 +
0.525899 1, 7.03427 — 0.69735 i}
Propositions 3.3, 3.4. Successively, we consider the cases of a spin-1/2 chain and a spin-1 chain.

_ qtq”!
Introduce the anisotropy parameter A = *—5—.

5.2.1. The Heisenberg chain for j1 = jo=j3=1/2
Denote S, a = x,y,z with i = 1,2, 3 as the operators acting on the representation V (jj;)
such that

1/0 1 1/0 —i 1/1 0
X _ y _— [a——
S_2<1 0), S_2(l. o>’ S_2(O _1). (5.1)

= o4y 4 —1 z, 4 +1 - _ QX .oy
7@ ) =t——85+——, TS)=8 xi§’,
va 2Vq
it follows that the Heun-Askey-Wilson operator is given by
RO k) =20g — g~ (Y0 D Jasest+ Y Y Keses?
a i,j a#b i,j

+ Y0 YoLehesestse+ Y biS) + do (5.2
i

{a,b,c}i,j.k

Using

with the coupling constants,

3g* —2¢% +2¢72 -3¢~
4

3q4 _ 2q2 +2q—2 _ 3q—4
"+ 4

Jlxzz*’lyzz""' ey x ™ K- x),

(erx ™"+ x-x),

J23 - ‘]23 -
9—9 - -
Jp=0k+ (@ + 47 ke x T K0,
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-1

q9—49 _ _
J§3=AK*+T(6]2+6] D2 x "+ K-,
G-q "
Jlx3=le3=J1Z3=f(K+X Y O)
, o q—q
Ki3 = K35 =—Kiy =—Kpj =—i=———(x"' —x-04,

Lizy=—Li3 =2i(q —q~ erx™ —k-x)A,
R Lo SN SO S5 SENYNS $3

123 123 — 123 — 123 — 123>

: , (q—q " _
L = 135 = L5 = L = - e+,
-1
b= 1= =),
pr— 4= g 3 -3 -1 -1
=" (c+(q@" +q7)g—q Hlerx™ +x-x)),

q—q~! 3 3 1 1

by =— 1 W +(@" +q7)q—q e x™ +r-x)),

_ 2 (kK + k™)

ho=(+q7 43¢ +3¢7H)——

Wy "+
; .

For the diagonal case x4+ = 0, the three-body terms vanish and the Heun-Askey-Wilson operator
simplifies to

+(12g —12¢7 =54 +5¢ 3 +¢° =g +2¢" —2¢77)

_ =152 i .
7(1(k, €%, 0,0)) = w(fc(sfsg 4 S7S) + ASESE) + Kkt (S ST+ S)S) + ASESD)
R
- (6"S5 = K55 + (c = k)85))
+q7! 3 _
pata) - )<K+K*)(5<q2+q 3-1).

Following Example 4, we have set j; = j» = j3 = 1/2. Then the set ¥ = (¢, k) such that:
0<¢<1, 0<k<3-2¢. (5.3)
In the algebraic Bethe ansatz results of Proposition 3.2 and 3.3, we fix:
¢V =4, eHh=et =2 =¢™O73 and 25 =3min(1,£) —2¢. (5.4)

In Table 5, for numerical values of the scalar parameters «, k*, k1 the eigenvalues of the
Hamiltonian 7 (I(k, £*, k4, k_)) obtained by direct diagonalization and the ones obtained from
the algebraic Bethe ansatz (ABA) are displayed. We remark that the Hamiltonian (5.2) is Hermi-
tian if

Im(g) =Im(k) =Im(*) =0, K =k_|x|*,

where k_ denotes the complex conjugate of x_. In addition, for x = * = 1 and xky = 0, the
Hamiltonian (5.2) reduces to the U, (sl2)-invariant XXZ chain [1,56], and thus has real spectrum
for g in the unit circle [54].
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Table 5

Numerical results for the parameters ¢ =2, v = Vv =1.

Spin—% chain Direct diagonalization Diagonalization via ABA Bethe roots {U7, ..., Ups}
(degeneracy) Alzlf L)

Kk=3,k*=1, 32.5(4) 32.5(0) -

k+=0 14.4069 (2) 14.4069 (1/2) {—1.0344}
28.0931 (2) 28.0931 (1/2) {—1.4906}

—_ 5 yx=__9 _ — _

K== K== 0.200512 (4) 0.200512 (0)

K4+ = % JK— = —1—16 —6.25895 + 3.327451 (2) —6.25895 + 3.327451 (1/2)  {—0.793147 — 1.40509 i}

X = —% —6.25895 — 3.327451 (2) —6.25895 — 3.327451 (1/2)  {—0.793147 + 1.40509 i}

5.2.2. The Heisenberg chain for j1 = jo = jz =1
Denote S, a = x,y,z with i = 1,2, 3 as the operators acting on the representation V (jj;)
such that

L (0 1O ; (0 -1 0 (1 0 0
S=—|1 0 1], =—[1 0 -1], $=-[00 o0
v2\o 1 0 v2lo 1 o 2\o o 1
(5.5)
‘We now have
_ -1 _12 1
At =Y zq )S“r(qzq) (S +1, 7(Se)= qu - ($* £is”).

