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To Paulo Veloso, dear friend and colleague of the first author.

. The first four sections of this paper will appear in [MR], but we thought it adequate that the
ull version be submitted to the annals of DDGS, including, in section 5, an exposition of the
duotients of Boolean Real Semigroups.

- Paulo Veloso is not amongst us anymore, having passed away in the ides of November, 2020.
1e first author has lost a cherished friend and we have lost a distinguished intellectual, logician
and computer scientist.

Our purpose here is fourfold: firstly to give, cmploying the languages of special groups (SG)
and r.oal semigroups (RS), new, oftentimes conceptually different and clearer, proofs of the char-
acterization of RSs whose space of characters is Boolean in the natural Harrison (or spectral)
FOPO]Ogy, originally appearing in section 7.6 and 8.9 of [M], therein named zero-dimensional
abstract real spectra and here called Boolean Real Semigroups. Sccondly, to give a natural

O™-geometric axiomatization of Boolean RSs (in the language of RSs) and establish the clo-
Sure of this class by certain important constructions: Boolean powers, arbitrary filtered colimits,
P}'Oducts, reduced products and RS-sums and by surjective RS-morphisms (in particular, quo-
mQ“tS). Thirdly, to characterize morphisms between Boolecan RSs and fourthly, to present a
r:“th@r complete account of the quotients of these structures. Hence, the present paper con-
Slderably extends the original work by which it was motivated, namely the references in [M]
Mentioned ahove,

o é}ocall that if G is an RS, G* = {u € G: u?=u}isthe pre—.reduccd special group of units
rand Id(G) = {e € G: ¢ = e} is the distributive lattice of idempotents in G.

In section 1 we recall, for the benefit of the reader, the basic properties of reduced special
8roups (RSG) and real semigroups. Section 2 discusses the factorization of a reduced special
BIoup intg » direct product. Section 3 presents our account of the characterization of Boolean

Ss, showing in particular that G* is a RSG. The third paragraph at the beginning of section

Xplains the differences between our approach and that in {M]. In section 4 we show that if
isé, Gy fll‘.e Boolean RSs, there is a natural bijective corrcsgondence, preserving composition {md

réorphlsm, between Homps(Gi,G2) and compatible pairs ( f, ), where f Gf — Gy isa
In ge‘n?()rphism and  : 1d(Gy) — 1d(G2) is a bounded laFtlce morphism (cf. Definition 4.6).

Section 5, we characterize quotients of Boolean Real Semigroups.

o For {16 notions of geometric and Horn-geometric formulas and theories in a first-order lan-
13 . . . g
8¢ With equality we refer to reader to section 2 of Chapter 1 in [DAI2].
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If K is reduced, then X is not empty, being called the space of orders of K. It carries
a natural Boolean space topology, having as a sub-basis

{[t=1]: 2 € K}, where [z =1] = {0 € Xk: o(z) =1}.
Note that [-y =1] = [y = 1], for all y € K.

c) If Ky L} Ky is SG-morphism and ¥, ¥ are forms of the same dimension on Ky, then ¥ EKHI
¥ implies f % ¥ =g, f * ¥, where, for 0 = (a1,...,a,) € K, f+0= (f(ay),..., flas)):

1.7 Pfister’s local-global principle. If K is a RSG, ¥ = (ay,...,a,) is a form over K and |

o € Xk, the signature of ¥ at o, is defined by sgny(¥) = 3°¢_, o(ax) (sum in Z). A very
important result is the following (cf. Prop. 3.7, [DM1])

Theorem 1.8 (Pfister’s local-global principle) Let K be a RSG and let ©, Y be forms of the
same dimension over K. Then,

e=x ¥ iff Yoe X, sgng(¥) = sgng (V). .

1.9 Duality.  We shall not describe the theory of Abstract Order Spaces (AOS), referring

the reader to [M]. We recall Thm. 3.19 in [DM1], cstablishing a natural duality betwee” |
the categories of Reduced Special Groups and Abstract Order Spaces, allowing the tmnsferoH

certain results between these categories.

If K is a RSG, then Dg(1, b) is a subgroup of X and the relation g Dy(1,b)isa Partial
order (a < b). It is proven in Prop. 1.2 of [DMM] that this idea leads to an first-ord®”
axiomatization of the theory reduced SGs, that will be very uscful in what follows:

Proposition 1.10 A structure (K,-, <, 1, -1 ) for the first-order language {-, 1, -1, <}, where |

- s a binary operation, X is a binary relation, and 1, —1 are constants, is a reduced special grow?

iff it satisfies the following set of azioms:

RO} (I, 1) is a group of exponent two, with 1 # —1.

[R 1] (Partial order): = is partial order on K, with first element 1 and last clement —1.
[R 2] (Involution): Foralla,be K, a<b = —b < —a.

(R 3] (Subgroup): Forallb € K, {x :

& =X b} is a subgroup of K, that is, x, y < b impli
<b.

50

[R 4] (Weak Compatibility): For alla, b, ¢, d € K, a2bandbd < cd imply €€ K g

that e < d and ae < ce.

Remarks 1.11 a) By 1.5.(a), every RSG satisfics axiom [R 4].
b) In the case of 2 RSG, K, the transitivity of a € Dy,
being saturated (which may fail if K is not reduced)

c) Given a structure, (X, -, %,1,~1), satisfying the conditions in 1.10, binary isometry m&Y g
obtained, as suggested by Lemma, 1.4.(a), by (a,b) = (e, d) iff ab = cd and ac = cd-

1.12 Saturated Subgroups.

e | M
' This theme is discussed In some detail in Chapter 2 of [P!
Here we register, for the conve

. G
nience of the reader, only the most basic facts. Let K be @ RS

. 4
- Asubgroup, A, of K is saturated if o ¢ A implies Dy(1, a) C A. By 1.6.(b), the lwrllld
of any SG-character is a saturated subgroup of K. If -1 ¢ A, we_ say A is impropeh ?

