
' .-· ' 'c- .r >- 

Boolean Real Semigrou ps 

F. Miraglia" Hugo R.O. Ribeirol 

J anuary, 2021 

To Paulo Veloso, dear friend and colleaguc of the first author. 

f The first four sections of this paper will appear in [l\IR], but we thought it adequate that the 
ull :ersion be submittcd to the annals of DDGS, including, in scction 5, an exposition of the 
quotients of Boolean Rcal Semigroups. 

T Paulo Vcloso is not amongst us anyrnore, having passed away in the ides of November, 2020. 
he first author has lost a cherished friend and we have lost a distinguished intellectual, logician 

auci cornputer scientist.. 

Our purposo here is fourfold: firstly to give, employing the 1anguages of special groups (SG) 
and l~eal semigroups (RS), new, oftentimes conceptually different and clearer, proofs of the char­ 
actcnzation of RSs whose space of characters is Boolean in the natural Harrison (or spectral) 
t~pology, originally appcaring in section 7.6 and 8.9 of [IvI], therein namcd zero-dimensional 
~~'>tr~c~ ~eal spcct_rn an_d h?rc called Boolean ~eal Semigroups. Secondly, to .giv~ a natural 

rn gunnetric axiornatization of Boolean RSs (m the language of RSs) and establish the clo­ 
sure of this class by certain important constructions: Boolean powers, arbitrary filtered colimits, 
froducts, reduccd products and HS-sums and by surjective RS-morphisrns (in particular, quo­ 
ie1tts). Thirdlv, to charactcrize morphisms bctwccn Boolcan RSs and fourthly, to present a 
rather 1 · . . comp cte account of the quot1ents of thcse structures. Hencc, the present papcr con- 
:1der~bly extends the original work by which it was motivated, namely the references in [l'vI] 
entioned abovc. 

. Rccall that if G is an HS, cx = { u E G : u2 = u} is the pre-reduccd special group of units 
IJJ G, and Id( G) = { c E G : e2 = e} is the distributive lattice of idempotents in G. 

In scction 1 wc recall, for the benefit of the readcr, the basic propcrties of rcduccd spccial 
groups (RSG) and rcal scmigroups. Section 2 discusscs the factorization of a reduced special r~:P. into_ a d_ircct product. Section 3 presents our a~count of the charactcriz~ti~n of Bool~an 

3 
' showmg m particular that cx is a RSG. The tlmd paragraph at the bcgmmng of section 

G explains the differcnccs betwcen our approach and that in [I\1]. In section 4 we show that if 
. , 1' G2 are Boolean RSs, there is a natural bijectivc correspondcnce, prcserving cornposition and 
~~11lorphism, betwecn H omRs( G1, G2) and compatible pairs ( J, h), where J : Gf --, Gf is a 
I G-n~orphism and h : Id ( G1) ---t Id ( G2) is a boundcd lattice morphism ( cf. Definition 4.6). 
11 scctio e: R 1 S · · 11 0, wc characterize quotients of Boolean ca , em1groups. 
r For the notions of geometric and Hom-geometric formulas and thcories in a first-order lan­ 
guagc \Vith equality we refor to reader to scction 2 of Chapter 1 in [D:d2]. 

·r :::-::-. ---------- 1i11st~t111e of l\Iathcmatics ans Statistics, University of Sao Paulo, Brazil; c-mail: miraglia@imc.usp.hr 
nst1t11tc of l\Iathcmatics ans Statistics, University of S,io Panlo, Brazil; e-mail: hugorafaclor@gmail.com 
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If J( is reduced, then XK is not empty, being called the space of orders of K. It carries 
a natural Boolean space topology, having as a sub-basis 

{[:r = 1] : x E I(}, where [x= 1] = {a E XK: a(x) = 1}. 
Note that [-y = 1] = [y = -1], for all y E K. 

c) If [(1 .L; [(2 is SG-rnorphisrn and <f, 'I/J are forms of the same dimension on K1, then rp ===~ 
'I/J implies f * rp =i<2 f * V', wherc, for 0 = ( a1, ... , an) E Kf, f * 0 = (J(ai), ... , f(an) ). 

1. 7 Pfister's local-global principle. If J( is a RSG, <p = ( a1, .•. , an) is a form over K au<l 
a E XK, the signature of If) at CT, is defined by sgna(t-P) = I::~=l u(ak) (sum in Z). A very 
important result is the following ( cf. Prop. 3. 7, [Dr--;fl]) 

Theorem 1.8 (Pfistcr's local-global principle) Let J( be a RSG and let I.(), 'I/J be [orms of llie 
same dimcnsion ouer I(. Then, 

rp =I< V' iff V a E XK, sgna(<p) = sgna('l/J). 

1.9 Duality. We shall not describe the theory of Abstract Order Spaces (AOS), referring 
the reader to [M]. We recall Thm. 3.19 in [DMl], establishing a natural duality betwcei~ 
the categorics of Rcduccd Special Groups and Abstract Order Spaccs, allowing the trnnsfer ~ 
certain results between these categories, 

If K is a RSG, thcn DK(l, b) is a subgroup of I< and the relation a E DK(l, b) is a partial 
order (a ::S b). It is provcn in Prop. 1.2 of [DMl\1] that this idca leads to an first-of<lcr 
axiornatization of the theory reduced SGs, that will be very uscful in what follows: 

Proposition 1.10 A structure (I<,·, ::s, 1, -1) for ilie first-onier languagc {·, 1, -1, j}, where 
· is a binary operaiion, ::s is a binary relation, and 1, --1 are constants, is a reduced special grouP 
ifj it satisfics the following sei of cxioms: 
[R O] ( J<, ·, 1 ) is a qroup of eiponcni iuio, with l /c -1. 
[R 1] (Partial order): ::s is partial order an I(, with Jirst elcrncnt 1 and last elcmcnt -1. 
[R 2] (Involution): For all a, b E I<, a j b => -b j -a. 
[R 3] (Subgroup): For all b E K, {x: :r; j b} is a subgroup of I<, that is, x, y j b implies:rY ::s b. 
[R 4] (Wcak Compatibility): For all a, b, c, d E K, a j b and bd ::s cd imply :3 e E J{; 
that e j d and ae j ce. 

Remarks 1.11 a) By 1.5.(a), every RSG satisfies axiom [R 4]. 

b) In the case of a RSG, I<, the transitivity of a E Dg(l, b) is tantamount to this subgroUP 
being saturatcd (which may fail if J( is not rcduccd). 

c) Givcn a structure, ( K, ·, ::s, 1, -1 ), satisfying the conditions in 1.10 binarv isomctry 1111.tY b; 
obtained, as suggcstcd by Lcmma 1.4.(a), by (a,b) =g (c,d) iff at1 = cc/and ac j cd. 
1.12 Satu~ated Subgroups .. This thcme is discussecl in somc detail in Chaptcr 2 of [DM~: 
Here we rcg1ster, for the convernence of the reader, only the most basic facts. Lct J( be a f{S l 

A 1 . A f J( . . J·cfllc . su )group, u, o. 1s saturated if a E ,6. implies DK(l, a) ~ .6.. J3y 1.G.(b), the \ ond 
of any SG-charactcr 1s a saturated subgroup of I<. If -1 E .6., wc say ,6. is irnpropcr, 
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proper otherwiso (i.e., .6. =I K). Clearly, the intersection and union of a upwards dirccted family 
of saturated subgroups is saturated. 
a) (Lenuna 2.4.(b), [DI\H]) A subgroup .6. of J{ is saturated iff for all Pfistcr forms P with 
coefficients in .6., Dg(P) ~ .6.. 
b) If P is a Pfister form ovcr ]{, the Dg(P) is a saturated subgroup of K. 

Cor. 2.29 and Thm. 2.11 in [DMl] yield the following important 

~heorem 1.13 (Scparation) Let J( be a RSG, let .6. be a saturated wbgroup of J{ and lei a 
/ an e~ernent of G sucli iluii a rf_ .6.. Then, there is CT E XK so that .6. ~ ker CT and O"( a) = -1. 
n particula.r, for a, b E K, b E D(l, a) i[f for all a E Xc, O"(a) = 1 eniaiis a(b) = 1. B 

c) Lct S ~ I{ and write ,o(S) for the saturatcd subgroup of I< gencrated by S, callcd the 
saturation of S (in [D:;vn] this is written S). The Scparation Theorem 1.13 and item (a) yield 

s(S) = n {ker a: CT E XK and S ~ ker a} 

= LJ {DK(0aEF (1,a): Fisafinitcsubsetof S}. 
~ ~,atu~ated subgroups of a RSG J{. classify all RSG-quotients of J( (cf. Pro~. 2.28, [D?vill). If 
F sa sc1turated subgroup of J(, write J(/ .6. = { a/ .6. : a E K} for the quoticnt RSG and Pt::. : 
;. ~ K/~, for the canonical projcction. Note that a/.6. =. {x E K: .ax E .6.}. Def. 2.27 and 

op. 2.28 m [D?vll] show that for a, b, c, d E J(, the following are equivalent: 

(i) (a/.6., b/.6.) =K/6 (c/.6., d/.6.); 
(ii) There are a',//, c', d' E [( so that aa', bb', cc', dcl' E .6. and (a',b')=K (c',cl'); 
(iii) There is a Pfister form P over .6. so that ( a, b) @ P =I< ( c, d) 0 P · 
;/

1 
Rec_all that a subspace of XJ< (in the sens~ ?f ~bstrac.t Order Spaces (AOS)) i~ a subse\ of ro: form niE/ [ai = 1], a, E K, ·i E I (cf. Defimt10n m sect1on 2.4, p. 32 of [M]). Wnte Sub(XK) 

l
. the family of subspaccs of XK and Sat(K) for the set of saturated subgroups of I<. Consider 

t ie 1naps: 

E : Snb(XK) ~ Sat(J() and S : Sat(I() ~ Sub(XK ), 

Where I:(X) = naE.\' kcr CT and S(.6.) = naEA [a= l]. 
;hc Separation Theorcm 1.13 guarantees E and S to be inversc, order reversing, bijective cor- 
espondcmces betwccn Sub(X1_) and Sat(K). l!J 

13· Real Semigroups 

Definition 1.14 (Def. 1.1, [DPl]) A tcrnary scmigroup (TS) is a strncturc S = ( S, 1, 0, -1, · ), 
such tha.t \:/ x E S: 
['l'Sl] S is a commutativc sernigroup with unit l; [TS2] :r3 = .1:; 
[1'S3] -1 jl and (-1)(-1) = l; [TS4] :r · 0 = O; 
[1'S5] x === ( -1) .. ,; =} :r = 0. 
Writ . ._
1 

c -x for (-1) . :r. A TS-morphism is a. rnap prcservmg product and the consta.nts 0, 1, 
· N otc that fo7' all :r E S, :c'1 = .i:2. 

l),0finition 1.15 a) (Def. 2.1, [DPl]) A rcal scmigroup (RS) is a. tcrnary sem.igroup G, to­ 
~;t~cr.with a tcmary rclation D on G, to be writt.cn a E D(b, c), callecl binary rcprcsentation, 
ic wzth transversal binary represcntation, D1

, dc.fincd by 
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[t-rep] a E Dt(b, c) q a E D(b, c) and -b E D(-a, c) and -c E D(b, -a), 

satisfying, for all a, b, d, c E C: 

[RS 0] c E D(a, b) q c E D(b, a); [RS 1] a E D(a, b); 
[RS 2] a E D(b, c) => ad E D(db, dc),' 

t ) d Dt(d ) _,._ ::i x· E Dt(b, d) s.t. a E Dt(x,e); [RS 3] (Strnng associativity) a E D (b, c an c E , c _,, ::i 

[RS 4] e E D(c2a, d2b) => c E D(a, b); 
[RS 5] ad = bd, ae = be and c E D(d, e) => ac = be; 
[RS 6] c E D(a, b) => c E Dt(c2a, c2b); 
[RS 7] (Reduction) D'(o; -b) n Dt(b, -a) # 0 => a = b. 
[RS 8] a E D(b, c) => a2 E D(b2, c2). . 

. . d b . ductzoni b) Represeniaiioti and tra.nsversal represeniaiion (t-representatwn) are extende , Y in E G, 
to [orms of dimension n 2:: 3: if tp = ( a1, ... , an) is a. form over a real semujroup, G, and X 

:r E Dc;(I.P) q :l u E Dc(a2, ... ,an) s. t. x E Dc(a1,u). 
Similarly, for DJ('-P): J: E DJ(r-P) q ::l u E DJ(a2, ... , an) s. t. :r: E DJ(a1, u). 

e Jor c) Writc LRs = ~-,l,0,-1,D) fo_r the_first-ordc_r la.nguage _of reol se7r:igroups; a. str:1ct:~leda 
this la.nguagc satisfymg a.ll the oxunns m (a), with the possible exception of [RS3], is c 
pre-Real Semigroup (pRS). 

d) If C is a pRS, »rite G? = {u E G : u2 = 1} for the group of units in G. 

Remark 1.16 If G is a pRS, Prop. I.2.10 in [DP3] establishos the following equivalcnce: 
(1) G is a RS (i.c., satisfies axiorn [RS3]); 

(2) [RS 3'] : For all a, b, c, d E G, 

DJ(a, b) n DJ(c, d) # 0 => DJ(a, -c) n DJ(-b, d) # 0. , 
The proof for RSs is cntircly analogous to that of Lemma 1.5. 

, . . , . tegcrs) Remark 1.17 The ternary senugroup 3 = {1, 0, -1} (with product induced by the in 
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P· 
has a unique structure of RS, with representation and t-rcprescntation given by ( cf. Cor. 2· 1 

109, [DPl]): 

(D) 
{ 

D:i(O, 0) = {O};. D3(0, 1) = D.1(1, 0) = D3(1, 1) = {O, 1}; 
D3(0, -1) = D3(-l, 0) = D3(-1, -1) = {0, -1}; 
D3(l, -1) = D3(-1, 1) = 3. 