Note that the term (5%)? will lead to a proliferation of higher-order terms in the basis {S?, Sl.y . 87,

l
and for that reason we only write the expression of the Heun-Askey-Wilson operator for the

diagonal case. It is given by
_ K _ _ ) _
7(1(e,c,0.0) = 5 (q(4> =g XSS5 +4728]S} +4 7' AS{SH)
(@ —q )G+ )(—q(ST SIS +iSTS5S) — STSISy +iSTS)83) +
+q 7 (STSTSY +iSy SISy — 87858 +i5)S385))
(@ =g Mg+ g (ST STSE S5 —iSTSiSiS) — SiS)S5Sy +iSis) 8585
1
+ (D7 + (897 = 5(SH(SH?)
_ _ 1 1
+@ =g g +a7 (ST = S5+ ()PS5 — 2 S{(5H?)
+2(2q3+2q’3—q—q*‘))
K* _ _ _
+ 5 (962 =g 2SS + 728y +q71AS3SD)
(g —q )G+ )(—q(S3 SIS +iS3SiS) — S5 SiST +iS58) %) +
+q (8585 S) +iSy 858y — 8555585 +iS5858%)
(g =g Mg+ g7 (=S5 S5S5 S5 — iS5 S5858) — 8585 8585 + iS58 8385
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Table 6

Numerical results for the parameters ¢ =2, v = Vv =1.
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Spin-1 chain

Direct diagonalization

Diagonalization via ABA

Bethe roots {Uq, ..., Uy}

(degeneracy) A,%‘f_,_ (s)

k=3,k*=1, 128.125 (7) 128.125 (0) -

k+ =0 106.128 (5) 106.128 (1/2) {—3.82841}
54.4972 (5) 54.4972(1/2) {—3.39815}
100.033 (3) 100.033 (1) {—5.84346, —1.26701}
45.8128 (3) 45.8128 (1) {—4.28657, —1.01656}
247794 (3) 24.7794 (1) (~3.59681, —1.00521}
32.5(1) 32.5(0) -

-5 4x___9 _

K= 4\5,1( =3/ 230.13 (7) 230.13 (0)

o= =—1 33.5628 + 33.33261 (5) 33.5628 + 3333261 (112)  {—3.51786 — 5.42098 i}

X= f% 33.5628 — 33.3326 (5) 33.5628 — 33.33261 (1/2) {—3.51786 + 5.42098 i}

—2.26847 +22.221i (3)
—2.26847 — 22.221i (3)
—13.7437 (3)

—0.200512 (1)

—2.26847 + 222211 (1)
—2.26847 — 22.2211 (1)
—13.7437 (1)

—0.200512 (0)

{—8.41833 — 8.60097 i,
—0.252667 — 0.78235 i}
{—8.41833 + 8.60097 i,
—0.252667 + 0.78235 i}
{—1.91267 + 5.49269 i,
—1.91267 — 5.49269 i}

1
+ (S5 + (5H? - §<S§>2<S§>2)

_ _ 1 1
+(q =g q+a7 )85 - S5+ S (55785 - 555597

+2@f+0¢4—q—q”ﬁ-

(5.6)

Following Example 4, we have set j; = j» = j3 = 1, and the set ¥ = (¢, k) such that:

0<e<3,

0<k=<6-2¢.

In the algebraic Bethe ansatz results of Proposition 3.2 and 3.3, we fix:

qv+v’ =4,

— / 1 p—
e H =l — _UZ zqmm(2,€) 5

and 25 =3min(2, ) — 20 .

5.7

(5.8)

In Table 6, for numerical values of the scalar parameters «, k*, k1 the eigenvalues of the
Hamiltonian 7 (I(k, «*, k4, k—)) obtained by direct diagonalization and the ones obtained from
the algebraic Bethe ansatz (ABA) are displayed. We remark that for generic ¢ the Hamil-
tonian 7 (I(k, k*, k4, k_)) for j; = jo = jz = 1 is not Hermitian. However, similarly to the
j1 = j» = j3 = 1/2 case, we observe that for k = x* =1, k1 = 0 and ¢ in the unit circle, the
spectrum is real.