4

, . up
(1, b) is tantamount to this subgr

bel
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Proper otherwise (i.c., A # K). Clearly, the intersection and union of a upwards directed family
of saturated subgroups is saturated.

8) (Lemma 2.4.(b), [DM1]) A subgroup A of K is saturated iff for all Pfister forms P with
coefficients in A, Dg(P) C A.

b)IE P is a Pfister form over K, the Dy (P) is a saturated subgroup of K.
Cor. 2.29 and Thm. 2.11 in [DM1] yield the following important

Theorem 1.13 (Separation) Let K be a RSG, let A be a saturated subgroup of K and let a
be an, element of G such that a &€ A. Then, there is o € X so that A C ker o and o(a) = —1.
In particular, fora, b € K, b € D(1,a) iff for allo € Xg, o(a) =1 entails o(b) = 1. 5}

¢) Let § C K and write 5(3) for the saturated subgroup of K gencrated by S, called the
Saturation of § (in [DM1] this is written 5). The Separation Theorem 1.13 and item (a) yield
5(8) = N{kero: o€ Xy and S C ker o}
= U {Dx(@qer (1,a) : F is a finite subset of S}.
d) Saturated subgroups of a RSG K classify all RSG-quotients of K (cf. Prop. 2.28, [DM1]). If
Aig saturated subgroup of K, write I{/ & = {a/A : a € K} for the quotient RSG and pa :
K— K /A, for the canonical projection. Note that a/A = {r € K : az € A}. Def. 2.27 and
fOp. 2.28 in [DM1] show that for a, b, ¢, d € K, the following are equivalent:
W {0/a, b/a) =gy /8, d/D);
(i) There are d,V, ¢, d € K so that ad, bV, cc, dd' € A and (', )= (c,d);
(711) There is a Phister form P over A so that (a,b) ® P =x (¢, d) ® P.
¢) Recall that a subspace of Xy (in the sense of Abstract Order Spaces (AOS)) 15 a subset of
the fory, ﬂiel la; = 1], a; € K, i € I (cf. Definition in section 2.4, p. 32 of [M]). Write Sub(.&;)
or the family of subspaces of X and Sat(K) for the set of saturated subgroups of K. Consider
the maps:
¥ : Sub(Xg) — Sat(){) and S : Sat(K) — Sub(Xg),
Where Z(X) = N,ey ker o and S(A) = Neea la= 1].
The Separation Theorem 1.13 guarantees £ and S to be inverse, order reversing, bijective cor-
"®pondences between Sub(Xj) and Sat(K). !

B. Real Semigroups

Definitioy 1.14 (Def. 1.1, [DP1]) A ternary semigroup (TS) is astructure § = (5,1,0, -1, ),
Such that v o €S-
. ) 5 P ST

[TSU Sisq commutative semigroup with unit 1; (T 52} «* =,
s3] _; A1 and (=1)(=1) = 1; TSd) & - 0 = 0;
HSE’] T=(-1).2 = x=0.

Tite —q for (1) -z A TS-morphism is a map Preserving product and the constants 0, 1,
~L Note that forallz € 8, at =a?,

D@ﬁnition 1.15 q) (Def. 2.1, [DP1)) 4 real semigroup (RS) is a ternary semigroup G, to-
ether wiy, 4 ternary relation D on G, lo be wrilten @ € D(b,c), called binary representation,

and 4, . { I
Lwit), transversal binary representation, DY, defined by

5
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[t-rep] a€ Db, c) & a€ Db, c)and —=b € D(~a, ¢) and —c € D(b, —a),

satisfying, for alla, b, d, e € G:

[RS 0] ¢ € D(a,b) & c¢ € D(ba); [RS1] a € D(a,b);

[RS 2] a€ D) = ade D(dbdc); ik

[RS 3] (Strong associativity) a € D¢(b,c) and ¢ € D¥(d,¢) = Jz € Di(b,d) s.t. a € D%,

[RS 4] e € D(c*a,d*) = e € D{a,b);

RS 5] ad =bd, ae =be and ¢ € D(d,e) = ac = be;

RS 6] ce D(a,b) = c & DYca,c);

[RS 7] (Reduction) D*(a,—b) N D'b,—a) #0 = a =b.

[RS 8] a€ D(bc) = a*e Db ). N

b) Representation and transversal representation (t-representation) are extended, by inducttoh

to forms of dimensionn > 3: if ¥ = (ay,...,a,) is a form over a real semigroup, G, andx €Y1
v € Dg(®) & 3ue Dolag,...,an) s t. o e De(ay, u).

Similarly, for D3(¥): = € DL(¥) < Jue Di(ay,...,an) s t. x € Di{ar,w).

of
¢) Write Lps = (-,1,0,=1,D) for the first-order language of real semigroups; a stmctumf

this language satisfying all the axioms in (a), with the possible exception of [R.SB], is call
pre-Real Semigroup (pRS).

d) If G is a pRS, write G* ={ue G : u? = 1} for the group of units in G.

Remark 1.16 If G is a pRS, Prop, 1.2.10 in [DP3] establist
(1) G is a RS (i, satisfies axiom [RS3])
(2) ‘[R,S 3]: Foralla, b, ¢ deG,

: : ¢!
1es the following equivalenc

)

Di(a, b) N Di(e,d) #0 = Di(a, —c) N DA(=b, d) # 0. P
The proof for RSs is entirely analogous to that of Lemma 1.5.

Remark 1.17 The ternary semigroup 3 = {1, 0,

. er5)
—1} (with product induced by the intes™”
has a unique

structure of RS, with representation and t-representation given by (cf. Cor: 2%

109, [DP1)):

Dy(0,0) = {0};  Dy(0, 1) = Dy(1, 0) = Ds(1, 1) = {0, 1};
(D) DS(Oa —1) - DS(“L 0) = DB('_L —1) = {0’ _1};

Dy(1, —1) = Dy(~1,1) = 3.