{ 

D}.(O, 0) = {O}; D,'(O, I) = D,'(I, 0) = Oi' (!, I) = {I}: 
D3t(o, -1) = D}(-1, 0) = D}(-1, -1) = {-1}; 
D}(l, -1) = D:/(-1, 1) = 3. m 

·t iS a 
Definitio~ 1.18 a)~ rnap J : G -t H, uihere C, H are pRSs, is a RS-morphisrn if ~

1 

cf 
TS-rnor11hisrr~ r=:» reprcscntation ( or cqulvalcntly, t-representation), i. e., J or all ;\y D1)· 

G, a E D(b, c)=> J (a) E D(J(b), f(c)) (or the corrcsponding siaiemeni with D repla.ce ol 

b) If G is a pRS, write Xc for the sct of RS-morphisms. from G to 3, callccl lhc 5P3~0j)· 
characters ofG. Forg E G and j E 3 = {O, 1, -1}, set fo=j] = {o- E Xc;: a(g) 
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.. Some of the basic consequences of the axioms concerning forms over a RS appear in Propo­ 
~:ions 2.3, (p. 107) and 2.7_ \P· 110) of [DPl]} ~o ease presentation and ~eference, we re~ister 
. e Lemma and the Proposition that follow, g1v111g proofs only for those items not established 
'.11 the above mentioned references. These basic properties of representation and t-representation 
111 RSs, will be used frequently, sometimcs without explicit rnention. 

Lemma 1.19 Let G be a pRS. For all a, b, c, cl E G, we have 
(0) D t(a, b) = Dt(b, a) ~ D(a, b); 
(1) a E Dt(b,c) * -b E Dt(-a,c). 
(2) 0 E D(o., b); 
(3) a E Dt(b, c) * ad E Dt(bd, ccl); 
(4) a E D(O, 1) u D(l, 1) * a = a2; (5) cl E Dico; cb) * d = c2d; 
(G) a2 E D(l, b); in particular, D(l, 1) = Id(G) = {a E G: a= a2}; 
(7) a E Dt(b, b) * a = b; (8) a E D(O, 0) * a = O; (9) 1 E Dt(l, a); 
(10) Dt(l, -1) = G; (11) ob E D(l, -a2); 
(12) 0 E Dt(a, b) * a= -b; (12.a) a E Dt(b, 0) * a= b. 
(l3) c E D(a, b) {:} c E Dt(c2a, c2b). In particular, 
(l3,a) D and D t are intcrdcfinablc; (13.b) D(a, b) n c- = o'i«, b) n c-, 
(l4) D(a, -a) = Dt(a, -a) = a2 • G. 
(14.a) 0 E D1(a, b) ~ b= -a; (14.b) a E Dt(b, O) ~ a= b. 

(15) {a, -a} ~ Dt(b, c) * c= -b. 
~~~o_f._ Itcrn (0) follows irnmcdiately from the [RS O] and the definition of D! (cf. [t-rep] in 
ef:n1t1on 1.15). Itcms (1) - (12) are proven in Proposition 2.3, pp. 107-108, in (DPl], upon 

(loting that the arguments given therein do not employ axiom [RS 3] (strong associativity). For 
2-a), note that its hypothesis cntails O E Dt(-a, b) and so (12) yields a= b. f~~ _T~c implication (*) follows immediatcly from [RS G] in 1.15; for the converse, item (0) and 

in 4] '.11 ~.15 yield c E Dt(c2a, c2b) ~ D(c2a, c2b), and so c E D(a, b), as n~cded. The statement 
(l3.cl) 1s clcar, while if c E cx, then (13) guarantees that c E D(a, b) 1ff c E Dt(a, b). 

(\4) Given :r; E G, by itcm (9) we have 1 E D1(1, -ax), and so (3) entails c1 E D1(a, -a2a:), 
;~encc, from (1) wc obtain a2x E Dt(a, -a), showing that a2 · G ~ Dt(a, ~a). Now, from 
·t D(a, -a) = D(a . 1 a. (-1)) (5) yields :r = a2x, whcnce D(a, -a) ~ a2 · G. But then, 
l C!ll (0) ' ' · G, c· ~~1~ the preceding argument imply a2 • G ~ D1

1
(a, -a) ~ _ D(a,, -a) ~ a

2 
- 

(l stabhshmg (14). Noticc that (14) guarantees that O E D (::r, -x) for all x E G. But then, 
4.a), (14.b) and are direct consequences of (1) togethcr with of (14), (12), and (14), (12.a), 

resp. . · ect1vely. 

a
(l.~) By (3), -a E D1(b, c) entails a E D1(-b, -c) a11d so a E Dt(b, -(-c)) n D1(-c, -b); from 
X101n [BS 7] · (rcduction) wc obtain c = -b. 11 

I>rop · . J osition 1.20 Let JI be a RS, i.p = (:r:1, ... ,:r:n ), ~, be form.s over H ancl lct a, b, c E H. 
~ioDn('P) and D

1
~(i.,J) do 110t depcnd on the ordcr of lhcfr cntries,, i.c, for any pcrnmtation CJ of 

b) sc cnthcs, Du(/.P) = Du(<;cr) and DJ~('P) = Dl~('Pa). 

( 
(l) a E Du(<;) * ac E Du(c'P) and a E D1~('P) * ac E D1~(c'P); 

2) a E D11(c'P) =} a = ac2,- 
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r-- --- --- CT~ffl'Sl:'l'YFEIF·- 

(3) a E Dn(cp) =:, a E D1j(a
2'P). In particular, Du('P) n JJX = D1~(cp) n n=. 

c} a E Du('PCD4') {:} there are b E Du(<p), c E Du(VJ) so that a E DH(b,c). 
A siuiilar siaiemeni holds replacing Du by DX 
d} If a is an entry in tp, tlieti a E D JJ C-P). 
e} a E Du('P) and b E Du(VJ) =:, ab E Du(cp®ifJ). A sunilar statement liolds for· D1~­ 

J) For b E G and n~ 1, DJ(~) = {b}. 
nx 

g) D1j((l,a
2)®tp) = D1~CP). 

j) If H _!_,, H' is a RS-morphism (cf. 1.18.(a)), then a E Du('P) ==> J(a) E Du,(J*i.p), where 
J* 'P = ( .f(.1:1), ... , .f(xn) ). Sirnilarly, replacuu; Du by D~. 
h} (1) a E DH('P) ==> a E Du('P©VJ); (2) a E D1~('P) ==> a E D

1
j(a2'P EB a2VJ). 

Proof. See Prop. 2.7, pp, 110 - 112 in [DPl]. 

Remark 1.21 If G is a real semigroup, Theorems 4.3 and 4.4. (p. 116) of [DPl] guaran~c~ 
that its space of RS-characters, Xc, separates points in G. Moreover, the represcntatJOE 
rclations induced by X0 in G coincide with the original ones carricd by G, i.e., for all a, b, c 
G, we have the following cquivalences: 
[Dc;J 
[DJ] 

a E Dc(b, c) {:} V a E Xc, a(a) E D3(a(b)1 a(c)), 
a E D J (b, c) {:} V a E X c , a (a) E D

3
1 ( a (b) , a (c) ) . • 

1.22 Topologies on x.; If G is a RS, the collection {[g = 1] : g E G} (cf. lJS.(b~ 
constitutes sub-basis for a (completely normal or root system, cf. [DST], p. 290) spect:ve 
topology on X0. For the constructible topology on Xc, with which Xc is a Boolcan space, 
have: 

Fact 1.23 Let G be a RS and let a, b, c E G. 

a) (Cor. III.7.3, [DP3] and Prop. G.1.5, [Ivl]) There is a unique z E G, such tlrnt z = z2 aJJd; 
E Dc1(a2, b2). Moieovet, [z = O] =[a= O] n [b= O]. 
) [ ] nn [ - • [or t11e b The scts of the form b= 0 n k=I a1,; = 1], for a1, ... , an, b E G constitutc a basis a 

constructiblc (or patch) topology on Xc. 

Hence, the spectral topology on Xc is Boolcan ifI for all z E G, the closed set [z = O] is cioPe; 
in the spectral topology of X0. 

. . _ 5 iS !-24 Dua~1ty. By Thm. 4.1 111 [DPl] (cf. also Thm. I.5.1, [DP2]), the category Ilf:11· 
1somorpl11~ to ARS0P, where ARS is the category of abstract rcal spectrn in the scusc_ ~ 

110
t. 

Marshall. Note that the category RS is Horn-geomctrically axiomatizable, ,vhile ARS 15 - 

Clearly, this duality allows the transfor of statements betwcen these catcgories. 

1.25 The group of units of a RS. Let G be a RS and let ax be its group of units (lJS.(d))· 
For any a, b E G, 1.19.(13.b) entails Dd(a, b) n cx = Dc(a, b) n ax. 

Dcfinc a binary relation on cx by a j b ifI a E Dc(l, u) = Dd(l, b) 
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Lemma 1.26 (cf. 1.2.11, [DP3]) Notation as above, the structure ( G>, ::s, 1, -1) satisfies the 
;~1~~ns [R Ol, [R 1], [R 2] and [R3] in the statement of Proposiiion 1.10. In particular, c- is a 

:r~~f. Clearly cx. is a group of ~xponent 2 ([R Ol). To show :s is a partial order ([R 1]), if a 
• then a --< a follows from axiom [RS 1] and as observed above Dc n G? = D1 r~ G" If a E - , , . ' , . c. i • 

redu D? (1, .~) and b E DG(l, a!, th_en, 1.19.(1) entails -1 ~ ?J(-a, b) n DJ(-b, a.) and the 
b E g:011 axiom {RS 7] of RSs implies a = b. For the transitivity of :s, let a E Dd(l, b) and 
l.lg a (:.' c). By axiom [RS 3], there is z E G such that z E DJ(l, 1) and a. E Dd(z, c). Now, 

.(7) } ields z = 1, whcncc, a E DJ(l, c). 
--< :xiom [RS 1] yields 1 E Dc(l, a), i.e, 1 :s a, while 1.19.(10) gives D~(l, -1) = G and so a 
Dt( 1, for all a E G", Axiom [R 3] in 1.10 is immcdiatc from 1.19.(1): a E DJ(b, c) =} -b E 
a -a, c). 

Dtr remains to establish [R 3]: for a E G>, {x E QX: x ::sa} is a subgroup of G", If y, z E 
l.~

0
1, a), then 1.20.(e) entails, xy E DJ((l,a)@ (1,a)) = DJ (1, a, a, a2) = DJ(l, l, a, a). By 

:::: 
1
-(c), there are t E DJ(l, 1) and z E DJ(a, a) so that :ry E DJ(t, z). As abovc , we obtain t 
and and z = a. m 

~~~n treating ~oole,~n RSs we _shall use Proposit_i01~ ~-10 t~ show that their_group of units i~ a 

d 
· Dy 1.2.G , 1t suffices to vcrifv the weak assocrnt!Vlty axiorn ([R 4]) associated to the partial 

or er --< d f. . - e ined above. E1 

~·27
2 
ldempotcnts in Roal Scmigroups. Let G be a RS and lct Id( G) = { a E G : a

2 = a} ~ ?. be the sct of idcmpotcnts in G; for f, g E Id( G) dcfine J ::S g iff fg = g. Then, ::S is a 
Pclrtial order, endowing Id( G) with a distributivc lattice structure, whcrcin 

f A g 0= the uniquc clemcnt in Dc~(f, g) (cf. 1.23.(a)) and J V g = fg, 
~ 7 

0
/ose bottorn clcmcnt is 1 and top elcrncnt is O (Prop. 1.6.8, [DP3]). Note: this is the opposite 
the USl 1 1 · . d . . t t. ·t . EI la att1ce structurc associatcd to I cmpotcnts m a c01nmu a ive 1mi ary rmg. 

Direct Sum Deco1npositions of Reduced Special Groups 

In this t· · · · 1 12 sec ·1011, J( is a reduced spccial group; notat1011 1s as m , , 

~finition 2.1. Let I( be a RSG. A saturated subgroup of I<, 6., is a dircct sum subgroup p-/8) 0! K if there is a saturated subgroup, 6..L, such tlwt the nat:uml map I c,. : I< --+ 
i~s 6. >< I</6.1-, givcn by a 1----1 (a/6., a/6..L) is a RSG-isomo17Jhism, wherc I</!:, x K/6..L has 
t;i:.a7tnical product structurc. [( and D g ( 1, 1) = { 1} m·e both also considered as DSS, the 

Ia Dss (allhough I</I< = {1} is not a RSG). 

~1~ark 2.2 Notntion as 2.1, 6. is a DSS iff 6..L is a DSS; sincc 1t,. is injcct.iYc, wc gct 6. n 
- { 1} (,, c,. (:i:) = ( 1, 1) i ff :r E 6. n 6. .L i ff :r = 1). E1 

2 

B.ere is an improved spccial group vcrsion of Lcrnnrn 8.9.1 in [P.1]: 

~:0P0_sition 2.:l For a. saluratcd .subgroup /'<. of I<, the Jollowing are cquivalenl: 

(
2
) ~ is a dircct, sum subgmup of K; 

1 hcre 1·, 1, - s a E \ so that.: 
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(i) 6 = DJ((l, a) (and 6j_ = D(l, -a)); 
(ii) For allb E I<, there is c E I( so that (1,b) 0 (l,a) =J( (1,1)@ (1,c). 

Proof. Notation is as in 2.1 and 2.2. To ease presentation, write D(·, ·) for DI<(·, ·) and T for 
I</6 x J</6j_. 