6. Perspectives

Besides the generalization to the Askey-Scheme of the basic quantum harmonic oscillator
construction described in the Introduction, there are four main motivations for the present paper.

e The Askey-Wilson algebra with generators A, A* provides the algebraic framework for all
orthogonal polynomials of the Askey-scheme [77]: the bispectral problem with respect to A, A*
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produces the well-known recurrence and second-order g-difference, difference or differential
equations satisfied by these polynomials. If A, A* act as a Leonard pair (irreducible finite dimen-
sional representation of the Askey-Wilson algebra are considered), the entries of the transition
matrix between the two respective eigenbasis of the Leonard pair are given in terms of the or-
thogonal polynomials [64,65]. By analogy, the Heun-Askey-Wilson algebra [12, Definition 2.1]
with generators A, | is a generalization of the Askey-Wilson algebra. So, it should provide the
algebraic framework for a class of special functions beyond the Askey-scheme. Thus, investigat-
ing the spectral problem with respect to A, | is an important issue in this direction. Related works
in these directions are e.g. [61,48,62].

e The g-Onsager algebra with generators Wq, W1 introduced in [63] (see also [4]) is known
to be a homomorphic pre-image of the Askey-Wilson algebra with Wy — A, W; — A*. From
that point of view, the theory of tridiagonal pairs developed by Terwilliger et al. generalizes
the theory of Leonard pairs [63]. In [6,11], elements denoted {lyx+1,k € Z} that generate a
commutative subalgebra of the q-Onsager algebra have been constructed. In general, they read
as polynomials in Wy, W of maximal degree 2k + 2 [7]. In particular, the image of the element
Iy in the Askey-Wilson algebra is the Heun-Askey-Wilson element (1.16). Thus, the analysis
presented here can be viewed as a warm up for the diagonalization of the mutually commuting
elements {loxy1, k € Z} within the algebraic Bethe ansatz. In quantum integrable systems, it is
important to stress that the elements {lox+1, k € Z .} are the basic building quantities for mutually
commuting quantities, for instance the Hamiltonian of the open XXZ spin chain with generic
integrable boundary conditions.

e The Askey-Wilson algebra admits an embedding into U, (sl2) ® U, (sl2) ® U, (sl2) [40] (see
also [45]), where the generators map as A > A(C) ® 1, A* - 1 ® A(C) with C, A, respectively
the Casimir element and coproduct of U, (sl2). In the recent literature [59,33], a generalization of
the Askey-Wilson algebra indexed by N has been introduced. For N = 3, it reduces to the Askey-
Wilson algebra. Importantly, an embedding of this algebra in terms of ‘intermediate’ Casimir
elements of (U, (s12))®N has been given. Thus, the spectral problem solved in the present paper
can be viewed as a toy model for studying generalizations of (1.16) to N > 3. In the context
of quantum integrable spin chains, this approach differs from the usual one based on Sklyanin’s
construction [60]. Indeed, for N = 3 considering an irreducible finite dimensional representation
for each U, (slp) labeled by j1, j2, j3, for ji = j» = j3 = j, the Heun-Askey-Wilson operator
associated with (1.16) gives the Hamiltonian of a three-sites spin—j chain in a magnetic field
with inhomogeneous couplings, three-body and boundary interactions. Thus, generalizations of
the Askey-Wilson algebra should naturally generate Heisenberg spin chains with possible inho-
mogeneous couplings and long range interactions. For instance, see [49].

e In the context of signal treatment, the optimal reconstruction of a signal from limited ob-
servational data is a central problem. In particular, the diagonalization of Heun type operators
play a crucial role in the so-called band-time limiting problem [57,42,43]. For a recent review
see [19] and references therein. For the g-deformed case, it is straigthforward to derive the g-
analogs of the conditions [43, egs. (5.31), (5.32), (5.33)] such that 7 (I(k, €™, k4, k—) commutes
with projectors on certain eigenspaces of 7 (A), 7 (A*). Thus, the results here presented apply in
this context.

Other perspectives may be also briefly mentioned. For instance, for the realization (4.10),
(4.11), the Heun-Askey-Wilson operator gives a fourth-order g-difference operator. Possible
connections with g-Krall polynomials [70] could be explored. Another interesting direction is
to study the relation with the separation of variables framework, see e.g. [34] and references
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therein. In particular, the eigenvectors |0y,) introduced in subsection 3.1.1 diagonalize the off-
diagonal entry 7 (B3()) given by (2.6). In addition, it should be possible to study the spectrum of
the Heun-Askey-Wilson g-difference operator using an homogeneous Baxter T-Q relation with
non-polynomial solution [50]. Also, for q a root of unity and cyclic representations of the Askey-
Wilson algebra, the results here presented may be extended in light of [10,46].
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Appendix A. Dynamical operators in the Askey-Wilson presentation

The dynamical operators are polynomials of maximum degree two in the elements A, A* of
the Askey-Wilson algebra. From (3.16)—(3.19), one finds:

m+2
T (u,m)= b

[A*, A], —

b 2 m
@) (Xq [A.A*], + (B + ag¥™)gA (A1)

u(ag® —q’p)\ p
(ag®™ + Bg*u®) o
qu?
1
pq3u® xb(g*)bu?)

