
1 - INTRODUCTION 

CONTROLLED RETURNING POINTS FOR A 

LINEAR VOLTERRA-STIELTJES PROCESS 

L. Balt.b(1Jtt,l and J. C. P11..andin.l 
IME-USP 

We consider 

tion of equation 

the property x(T- ) • x(O+) for solu-

(K) x(t) -x(O) + f\ K(t,s)x(s) • u(t) -u(O), Jo s 

where G~SVu has a unique resolvent, R€G~SVu - we obtain a ne­

cessary condition (see Thm. 1) and a sufficient one (see Thm. 

Z) - and the question : x(O) •x(T) implies u(O) •u(T)?. 

2 - THE RE SUL TS 

The conditions x(T-) • x(O+) (i.e. x(O).is a returning point) 

can be viewed as a linear constraint on the solution, Fa[x] • 

• 0, 

f~d a(s)x(s) • F [xJ • x(T-) - x(O+). Jo s a 

So, let us con~ider the system (K) + (F
0

) where Fa[x) • c, c6X. 

Here a6SV0([0,T),L(X)). 

Let 
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and let us assume that JX is closed in X (which is always the 

case in the finit~ dimensional context) . 

By Tlun. 3.4 (9), [1], we have 

So 

We consider the equation (K~) 0 (see §2,(2]) which is 

lj,€X' , 0 s s s T. 

By Thm. :LJ (2] .. (l(Cl*)u· h?.s a "n_iqu,._ c:r-1 .. t-.;""' ,-cmr rro Tl vq 
~ lo... ____ ._. ....... - ... ,-~o, .... , ..... ,.I .. ., 

given by 

LEMMA 1 - For a solution x. of (K) one has : 
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Here R0 (x 0-u0) is the function t--+- R(t,0) (x
0

-u
0

) and y is 

the solution of ( ;) 0 with ~EX'. 

PROOF -

(B) 

fI<dsy(s),u(s)> • fI<ds[ljloL:da~(a)oR(a,s)] ,u(s)> • 

• < ~.fJds[f;d0 a(a)oR(a,s)]u(s)>. 

By Thm. 2.6 [1] we get (B) • 

since R (a, a) • IX. 

Substituin& fJd
5
R(a,s)u(s) by (A) 

we get (B) • 

□ 

Now taking into account that (y, ljl) ~5 a solution of (K~) 0 

iff wEKer J• (see Prop. 7.1, [3]) we get 

THEOREM l - If x is a solution of (Kl + (F ) , then V11tEKer J* 
.a 

one has 
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COROLLARY 1 - If x is a solution of (K) ,with x(T-) • x(0+) then 

V~€Kcr J*, one has: 

Next suppose that u(T-) = u(0+). 

Let us also assume that 

VsV,Vo y(s)K(,,o)z • o, vzsr, 

where rcx is such that u(t)er, for all t. 

Recall that 

We let a be such that F [x] • u(T-) - u(0+). Then 
a 

Now 

,. "1{u(T-) -u(0•)) • 0 

!knee 
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But our hypothesis imply that 

Since this is for any ~EX', we get that: for all (y,~) solu­

tion of (K~) 0 in BV~'T([O,TJ,X') xX', 

f:<d y(s) ,u(s)> • O. Jo s . 

We proved the 

THECrEM 2 - If u(T-) • u(O+) and 

vs y(s)r • o 

or 

VSVTVO y(s)K(-c,o)r • o 

then x(T-) • x(O+) for any solution of (K). 

THEOREM 3 - Let be (K) with: 

1) u forcing a solution x. wi.th u1u) "X.(0) "XITl , 

21 Vf t.s) K(t,s!Xc ;:, a do s ed subspace of X. 
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3) there exists an c>0 such that Vy,y'6r, ~nsz0 , lnl=l 

with c!h-y.'11 s <y-y' ,n>. 

Then: µ(0) =µ(T). 

PROOF - By 2) and 3) 

cll~(t)-u(O)II sllx(t)-x(D)II 

(see Prop. 3, [~]). 

In this direction we can state also: 

THEOREM 4 - Let be (K) with x ( 0) • u ( 0) in the G- context, and 

suppose: 

1) R(T!,T) •R(T!.,0) (see Def. 1.6, [1]). 

2) Vx6X, R(T,s)xEG-([0,T],X) for 0ssfT. 

Then 

x(0) • x(T) • 0 implies u(0) a u(T) • 0. 

PROOF - Let be Fix]• x(T) • 0, (a(s) • X{T} (s)). 

Then V~EX', (y(s).~) is solution of (K~)
0

, where: 

y(s) • vo[R(T!.,s) -R(T!.,0)]. 

In. fact: by (4) of [2l 

y(s) = ~ 0 [-(d0 a(a)R(rJ.0) + (d
0
u(o)R(a,s)] = 

= ij,o(R(T!,s) -R(T!.,0)]. 
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By Corol. 2.3 of [2] if u gives the solution u(~=x(O) 

= x(T) = 0 we have 

By hypothesis this implies 

<$,f:d R(T,o)u(o)> = 0, Vij,EX'. 
Jo o 

Hence 

Then 

µ(T) = 0 . 
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