(1) :::;, (2) : Since 'Ye, is a RSG-isomorphism, there is a E K so that 'fo(a) = (1, -1) in T. Hen_cc, 
a E 6 and so D(l, a) ~ 6. If x E 6, then I D. (x) = (1, :-c/ 6. j_); since isometry and representatwn 
in 7' are coordinatewise dcfined, we get re,.(x) E DT((l,1), (1, -1)) = DT(re,.(l), rD.(a)), whe~ce 
x E D(l, a), establishing 2.(i). Note that re,.(-a) = (-1, 1) E 7' and reasoning as above obtains 
61. = D(l, -a). For 2.(ii), if b E K, there c E J{ such that 16(c) = (b/6, -1) E T. Thus, 

(*) cb E ,6. = D(l, a) and -c E D(l, -a). 
To show ( 1, a) ® ( 1, b) = ( 1, a, b, ab) =K 2( 1, c) = ( 1, 1, c, c), wo compare signatures (Pfist~'~ 
local-global principle for RSGs, 1.8): if a-(a) = 1, then the first relation in (*) yields cr(cb) - d 
and so cr(b) =. cr(c), which in turn entails th~ eq'.ialit~ o~ the signatures of (1,a) ~ (1,b) ai~f 
2( 1, c) at a; if a(-a) = 1, the second relation m (~·) yields cr(c) = -1 and the s1gnatures 
(1,a)@ (1,b) and 2(1,c) at a are both 0, establishing (1) :::;- (2). 
(2):::;, (1): Since D(l, a) n D(l, -a) = {1}, it is clear that 16 : I< ~ T is injecti~C 
(cf. 2.2.(a)) and a RSG-morphism. To show it is an embedding, assume, for x, Y E f' 
16(:c) E DT((l,1), rD.(y)). Hence, 

x/6 E DK/D.(1, y/6) and x/6.j_ E DI<;6:.-(l, y/6.j_). 
By the equivalcnco in item 1.12.(d), there are Pfister forrns, P and Pj_ ovcr ,6. and 6.j_, rcspcc­ 
tivcly such that 

(**) (:c,xy)@P=1{(l,y)0P and (1-:,;1:y)0P1.=K(l,y)@P1.. 

Now if a(a) = 1, sinco P has entrics in D(l, a), the first relation in(**) yields 2n(a(.r,) + CJ(x_y))t 
2

11 
(1 + a(y)) and the signatures of (x, xy) and ( 1, y) are the same for nll o E [ a = l]; similar ~ 

if T E [a= -1] =[-a= 1], the second relation in(**) entails the signaturc of ( x, xy) and ( l, \ 
to be the same for all T E [a = -1]. Hence, (:c, xy) and ( 1, y) have the samc total signa~ur 
and 1.8 cntails ( :r:, xy ) = 1< ( 1, y) and :c E DT ( ( 1, y ) ) , cstablishing that 16 is a RS-cmbcdding, 

It remains to show I c,. is surjectivc. Let u, v E J(; then, there is c E J( so that ( 1, -uV) @ 
(1,a) =K (1,1) © (1,c) = (1,c) EB (1,c). Weclaimthat 

(***) -(cv)v = -c E D(l, -a) and (-cv)u = -cuv E D(l, a). 
By Prop. 2.2 in [Divll]: a E D((l,-uv) © (1,a)) = D((l,c) © (l,c)), and so Prop. 1.G.(~ 
in [D?\!1] and 1.19.(cl) yield a E D(l, c). Thus, -c E D(l, -a); if T E XK is such that -r(a) 

50 1, the 1sometry ( 1, -uv) @ ( 1, a) =K 2 ( 1, c) and Theorern 1.8 cntail 27(-uv) = 2r(c) a!lcl . 
T(-cuv) = 1, for cach: E [a= 1t whence -cuv E D(l, a) (by 1.13), establishing (***) .. Tht~; 
-cv/6 = u/6., -cv/6. = v/,6. and therefore ,e,.(-cv) = (u/6., v/6.j_) E T, complct1ng - 
proof. 

Remarks 2.4 (1) In the terminology of section 8.9 in [l\J], a subset A of x is complcrncnted 
or a direct summand if both A and X\ A are subspaces of X and the natural injcction 

K ~ K f A x I< 1 X\ A, given by A --> ( a I A, a I X\ A), . 
1 

. 

· · 1 · c· 1 1 1 1 9) 11 1 1s an JSomorp 11s111. 1vcn t 1e c ua ity between the catcgorics of RSGs and AOSs ( cf. · ' I r ) 

the language of RSG and with notation as in items (c) and (d) of 1.12, this can be cquivnlcJJt) 
rcphrased as follows: write 6. for I:(A) and ,6.j_ for I:(X\A); then, the natmal map 

J( -t K/,6. x I</6\ givcn by at---; (a/i6.,a./6j_) 

10 
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~ a~}somorphism. In fact, the AOS ( I< 1 A, A) corresponds, by duality, to the RSG-quoticnt 
---'-+ K/1:i. Hence, all complemented subspaces, A, of X are of the form [a= 1], for some 

~ E l( (and so I:(A) = DI<(l, a)) and satisfy condition 2.(ii) of 2.3. In fact, Proposition 2.3 and 
/mma 8.9.1 in [I\1] entail the existence of a bijective correspondence between DSSs of J( and 
trect summands of Xg. 

i~{l Sometimes, it is easier to deal with ccrtain statements in the language of AOSs; an example 
ows, For A~ X and /l E {O, l}, set 

AI' = { A µ = O; 
, A = X \ A if /L = 1;. 

Fact 2.5 [Note (3), p. 179, [M], without proof] If A1, ... , An are direct summands of U<, X), 
sct E I = nn A11(i) { }n, I i==1 i , /L E 0, 1 , Jct 

q = { fl E { 0, 1} 11 : E1, f- 0}, f e thc sct of iruiices corresponding to the 1wn-empt;y atoms of the BA gcncrated by { A 1, ... , An}. /t
11
, 6.,, = I:(E

1
,), 11 E q. Tlw11, all E1, are direct sw11nwncls of X and the natural msp from J( 

0 
,, Eq !( / l:11,, a ~ ( a/ l:11, ) //Eq, is an isomorphism. 

~roof. It is eriough to dcal with the case n = 2 and proceed by induction, Let A, B be direct 
sumnnnd , f v 1 1 B B A 1 n ' s o . .,,,-1.; we may assume all four atorns, J n B, 1 n , . , n , , , 1 n , B to be 
oi~-enipty. First, we prove that the natural map from K f B to [I< f (A n B) x I< f (B n ,A)] is 

t
a.ln 180lllorphism. Civen u v E J( since A is a dircct surnmand of ( K, X), there is x E J( such 

1at . r ' ' :r. I A= ll r A and x r-,A = v f ,A. Hcnce, 

{ 
x f (A n B) = (x f A)i B= (u r A)r B= u r (A n B); 
:r f (B n ,A)== (x f,A) f B= (v f,A)r B= vf(B n,A), 

~~ dcsircd. Similarly, one shows K f ,B and [K f ( ,B n A) x K r ( ,B n ,A)] to be isomorphic; 
· us, all atoms above are direct summands and K is naturally isomorphic to the product of the 
ensuing four foctors. , · m 

3 The Structure of Boolean Real Semigroups 

~i~f1nition 3.1 A real semiqtoup, G, is Boolean if iis space of RS-charactcrs, Xc_, endowed 
. i the spcctrnl toJJO!ooy is Boolean i. e if the spectral and constrnctive topologws on Xc 

cozncide. .1 ' ' ' • 

Exa Inplc 3.2 There are two irnportant. cxamplcs of Boolean RSs: 

~) If I( is a rcduccd special group, Jct G be J( togethcr with a ncw absorbing element, 0. By 
w~lllark 2.2.4 in [DPl] (scc also Corollary 2.5, [DPl]), C = J( U {O} can be rnade into a RS, 
(
2 
°:c space is HS-cliarnctcrs is the Boolean spncc X 1,, the spacc of ordcrs of K; 

to) 
3
1 ~t algcbras of order 3, i.c., the structure of all continuous rnaps from ~· I3oo'.can space X 

F _ C {l, 0, -1}, the latter cndowed with the discretc topology (cf. scct10n 3 m [DP2]). If 

'fh: (X, 3), then Xp = X. 
forthcoming discussion exhibits n significm1t 11umbcr of othcr examplcs of Boolean IlSs. m 

In thi!S section, ,mwng othcr things, we givc 11cw proofs of the following results in [:i\l]: 
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• Thm. 7.6.4 corresponds to the first statement in item (3) of Theorem 3.6, below; our proof 
employs Proposition 1.10, an altcrnative axiomatic for RSGs; 

• Thm. 8.9.2 corresponds to Proposition 3.10, below, which is phrascd using clopen dircct 
summands of the space of orders of the RSG K (spaces of orders do not have zero scts); 

· · le • Theorem 8.9.3 corresponds to Theorem 3.13, below, but our proof uses the exchange pnncip 
in RSs (cf. Rernark 1.16). 

We also describe a Horn-geometric axiomatization of Boolean RSs, prove the prescrvation of 
this class of RSs by important constructions (Theorern 3.18) and characterize the rings whose 
associatcd RS is Boolean (Proposition 3.16). 

3.3 Notation and Rcmarks. As usual, if G is a RS, a E G and c E 3: 
a) By Proposition 1.10 and Lemma 1.26, G" is a reduccd pre-special group. 

b) [a= c] = {r E Xc: r(a) = c}. If c= 0, we may write Z(a) for [a= O]. 
c) Z2 = {l, -1} = 3x is the RSG of units in 3 = {O, 1, -1}. 

For a proof of the following beautiful result in the languagc of ARSs, see Thm. 6.8.1, p.129 
of [?v1] (the same proof applies to RSs): 

Theorem 3.4 (Hormander-Lojasiewcz Inequality) Let G be a RS and ld a b E G. Lct Y be 
a closed subspace of x; 8UCh that Y n ·z(a) ~ Z(b). Then, there is c E Dt(a', b) 80 th.at c P'; a [Y (i.e., for a E Y, a(c) = a(a)). G 

Lemma 3.5 Let G be a Boolean RS. 
a) For eacli a E G, there is Va E G sucli that 

(1) [Va = l] = [CL = l] and [Va = -1] = Z(a) U [a= -1]. In particular, "va E G" · 
(2) a= "va · a

2
, and 80 G = G" · Id(G). (3) a, a2 E D~(l, va). 

b) For all 11 E cx, "vu = u. 

c) For all a, b, c E G, a E D~(b, c) =;, "va E DJ("vb, Vc) n G" = Dcx ("vb, "vc). 
d) For all a E G and T E Xc;, 
(1) Z(a) = [V(a2) = -1]; 

(2) T E [V(a2) = l] if] r(a) = r("va). 

Pr?ofi_f. a) For a E G, sincc Xc is Boolcan, [a= l] is clopcn in Xc;. Now obc;ervc tbat -1 E 0 
sat1s cs • ' ~ 

[ci = 1] n Z(a) = 0 = Z(-l). 
By Theorem 3.4, there is Va E G so that "va E Dt( -l) d [ = na~ [a::::: 1]. N°''' 
notice that: c a, an a f a = l] v 1 

• For T E Z(a), T('va) E D.1(r(a) -1) = Dt(o -1) _ { l} l ( 
•1 ' 3 , - - , anc r "va) = -l; • For T E [a - -1] tl 

- ' . 1c same argurnent as above shows that r(Va) = -1. 
Conscquently, the equalities in (1) are verified and 'v.· x . . , ,, silY fr0111 
the equalitics in (1) (not . V y ( ', a E G · Itcms (2) and (b) follm, c,l .. · qo 
E Dc1(-1, a), it follows t~~t ::_a~-/jt' :~a ~ a

2
) ~ 7(a); clear_ly, a2 E Icl(G))_. For (3), ~1t~0); 

since Dt(l na)·, b . G( ' v'a), and so, scalmg bv -1 obtams a E Da( ' c , v 1s a su sem1grour) of G tl · " · 
) ' , 10 preccdmg relation yields a2 E D t (l v'a). 

c Vve employ the equalitics in item (a l)· for , . c ' 
· ' 7 E ),'.c;, we chscuss two cascs: 
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(i) 7_(~~) = 1: Then, r(a) = 1 and so, since r(a) E D3t(r(b), r(c)), there are only the following 
poss1b1h ties: 
(*) r(b) = r(c) = l; r(b) = 1, r(c) = O; r(b) = 0, r(c) = 1; or r(ab) = -1. 
In the first case in (*), r(Vb) = r(Vc) = 1, while in the others r(Vb)r(Vc) = -1 and so 
r(Va) E D:/(r(Vb), r(Vc)). 
(ii) r(Va) = -1: Then, either r E Z(a) or r E [a= -1]; in the former case, either r(b) = r(c) 
= 0 and so r('vb) = r('vc) = -1, or else, r(b) = -r(c) i- 0 (i.e., the last alternative in (*) 
abovc), yielding r('vb)r('vc) = -1, hcncc r('va) = -1 E D3t(r('vb), ,('vc)). In the lattcr case, 
r(a) E D./(r(b), ,(c)), lcads to a list of possibilities as in (*), with -1 rcplacing l in the first 
three alternativcs, whilst the fourth remains the same; hence we obtain either r('vb) = r('vc) = 
-1 or r('vb)r('vc) = -1, and thus r('va) E D1(r('vb), r('vc)), as needed. 

3 

d) Itc111 (1) is immcdiatc from (a.1); for (2), (a.1) entails ['va2 = 1] = [a2 = l]. If r E [a2 = 1], 
then r r/. Z(a) and either, E [a= 1] = ['va = l] or T E [a= -1] = ['va = -1] \ Z(a), whence 
r( a) == ,('v a), as needcd, C1 

Theorem 3.6 For a teal semiqroup C, the following are equiuoleni: 
(l) For all :r E C, there is u E G" 80 tluii x = ux2 and u E DJ(-1, x). 
(2) The spectral topology an Xc is Boolcan; . 
(~) cx, with the rcprescntaiion reloiioti incluced by C, is a RSG, and the resiticiion map T E 
.-'\c --+ ~ C" '\.,. . 1 1. - 1 r I E --'-cx 18 a iomeotnorp usm . 

f roo~'. Item (a.2) in Lcmma 3.5 yiclds (2) =} (1). :tvioreover, sinc_c the space of ord~rs of any 

(
tSG 1s Boolcan, it is c]ear that (3) =} (2). To complcte the proof 1t suffices to cstabhsh (1) =} 
2) and (2) =} (3). 
~ Fix a E C and lct u E Gx satisfy the conditions in (1) with :c= a2. For T E Xc: 
• If r(a) = 0, thcn u E 1)1(-1, a2) entails T(u) E D3

1(-1,0) and r(u) = -1; 
• If 7(11) = -1, thcn r(a2) = -r(a2), hcncc ,(a2) = 0 = r(a), 
~ld _so ~a== O] = [a2 = O~ = [u = -1]; thus, the closcd sct [a= O] in the spectral topolog~ of 

G 18, m foct, clopcn in this topology. Hcncc, ( cf. 1.23. (b)), the spectral and constructiblc 
topo!ogies in X c coincidc, cstablishing (2). 