Di(0,0)={0};  DX0,1) = D{(1,0) = DX1, 1) = {1}
(DY) £§(0,~1)=:E§(—1,0):=E§(—1,—1)=:{—1h

D{(1,~1) = D{(~1,1) = 3,

"
s ) gt ¥
Deﬁmt]op 118 o) Amap f: G — H, where G, H are pRSs, is ¢ RS-morphisi? if! ot
T'S-morphism preserving representation (or cquivalently, t-representation), i.e., for all @ ’Dt],
G, a € Dbc) = f(a) € D(f(b), f(c)) (

or the corresponding statement with D replaced ¥ y
b) If G is a pRS, write X¢ for the se

acl,
t of RS-morphisms from G 1o 3, called the sp P ])'
characters of G. For g9€Gandje3

- {0: 1; _'1}, set ug :]I] = {o’ c X(; ; U(g)



‘ Some of the basic consequences of the axioms concerning forms over a RS appear in Propo-
Sitions 2.3 (p. 107) and 2.7 (p. 110) of [DP1}; to case presentation and reference, we register
the Lemma and the Proposition that follow, giving proofs only for those items not established
?n the above mentioned references. These basic properties of representation and t-representation
0 RSs, will be used frequently, sometimes without explicit mention.

Lemma 1,19 Let G be a pRS. For alla, b, ¢, d € G, we have
0) DYa,b) = D'@,0) C Dla,b);

1) ae Di(b,c) = —be D -a,c).
@ oe D(a,b);
®) ae Db, ¢) = ade DY, cd);
@) ae Do, 1) UD(1,1) = a=ad4 (5) d € D(ca, cb) = d =
6) a2 ¢ D(1, b); in particular, D(1,1) =1d(G) ={e € G:a= a®};
M aeD,b) = a=1 (8)a € D(0,0) = a=0; (9) 1 € DY(1, a);
(10) D, -1) = G (11) ab € D(1, —a®);
(12) 0 ¢ D‘(a., b) = a=-b (12.2) a€ Db, 0) = a=b
(13) ce D(a,b) « c¢e Dc%, c). In particular,
(13.a) D and D! are interdefinable; (13.b) D(a, b) N G* = DYa, b) N G*.
(14) D(a, —a) = D'a,—a) = a*-G.
(14a) 0e D' a,b) & b=—q (14b) a€ D'}, 0) € a=b

(15) {a, —a} C Db, ¢) = c=-—b

Prc?of. Item (0) follows immediately from the [RS 0] and the definition of D". (cf. [t-rep] in
DCf}nition 1.15). Items (1) — (12) arc proven in Proposition 2.3, pp. 107-108, m'[D.P_l], upon
loting that the arguments given therein do not employ axiom [RS 3] (strong associativity). For
2.), note that its hypothesis entails 0 € D*(—a, b) and so (12) yields a = b.
(18) The implication (=) follows immediately from [RS 6] in 1.15; for the converse, item (0) and
IRS 4in1.15 yield ¢ € DY(c?a, ¢%b) C D{ca, ¢*b), and so ¢ € D(a, ), as nceded. The statement
M (13.0) is clear, while if ¢ € G*, then (13) guarantees that ¢ € D(a, b) iff ce€ D*a,b).
(14) Given g ¢ G, by item (9) we have 1 € D(1, —az), and so (3) entails @ € D'(a, —a%x),
Vhence, from, (1) we obtain az € D(a, —a), showing that a* - G C D¥(a, )—a) Now, from
T € D(q, ~a) = D(a -1, a- (=1)), (5) yiclds & = a’z, whence D(a, —a) € a* - G. But theon,
Rem (0) and the preceding argument imply @2.G C DYa —a) © D(a,—-a) C o
) Ostablishing (14). Notice that (14) guarantees that 0 € Di(x, —z) for all z € G. But then,
1), (14.b) and are direct consequences of (1) together with of (14), (12), and (14), (12.a),
reSpCCtiVOly‘
5115) By 3), ~a e D(b, ¢) entails a € D*(=b, —c)and so a € D*(h, =(=¢)) N D'(=¢, =b); from
: X’ ? " )
lom [RS 7] (reduction) we obtain ¢ = —b. o

Proposition 1.20 Let H be a RS, ¥ = (21, ... .xn), ¥ be forms over H and leta, b, c € H.
?}{OIS)PH(P) .(md DI (%) do ot depend on e ()rdchOf ,’;’W entries, t.e, for any permutation o of
) (1) entries, Dy (¥) = Dy(¥7) and D]I,(Sp) = DH(LPL)' ‘ LY.

@€ Dy(¢) = ace Dy(cwr) and a € 1)”(99) = ac € D”(c P);
(2) ¢ €Dy(ew) = ¢ = ac?;



(3) a € Du(¥) = a € D}(a’?). In particular, Dy (¢) N H* = D/(®)y N H*.

¢)a € DoY) & there areb € Dy(¥), ¢ € Dy(¥) so that a € Dy(b,c).

A similar statement holds replacing Dy by D}tl.

d) If a is an entry in ¥, then a € Dy (¥).

¢)a € Dy(®) andb € Dy(¥) = abe Dy(P@Y). A similar statement holds for DI‘I.

Vo R ey nemeet e el N

Tor > 1, Dib,...,b) = {b}.
f) Forbe Gandn>1, D ) = {b}
nx
g) Djy((1,a*) @) = D;(¥).
J)IfH Ly H' is a RS-morphism (cf. 1.18.(a)), thena € Dy(¥) = f(a) € Dyp(f »¥), wher
[*9 ={(flz1),..., f(zn)). Similarly, replacing Dy by D}‘].
h) (1) a € Dy(¥) = a € Dy(Pa¥); (2)aeDi(¢)=ac D!(a*¢ @ a2y).