(pq'"“(aﬂqu —xHWulq* —u?)

+(q* + D" @n*xq™(q* — 1) — g*w(epg’p — x*))
—(@* + Dg*u*(Bn*x(q* — 1) — q"w(aBq*p — x?))
+(q* — Du*(nx (g™ — Bg*)(1 +¢*)*
—pq" " (aBq’p — xz)))),

_ bw?  juxq™*? aug™
S m = ﬁqzm( AT AL (A, A%],
2m 4 4

+
LBa ag'uh) ) gt

qu

1 m+2, 2 17 —1 2.2

+,0q3u2xb(q2)b(u2) (,06] (q°u u )gx aBp)

—(q> = Did (g% + D>n* x (@q® — Bg®™)
+0q" (g %% — aBp)) — (¢ + Dg*u’ (0g™ (app
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~¢*x) +alg* = Dny)
+(g* + Dug" (Blq* = Dnxa" +w@ba’o —a* 1)),

Bbw?)  xq" Bqg~" (¢>+1)
+ _ * _ *
% (u,m)—aq2m+2_ﬁ(ﬁpu (A%, Aly = 5 A AT A (A2)
b N -1 2 am+2 2 2
(qu3 +qu)A +W((‘] + Du™ (w(x7q = B79°p)
+B(q* — Dn*xq™ — q*p(g*u +u=)(Bp — xzqz’”))),
_ _ Bb@Hg* ! quxg Bug™ ' . (qut+1)
% (u,m)—aq_z_ﬂqu( Gy AT Al = T AN A
¢ +bu,, g™+t 2,23, —1vp2. 2m _ 2
_ AF — + _
pE Boxbad) (pg*(q*w’ +u=)(B7pg™ — x°)
(g + Du@(Bpg™ 2 = %) + Ba* — Dixa™)),
+ _ab@w) ag™ o xqg" o (@+D
@ (u,m)—a_ﬂqz_m( L Ty = A Al - A (A3)
1 % o 2,2 32 2m 2
—I—(q?—i—qu)A +W<PC] (@u+u")a pg™ — x°)
+(g* + Du @@ g™ — g x*) —a(q* - 1)n*xq”’))),
- agb@?®) coug'™ - uxg"t' o (q*u* +1)
& (u,m):aqz_ﬂqu( AT, - [A* Al — T T A
+u(g® + DA* + q74<pqz(q2u3 +uH@?o = x*q™)
apx(g*—1)
+(q? + Du@@q%p — x2q*"*) + alg" = Dixg™)),
bwb(g*u?)  rapg™t? xq"
+ _ ®1 *
7 (M’m)_ub(qu2)(aq2m—ﬂq2)( w A= AL Al (A
4 _2m
—q(ﬁ+aqu")A+—‘1(’3+Zf 77 pe
1 22—l m42 22 3 2
+pq3u2b(q2)b(q2u2)((q Dux ™" (pg™ " (aBq”p — x*) +nx(B(g” +q)
—a(q> + 1’4" + px " q" (q%u® —u)(@Bq’p — x7)
+(@”+ Dx~ (@g" (¢ —aBa’p) + Bg* = Di* )
—(q* + Dutq" P Nalg? — Dn*xg™ + ¢* o (x* - aﬂq2p)))),
_ _ bdbgPu?)  seBug™ o uxq™
7 (”"")‘b(qu2><aq2—ﬁq2m>( AA g == A Al
4 _2m
SAEEPETD 6t quia+ BgPMA

1
 pq3u xb(q?)b(qu?)

((q2 — Du’ (pg"™ (g% x* — aBp) + n* x (@ (g’ + q)*
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—B(q* + D*¢*™) + g™ (q%u” —u=")(g*x* — app)
+(g* + Du(wg™ (@Bp — ¢*x*) + a(g* — DHnx)
—(q* + Dug" (B gt — Dxg™ + o(aBq’p — q4x2)))).