~ \Ve start by proving: cx. ~ By Lcnuna 1.2G it suffices to verify cx satisfics [R4] in Proposition 1.10. Since a, 
' c, d E GX, the hypothesis in [R4] is equivalent to 
(I) a E Dcx (1, b) and b E Dcx (c, d). 
Since Dt x . 

G n C = Dc,x (I) y1el<ls (II , , ' . 
) a E o;(1, /1) and /J E Dc~(c, d). 

13ut then, (II) tog;cthcr with itcrns (a) ,:nd (c) of Proposition 1.20 yicld 
(III) a E Dc~(l, c, ci) = DJ(l, d, c). 
Hencc, (III) rtlld 1,20_(c) yiclcl z E D~(l, d), such that a E Dc1

;(::, c). Now, itcms (b) and (c) of 
Len1n1a 3.G implv 'vz E Dcx (l d) and a E Dcx ('vz, c). Just takc y = 'vz E cx to cstablish 
~'qucmt c;f [R 4], cor;iplc~ing the proof that cx is n rccluccd special group. 

I \'" 
• G, is lhl' :-:pacc of ordcrs of the rcduccd spccial group G"' · 
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. r . . . l ( ) _ r G": clearlY, Xc; is (naturally) homeomorph1c to Xcx. Set rJ : Xc -> Xcx given )Y 'r/ '. - _7 ' rcscn· 
TJ ( 7) is a grou p morphism from G x to { 1, -1}, taking -1 to -1 and respectmg binary rep 
tation (bccause the same is true of T). l'vioreover: 

• TJ is continuous: For u E cx, just note that TJ-1[[u = l]xcx] = [u = l]xG; 

• r; is injective: If T i- T1 in G, there is a E G such that T(a) # T1(a). . 
Case 1. If r(a.) = 1, thcn r'(a) E {O, -1), then 3.5.(a.1) implics r('va) = l and r'('vn) = ~'

0 Case 2. If T(a) = -1 and T'(a) = 0 E {O, l}, then T(-a) = 1, while T1(-a) E {O, -1} an 5 
3.5.(a.l) yiclds T(\i'-a) = l and T1(v'-a) = -1, 
therefore, Ti- T1 

implies TJ(T) =TI C" i- T1 rcx = 17(T1), as claimed. 
It rcrnains to show: 

• TJ is surjective. Since compact sets in a Hausdorff spaco are closed, we shall establish the t~1~; 

jectivity of 'l] by showing that its image is dense in Xcx. For this, it is enough to check tha 
r; nieets every non-empty basic clopen in X cx, that is, for u

1
, ••• , 'lln E cx, 

(IV) n~==l [uj = 1] . f- 0 =;, :3 T E Xc;, so that T(llj) = 1, 1 ::; j:::; n. 
J .\'.ax vrite 

To that end we introduce the following notation: if ip = ( a
1
, ••• , an) is a form over G, ' 

v'l.f! for the n-form over C" given by (v'a1, ... , v'an ). Wo also need: 

Fact 3. 7 Let If! be a form of dimension 2: 2 ovcr G and lct a E G. Tben, 

a E Di('P) =;, v« E Dcx ('v'P). 

Proof. By Prop. 1.6.(c) in [D?vll], if K is special group, then for all forms 0
1
, 0

2 
over J{ at1<lX 

E K, 

(I) x E Dg(01 EB 02) <=> :3 u E Dg(01) and v E DK(02) so that x E DK(u, v). 
. f \?, For dim('P) = 2, the statemcnt is 3.5.(c); wc procced bv induction on the dimension ~ ]dS 

J ( ) y1c Assume the result true for dim('l/1) = rn and lct c E G. If a E D t ( (c) (D 'l/.i), then 1.20. c E 
D t ( i ) ]· l . D t ( ) ) . G . I '. ' . t'lil 'i/(! x E c V suc 1 t,iat a E c c, x . Hcncc, 3.5.(c and the mduct1on hypot 1cs1s cn ' . ~), 

Dcx ('v c, 'vx) and v' x E Dcx ('v'l/-!). Since cx is a RSG, (I) above yields v' a E Dcx ( ( 'v c) f.B 'i/ O 
completing the induction step. 

f\S' Considcr the Pfistcr form P = @;~1 ( 1, uj ); in cx, we have -1 rf;_ Dcx (P), beca.use, by' 
sumption, there is a E Xc;x sending all u

1
- to 1. 2 

2p)~ Now noticc that -1 ,i Dc(P); othcrwisc, by 1.20.(b.3), wc would gct -1 E Di!((-l) ,ssi- 
ni(P), and Fact 3.7 would thcn entail, since p = 'vP (by 3.5.(b)), -1 E Dc;x (P), an nnP 
bilit,~ f 

• 0 
Dy Prop. 2.7.(6) in [DPl] and Cor. 4.7 in [DP2], Dc(P) is a saturatcd subscmigrou; r, 

G, coutaining { u,, ... , u,), but not ~ 1. Now, Tlun. 4.2 in [D p 1] r urnishcs a HS-charactcJ ,, 
whose values in Dc;(P) are in {O, l}. Since the ui E cx, we must have T(ui) = 1, 1 ~i_. i 
establishing the dcnsity of Im rJ in Xcx, as needcd. 

, . . B or1l' i Remark 3.8 Thcorcm 3.6.(1) y1clds, togcther with the axioms for HSs in 1.15, n ~1.fl 
geo~etri.c axiomatization for the class of Boolean RSs in the Janguagc real semigroups, ( ·, l, • • 
(D 

1 

1s defined from D by a conjunction of atomic formulas, cf. [t-rep] in 1.15.(a)). 
2 

In any RSG, -1 is not represcnicc! by 2n = ®;~
1 

( 1, 1 ). 
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Bcforc cornplcmcnting the results in Theorem 3.6, we sct down 

~~9 Rem~r~s an_d Notation. a) Let ? be a Boolean RS and lct 17 : Xc ---t Xc;x be the 
llleomorph1sm grven, as above, by T E Xc 1-------t T r G", For each a E G, sct 

L(a) = [\7a2 = -l]xi ~ Xcx and lct L(Gx) = {L(a) : a E G}. 
In Particular, for c in Id(G), L(c) =[\?c= -l]x~· Fixe E Id(G); notc that for cach T E Xc, 

T(c) = 0 iff T(\7c) = -1 iff T fGx(\7c) = -1, 
:vhcncc r; [ Z ( e)] = [\7 e = -1 ]_\' ~. Sinco 11 is a horncomorphism, image by 'T/ preservos unions and 
intcrsections, and so L( cx) is i distributive sub-lattice of the BA of clopens of Xcx (isomorphic 
to the BA of clopens of Xc; ). Hcncc, the lattices of idempotents in G, that of zero sets in Xc 
ancl L(Gx) are all isomorphic. Notc that L(Gx) is a lattice of clopens in Xcx. 
b) For a, b E G, 
(a) a E ,L(a) n ,L(b) = ,L(ab) ~ a(\7(ab)) = a(\7a)a(\7b). 
To scc this, let 11 E Xc, be such that µ. f C" = a. Then, 11 E [\7(a2) = 1]" n [V(//) = l] ,. = [V( ~b')) t , -'G ·'G' 
_ a·~ = l]_\'c and 3.5.(d) yields 11(:1:) = 11('v:r:), for x E {a, b, ab}. Hence, fl('v(ab)) = /t(ab) 
- /t(a)µ(b) = 11(\10)1-1(\?b); since /l I G" = a and \?J; E G"; the prcceding cquality obtains (a), as needcd. 13 

Proposition 3.10 If the equiualcni conditions in Tlieorem 3.6 hold, tlien for all c E Id-(G) and 
1l E OX, ( 1, u) 0 ( 1, \?c) =c;x ( 1, 1) @ ( 1, \7(uc) ). In particular (cf. Proposition 2.3): 
(l) DGx (1, v'c) and Dc;x (1, -\?c) are DSSs in the RSG o=, 
(2) L(Gx) = {L(a) ~ Xcx : a E G} is a laiiice of duec: suumuuuls of Xc;x (isomorphic to 
I da). 

~~oo~. Fixe E Id(G) and u E cx. To show lp = (1,u) 0 (l,\7e) =cx (1, 1) 0 (\7(ue)) = 1/,•, 
r ~llfficcs to check their total signatures to be the sarne; taking into account the homeomorphism 
(1
111 Thcorem 3.G, it suffices to vcrify the signatures of 'P and 41 to be the same at each T E Xc; 
)Y Thcore111 1.8). For T E Xc;: 

• If (v' ) . . . f 7 e = -1, thcn T E [e = O] = [ue = O] (u E cx) and so T(\7(uc)) = -1, a11d tlw s1gnatures 
0 

<p Hllcl 1/' are both O at T; 
; ~ ;(v'e) = 1, thcn T E [c= 1], whencc O f- T(u) = T(11c) = T(\7(uc)) (rccall: by 3.5.(d.2), 

(uc) entails T(uc) = T(\7(uc))); thus, 
7(li?) = T(l) + T(u) + T(\7c) + T(u\7c) = 2 + 2 T(u) = 2 + 2T(\7(ue)) 

= T(~i), 
as need , i · · · f p · · · · ? 3 ·I ·1 (?) f 11 f I{ ec . Item (1) 1s an 1mniechate conseq11c11cc o ropos1t1011 ~- , ,, 11 e ~ o ows rom 

t.h
einark 2.4.(1), recalling that for c E Id(G), L(c) = [-\7e = l]xz, is the subspace associatcd to 
c Dss · . , 

Dc;x (1, -v'c), cncling the proof. m 

sunWe shall now sliow how givcn a HSG, K, and a non-cmpty bounded sublntticc, L, of dircct 
Q(I~nands of XK (equivalcntly, DSSs of 1{, cf. 2:4.(1)),, one ~a:1 ~btnin a 1:cal se1~1igroup, Q :~ 
iso . ' L), snch that Xq is nnt urnlly homcomorpluc to X 1,;, 9 1s 1somorpl11c to J\ and Id(Q) 1s 

11101'!)1 · · · l · 1 '>7) 11C to L (with the partinl ordcr defmc( 111 -~ · 

a.11 c oustruction To simplify expositicm, write X for XJ{, 
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. . X 3 ·h 3 . . d vcd with a) Lct p = <C(X, 3), the Post algebra of contmuous maps from to ·, '" ere 1s en o, - 
the discrete topology. Consider the map 

{ 
rr(v) if c (j-. A; 

('y) 'Y: J{ x L -r P, given by ( v, A) f-t 1(v, A)(D") = O if a E A .. 

For A E L and a E J{, sct 

{ 
0 if O" E A; 

• eA : X -r 3 givcn by eA(D") = 1 if O" (j_ A. 

• a : X -r 3, given by a(a-) = a-(a). 
b) With notation as in (a), note that: 

(1) for A, B E L, e,1c/3 = e(Au/3)· 1\foreover, e0 = 1 and ex = 0. 
(2) For cach (a,A) E I< x L, 1(a, A)= ac,1. 

(3) To ease notation, write the elemcnts of Irn 'Y ~ P as ae,1, instcad of a eA (a E K, A E L). 
c) It is straightforward to check that acA · bc13 = abeAcn = abeAun, Hencc, 

Im 'Y :::::c Q(K, L) = {ae;1 E P: (a,A) E J( x L}, 
·te is a ternary su bsernigroup of P, with 1 = e0, 0 = e x and -1 = -1 e

0
. As usual, wn 

-v for -1 · v. 

Enclow Q := Q(I(, L) with the representation and transvcrsal rcprescntation induccd by t]1e 
Post algcbra P; therefore, for a, b, c E J{ and A, B, C E L, DJ is given by: 

ac,1 E DJ(bc13, cec) iff for all a- E X, ac,1(0") E D
3
t(bcB(a-), ccc(a-)). . 

Y • . • JS Note: The valuos in 3 of a- E X at each element of Q appearing in the preceding cxprcsswn II 
describcd by fonnula ( 1) above. 

Sincc all axioms of RSs, with the excoption of [RS 3], are universa1, and Q ~ P (a re:: 
semigroup, cf. 3.2.(b)), Q is pre-real semigroup. To show it is, in fact, a real semigroup,' 
will ernploy an cquivalont to [RS 3], namely, the exchango principle ( cf. l. lG). 

Let A, B, C, D E Land a, b, c, d E [( and sct 

a = ae,1, b = bcB, c = cec and D = dcD, 
For VV E L, write, W for X \ H1. 

We say that the exchange principle holds for ( a, b; c, D) if 

(cxch) DJ(a, b) n DJ(c, l'l) =I 0 =;, Dd(a, - c) n DJ(-b, D) =I- 0. 
vVe start with the following observations: 

Lemma 3.12 With notation as abc;ve 
,, -- b 

a) ae_.'._ = be B iff A__= B and for a/l u E , A = , D, u( a) = u(b). In other· words~ ~ (cf, 
ijf A - B and a/lJ. - b/lJ., whoe 6 = E(,A), the saturated subgrnup assoc1ated to 1.12.(e)). 

( ) { . • /iiS!ll b) ld 9 = eA : A E L}. Morcover, the map A E L f---1 e,1 E 1d(Q) is a lattice zsornorP between L ( cf. 1.27) and Id(Q) 

c) We may identify 9' with K, that is, ocA E gx if! A = 0 (and so ae,i = a). ,I 
d) }~ra =ae11 ~~'there is11 E [( =(]X so thata =ua2 andu E Dt(-l,a). Thus, thepre-re 
sernzgrvup 9 satzsfies condition (1) in Theorem 3.G. 9 
c) Dd(a, b) =/- 0. 

lG 



!J If any oue amonq a, b, c, D is equal to 0, then the excluitiqe principle liolds for ( a, b; c, D ). 
g) If O E DJ( a, b) n DJ ( c, D), theti the excluuuje principle holds for ( a, b; c, D). 