. g
Proof. See Prop. 2.7, pp. 110 — 112 in [DP1]. ‘

¢
Remark 1.21 If G is a real semigroup, Theorems 4.3 and 4.4. (p. 116) of [DP1] guara?an
that its space of RS-characters, X¢, separates points in G. Morcover, the represental)

. . .. . . L . . ¢
relations induced by X¢ in G coincide with the original ones carried by G, i.c., for all @, b,
-G, we have the following equivalences:

[D¢] a € Db, c) & VoeXg ola) € Dslo(b), olc)), p
(D] a€Dibc) & VoeXg ol)e D/l (o (b), o(c)).

1.22 Topologies on Xg. If G is a RS, the collection {log=1]: g € G} (cf. 1-18'(1)))

. . - 1d
constitutes sub-basis for a (completely normal or root system, cf. [DST], p. 290) SI)ethe
topology on X¢. For the constructible topology on X¢, with which X is a Boolean spaces ™

|
have: \

Fact 1.23 Let G bea RS and let a, b, c € G.
a) (Cor. 111.7.3, [DP3} and Prop. 6.1.5, [M]) There is
€ Di(a?b?). Morcover, [z =0] =a=0]N b= 0].

b) The sets of the form [b = 0] N MNi=1 lax = 1], for q,,
constructible (or patch) topology on X.

2 and? |
a unique z € G, such that z = 2 ?

—
--.yan, b € G constitute a basis for g

. ep
Hence, the spectral topology on Xg is Boolean iff for all z € G, the closed set [z = 0] s clop g
in the spectral topology of X.

1.24 Duality. By Thm. 4.1 in [DP1] (cf. also Thm. I
isomorphic to ARS?, where ARS is the category of
Marshall. Note that the category RS is
Clearly, this duality al

W RS
51, [DP2)), the catogory By
abstract real spectra in the sense ot
Horn—gcometrically axiomatizable, while ARS B |

lows the transfer of statements between these categories.

ol M d ‘
1.25 The group of units of a RS. Let ¢ be a RS and let G* be its group of units (1'15'( )
For any a, b € G, 1.19.(13.b) entails Di(a,b) N G* = Dg(a, b) N G*.

Define a binary relation on G bya=b iff ae Dg(1 b) = DL(1, )
) G }



Lemma 1.26 (cf. 1.2.11, [DP3]) Notation as above, the structure (G*,X,1,-1) satisfies the
azioms [R 0], [R 1], [R 2] and [R3] in the statement of Proposition 1.10. In particular, G* is a
pSG.

Proof, Clearly G* is a group of exponent 2 ([R 0}). To show = is a partial order ([R 1}), if a
€ G*, then ¢ < a follows from axiom [RS 1] and, as observed above, Dg N G* = Df NnG*. If
@€ Dg (1, b) and b € Dg(1, a), then, 1.19.(1) entails —1 € Di(=a, b) N D}(~b, a) and the
reduction axiom [RS 7] of RSs implies a = b. For the transitivity of X, let a € Di(1, b) and
l{i}%;) (;i,oi)l, By_a,xiom RS 3], thcrf is 2 € G such that z € D(g(l, 1) and a € Dé(z, ¢). Now,
lds 2 = 1, whence, a € D4(1, c).
Axiom [RS 1] yields 1 € Dg(1, @), i.¢, 1 = a, while 1.19.(10) gives D4(1, —1) = G and so a
i:l, for all @ € G*. Axiom [R 3] in 1.10 1s immediate from 1,19.(1): a € D(;(b, c) = —-b¢€
s(~a, c).
tIt remains to establish [R 3): fora € G*, {z € G*:z=<a}isa sungroup c;f G*. Ify, z €
D, a), then 1.20.(c) entails, xy € D(E((l,a) ® (1,a)) = DS (1, a,0,a )= D:(1, 1, a, a)..By
120.(c), there are ¢ € D}(1,1) and = € Di(a, a) so that ay € DA(L, z). As above , we obtain ¢
=land and 5 = q. © i

When treating Boolean RSs we shall use Proposition 1.10 to show that their group of units is. a
SG. By 1.26 it suffices to verify the weak associativity axiom ([R 4]) associated to the partial
Order < defined above.

1.27 Idempotents in Real Semigroups. Let G bea RS and let 1d(G) = {a € G : @? = a}
=G be the sot of idempotents in G; for f, g € 1d(G) define f<giff fg =g Then, <isa
Partial order, endowing 1d(G) with a distributive lattice structure, wherein

f A g = the unique clement in D(f, g) (cf. 1.23.(a)) and fVg= fg,
10s¢ hot{om clement is 1 and top clement is 0 (Prop. 1.6.8, IDP3]). Note: Fhis is .the opposite
of the usual lattice structure associated to idempotents in a commutative unitary mng.

wl

2 Direct Sum Decompositions of Reduced Special Groups

In thig section, K is a reduced special groups notation is as in 1.12.

Definition 2.1 Let K be a RSG. A saturated subgroup of K, A, is a direct sum subgroup

" S8) of K if there is a saturated subgroup, A*, such that the natural 7"'0,17 Ta : KL—*
{\/A X K/A*, given by a — (a/D, (L/A‘L) is a RSG-isomorplism, where ‘[\ JA x K/A™ has
’té‘. canonical product structure. I and Dic(1, 1) = {1} are both also considered as DSS, the
fivial DSg (although K /K = {1} is not a RSG).

Rihlark 2.2 Notation as 2.1, A is a DES i At is a DSS; since v, Is Injective, we get A ;
={1} (val@)=(,1)ifzeldN Atiff ¢ =1).

Here iy an improved special group version of Lemma 8.9.1 in [M]:

PrODosition 2.3 For o saturated subgroup A of I¥, the following are cquivalent:

(1)
(2)

Aisq direct sumn subgroup of IS;

There 1 a € I so that:



(i) A = Dg(1,a) (and A+ = D(1, -a));
(i) For allb € I, there is c € I so that (1,b) ® (1,a) =¢ (1,1) ® (1,c).