Appendix B. Coefficients of the commutation relations

The coefficients of the dynamical commutation relations (3.41), (3.42), (3.43) are given by

b(qu/u)b(uv) b(q*uv)b(qu/v)
f(uvv):77 h(u,v):—,
b(v/u)b(quv) b(quv)b(u/v)
y@/v.m+1) bg)b(v?) y(uv,m)  b(g)
g(u,v,m)= , w(u,v,m)=— ,
y(L,m+1) b(qv?)b (%) y(L,m+1) b(quv)
2.2
k(u,v,m) = y(/um+1) bg)b (q . )
y(1,m+1) b(qu ) (%)
y(1/v),m+2) b@)b (v2)b(qu?)
n(u,v,m)=
y(Lm+1)  b(qu?)b(qv?)b(quv) ’
Y @/v,m)b(@)buv)
q(uv Uvm) - )
y(1,m+ 1)b(u/v) b(quv)
b(@)b (u?)y (1, m)y (v/u,m + 1)
r(u,v,m)= s
y(L,m~+ 1)2b(qu?) b (v/u)
b(@)?b (u?)y (v 2, m+1)y (/u,m+1)
s(u,v,m)= ,
y(1,m+1)2b (quz) b (qu) b (5)
b(q)b (u*) b (qu/v)y (1/(v), m + 1)
x(u,v,m)=
y(1,m + 1)b (qu?) b (u/v) b(quv)
b(@)?y (v m+ 1)y (uv,m) b(q)y (1, m)y (wv, m)
y(u,v,m)=— . z(u,v,m) =—

y(l,m+1)2b(qv2)b(quv) vy, m+ 1D2b(quv)

Appendix C. Proof of Lemma 3.5

In this section, we show Lemma 3.5 for the choice € = +. The proof for € = — is done along
the same line, so we omit the details. As a preliminary, consider (A.2) for 8 = 0. It reads:
b(u? ~
Brumy= 2 X (R (C.1)

uag™*2 (g —q=")
where the notation A°

A(} — l(q - q_l)AQ
NG

with (2.25) is introduced for convenience. Recall the notation (3.44), (3.45). Successively, one
has:

(C2)
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BT (u, mo +4s) BT (i1, mo, 2s)

2s 2 2s+1, —(mo+2)(2s+1) , —2s(2s+1) 2s

bw?) oy bu?) | x>t g=(mo q o o

=( ! U | (G el
i=1

U
i=1 !

b(u3) q zo
l_[ u; a2 (q —q-1)2 l_[( Ui=AD,
i=1 i=1
Bt ({u, i;}, mo, 2s)

BT (i1, mg, 25) :(

) 2s —(mo+2)2s —2s(2s—1) 2s

2s 2 2s
b M2 b(bt ) 2y —(mo+2)2s ,—2s(2s—1) 5 B
(22 1 5 ) =t ] w0,
u AL a¥(qg—q—hH2s L
J=1j#i =1 j#i

Also, one has:

2s 2s
1_[b(q1/2+k—Suv)b(q1/2+k—suv—1) — (q +q—1)2S+l 1_[ (U _ Xk) Wlth
k=0 k=0
¥ U2q2k72s + U72q72k+2x
k= s
q+q7!

buu; Yo 'u T uy Y =—(g+¢HWU -Uy) .

Consider now the combination:

(%) = B (u, mg + 4s) BT (1, mg, 25)
b(l/tz) HZYOb(ql/Z-‘rk Yuv)b(ql/Z-i-k Sy )
wo T b Db~ e 1)
s i —lb(MZ)H b(q1/2+kfsvui)b(ql/2+k7sv71ui)
7 by Yb(g DT o b Hb(g ™y
X B+({u,ui},mo,2s) .

B€(it, mg, 25)

In this expression, the gauge parameter « is given by (3.21) with (3.32), and we use (3.71) for e =
+. Using the previous expressions, after straightforward simplifications of (x) and factorizing out
the common overall factor, one gets the new combination:

2s 2s 2s =6
A % = (U — A
(k%) = (U =A%) H(U,- —A%) — H(U - xk)M

i=1 M=, w-up
Zﬂi‘o(U, Xo) T V) =AW =A%)
-t H/ 1/7&!((]’ Uj)

The combination (s) is a polynomial in A® of degree 2s with coefficients that are meromorphic
functions of U, U;. It has poles located at U = U; and U; = U}, and the residues at these points
vanishes. Setting U = A°, one finds:

2s
COEICIVRA | [NEP OF (C.3)

k=0



58 P. Baseilhac, R.A. Pimenta / Nuclear Physics B 949 (2019) 114824

We now consider (xx) on the finite dimensional representation V. Recall (C.2) with (2.25). Us-
ing (3.4) with (3.32), observe that Xy is the spectrum of A°. Thus, (%) is proportional to the
characteristic polynomial of A® which is vanishing on V. This concludes the proof of Lemma 3.5
for e = +.

Appendix D. Proof of Proposition 3.5

To prepare the proof of Proposition 3.5, we first derive some intermediate results. Recall the
notation U; = {Uy, ..., Ui—1, Uit1, ..., Upm}, (3.103), (1.21) and (1.22).