~ro~f. a) If a E A, then a(acA) = 0 iff a E A (recall: a, b E K). It ·is then clcar that a = b 
~rnphes A= B and a(a) = a(b) for all a (j. A = B. The convcrse is clear, The second staternent 
111 (a) is just a rephrasing of the proven equivalence. Item (b) is straightforward. 

c) Clearly, acA E gx iff its value at each a E X is non-zero, i.e., A = 0. 
d) Let a = ac,1 E Q; note that a2 = e,1 (a E I<). Lct 6 = I:(A) and 6.1 = I:(, A) be the 
~aturated DSSs associated to A and ,A (cf. 1.12.(e)). Since x E K t--t (:c/6, x/6.1) is an 
isomorphism, there is H E J( so that u/6 = -1/6 and 1t/6.1 = a/6.l. Hencc, for all a E X: 

(1) a E .,A => a(u) = a(a); (2) a E A => o-(u) = -1. 
Note that (1) and itcm (a) entail ua2 = UCA = acA = a. Moreover, (1) and (2) obtain 
1l E DJ(-1, a). Indecd, for a E Xc, wc have: 
• If 1 a E /, then a(u) = -1 E D/(-1, O); 
~~a 7 ,A, thena(u) = a(a); sincc u, a E K, thcn -a(u)2 = a(a)2 = 1. Whence, by 1.19.(14), 

D:i (-a(u), a(a)) = Dt(-a(a), a(a)) = 3 and 1.19.(1)) entails a(u) E D3t(-1, a(a)). 
e) L 3 
tl et E1 = A n B, E2 = A n -, B, E3 = -, A n B and B1 = , A n , B be the four atorns of 
;e ~A gcnernkd by A and B in B(X). Let 61; = I:(E1;) be the associated saturated subgroup 

~t,I{, 1 ~ k ~ 4 (as in 1.12.(e)). For u, v E J( and 1:::; k:::; 4, the expression "11 = v in E1.," 

tl c\nds .for 11/ 6k = v/ 61;. We now considcr the conditions required to construct a witness for 
io cln11~1 in (c) in each of the at oms E1.,: 

(l)E -1 . . ~ In this casc, we takc Y1 = 1 111 E1; 
~Ifa E E2, then a witness i for our claim must satisfy a(t) E D}(O, a(b)), i.c., 

( 
-- a(/J). 111 this case. we talrn y1 ') = b in E2; 3) ' ~ 
~ \Vith the sarne reasoning as in (3), we takc Y:1 = a in E3; 
~ If a E E.1, then a witness t for (c) must verify 

) E D}(a(a), a(/J)); in this case, we take y,i = a in E.1, 
Since r · · 1 / / ;\ ,. 4 l ' \ lS 1somorphic to rr· ·- K/61;, there is v E J( so that v 61; = YI.· W.k, 1 :::; /\, :::; . T ien, 
(*) 1,-1 

t = VCAnH E Dd(a, b). 
] J 

){o ~ro~e (*), it sufiices to show that for each (T E X, we have ~(t)_ E Dd(cr(a), a(b)). S'.nce 

111
, d ~b1 E1;, we provc (*) holds for a in each of the atoms Ek, takmg mto account the selections 

( 
c1 e llI (1) - (4) above. 
l') (. If a E E1, then a(t.) = O E D}(a(a), a(b)) = D}(O, O); 
r;} If a E E2, then a(t) = a(v) = a(b) E D

3
1(c,(a), c,(b)) = D3

1(0, a(b)), as neeclcd; n similar 

( 

c soning a pplies if a E E,, · 
4') 0) 

n, b If a_E gl, theu (T(t) = 17(u) = c,(a) E D)(17(a), a(b)) = D3
1(CT(a), c,(/1)), which holds because 

E 1\ nnd so a(a), CT(b) E {l, -1}, 
estabJisl . . (* f _ · ung ·) and completi11g the proof of (e). 

tl
) \\'ithont loss of g·eneralit\' we may assume a= O; if i E Q satis!ies t E n,;(o, b) n D~(c, i:l), 
1e ··' • · " ,w· 11 f::::: b :i But b E JJ.~(c. i:l) cntnils -c E JJ1(-b, D), whcuce -c E Dd(O, -c) n DJ(-b, i'l), 
~ llceded. Y 9 
~ 

. Heca!l (1-)-, (-l-,l.-,)-a_11_d-(l-,l-b-) -in-1-.1-9-. - 
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g) If O E Dd(a, b) n Dd(c, D), then (cf. 1.19.(12)), b = -a and D 
principle leads to Dd(a, -c) i= 0, that is guarantced by (e). 

'vVe now have 

Theorem 3.13 g = Q(J<, L) is a Booleon reol sernigroup, with gx = J(, Id(Q) lattice isomot: 
phic to L and Xg natumlly isotnorphic to X K, via the restriction map T 1--r T I K. 

Proof. In view of Lernma 3.12 and the equivalences in Thcorem 3.6, it remains only to establisl~ 
that g is a RS. Morcover, again due to 3.12, in this proof we may assume, for a, b, c and D E Q · ' 

(!) There is t E Dd(a, b) n DJ(c, D), and a, b, c, D, t are all distinct from 0. 
To ease presentation, we introduce the following 

. t' 3.14 Notation and Remarks. a) If t E g \ {O}, to ease the discussion that follows, wntc b 
for a unit in J( (cf. 3.12.(a)) that dctcrmines t, i.e., t = t*ew, for some W E L. Let a= aeA, 
= bc13, c = cec and D = clen. Note that 
(&) (A n B) u (C n D) ~ H', 

-c, and the exchange 
EI 

since if a belongs to this union, then a(t) = 0. 
b) If G is a RS, :r: E G" and y E G, it follows easily from [RS 1] and [RS G] in 1.15.(a) that 
x: E D/(:r:, y). 

c) Wc ,shall construct two tables, the first corresponding to case in which a E -, H' and thC 
sccond for a E H1 (and so a(t) = 0). 

For Z E Land ::r:, y, z E K, the tables below uscs the following conventions, with .6. === E(Z) 
( cf. 1.12. ( e)): 

• "x = y in Z" stands for :r:/ .6. = y/ .6. or equivalcntly, for all a E Z, a(x;) = cr(y). 
• "x E D(y, z) in Z" stands for ;r:/.6. E DK;t;.(y/.6.., ::/.6..); 

• A "l" !n a colurnn mcans that we ar~. ~utside that set, whilo a "()" means we are in t~:~ 
set. For instancn. the sequenco ''l () 1 0, 111 the columns markcd A, B, C, D corresponds 
,A n 13 n ,C n D, which in first tablc is the line Er, and line E

22 
in Table 2 . 

• Tlie column rnarked "n" has either a V, mcaning that the atorn Ek is not nccessarily ernptY, 
or 0 (wl10sc rneaning is obvious). 

• We assunw there is a witness, t E Q, for the antecedent in [RS 3']; its possiblc values nn~ 
the constraints it imposes on the coefficients in each of the atoms Ek, I ::; k ::; 32, of the ]3 
generatcd by A, n; C, D, H1 is registered in the corresponding colunrn in each table. 

• _The column corresponding to y E J( yielcls the values and conditions for it to be a w.itn:: 
of the ccmsequent of [RS .3']. For instance, the first line of the first table indicates that ~

11 D(a, b) n D(c, cl) i= 0, with a, b, c, cl E I<. But then 1.5.(b) yields D(a, -c) n D(-b, d) =f 0 
E1, and so it is possi ble select y1 in this intersection in E1

• 

-- 'J1 
• In the tablc f~r W: t_h: "','P'.cssior:, "impossiblc" in the last column indicatcs _t11at_ the con<l1~~~ 
011 the column constramts (m Ek) cannot hold; thus, the antecedent of our unpbcat1on 15 in E1.. 

• N ote: The intersection of the scts in any line contnining a unique 1 ( all other entries ar~ O) 
rrm

st 
be empty: e.g., consider Es = --, A n B n C n D n -, W; if a E E

8
, then we would have 

a(t) E D3t(a(a), a(b)) n D}(cr(c), a(D)) = D/(a(a), O) n D)(O, 0), 
that is irnpossible: D}(O, 0) = {O}, while D

3
1(a(a), O) = {a(a)} ~ {1, -1}. 
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Table 1. a E -, H' and for 1 < k < 16, we assumc Ei. C --, W· recall (&) in 3 14 (a) 
r---_ - - . - ' 
r--- A B c D n t* and constraints (in E1J A c B D Yk and constraints (in E1J E11 ry-.__ 1 1 1 J t* E D(a, b) n D(c, d) 1 1 1 1 Y1 E D(a, c) n D( b, d) 
r---)._ 1 1 1 0 J t* - c E D(a, b) 1 1 l 0 b E D(a, c) 
E3 1 

Y2 

't--- 1 0 1 J t* - d E D(a, Ii) 1 0 ] 1 a E D(- b, d) Y:3 
-0-1 1 0 0 0 1 0 1 0 
E-1 'i--- 0 1 1 J t* - a E D(c, d) 1 1 0 1 d E D(a, c) Y5 
r-J. l 0 1 0 J t* - a - c 1 1 0 0 YG - l; a - ( c) 
E11 

c 

"i-- 0 () 1 J t* - a - d 1 0 () 1 Y7 - a - c! 
r---}_ 1 () 0 () 0 1 0 0 0 E ,_ 
~ 0 1 1 1 J t* - b E D(c, d) () 1 1 1 c E D( b, d) 
E\o o yg - 

-Y-- 1 1 0 J t* - Ii :- c () 1 1 0 b 
'IJ 0 

:t/10 - c- 

ry--1-- 1 0 1 J t* - b - d () 0 1 1 Yll - 1; b - ( b) - d 
~ 0 1 0 0 0 0 0 1 () ~o 0 1 1 0 0 l 0 1 &o E r-- 0 1 0 0 0 l 0 0 
~o () 0 1 0 0 0 0 1 
F;IG Q 
~'--- 0 0 0 0 () () () 0 

TabJe 2 1r, • · a E 11' and so a(t) = O; for 1G ::; k ~ 32, wc assume Ek <;;; W. 
r-----... ___ 
~A B c D n constrnints (in Ek:) A c B D Yk and constraints (in E1J 

P, - "'17 l ~ 1 1 1 J 0 E Dl~(a, b) n DJ(c, d) l l l 1 b = -a, d = -c, Yl 7 = a 
~l 1 E; r---~ l () 0 0 - c E D(a, b) 1 1 1 0 impossible 
r--J!!__~ l 0 1 0 0 - d E D(a, b) 1 () ] 1 impossible 
~ 1 ~l () 0 J t - O; b - -a 1 0 1 () J/20 =a= -b 
~1-0 

~10 
1 1 0 0 - a E D(c, d) 1 1 () 1 impossible 

E; --- 1 () 0 0 - a - c 1 l 0 () irnpossible 
'-JL l () () 1 0 0 =- a = d 1 0 0 1 impossible e r--~ 
~ 1 0 0 () 0 1 0 () () e r--~ 
~ 0 1 1 1 0 0 - b E D(c, d) 0 l 1 1 irnpossible 
E; ---~ ~ 0 1 1 0 0 O-b-c 0 1 l () impossible ~o 1 
E2s ---~ 0 1 0 ()-b-d () () 1 1 impossible 
~ 0 1 0 () 0 () 0 1 () ~o~ e. r--_o 1 1 J t - (); d - -c 0 1 () 1 Yw =--c= d 
~ 0 () 12 r-- 1 () 0 0 1 0 0 -- ~o-~ 

12-i r--._O 0 l ,~ 0 0 0 1 -- 
~~ 0 O 0 J t = 0 () () () () ]/;l2 = 1 ----~ 

to tSincc wc are assuming that I is a witness for the antocedcnt of the implication corrcsponding 
E;'., he c:x:changc principle, and W = LJi°:_,17 Eb Table 2 shows that cxcept for E17, E20, E29 and 

\.\ 
.i~, all othcr Ei.: ( 17 < k < ;~2) must be cmpty. Thus: 11' = E1, U E20 U Ew U E:12 ( disjoint 
l!1m) - - I . 

2.s Notati~n as abovc, let q = {k E {l, ... , 32} : E; f 0}: .... set 6.1; = 'f.(E1J, fo~· k E q. By Fact 
1J/ ~ tl~rc is a nnf.ural isomorphism bntwecn J( and fL·Eq l\ / 6.1;. Heucc, there is v E I< so that 

k - Yi./ 6,_., for each k E q. 
Lc't \I ( · ] • · ==:: A n C) u (B n JJ); we shall vorify t 111t 

(1f-) t _ I( _ t. z = vc\l E DJ(ac,i, -ccc) n D9(-bcJJ, dcJJ) -- D9 a, c) n D9(-b, il), 
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establishing [RS 3'] and showing that Q is a real sernigroup. . 

vVe have v= V n(, lV u W) = (V n-, lV) U (V n lV). We discuss the following case~ 
I. In A n C n -, W. If a E A n C n -, W, then a(z) = O; the pertinent line in Table 1 is 111 
(Ew = E12 = E15 = 0). . 

•Ifa E Ell, thcn a(z) = O E D}(O, 0) n D}(a(-b), a(cl)) = D
3
1(a(-b), a(b)), as necded 

Sirnilarly, onc treats the case of cach a E B n D n' W. a) 
II. In A n C n ll'. The pertinent line here is E32 in Table 2. But then ""e have a(z) = 0 =. 0\f 
=a(b) = a(c) = a(D) and the desired conclusion is immediate. A similar argument apphcs 
the case a E B n D n VV. 

If a E X \ V, then 

a E (,A n ,B) u (,A n ,D) u (,C n ,B) u (,C n ,D), 
which may be written as (X \ V) n (, W U W). 

III. In -, A n -, B n , ll'. The pertinent lines of Tablc 1 are E1 - E:i, 
III.1. If a E E1, then 

a(z) = a(v) = a(y1) E D_1t(a(a), a(-c)) n D}(a(-b), a(cl)) 
= D.}(a(a), a(-c)) n D}(a(-b), a(D)); 

III.2. If a E E2, thcn 

a(z) = a(:y2) = a(-b) E D_/(a(a), a(-c)) n D}(a(-b), 0) 
= D:/ ( a (a) , a ( - c)) n D_./ ( a ( - b) , 0) . 