Proof. Notation is as in 2.1 and 2.2. To case presentation, write D(, -) for Dg(-, -) and T for
K/A x K/A*L

(1) = (2) : Since 7y, is a RSG-isomorphism, there is a € K so that Yala)=(1,-1)inT. Hen.c(?,
a€Aandso D(1,a) CA. Ifze A, then y,(z) = (1, ;v/AL); since isometry and representatiol
in T" are coordinatewise defined, we get yA () € Dyp((1,1), (1, =1)) = Dy (va(1), 7a(a)), whence
z € D(1, a), establishing 2.(¢). Note that y,(—a) = (-1, 1) € T and reasoning as above obtains
At = D(1, —a). For 2.(4i), if b € K, there ¢ € K such that Yale) = (b/A, —=1) € T. Thus,

(*) cbe A=D(1,a) and —c € D(1, —a).

Toshow (1,a) ® (1,0) = (1,a,b,ab) = 2(1,¢) = (1,1,¢,¢), we compare signatures (Pfister
local-global principle for RSGs, 1.8): if ¢(a) = 1, then the first relation in (*) yields o(cb) =
and so o(b) = o(c), which in turn entails the cquahty of the signatures of (1,a) ® (1,b) an

2(1,¢) at 0; if o(~a) = 1, the sccond relation in (¥) yields o(c) = —1 and the signatures ©
(1,a) ® (1,0) and 2(1,¢) at ¢ are both 0, establishing (1) = (2).

(2) = (1) : Since D(1, a) N D(I, —a) = {1}, it is clear that v, : K — T is ianCt'iIVe
(cf. 2.2.(a)) and a RSG- morphlsm To show it is an embedding, assume, for x, y €
vale) € Dr((1,1), 7a(y)). Hence,

2/A € Diya(l, y/A) and x/A* € Dyjar(1, y/AL).

By the equivalence in item 1.12.(d), there are Pfister forms, P and P+ over A and A+, respe
tively such that

(**) (z,2y) @ P =k (Ly) @ P and (z,2y) ® P* =x (Ly) ® P

Nowif o(a) = 1, since P has entries in D(1, a), the first relation in (**) yields 2*(o(z) + o(wy))”
2M(1+ o(y)) and the signatures of (z,2y) and (1,y) are the same for all o € {[a = 1]; similar )

if7 € [a = —1] = [~a = 1], the second relation in (**) entails the signature of (2, zy ) and (LY

¢
to be the same for all 7 € [a = —1]. Hence, (z,2y) and (1,y) have the same total signat!’

and 1.8 entails (7, 2y ) =x (1,y) and z € Dy ((L,¥)), establishing that v, is a RS- entbedding
It remains to show v, is surjective. Let u, v € I then, there is ¢ € K so that (1, —uw) 8

(La)=x (L1) @ (L,c) =(1,c) © (1,c¢). Wecl‘um that

(F*¥) —(ev)v = —c € D(1,-a) and (—cv)u = —cwv € D(1, ). )

By Prop. 2.2 in [DM1], a € D((1, —uv ) ® (L,a)) = D((1,¢) ® (1,¢)), and so Prop. 1640

in [DM1] and 1.19.(d) yield a € D(1, ) hus, —c € D(1,~a); if 7 € X is such that T(ag 2

1, the isometry (1, —uv) @ (1,a) =; 2 (1,¢) and Theorem 1.8 entail 27(—ww) = 27(c) a®

a)
( cuv) = 1, for cach 7 € fa = 1], whence —cuv € D(1,a) (by 1.13), establishing (***)- Thu

—cv/A = u/A, —cv/A* = v/AL and therefore Yal=cv) = (u/A, v/AY) € T, completing hﬂ
proof.

|

1
el

Remarks 2.4 (1) In the terminology of section 8.9 in ’f

[M], a subset A of X is complemcnt
or a direct summand if both 4 and X \ A

are subspaces of X and the natural injection
K— KIAx KX\ A4, given by A (ajA, a1 X \ A),

"
Is an isomorphism. Given the duality between the categories of RSGs and AQSs (cf. 1‘9)7 ]l' ‘)
the language of RSG and with notation as In items (c) and (d) of 1.12 , this can be cquiV"‘Icn
rephrased as follows: write A for Z(A) and At for Z(X\A); then, thc natural map

K — K/A x K/AL, given by a s (a/A, a/A*) ;

10
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1s,ar,§ isomorphism. In fact, the AOS (K [ A, A) corresponds, by duality, to the RSG-quoticnt
K5 i /A. Hence, all complemented subspaces, 4, of X are of the form [a = 1], for some
@ € K (and so £(A4) = Dy(1, a)) and satisfy condition 2.(ii) of 2.3. In fact, Proposition 2.3 and

“mma 8.9.1 in [M] entail the existence of a bijective correspondence between DSSs of K and
direct summands of Xk- |

152) Somctimes, it is casier to deal with certain statements in the language of AOSs; an example
ollows, For A C X and i € {0, 1}, set

, A =0
AT = {ﬁA = X\ A ifp=1;

Fact 2.5 [Note (3), p. 179, [M], without proof] If Ay, ..., A, are direct summands of (I, X'),
set Eﬂ‘ = ?:1 Aii(l)! e {0, 1}“,‘ lot
q={pe{0,1}": B, #0},
be the set of indices corresponding to the non-empty atoms of the BA generated by {A1, ..., An}.
tot A, = E(B,), n € q. Then, all E, arc dircct summands of X and the natural map from K
° Hu e K/A,, a—s (a/D, )“Eq, is an isomorphism.
I.Droof' It is enough to deal with the case n = 2 and proceed by induction. Let A, B be direct
;Ummands of X; we may assume all four atoms, AN B, AN -8B, BN-A,-~AN-Dto be
ol-empty, First, we prove that the natural map from K[ 3 to [KT (ANB) x K .[ (BN-A)] is
?}n Somorphism. Given u, v € K, since A is a direct summand of (I, X ), there is x € I such
Bzld =y [A and z|—-A = v[-A. Hence,