Lemma D.1.

M
[T blqu/uibiu;) =
J=1,j#i
M—1—k

G+qHM- 12( Mg () Y (M l_k)(q2+q2)M1kl

k=0 =0
x(q —q Dl (=b(qud)! uM=17k=1

Proof. Observe that:

M M q_lu-2+qu-_2
[T blauj/unbuiuy)==0""q+qH" " T] (#—U/)-
j=1,j#i j=tjzi\ 4T

Expand this expression in terms of the elementary symmetric polynomials in the variables
Uj, j #i.Insert:

-1,2 -2

q u; +qu; 1 _ _

T = (@ DU~ @~ Dbqud).
q+q 2

Then, expand in U; and b(qul.z) to get the final result. O

Remark 2.
M M
1_[ b(qu; Juj)b(q*uiu;) = (—HM~! 1_[ b(quj/ui)b(uiuj)|ui_>q—1ui—1 :
J=Lj#i j=1,j#i
For N any even integer, note that one has:
_ N/2
bgu)" = (@ +q"H07 —4) =g W) (1)

Let us introduce Ay(u) and Ag(u) respectively given by (3.76) and (3.85), and define
Agp(u) = 1. Define

—(u—u —u — — -1 -
Fu(up) = e~ rD/2Heup) /24 =@+ D) (2541 =1 2541, —uly h

—u; 'v)(g
X(e(uf/t’)(lfe)/Zui+e(u+u’)(1+e)/2ulfl)(e(u+u)(1 5)/2ui+e(“/’“)(l+f)/2u71).
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Lemma D.2. There exist polynomials {gé{?(U,-)|p € {even,odd},a € {sp,d, g},e = £} of the
form

3
gz(zpe)(Ui) = ch(,pé) [k]Uk

where gép 6) (k] are scalars such that

—1,,—1
A( (”’;Fm) —“(‘(’ Z) D Ftg ) =g W) D2)
NgWi)Fe(ui) + Aa(q™ u; Y Fe(q™ ui ) = g4 W) . (D.3)

Proof. Routine. O
As a consequence of Lemma D.1, eq. (D.1), Lemma D.2 and Remark 2, it follows:
Corollary D.1.

(=DM A4 (i)

M
P [T bqus/udbiu)) Fe)

J=1.j#

Aalg™ ' B o
—=—L 2 T blqui/ujbqPumu)Feiq™ u )
b(q“i) j=1j#i

—D¥g+q Mt M 1k
e k(Ui)< > ( I )

[=0

ME

(q R R U PR
x (@2 + g D)\ HkH—M 8o = W ea™ W)

where

plll = even (resp. odd) for [ even (resp. odd). D.4)
Also, we will need:

Lemma D.3. For any integer or half-integer s, define:

2s+1
HU)=(qg+q D" Y (=D e(Xo. X1, ... Xo) UP T wiith
k=0
Xk _ q2k—2sv2 +q—2k+25v—2
qg+q7!
One has:
2s
]_[ b(g" P S vu)b(g P * v lu)y = HU) . (D.5)

k=0



60 P. Baseilhac, R.A. Pimenta / Nuclear Physics B 949 (2019) 114824

Proof. Observe that the product (D.5) is left invariant under the transformation (3.101). Thus, it
is a polynomial in U;. In terms of the elementary symmetric polynomials (1.22), one routinely
gets (D.5). O

We are now ready to show Proposition 3.5. First, we extract from E,(u;,u;) the part that
is left invariant under the transformations (3.101), (3.102). Introduce the rational functions in
ui,i=1,.., M:

M ) M
Pt iy = D T b b ) Fon
qui) o1 s
—1..—1 M
% [T bqui/upb@Puip Feq™ u;h)
i =l
2s
+A, 1—[b(q1/2+k—svui)b(q1/2+k—sv—1ul_) '
k=0

It is easy to show that:
uy “bu)qg
21T bCui fup)b(quiu j)

Then, by Lemma D. 1, Corollary D.1 and Lemma D.3, one finds py(ui, u;) = PaM(Ui, U;) with
(3.104).

Eq(ui,u;) =

M (u;, i) - (D.6)

Appendix E. second-order q-difference operators and the Askey-Wilson algebra

Below, we display two examples of second-order qg-difference operator realizations of the
Askey-Wilson algebra. The realization mr is taken from [63], whereas 7> is taken from [13]. Us-
ing the invertible non-linear transformation (2.28) that relates different Askey-Wilson algebras,
in particular it is shown that the realization 7 in (4.10), (4.11) follows from 1. In each case, the
structure constants are given.