Similarly, one treats the cases in which a E E3 and a E -, C n -, D n -, lV. 

IV. In ,A n ,D n ,W. The pertinent lincs in Table 1 are E
1
, E:i, E

5
, E1. 

IV .1. If a E E1, the argument is just as caso III .1. above; 

IV.2. If a E E:1, then a(z) = a(y3) = a(a) E D
3
t(a(a), 0) n D:/(a(-b), a(d)) 

= D)(a(a), 0) n D:/(a(-b), a(il)); 
IV.3 If a E E5, then a(z) = a(y5) = a(d) E D)(a(a), a(-c)) n p/(0, a(d)) 

= D}(a(a), a(-c) n D}(O, a(ti)); 
IV.4. If a E E1, a(z) = a(-y1) = a(a) = a(d) E D}(a(a), 0) n D}(O, a(d)) 

= P/ ( a (a) , 0) n D
3
1 ( O, a (ti)) , 

as needed. The case in which a E , B n -, C n -, VV is handled sirnilarly. 
V. In , A n , B n W. The relevant li11cs in Table 2 are E

17 
and E

20
. 

•Ifa E E17, then a(z) = a(v) = a(a) E D3
1(a(a), a(-c)), becausc a(a) is a unit in 3. . 

O) as •Ifa E E20, then a(z) = a(·u~ = a(y20) = a(a) = a(-b) E D}(a(a), O) n 1?/(o-(-b), ' 
needed. The casc , C n , D n H1 can be trcated similarly. 

"tl' VI. In -, A n -, D n W and -, B n , C n H1. The rclcvant lirn~ is E
17 

in Table 2 and sanic arg 
ment uscd for a E E11 in (V) above also applies here. 

- This con,pletcs tbo proof of ( #) and that Q is a real semigronp. . 

10 We can now state, with notation as in 3.9 and rccalling that L( cx) is latt.ice-isomorphIC Idc: 

. a Theorem 3.15 (Structure Theorem for Boolean RS) If c is u Boolcun RS, there is 
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natural RS-isomorphism betuicen G and Q(Gx, L(Gx))! givcn by the rnap a E G ~ 'vacL(a), 
E Q(GX,L(GX)). 

~ro~f. To mako mattcrs clearer, we maintain a distinction bctwcen the homeornorphic spaces 
B~ and Xcx. Let ti : Xc;--, Xcx, rJ(T) = rfGX, be the homeomorphism in Theorem 3.G.(3). 
r }

2 
3.9, for each a E G, L(a) = ry[Z(a)] and so, r,-1 [, L(a)] = [a= 1] \'". U [a= -1]" = aa -1n -c .,c 
- ]Xc· Hencc, recalling 3.5.(d.2), for all a E G and r E Xc, 

(I) {(l) 7 E Z(a) iff T fGx E L(a); 
(2) 7 E [a2 = l]Xc; = ['v(a2) = 1].\G iff r(a) = r(v'a) iff T rcx E ,L(a). 

Wc first notc that J(O) = 'vOex = 0, J(l) = 'vle0 = 1 and J(-1) = v'(-l)c0 = -1. Next, 
We show that J preserves products. For a, b E G, we have 

{ 
J(ab) = 'v(ab)cL(ab) = 'v(ab)cL(a)UL(b) 
J(a)f(b) = v'av'bCL(a)CL(b) = v'av'bcL(a)UL(b)· 

and 

For a E. ·v -"\(;x: 

•Ifa E L(a) U L(b), thcn both .f(ab) and j(a)J(b) are zero; 

·.rr a~ L(a) U L(b), let Ts be the unique clcrncnt of Xc so that CJ = Ts rcx. Then, by (I).(2) 
\\e get 7s E [a2 = 1],., n [b2 = 1], .. = [(ab)2 = 1]\' and so 
(*) _ ·'C, ·'C, ' . · G - - 

Ts(a) - T
8
(v'a), T8(b) = T8(v'b) and 78(ab) - Ts('v(ab)) - T8(v'a)Ts('vb). 

Since v' . G x . ) ( ( E x x_ E for .T E G and ": r ~x =. CJ, (*) cntml~ CJ(y(ab) = (J v'a)CJ 'vb) and so, for all (J 
'a(J(ab)) = a(J((l,)J(b)), y1cldmg j(ab) = J(a)j(b) m Q, as ncedcd. 

f h, inje t' · . ( ) . ( ) ( ) ~ If, for a, b E G, ,ve have v'acL(a) = v'bcL(b), tlwn 3.12. a cntails L a = L b and 
;(bc)·1l! a.~ L(a) = L(b), the equalitics CJ(v'a) = CJ(v'b). Notc tlrnt L(a) = L(b) entails Z(a) = 

l!J Xo. We have a = 'va . a2 and b= v'b · ll (3.5.(a.2)); for 7 E Xc;: 
• If 

T E Z(a) = Z(b), thcn T(a) = T(b) = O; 
•(If)r E [a2 = l] \'. = [/;2 = l] ,. ,, thcn 7 [ ax E--, L(a) =--, L(b) and so T('va) = r(v'b), entailing 
T (l ::::: r(b). . (, .,e, 

s· lllce r i · J • · 11· 1 · l· · · · t · ·t f J . , s ar J1trnry iu Xc;, wc obtain a = b, csta) 1s nng t 1c lll.JCC 1v1 y o . 
~urjectivP Lct t = ucr( ) E g, for sorne 'll E cx and a E G. Lct b E G be given by b= 1w2 

~v~. ,(! , 

1
,c · b-; thcn, /;2 = c12 and so L(a) = L(b). Thus, t = llCL(b); we show that J(b) = v'beL(b) = 
c/·(b) ::::: t. If cr E L(b), tbe11 <Y(J(b)) = 0 = CJ(t). If CJ E , L(b), lct T8 E Xc; satisfy 7 s f cx = 
obt~l:cm, Ts E [b2 = l]xu and so, by 3.5.(cl.2), 78(/J) = Ts(v'b) = r,lu). Sincc u, ~b E ax, we 

dill a(u) = cr(v'f1). Now, Lcmma 3.12.(a) cntails J(b) = v'bcL(b) = UCL(li), as desircd. 

ar To finish the prooL obscrve that the argurncnts presentcd above show tbat for cach a E G 
ld a]l 7 E X, , 

(** (,' 
s· ) T(a) = T fQX(\i'OC!,(a)) = T fQX(j(a)). 
!)~~~)~ T ~ T f cx nnd J nrc bijcctions, (**) implies tl1at f nrnst be nn isomorphism, ending the 

. m 

111
l)V~ end this scction with two themes: the first is n charactcrization of semi-renl rings (com­ 

of Bc\tivc m1d unitary) whosc associatcd HS is Boolcan; the second is to establish that the clnss 
00lean RSs is closcd under a numbcr of irnportnnt constrnct.ions. 

~/:)tI~osition ~l. lG 'l'lte H:al spcctn,m of a rcducccl se111ircal unitary comm11tativc ring is Boolea11 
S 7·caf ·[ ' { c osil'l'e 1s von Ncuma1111 rcgu ar. 
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Proof. The equivalonco is forthcoming fr~m the following two well-known facts: 

. · · · · l · phic to the (1) The real spcctrurn of a reducod, scmireal unitary cornmutat.ivo nng 1s romeomorr 
Zariski spectrum of its rcal closure (cf. 13.6.3, p. 534, [DST]); 

. . . B 1 iff . . ,r ann rcgular (2) The Zariski spectrum of a unitary comrnutativn nng 1s oo ean 1 1t 1S von iveum II 
( cf. second paragraph, p. 71, [DST]). 

,an1- Remark 3.17 The charactcrization in 3.16 can, perhaps, be sharpened. To give an ex 
. . .B· 1 b . . ' far fro111 ple [ust considcr the ring of intcgcrs .Z: its rcal spectra 1s oo can, ut 1t 1s very < • 

' • T · 1 I · · t· d · 1 l· i .tion to obtall1 a being von Neumann regu ar. t 1s an intcres .mg - an seernmg y iarr - ques 1 II 
charactcriz:ation in terms of the original ring. 

Theorem 3.18 a) The class of Boolean real sernigroups is closed under arbitrary 
(1) Boolean eiiensions, (2) filtered colimiis; (3) Ptoducis; 

(4) RS-surns; (5) Reduccd products; in particular, ultroproducts. 
b) Lct G .. II be RSs and let J : G ~ H be a surjective RS-morphisrn. If G is a Bool~an R{; 
then the same is irue of H. In particular, the class of Boolean RSs is closed under q110tients 
RS-congruences. 

( v G) be the Proof. a) ( 1) Let X be a Boolean space, G be a Boolean RS and let T = C ./\. , TI 
1 B 111 · Boolean power of G by X, that is, the set of all locally constant G-valucd maps on X. Y i ct 

2.5 in [D;\1P], Tis a real scmigroup, whosc space of RS-characters is X x Xc (with the proc u 
topology) aJJd so T is also a BoolcaJJ f\S. . i 
(2) Since I3oolean R.Ss are Horn-gcomctric axiomatizable, it follows from Prop. 3.2 ii~ [~~,fP 
that the class of Boolean RSs is closcd under arbitrary directcd colimits (or inductivc lnnits)- 
(3) Again. the Horn-geomctric axiomatizabHit.y of Boolem, RSs and a classical result. hy J(i~le~ 
Galvin and Shdah (Thm. 6.2.5', p. 366, [CK]), guarantees that the class of Boolean R 5 
closed under arbitrary products. 

. . . . . , . . .. RS-s11111 (4) Let R = { G( 1. E J} be a 11on-empty fam1ly of Boolean R.Ss. For the dehrnt1on of the . , t!JC 
of R, EBiE/ Gi, wc refcr the reader to Def. 4.2 in [Dl\IP]. If J is finite, then, E9iEJ Gi 15 

111
e 

, . . ssu pr'.,d~ct._ of the C, (Prop. 4.3.(a), [DMPI), a casc alrcady covcrcd by (3). Hcnceforth, we a in(/), 
J 1s mfmzte. Let Fm(J) be the set of all non-empty finite subsets of J; for each F E F define 

c;, = (fLEr ci) x 3, 
with its natural product structure; note that G'j., is a Boolenn RS (by (3)). Further, By Lc~rJl:) 
4.1. (b) of [D MP], if J( c;; J E Fi ll (J), there are J\S-morp hisms ( in fact., pure cm bcddi;

1
;,, 

t1u : GJ< ~ G}; moreover, it is shown in the proof of item (b) of Prop. 4.3 in [Dl\IP],: 
11
. 

EBiE/ Gi is t]1e inductivc limit of the cr, with F E Fin(J), partially ordered under inclus!O 
The desircd conclusion follows from itern (2). 

(5) It is well-known that rednced powers by a filter are inductivc limits of products, nucl t!J,i!. 
this construction prcscrvcs Horn-gcomctric thcorics. d 

b J I l i_s w_c ll-known ( and straight forward to ch cck) tha l posi ti ve \f3 scnt cnccs are prcsc:;:, 
by ~m-iectivc L-morphisms, whcrc L is any first-ordcr Janguagc with equnlity. llcnce'. b) • 
eqmvalencc 111 

1
tern (a) of Theorem 3.6, the desirecl conclusion is immecliately forthcornuig, 
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4 Morphisms of Boolean Real Semigroups 

~ince in this section wc shall be dealing with several real semigroups to easc presentation 
~ d ' ro uce the following 

4·1 Notation If Gi is an RS, K, := cr is its RSG of units, a E Gi, u E I<i, c E 3 and 
µ E: {1, -1}, write 

[a= ct = {T E Xc;;: T(a) = c} and [u = 11.]( = {rr E I<i: CJ(u.) = p}. 
1~.r/i: Xo, ---+ Xg;, T f--), T r I<i, is the homcomorphism in Theorern 3.6.(3) and a E Gi, then, 
;~th the notatiou above and in 3.9, L(a) = [v'a2 = -1]; = T/i[Z(o-2)], i.e., 77-1 [L(a)] = Z(a). 

18 reader should keop in mind that L(ci2) = L(ci) (cf. 3.9.(a)) and , L(a2) = , L(a). 13 

Th Let F: G1 ---+ G2 be an RS-morphism and lct J= F f I<1 : I<1 --+ I<2 (a RSG-rnorphisrn). 
t e map J yields, by composition, a continuous map, f.: Xg2 --+ Xg1, J.(CJ) = CJ o J. We 
8 art With the following 

Lernnia 4 2 L · · · ? TI j ll · ·· · l · ei ei be ulempoteuis m Gi, 1 = 1, -· 1c o ounnq are equiua ent: 

(l) (a) f.(L(e2)) ~ L(e1) and (b) J.(-,L(c2)) ~ -,L(e1); 
(2) 'vc2 = f(Ve1). 

p 
J.~~o~ (l) ~ (2): For CJ E X1,2, supposc CJ(v'c2) = -1, i.e., CJ E [v'e2_ =. -1]; then, (1.(a)) cntc_lils 
(l )- a O J E L(c1) = [Vc1 = -1] and so O'(j(Vc1)) = -1. A similar argumcnt, cmploying 

.(b)) shows that u(Vc
2
) = 1 entails CJ(j'(Vc1)) = 1, and the equality in (2) follows imrnediately. 