2] (ANDB) = (x]A)[B = (u[A)IB = u| (AN B);
] (BN-A) == (x[-A)[B = (vI-A) B =v{(BN-4),
% desireq, Similarly, one shows K [=B and [K [(~BNA) x K[(~BN —A)] to be isomorphic;

18, all atoms above are direct summands and K is naturally isomorphic to the product of the
el . .
Suing four factors,

3 The Structure of Boolean Real Semigroups

D . - . . e 4] N g 21
Clinitioy 3.1 A real semigroup, G, is Boolean if its space of RS-characters, X¢, endowed

Z”?h the spectral topology, is Boolean, i.e, if the spectral and constructive topologies on Xg
Otneide, o '

Example 3.9

(1) If K i a reduced special group, let G be K together with a new absorbing c.lemfznt., 0. By

Wi‘:gark 224 in [DP1] (sce also Corollary 2.5, [DPlr]), G=IKU {O}N C"‘}? b? ?fff‘d(’ into a RS,
S¢ Space is RS-characters is the Boolean space Xp, the space of orders of IV

52)31)0% algebras of order 3, i.c., the structure of all continuous maps from a Boo?(‘aan space X

p iz {’1) 0, ~1}, the latter cndowed with the discrete topology (cf. section 3 in [DP2]). If

. (X, 3), then Xp = X.

l¢ f . . - .
OrthCOmmg discussion exhibits a sig

There are two important examples of Boolean RSs:

nificant number of other examples of Boolean RSs.

R new proofs of the following results in [M]:

115 section, among other things, we give

11



. « . . . . Of
e Thm. 7.6.4 corresponds to the first statement in item (3) of Theorem 3.6, helow; our pro
employs Proposition 1.10, an alternative axiomatic for RSGs;

o : coct |
e Thm. 8.9.2 corresponds to Proposition 3.10, below, which is phrased using clopen dirc
summands of the space of orders of the RSG K (spaces of orders do not have zero sets);

inciple
e Theorem 8.9.3 corresponds to Theorem 3.13, below, but our proof uses the exchange princip
in RSs (cf. Remark 1.16).

I

. . . . . 0n Of
We also describe a Horn-geometric axiomatization of Boolean RSs, prove the preservatio

. . vhose
this class of RSs by important constructions (Theorem 3.18) and characterize the rings who
associated RS is Boolean (Proposition 3.16)

3.3 Notation and Remarks. As usual, if G is a RS,ae Gande €3:

a) By Proposition 1.10 and Lemma 1.26, G* is a reduced pre-special group.
b)[a=el={reXg:7(a)=¢}. Ife = 0, we may write Z(a) for [a = 0]. g
c) Zy = {1, =1} = 3% is the RSG of units in 3 = {0, 1, —-1}.

29
For a proof of the {ollowing beautiful result in the language of ARSs, sec Thm. 6.8.1, pl
of [M] (the same proof applies to RSs):

. 7 I)e
Theorem 3.4 (Hérmander-Lojasiewcy Inequality) Let G be a RS and let a, beG. Let ) _ |

a closed subspace of X¢ such that Y N Z(a) C Z(b). Then, there is ¢ € D(i(a, b) so that cl¥ ; |
alY (ie., for o € Y, 0(c) = o(a)).

Lemma 3.5 Let G be a Boolean RS,
a) For each a € G, there is Va € G such, that |

(D) [Va=1] =[a=1] and [Va = -1] = Z(a) U I

a=—1]. In particular, Va € G*.
(2) a =Va - a2, and s0 G = Q% . ]d(G)

: (3) a, @ € DY(1, Va).
b) For allu € GX, WYy =q.

¢) Foralla,b,ce G, o ¢ Dé(b,c) = Vac Dé(Vb,Vc)
d) Foralla € G and 7 ¢ X,
(1) Z(a) = [V(a®) = -1];

NG* = Dg«(Vb,Vc).

@) r eV =1 i 7(a) = 7(Va).

Proof. a) For a € G, since X is Bool

ean, fa = 1]
satisfies

: N ~1€Y
1s clopen in X, Now, observe that

la=1]n Z{a) =0 = Z(-1).
By Theorem 3.4, there is Vo € @ so th

No¥
atVaeDta)_lcd - . , asl]]'i

notice that: ol Jandaf le=11 vall
* For v € Z(a), 7(Va) € Di(r(a), -1) = DJ(0, -1) = {1}, and 7(Va) = —1;
* For 7 € fa = —1], the same argument as above shows that T(Va) = —1 "

= 1. ;
Consequently, the equalities in (1) are verified and v, asily 1

s § b d o V¢ X . . r east)

the equalities in (1) ( heu Toms (2) and (1) follow o

note: V7 € Xg, 7(Va - ¢2
€ Di(~1, a), it follows that —g € D!(-1,
since DI(1, Va) is

¢) We employ the

.ince
) = 7(a); clearly, o? € 1d(G)). Tor (3), :’1111 v
. ~Va), and $0, scaling by —1 obtains a € Dg\»
a subsemigronp of G, the prec

eding relation yields o2 e DAL, va).

e alities 3 i g . r .
qualitics in item (a.1); for 7 € Xg, we discuss two cases:
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(Z\)T‘(V\a)*—'_l_: Then, 7(a) = 1 and so, since 7(a) € D/(7(b), 7(c)), there arc only the following
Possibilities:

%
) r(b) = 7(c) = 1 7(b) = 1, 7(c) = 0 7(b) =0, 7(c) = L; or 7(ab) = ~L.