Adapting the notations of [63] for our purpose, let us consider the following linear transfor-
mation denoted 71: AW — C[z, z~!] such that:

_ 1 /

7 (A) = Eq‘”” 2z 4771, (E.1)
- 1 ! ! /

A =@ (T — D+ ¢ HT- - 1)+ E‘IW 2 (et g™ e g™) (E.2)

where T4 is such that T (f (2)) = f(g™2z) and (4.12). Inserting (E.1), (E.2) in (1.14), (1.15),
the structure constants of the Askey-Wilson algebra are given by:

. B
p = _qu‘H) (CIZ —q 2)2 , (E3)
1 /
o= E(q _ q—l)qu)-H) (COSh(M)(q2S+1 + q—2s—l) _ COSh(,LL/)(UZ 4 U_2)> ,

1 jwen @ =a7)

=y (@+q™h (COSh(“/)(qst +q7 77" = cosh(w) (v + v’2)> ,



P. Baseilhac, R.A. Pimenta / Nuclear Physics B 949 (2019) 114824 61

= —q?2

8 (@+q™hH
Let m5: AW > C[z, z~!] such that

1 (a2 — a=2)2
n* domn @ — 4 ((qu1 + ¢ 2 H(? +v7?) — 4cosh(p) cosh(,u/)) .

T .
mA) = =3 v g T e (E4)
q—2S , 1 / l
T (2¢V T2 cosh(u) + ¢* 20 2 4 g" 20 Ty
1 ’
T (A%) = E(q”*“%vz +q" +s+%v’lz*1) ©s)
q2s , 1 / 1
+- (290 cosh(u) — ¢ "2z — g 2T T

2

The structure constants in this case are given by (3.33)—(3.36). This realization of the Askey-
Wilson algebra has been used in [13], based on [72].

Using the invertible non-linear transformation (2.28) that relates two different Askey-Wilson

algebras, other realizations can be derived. Let A, A* satisfy the Askey-Wilson with structure

constants (3.33)-(3.36). Then, using \/—q””’—“ (¢*— 1)2 —i(q*— 1)q%(”+"/_4) one finds
that A, A* satisfy (2.29), (2.30) with the structure constants {p, @, 7, 7*} given by (E.3). In par-

ticular, one finds that 7r1 (A), 1 (A*) and 7 (A), 7w (A*) given by (4.10), (4.11) are related through
the transformation (2.28). For completeness, in addition to (4.10), (4.11), (4.13), one finds:

(A, A*]y) = b)) (P (q*2)q 2z ' TE + b(gHo (Do (g*z g 22T? (E.6)

<b(q)q(v+v/)/2
2

+ 2cosh(w)g? —e g~ w2 +v72))

b(q)q(w-v/)/z
2
~b(gHq 2 9(q%2) — b(@)q 'z 9 (2) —blg)g ()

b (v+v)/2
@0 ) s T + (PP

2

b(q)q(”‘*‘”,)/z
2
~b(g®g 29’z = b(@)g 'zp(zH —blgz g $(2)

b v+’ , /
(KO8 2y o ) conhig®

(e—p/qZS—Z(q +q—l) +eu/q—25—l +e—u’q2s—1)z—l

Q2 cosh()g® — e g7 w2 +v72)

(e—u’q2s—2(q +q—l) +eu’q—25—l _'_e—u’qu—l)Z

+h( e D) )¢ THT- +

' , b (v+v")/2
+e hg* a4z —eHg P +v7Y) — 7(61)612 ((2cosh(u)g?*
_e—,l,L,q—l (U2 + v—2)) + (eu’q—Zs—l + Ze—u’qh—l)z—l + e—,l,L,q2S—lZ)¢(Z)

B b(q)q(v+v/)/2
2

+e g e + b9 9 @7 + b )
+b(@q " @+ +bDGE PG — $ (e ).

((2cosh()g™ — e g (@ +v72) + (e*'g > +2e 7 g* )z
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Appendix F. Dynamical operators and the q-difference realization

Fixing the gauge parameters 8 = 0 and « by (3.21), using (4.10), (4.11), (4.13) and (E.6), we
obtain the following expressions for the dynamical operators (A.1), (A.3) and (A.4):
7 (/ u,mo)) = —=bug~'u T P(2) (2 — qu) Ty
—bWg ™ uT gz - quh)T-
(v+v)/2 -1 -1
q (g+497) 2tz Vo oy 25 1,2, 2
U—- (——e“bu ‘uT (27 +z
b(gz)b(gz™") ( q+q*‘) 2 “a ( )
+((g7 2 4+ ¢ (cosh()u™ + cosh(u)u™") — u=3 (2 + v*) (> cosh(w)
+eosh(u))(z+27") = (g + 97 Hw ™2 + v¥)(cosh(w)u + cosh(u)u~")
+cosh(u) (g > + 47 g+ ¢ Hu™

i
+u‘3(5e"‘ (@ —q™)g 2 +q > +4%)