(2) '* (l)· F• ·v ·1 ·1·t· ~ or a E .,-;. K,,, we have two possi )J 1 ies: • If . 
a E L(c2), then CJ(Vc2) = -1 = a(f(Ve1)) and so J.(CJ) E L(c1), verifying (1.(a)); (/(ft E -, L(c2), thcn rr(Vc2) = 1 = a(J(v'ei)), and so f.(a) E [Ve1 = l] = -, L(e1), proving 

· ))), as necdcd. E1 

lleniarks 4.3 a) An RS-rnorJ)hisni F : G1 -, G2, givcs risc to two maps: 
• A . , 

R.sc 111orphisrn !F := F r I<1 : I<1 --+ I<2; 
;a~·lntticc morphisrn, hp: Jd(Gi)--+ Jcl(G2), givcn by hF(c) = F(e). To sce hF is indccd a 

icc inorphism note that for idcmpotcnts :r, y in G1, we have, rccalling 1.27, 

._ hi-'(_1: V Y) = hr(:ry) = F(xy) = F(x)F(y) = hr(x) V hp(y); 
~-~/)'YE DJ

1 
(:t:, y), and so hp(:r I\ y) = F(.1: I\ y) E DJ

2 
(F(:r:), F(y)), yiclding hF(x I\ y) = 

. /\ hF(y), 
b) p 
80 

F' may be obtaincd back from the pair ( Jr, hF ): for a E G1, 3.5.(a.2) yiclds a = v'a · a2 and 
(n):::.: JF(Va)F(ri2) = /J.·(Va)liF(a2). BI 

Len1111 4 . . l 'f ·1 . . J r J a ,4 Let. F : c
1 
--+ C,, be an RS-morphism. To si'lnJJ 1 y c:rposi wn, wntc Jo1· F· 

a) ri - i•u1·ca·l , , . ., ( ·) b), c,. c E Id(Cr1), wc have Vl•(c) = J v'c. 
(*) The JJair ( f, hr) salisjics the c011ditions (l.(a)) and (l.(/J)) i.n 4-2, i.e., for all e E Jd(G1), 

(i) f.[L(hF(c))] ~ L(c) and (ii) J.[-, L(hr(c)] ~ , L(c). 
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· · lds by Proof. a) 13y 3.5.(a.3), wc have e E DJ/1, Ve), whcnce F(e) E DJ/1, f(v'e)), which yie ' 
3.5.(c), 4 

(I) v' F(e) E D1<2(l, f(v'e)). 
Let T E Xc2; thcn.. 

• If T(f(v'e)) = 1, relation (I) implios T{v'F(e)) = l; 
• If T E [v' F(e) = 1], thcn, by 3.5.(a.l), T E [F(e) = l], i.c., To F E [e = 1] = [v'e = 1], whcnce 
r(F(v'e)) = T(f(v'e)) = 1. 
Tbus, for all T E X02, T(v' F(c)) = 1 iff T(j(v'e)) = 1; since both V F(e) and f(Ve) E K2, we 
concludo v'F(e) = J(v'e), as desircd. 
Item (b) is in1mediate from (a) and 4.2: just take e2 = F(c) = hr(e). 

Remark 1.5 Lct G1, G2bc HSs, let J: G{ _---+ Gf be an HSG-morph_i~rn m;d \ Id(~1l.~ 
ld ( G2) be a latt1ce rnorphism, such that a pair (J, h) satisfios the conditions 111 ( ) of · . Jds 
Lct :r:, y E Id(G1) and suppose u E L(h(:r)) n L(h(y)) ~ X1,2

• Then, (i) in(*) of 4.4.(b), yie 
u o f E L(x) and a of E L(y) and so a o J E L(;r:) n L(y). f 

This applies to any Boolean combination of L(h(x)), L(h(y)), ernploying (i) and (ii) in (*) ~ 
4.4. (b), and used below witbout comment. 

Definition 4.6 Let c; i = 1, 2 be RSs. A pair ( J, h), uhere J : 1(
1 
---, K2 ~8 an _R~~~ 

motphism and h : Id( G1) -+ Id( G2) is a (bounded) lattice morpliism; is compatiblc if een 
satisjy the conditions in(*) of 4.4.(b). WriteC(G1, G2) for the set of all compaiible paite betW 
G1 and G2. 

II 

By 4.4, every RS-morphism, F : G1 -+ G2 yields a compatiblc pair, while 4.3.(b) s::~:: 
that F rnay be obtaincd back from its compatiblc pair. To cstablish a bijectivc correspon( 
betwcen Honius(G1,G2) and C(G1, G2) it suffices to establish: 

Theorem 4.7 If (f,h) E C(G1,G2)1 the map F(J,h): G
1
-+ G

2
, given by a E Gi ,-.-+ 

f(Va)h(a2) is an RS-rnorphisrn. Morcover-: · 
a) F(J, h) f I<1 = f and F(f, h) f ld(G1) = h; 
b) G = G1 = G2, then F(f, h) = Idc; ijf .f = Iclr,c;x and h = Id

1
d(G)· 

(J h)· Proof. \\'.c first vcrify (a) a~,d (b). Oncc again, t~ simplify prcscntation, writc F 1,o~ ~ J(a') 
Ibr n E l\ 1, F(1L) = J ('vu)u· = J (-u) and so F f l<1 = j; ncxt, if a E G

1
, thcn F(a-) - . (b: 

= (J(v'a
2
))2h(a

2
)2 = h(a2) (recall: f(Va2) E I<2), completing the vcrification of (a). Jtcll1 is clear. 

• . . - -11.111d \ve now turn to the proof that F 1s an RS-morph1sm. Xote t.hat F(l) = 1, F(-1) - 
F(O) = 0. We must show that F preserves products and rcpresentation. 
I. F preserves prodncts. For a= Va · a2 and b= v'b . b2 E G

1
, wc have 5 : 

(i) F(ab) = f(v'(ab))h(a2b2) = f(v'(ab))h(a2 V b2) = f(v'(au))[h(a2) v h(b2)] 
= f(v'(ab))h(a2)h(b2); 

(ii) F(a)F(b) = f(VaVb)h(a2)h(b2) 

: Hccall: if II is a 11nit in a Boolean RS, v'H = u and 1. J(Vc) E J<
2
. 

'' llec:all that for idcrnpotcnts :1:, y, we have :r v 1/ = ;cy. 
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----------···--_.- .. .,-.,, .. ,-~------"--------- 

For T E x02 : 

(l) If T E [h(a2) = OL or T E [h(b2) = 0]2 then the both tcnns in (i) and (ii) are zero, as needed: 

~~Wif T E, [/:(~~) = 1]2_ n [h(b2) = 1]2 = [h(a2b2) = 1]2, then T f I<2 E --, L(~i(a~)) n --, L(h(b2); 
~0111rMt1b1hty cntails r f I<2 o J E--, L(a) n--, L(b) =--, L(ab). The equality 111 (cr) of 3.9.(b) 

ohtams 

r(F(ab)) = r(f('v(ab))) = r(f('va)f('vb)) = r(F(a)F(b)), 
completing the proof of that F preservcs products. 

!!J::. prcservcs reprcsentation. For a, b, c E G1, suppose that a E Dc1; (b, c). Fix T E Xc· ; set CT 1} ,2. 

::::: T f o; and let /1 E X01 be such that 11 f Gf = J o o . 
Wc discuss two cases: 

~ T E [h(o.2) = 0]2 U [h(b2) = 0]2 U [h(c2) = O]z. Since a E Dd1 
(b, c) iff -b E Dd

1 
(-a, c) iff 

t
-c E Dc~

1 
(b, -a), it suffices to discuss the case T E [h(a2) = 0]2, for the othcrs can be sirnilarly 

reated. 

I _So assume r(h(ci2)) = O (and so a- E L(h(a2)), hence, by compatibility, o o f E L(a). \Ve 
c cllln that in this casc 
(#) r(h(b2)) = r(h(c2)). 

· Ir_id:\e_d_, supposc r(h(b2)) = () and 7(h(c2)) = 1 (i.e., o E L(h(b2)) n --, (L(h(c2))). Thcn, com­ 
P,'tt1b1hty yields 

a o J E L(a) n L(b) n --, L(c). 
Sincc I fGx . " ( ) (b) Z(l) ·l- ·1 [n .2 --1] - [ .2 ] • L ,1 = o o J, we get /t(a) E Z a, p E J,\\· 11 c /L E v c - 1 - c = 11, 
'~hence /t(c) =t- O. But then. a E D1, (b, c) implies /L(a) = 0 E n;(o, µ(c)), which is impossible 
s1nc(' ( ) ' C,i ")) ( ( 2)) , , - ~L c # 0. A similar argument shows that r(h(lr = 1 and T h c = 0 to be untenable, 
cstctbhshing (if-). 
If r(h(a2)) = r(h(c2)) = o, then 7(F(a)) = T(F(b)) = ,(F(c)) = 0, and we are donc. 
n ....,Hcncc~orth, assurne T E [h(b2) = 1]2 n [h(c2) = 1]2, whencc, cr E L(h(a

2
)) and a- E -, L(h(b2)) 

L(h(c2)). Ccnnpatibilitv yiclds a o J E L(a) and a- o J E , L(b) n , L(c), lwncc 11 E Z(a) 
filld [ ., ') ] ( F'ro /I E "vb2 = 1]

1 
= [b2 = 1]

1 
and /l E [Vc2 = 1]1 =[c= 1 1. In particular, 11 b), p(c) =f 0. 

(* in° E DcL (b, c), we obtain µ(a)= 0 E D3
1(p(b), /L(c)), and so 

) 11.(c) = -/t(b) =f 0. 
If 
si~;il:r [b_= 1] 1 n [c ~ - :] 1' :3.5. (a. l) yields, 11('vb) .= ! an~l 11(: c)~~ - 1, _(r,ecall: /~(c). =f _o~ a 
tii, .. argument apphcs 111 case ii.(b) = -1 ,rnd 11(c) -· 1, t1nd so ( ) cntc11l.s /l(Vb :7c) -~ l, 
,(;.t 1s, /1 fG(('vc) = a O f('vc) = -/J, fGj"('vb) = -(a- o .f('vb)). Unravclmg notat1ou ywlds 
-,(7~) = -r(/('vb)), a~;d so. (rccall: T(h(b2)) = T(h(c2)) = 1), r(F(a)) = 0 E D)(r(f(v'IJ)), 

( b))), endmg the d1scuss1on of casc ll.l. 
~[h(a2) = 1]

2 
n [h(b2) - 1]

2 
= [h(a2/J2) = 1]2 and T E [h(c2) = l]i. For x E {a, b, c}, 

E(~{;t))= T(f('v;r)). By :t5.(c), wc have 'va E D~
1 
('vb, 'vc) n I<\- Dg1 ('v}>, 'vc) and so f('va) 

s· G2(J(Vb), .f('vc)), bccnuse J is n RSG-rnorphrnrn. Hence, r(l' (a)) E D3 (r(F(b)), r(F(c))). 
l1Jcerisa1·1·t . '" l r· lete II · ' t)l rnry m ,'-CJ,,, t 1c proo 1s comp ' · 

\Vc . - 110w ha\'c 

flropo ,· . 1-· Gx , - J ? 3 
sit1011 4.8 Lct Gi be JJoolcan RSs and lct \i = 7i , 1 - , ~, · 

a) If ( . 
J,h) E C(G1,G2) and (g,k) E C(G21G3), thc11 
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( 1) ( g O .f, k O h ) E c ( G I , G:i) . 
(2) F(gof,ko h) = F(g,k) o F(.f,h). 

b) For an RS-morphism F : G1 ---+ G2, the following are equivalent, 
(1) F i8 an RS-'isonwrphism; 

(2) fp is a RSG-isornorphism and hp: Id(G1)---+ Id(G2) is a lattice isoniorpliism (and ( fr, hp) 
E C(G1,C2)). 

Proof. a) (1) Clearly, it suflices to show that (gof,hok) satisfy conditions (i) and (ii) in(*) 
of Lemma 4A.(h). Note that (go.f). = J. o g •. If e E Id(G1), thcn h(e) E Id(C2) and so 

f.[g.[L(k(h(e)))]] ~· J.[L(h(e)] ~ L(e), 
proving (-i) in (*) of 4.4.(b). The sarne argumcnt will yield (ii) in (*) of 4.4.(b), establishing 
(a.1). Item (a.2) is clear. 

I . ni b) (1) => (2). Clearly, if Fis an RS-isomorphism, then ]F: 1(1---+ 1(2 is an RSG-isomorpiis 
and hp: Id(C1)---+ Id(G2) is a lattice isomorphism. 

(2) => (1). To simplify exposition, write J for fp and h for lir. Let g : !(
2 
--)- K

1 
and k : Id(

1
Gz). 

be the invcrso isornorphisrns of J and h, respectively, Sincc J is a RS-isomorphism, its dua
1 
{\ 

X/{2 ---+ X/{1 is a homeomorphisrn, whose invcrse is g •. Noto that {L(e),-, L(c)} and {L(_1,;e~ 
,L(h(e)} are clopon partitions of X1<1 and Xg2 rcspcctively; but then, because (J, h) satis 
conditions (i) and (ii) in(*) of Lenuna 4.4.(b), we concludo that for all e E Id(C1), 

(I) J~[L(h(e)] = L(e) and J*[-. L(h(c)] = -, L(e). 
r - • '1 d ·o the \:\e now sl_10w_that (g,k! E C(C2, G1). Indced, if c' E Id(C2), thcn k(c') ~ Icl(G_i) au, :f j,) 

first equality m (I) obtains J*[L(h(k(e')))] = L(k(e')), whencc (rccall: g. 1s the mvcr~c. (ii) 
g.[L(k(e'))] = L(h(k(e'))) = L(e') as necded. A similar argument shows that (g, k) satisfiesl cr, 
in(*) of 4.4.(b) and so ( f, k) E C(C2, G1). Since both J, g and h, k are iuvcrscs to onc a110\\JI 
itcms (a.) and yicld (recall: F = F(f, h)), F(g, k) o F = Iclc1i, F o F(g, h) = Iclc

2 
and F 1 ti 

RS-isomorphism, ending the proof. 

5 Quotients of Boolean Real Se1nigroups 

II l t · · R S · · l l f C · Boolc'111 - ere we c rnrac enzc , -quotients m t 1e c ass o Boolean RSs, showing that if 1s a tcd 
RS, any RS-congruence Oll C is deterrnined by a subsemigroup of G G, generatcd by a satura 
subgroup of cx (Theorem 5.5) 7. 