In the first case in (*), 7(Vb) = 7(Vc) = 1, while in the others 7(Vb)7(Ve) = —1 and so
m(Va) € D/(r(b), 7(Vc)).

% Then, either 7 € Z(a) or 7 € Ja = —1]; in the former case, cither 7(b) = 7(c)

=0 and so 7(Vb) = 7(Vc) = —1, or clse, 7(b) = —7(c) # 0 (i.e., the last alternative in (*)

above), yielding 7(Vb)7(Ve) = —1, hence 7(Va) = =1 € D/(r(Vb), 7(Vc)). In the latter case,

tl( ) € Di(r(b), 7(c)), leads to a llst of possibilitics as in (*), with —1 replacing 1 in the first
ree '1lternat1vcs whilst the fourth remains the same; hence we obtain cither 7(Vb) = 7(Ve) =

~Lor 7(Vb)r (Vc) = —1, and thus 7(Va) € D}(7(Vb), T(Vc)), as needed.

?1) Item (1) is immediate from (a.1); for (2), (a.1) entails [Va? = 1] = [o* = 1]. If 7 € [a® = 1],
len 7 ¢ Z(a) and cither 7 € Ja = 1] = [Va=1J or 7 € [a = =1} = [Va = 1] \ Z(a), whence

7(a) = 7(Va), as necded. a

Theorem 3.6 For a real semigroup G, the following are equivalent:
(1) For v € G, there isu € G* so that z = ux? and u € Dé(—l, z).
(2) The spectral topology on X¢ is Boolean,

(3) G*, with the representation relation induced by G, is a RSG, and the restriction map T €
Xor— riox e Xgx is a homeomorphism '

p

Rls“oof Item (a.2) in Lemma 3.5 yields (
G is Boolean, it is clear that (3) = (2

2) and (2) = (3).

M Fix a € G and let u € G* satisfy the conditions in (1) with « = a®. Fort € X¢:

‘(o) = 0, then u € D.(-1, a?) entails 7(u) € DJ(—1,0) and r(u) = —1;

‘() = —1, then 7(a?) = —7(a?), hence 7(a?) = 0 = 7(a),

ad go [ = 0] = [a® = 0] = Ju = —1]; thus, the closed set Ja = 0] in the spectral topology of
G Is, in fact, clopen in this topology. Hence, (cf. 1.23. (b)), the spectral and constructible
DOIOglos in X coincide, establishing (2).

2) = (1). Moreover, since the space of orders of any
). To complete the proof it suffices to establish (1) =

2
()\=>(3\) We start by proving:

ls\‘lRSG_ By Lemma 1.26 it suffices to verify G™ ¢ satisfics
e d € G*, the hypothesis in [R4] is equivalent to

[R4] in Proposition 1.10. Since a,

0 a € Dgx(1, b) and b € Dgx(c, d).
Since DN G* = Dga, (1) yields

D a € D1, b) and b€ Di(c, d).

But then, (11 together with items (a) ;;nd (c) of Proposition 1.20 yield
iy a€ D1, ¢ d) = DA1,d, q)

He .
Im“ (1) and 1.20.(c) vicld = € DAY, d), such that a € D/(z, ¢). Now, items (b) and (c) of
t}:mnm 3.5 5imply Vz € Dgx(1, d) dnd a € Dex(Vz, ¢). ]ust take y = V~ € GG* to establish
L\(Ollioqu(\m of [R 4], completing the proof that G* s a rec duced special group.

Gx is the space of orders of the reduced special group G*.
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- - - x. clearly,
Xg is (naturally) homeomorphic to Xg«. Set 1 Xe — Xgx given by 77(7) =T G ,ecrcscll',
n(7) is a group morphism from G* to {1, -1}, taking —1 to —1 and respecting binary rep
tation (because the same is true of 7). Moreover:

® 7 is continuous: For u € G*, just note that nt [[[u = 1]}XGX] = Ju= 1]]‘\,(;;
® 7) Is injective: If v 5 7/ in G, there is a € G such that 7(a) # 7'(a). .
Case 1. If 7(a) = 1, then 7/(a) € {0, —1}, then 3.5.(a.1) implies 7(Va) = 1 and 7/(Va) = 1

. d s0
Case 2. If 7(a) = —1 and 7(a) = 0 € {0, 1}, then 7(—a) = 1, while 7'(—a) € {0, —1} an
3.5.(a.1) yiclds 7(V—a) = 1 and 7(V—a) = —1,

therefore, 7 # 7/ implies n(r) = 7 [G* £ 7 1G% = n(7’), as claimed.

It remains to show:

. -
iocti ; ; ‘ stablish the sU
® 1 is surjective. Since compact sets in a Hausdorff space are closed, we shall ostabhsl]l ot I
Jectivity of 1) by showing that its image is dense in Xgx. For this, it is enough to check

; ; in V ; , X
7 meets every non-empty basic clopen in X¢«, that is, for wy,...,u, € G )

(IV) Viey [uy = l]JXGX #0 = 37 e Xg, so that T(y)=1 1<j<n y
: o G Wi
To that end we introduce the following notation: if ¢ — (ai,...,a,) is a form over G, ¥

V@ for the n-form over G* given by (Va,,... ; Van ). We also need:

Fact 8.7 Let ¢ be a form of dimension > 2 over (¢ and let a € G. Then,

ac Dé((p) =  Va € Dgx (VSO).

Proof. By Prop. 1.6.(c) in [DM1
€ K,

(I) T e D[((aj ) 02) < Jue D[{(gl)

- ond?
I, if K is special group, then for all forms 6y, 0 over K af

and v € Dg/(8,) so that 2 € Dk (u, v).
For dim(¥) = 2, the statement is 3.5.(c)
Assume the result true for dim(¥) =
T € ch;(@f’) such that ¢ ¢ Di(c, ).
Dgx(Ve, Vo) and Va € Dy (V)
completing the induction step.