1 1 /
—i-Ee” (q72s72 +q72s +qu +q23+2)) + Eefu q2s(q2 +q72)u) ,

2.2 2
(@ me)) = = 2LV w1 — gty
b(qu~)
b(@PuPbw?)
—qu(z BYulz —qu)T-

(v+v)/2 -1 2 -1
q (@+q Db ozt L s o
b(qz)b(qz_l)b(quz) q+q_l)(2e b(q u )C] u (Z +Z )

+((g~ =+ ¢* ) (cosh(n)g? + cosh(w)u™) —u™ (v + v*)(cosh(w)
+q%u? cosh(W)))(z+2"H = (g + ¢ )2 + v?)(cosh(w)g’u
+cosh(u)u™") +cosh(u) (g +¢* (g + 9 Hq*u

R S L
+uT (GeT (@ = g*)a T + 47 +4)

1
+§eu(q—2s—2 +q—25 +q25 +q2s+2))

2
(" (u, mg)) =
Zeﬂlq_zs—zq—(l)'i‘u’)/Zu—lb(MZ)Z—1¢(Z)(b(qzz)Tf
+26M/q72372q7(\)+1)/)/2u71b(MZ)Z¢(Z71)¢ (qzzfl)T_Z
L (2eoshoEe gt + ey @2+ v e g+ )
q+q7! q+q7!
2€_M,¢(Z)(6‘2M/ + q43)q—(v+v’)/2—2s—l
H(-
q+q7!
_zelt’qb(zfl)q(v+v’)/2(z2(q72s _ 672,11"]2372) +e72/1,’q2x _ q72572)

q2 _ q—2

1 /
—3a% (@ + a7 bt — e

+qu2 —i—cflLf2
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zeu’q(v+u’)/2¢(q—ZZ—l)(ZZ(q—Zs _ e—2u’q2s+2) + e—2u’q2s—2 _ q—2s)

2 —q2
ou  —ds—1 o =2 4s—1 -
—26”/45(6]21)6]%(_"_”/)_25_2+ €7q " +e g —qtg l)z_l
q+q!
e M gh )b(u%u ¢ )Ty
2cosh(u)(e ¥ gq¥ +e) 4o g e g+ o,
+( e 1 P +qu-+q u
+( B 26_”‘,(15(2_1)(62#‘, _I_q4S)q—(v+u’)/2—2s—l
q+q7!
_28;},/¢(Z)q(v+v/)/2(z—2(q—25 _ e—2u/q2s—2) + e—Zp/qZS _ q—2s—2)
2 —q2
2eu/q(v+u,)/2¢(q72z)(Z72(q72s _ efzulq2s+2) + e*2/ﬂq2S72 _ qus)
2 —q2
“2e g (g2 g2 V22 gl e ghTl g4 g7t )z
q+q7!

+e2/’q‘”z‘)b(uZ)ulqs(z‘)T_

Zeu/(_q_zs + e—2wq25—2 + (q—2s _ e—2M’q25+2)Z2)¢(q—2Z_1)¢(Z)q(U+V/)/2
+ —_
(¢* —q Puz

I el ot L U et i i 3 L. 00 A U s

(@*>—qu
eI (2 g2 _ 1) (el — g2y (g2 4 ok ) (2 + Ufz)q%“ﬁ
2(q+q YHu
e (gP — g7 (@ — g* ) cosh(u)g T2
(q+q Hu
ze—u/(qéls +eZu')Z(P(Z—I)Zq—(v+v’)/2—2s—l
+
(q+q Hu
zefu/(qéls + 62///)¢(Z)qu(v+v/)/272sfl
_l’_
(q+g YHuz
R Ul et TG e U oo VI O Il
(q+qHu
+ 3#( 62;1 (q + 1)q4v +q8v+2+e4u 2)(Z+Z l)q
2(q+q Hu
~ ( B Ui e e i va+ e (14 e2) (g + )
(q+q9 Hu (q+q Hu
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(eZ,u/q—4s +2€—2u’q4s _ q2 +1— q—2)Z e—Zp/q4s +1

(g +q Hugq (¢ +q uzq
+q‘1u‘3)¢<z—1)

+

( e—ZM/(q4s +62,u’)(02 + U—Z)q—Zs—l N N e—u—u’(l +e2u)(q4s +62u/)
(g+q Hu (@+q Hu
(8—2;1,’614.9 +1)z eZ,u’q—4s + 26—2M’q4s _ qZ +1— q—2
(¢ +q Mug (¢ +q Muzq

+q‘1u—3)¢(z) bu?) .
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