5.1 Notation. a) In this section we fix: 

• A rcal semigroup, C, and let J( := cx be the RSG of units in C (cf. 3.6.(3) ); 
1 • Ar~ RS-congruenc: on C, =, writing C= for the quoticnt RS and 1r: c--)- c= for the nattli)) 

quot1ent RS-morplnsm. Let J{= := G~ be the RSG of units of the Boolean RS c~ (by 3JS.( 
and let )(= be the space of RS-charncters of G=c;. 

b) Let Xc -2+ X1, be the horneomorphisrn T E Xc 1-----t T r J( E x]{ (3.u.(3)). 
c J Let E = kcr( 1r f K), a (proper) sat ura ted su bgrou p of J( ( rccall: r. [ I( is a HS G- morphis!ll ;

1 d) Lct 7:. = {a O 
1r E Xc : a E X=}. Thus, if 1r,. : X== --)- X

0 
is the dual of -rr, induccd · 

compos1t1on, wc have 1{ = w.[X=] s. 

~ Called subspaces in [!\!]. Jl J/. 
~ Com'c!·:cly, _by T})ieor~m Il.3_.s, [I~P3j, a? saturated suhgroup of an llS J/, risc to an RS-congrncncc 0 

In [DI 3], (cf. ll.-.7.(1)), 1r. 1s wntten 7r , whilc 1-{ is somctimes writtcn 1-{= 

26 



e) If 7 E Xc, sct P(r) = {x E G: r(:r) E {O, 1}} = [:r = l]xc U [:r = O]xc := [x~ O]xc· B 

Remarks 5.2 a) By definition (cf. 11.2.1 and 1.1.25, [DP3]), an RS-congruence on G is also a 
proper congruence of the ternary semigroup underlying G, i.e., = is a proper subset of G x G 
and for all x E G, ;r; = -x implies x = 0. In particular, 

(i) n(0), n(l) and n(-1) are pairwise distinct; 

(ii) For a, b, c, d E G, a = b and c = cl · => ac = bd. 
Item (ii) abovo will be frcqucntly uscd below without explicit mention. 

b) By items (ii) and (v) of Proposition II.2.8, [DP3], we have: 
(l) 7-l is a proconstructible subsct of Xc, whencc closcd in Xc (Xc is Boolean). 
(2) For all a, b E G, 

(#) a= b iff For all p E H, p(a) = p(b). 
~ If e, .f E Id(G), it follows straightforwardly from Lemma 3.5.(a.l) (or its itcrn (d)) that 
c === \7 f iff e = f. 

d) Rccall (cf. Notation I.1.4 and Dcfinition I.4.1, [DP3] or Dcfinition 3.1, p. 112, [DPl]) that a 
subset A of G . . 1S. 

• A subsemigroup of G if it is closed under products and contains 1; 
~ ~aturated if for all a, b E G, a, b E A implics D0(a, b) ~ A. Sirnilarly, onc defines when 

18 transversally saturated (or t-saturated), replacing Dc by DJ. 
We also mcntion itcm (2.b) of Proposition 1.4.G, [DP3], namely: 

Fact 5 3 If 1 d d · · · l 1 1 d 
8 

• A is a subset. of G, closed unc er pto ucis an conta111111g , t ien i 1e saturate 
ubsemigroup gcnenit:ed by A, [A], is givcn by 

[A] = LJ {Dc;(<f'): <p is a n-form with cocfficicnt:s in A, n 2: 1}. D 

c) ~f n ~ 1 is an iutcgcr writc n( 1) for the n-form whose entrics are all equal to 1. It follows 
eus1l . f' ' · Y rom (D) in 1.17 aud 1.20.(c) that D:3(n(l)) = {O, l}. I! 

:Prop ·t· . . . G Os1 1011 5.4 With nofotwn as abovc, and for a, b E 
a) (L :::: b . . . 2 '1 
- <=} (i) va = vb and (11) <L = b-. 

b J lfu E J( l 2 - l and tl = a, thcn lL = va a.nc. (L = . 
~; ~J w E K"=, thcn t11e1·e is v E J( so tlwt n(v) = w. In particular, 7i I I< J{ -~ I<""' 1s 

· Lr:Jectivc. Morcovcr, for u. v E J<. u = v if] uu E I: (cf. S.1.(c)). 
d) . ' 

· lfc E ld(G=), there is x E Id(G) so that 7r(.1:) = e. 

~~~of. n) Since for all :z: E G, :c = 'V:z; . :r2 (3.5.(a.2)), only th: im!ili_cntion,
1
=> n;cc~s proof. 

1'~8\1'.1le (~ = b; thcn, termwisc mulliplication of this relation _l_>Y 1tse~f y1elds a- = b-, 1.e., (ii). 
( estabhsh ('i), fix Jl E 1{, thcn a= b,(#) in 5.2.(b.2) and (u) cntml 
I) JJ(o) = p(va)p(a2) = p(b) = p(vb)p(b2) = p(vb)p(a

2
). 

lf ( ') ""P n) = 0 = p(li), J) E Z(a) n Z(b) and so 3.5.(n.1) yiclds ~;(va) ~ p(~b) = ~l. If, p(a.2) 
5 
/(b-) === 1, then (I) entails p(a) = p('Va) = p(b) = p(vb). Srnce p 1s arb1trary m 1{, (#) in 

· ,(b.2) obtains \lu = 'Vb. ns 11ecded. 
Itein (b) is imrncdiatc from (a), rccalling tlwt for nll u E J(, \lu = u. 
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' · G · t] t ( ) , Tl , (a)2 - =(a2) - w2 - 1 and so c) Let ·u, E J<,.=; therr, there 1s a E so . ia 7f a = w. rns, 7f - 11 . - - . , • . c 
a2 = 1. Thus, a = v'ci . a2 = Va E K, entailing 7r("va) = w. For the second staternent 111 ( ), 
since u, v E K, we have 7r(u) = 7r(v) E K=. Thus, 

u = v iIT 7r(u) = 7r(v) iff 7r(uv) = 1 iff uu E ker(7f f I<) = I:. 
d) If e E Id(G=), there is :c E G so that 7r(x) = e. But then, 1r(:r)2 = 7r(x2) = c2, as needed. II 

The main result in this scction is the following 

Theorcm 5.5 With notation as in items (c) and (d) of 5.li let 6.(E) be the saiuraied subserni· 
qroup generatecl E in G. Now clefine, 

{ ::(l:) {T E Xc;: E ~ ker(T f K)}; 
{T E X0: 6.(E) ~ P(T)}. 

Then, 

a) For all a, b E G, a= b => For cach T E Hr,, T(a) = T(b). 
. d ce the b) 1-l = 1-lr, = 1-lt:.(E)· In partir:11,lar·, all of the thcse tlirec seis of RS-characters in u · 

cotujruence = on G. 

c) The map 1r : I</'E,--+ !{=• given by 1r (u/"E,) = 7r(u) is a RSG-isornorphisrn. 
d) (1) For all c, e' E (Id(G), 

(*) c= e' iff 7r(e) = 7r(e') iff "ve · v'c' E I:. . 
(2) The tesiriciion of = to Id( G) is a lattice conoruence and 1r [Id] G) : Id( G) --t Id( G"°) 15 

the natural quotient map. 

Proof. a) For a, b E G, suppose a= b; then 5.4.(a) entails (i) '9a = '9b and (ii) a2 = Ii. F~~rn (iJ 
and 5.4.(c) we obtain v« · "vb E "E, and so T(v'a) = T(v'/J) (recall: I: ~ ker(T I K). Now (ii) .~11 

5.4 yield v'a
2 = V/J2, that just as above yiolds T(V(a2)) = T(v'(b2)). Since Tis a RS-morphlt~ 

4.4.(a) cntails v'T(a2) = T(v'(a2)) = T(v'(l>2)) = VT(/J2), and so T(a2) = T(b2) (by 5.2.(c)). ti 
then, 

as ncecled. 

b) vVe first verif:y _tirnt 1{ = 1{:. If ~ E 1-l, the n since J( = _ker( 71" I :<)' it is clear that z:: _c; ~I I~) 
irnd 1-l ~ Hr,. For the reversc mclus1on, :::;uppose T E H,:,; smce = 1s an RS-congruence, itcr ( 

1 implics tliat there is a unique RS-rnorphism, cr : G= ~ 3 (i.c., cr E x=) making the diagr<1J1 
bclow left cornmutative: 

!(c= 

'.'nd so T = cr o 7f. E H, cstablishing that 1{ = Hy.:,. If ''i E 1{ ''('') s~ice "E, c ~~, then :B ~ P .. ( 1
1
c); I l 1 t u "-' ' - ·~' ,1 \1 I rnt t 1~'.11,.:J~cm~se E_con~ists of units, wc oh_tain "E, ~ ker('Y I K), showing 1{~(>:.) ~ 1-l~- .. ,~,~ j11 · 

JJ E 1-l, \\C alrec1d~ know that E ~ ker(p f J,:, .. ). If a E 6.,:, (the subsernigroup generated b) nJJd 
G), by 5.3, there 1s a n-fonn 'P ovcr I: (n ~ 1) so that a E DG(tp), Hence, JJ( a) E D3(n ( 1)) ' so by 5.2.(d), p(a) E {O, l}, whence p E H~(E)· T1wrefore, 

H ~ Ht:.(r.J ~ H,:,, 

3 
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~ na 

and the first part of the proof ostablishcs the dcsired equality, 

c l L_et q : K ~ I< /E be the natural RSG quoticnt morphism and let 1r f I< : I( -t J(= be 
~. e mduccd RSG morphism, which is surjective by 5.4.(c). Since the maps q and 7f f J{ hav; the 
:c~t~/<ffnel (namel:>'. I;), and q is an ~SG-Juoti:_nt morphism, ther: is, by P~·oposition 2.21.(b), 
, . , [Dl\Il], a uruque RSG-morpl11sm, 7f : A/!::. -r J{=, making the diagram above right 
coinrnutative. To show n is a RSG-isomorphism, we prove that 1r r I< is requliir (Definition 2.22, 
~- 43, [DMl]). Since = is the equivalcncc relation corresponding to a subspace (by item (b)), we 
ttoy the characterization of D1 in the quoticnt G=, appearing in Theorem II.3.8.(c) of [DP3]. i~: tu E K, i= 1, 2, 3 and assumc 1r(u1) E D1<cJ1r(u2), 1r(u3)) = DJJ1r(u2), 1r(u:1)) n K=. By 
ni (c) in Theorern II.3.8, [DP3], - 

(I) {:l .7:i E G, i = 1, 2, 3, so that (1) x, = u} = 1; and 
(2) 111:r:1 E Dc1(uz;Cz, u3:c3). 

The; (1.1) yields iu«, = tu, whence 'v(ui:ci) = 'vui = tu, while (I.2) and 3.5.(c) imply v'(u1x1) 
E Do(''v(u2:r:2), 'v(u3x3)). Hence, setting u~ = 'v(uixi) E I<, i= 1, 2, 3, obtains 

' E D 1 ( 1 ') n J·' D ( ' ') ··ti · ' - ( · - 1 2 3) 111 G llz, U;3 \ = J{ Uz, 113 , \\1 l l/.i = 'Ui 1. - ' ' , 

:stablishing the regularity of 1r t K. Bv Proposition 2.22, p. 43, in [Dlvll], w is an RSG- 
1s01. ·' • norphism, as needed. 
~) 

1
(l) The first cquivaleucc in is clcar; for the sccond, e = e' entails, by 5.4.(a)i 've = v«, 

~llc ~0. sincc thcse tcrrns are units, 5A.(c) obtains 'vc · 've' E I:;. For the converse, if this latter 

5
~t1t~n is_ satisficd thcn, rccalling 4.4.(a), we get 'v1r(e) = 1r('ve) = 11('ve1

) = 'v1r(c'), and so 
.( ) 1mplws 1r(e) =: 1r(e'), as 11ecded. 

ny 4·3-(a), the RS-morphism 1r yields a lattice morphism, Id(C) ~t Id(G~), given by e E Id(C) 
½ hrr(e) = 1r(e) E Id(G=), that by itcm (d) is surjective. I3y (*) in item (d.1), 

e = e' iff hrr(c) = 1r(c) = 1r(e1
) = hrr(e'), 

and so ti · f l· l · · · l · · /· 91 · c . : ic restnction of= to Id(C) is equal to the kernel o t 1e att1ce morp 11srn 1,r , a att1ce 
.ongruencc, whosc natural quotient projection is 1r f Id(G): Id(G) ---t Id(G=) 

10
- II 

ll R;~~rks 5.6 a) With 11otation as in 5.1, by Theorem 5.5, any RS-congruence on a Boolcan 
In /s m~uccd by a subspacc of Xc; of a special kind: notc that H"B = n {[u = 1].\G : u E I:;}. 
ti act, items (c) and (d.1) of 5.5 show that such an RS-congrucnce is essentially dctermined by 
1e s·:tt b '' urated suhgroup I: of K. tl~}f ~ is a Boolean algehra, any non-cmpty closed set, C, of the St~ne spac: of B: ~(B), is of 

of· form descrilwd in itcm (a). Indecd, if U = S(B) \ C, theu there 1s a family of fimte subsets t1it' C ={J ~ B: J is finitc}, so that U = U1EC n,EJ [u = l]. For J E c, sct 1lj = /\uEJ u; 
ll, [uJ:::: 1] = nuEJ [ll = l], whcnce U = U1EC [11.1 = 1] and so C= n1EC [-uj = 1]. 
In particular if p - C( 1 3) is ,1 Post algebrn of order 3 and B is the I3oolean algcbra of llttits . - , . - .· ' ' . - sub,, 111 P~ tlwu X

1
, is naturally horncomorphic to S(B) and so any closcd subset of Xp is a 

Sl)rtce of the ki11d clcscribcd in (a). ~(i It. is_not clcar that every closccl subsct of the space of ordcrs of a Boolcan RS is a subspncc, 
rr- P<lrticular of the fonn describcd in item (a). In foct, .this is not clcar cven for reduccd special 
c,tonps. m 

\J kcr(I ) } 
10 I . 11r = {(.r. lJ) E /d(G) x !d(G) : h,r(,r) = hrr(Y) · 

t 18 not t ruc, in gcncrnl, tliat t hc congrnencc of distributivc latticcs are giYen by either filtcrs or idcals. 
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