» We proceed by induction on the dimension fi)clews

mandletce Q. Ifq Di((c) ® ¥), then 1-20-(0.) }VU
Hence, 3.5.{c) and the induction hypothesis entail o)

- Since G is a RSQ, (1) above yields Va € Dg«((Ve) @ V7

Consider the Pfister form P — Ricy (1,45); in GX
sumption, there is ¢ € X« sending all uj to 1, 2
Now notice that —1 ¢ Dg(P)

DZ(P), and Fact 3.7 would then
bility.

. 0
By Prop. 2.7.(6) in [DP1] and Cor. 4.7 in [DPQ], De(P) is a saturated subsemigrot?

. er ' |
G, containing {w,...,u.}, but not =L Now, Thm. 4.2 iy, [DP1] furnishes a RS-charact®”: 1
whose values in Dg(P) are in {0, 1}. Since g1

establishing the density of Im nin X

85 !
» we have —1 ¢ Dgx(P), because, by a

2p) 7 |
; otherwise, by 1.20.(b.3), we would get =1 € Dé((”l) z)ssi’ 3
entail, since P = yp (by 35.(b)), -1 ¢ Dgx (P), an imp

|
|
: 1
e u; € G*, we must have () =1,1< g
¢x» a8 needed, ‘

Remark 3.8 Theoren 3.6.(1)
geometric axiomatization for th
(D" is defined from D by

|
o1’
gether with the axioms for RSs in 1.15, & H

/1!9:
anguage real semigroups, (b ] |
as, cf. [t-rep] in 1.15.(a)). |

yields, to

1 class of Boolean RSsin the]
a conjunction of atomie formu]

# Inany RSG, ~1 is nog represented by 2n = ieg (1,1).
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Before complementing the results in Theorem 3.6, we set down

3.9 Remarks and Notation. a) Let G be a Boolean RS and let @ Xg — X« be the
homeomorphism given, as above, by 7 € Xg — 7|GX. For cach a € @, sct
L(a) = [Va? = —1]x C X« and let L(G*) = {L(a): a € G}.
G X
In Particular, for e in Id(G), L(e) = [Ve = _1]]_\,3, Fix ¢ € Id(G); note that for cach 7 € X,

Tle) =0 il 7(Ve) =1 il 7]G*(Ve) = —1,
Whenee n [Z((f)] = [Ve = —1] yx. Sinee 7 is a homeomorphism, image by 7 preserves unions and
mtersoctions, and so L(G*) is a()distrributive sub-lattice of the BA of clopens of X« (isomorphic
to the BA of clopens of Xg). Hence, the lattices of idempotents in G, that of zero sets in Xg
ad L(G*Y are all isomorphic. Note that L(G*) is a lattice of clopens in Xgx.
b) FOI‘ a, b c G,
() o€ -Lla) N -~L() =-Llab) = o(V(ab)) = o(Va)o(Vb).
To sce this, let € X be such that u[G* = o. Then, jt € [V(@*) =1y, N [V(*) =1]y,
ﬂv(a“bl) =1]x, and 3.5.(d) ylelds pu(x) = u(Ve), forz € {a, b, ab}. Hence, ;L(V(ab)) = Wa
= Ma)u(b) = 11(Va) pu(Wh); since pu |G* = ¢ and Vo € G*, the preceding cquality obtains (o
3 leeded. .

’

5

PrODOSition 3.10 If the equivalent conditions in Theorem 3.6 hold, then foralle € IdG) and
Lee, (Lu) @ (1,Ve) =g« (1,1) © (1,V(uc)). In particular (cf. Proposition 2.3):
) Dex(1,¢) and Dgx(1,~Ve) are DSSs in the RSG G*;

(1
52) Lex) = {L(a) C Xgx : a € G} is a lattice of direct summands of Xgx (isomorphic to
dG)- - r

Proof. Py € 1d(G) and uw € G* . Toshow ¥ = (1,u) ® (1,Ve) =g« (1,1) ® (V(ue)) = ¥,
! Suffices to check their total signatures to be the same; taking into account the homeomorphism
N in Theoremn 3.6, it suffices to verify the signatures of ¥ and ¥ to be the same at cach 7 € X
by Theorem 1.8). For 7 € Xg:
: Ifr(ve) =—1, then 7 € e = 0] = [ue = 0] (u € G*) and s0 7(V(ue)) = —1, and the signatures
TP ang 'y are hoth 0 at 7;
S T(Ve) = 1, then 7 € [e = 1], whence 0 # 7(u) = 7(ue) = 7(V(ue)) (recall: by 3.5.(d.2),
T# Z(ue) entails 7(ue) = 7(V(ue))); thus,

¥) = (1) + 7(u) + 7(Ve) + r(uVe) = 2+ 2 T(u) = 24 27(V(ue))

= )

y feeded. Jep, (1) is an immediate consequence of Proposition. 2.3, while (2) follm'vs from
th(;m];t;l; 2D4(1) recalling th.at .fo‘r c E. Idf(G), L(e) = [~Ve = 1]]‘\-5 is the subspace associated t;
ax (1, =Ve), ending the proof.

We shall now show how given a RSG, K, and a non-empty bounded subla‘ttice,. L, of direct
Sum}nands of X (equivalently, DSSs of K, cf. 2.4.(1')),’ one sa}l c_)btain a 1:0211 semigroup, g =
1301:1’ .L),'such that X is naturally honlem‘norp.hi(: t{o Xy, G¥ is isomorphic to K and Id(G) is

Orphic to [, (with the partial order defined in 1.27).

3'1 . e K - . .
! Construction To simplify exposition, write X for Ay



i ia : ith
a) Let P = C(X, 3), the Post algebra of continuous maps from X to 3, where 3 is endowed Wi
the discrete topology. Consider the map

_ o(v) ifo ¢ A
) v KX L — P, given by (v,A) — y(v, 4)(0) = 0 foc A
For A€ L and a € K, set
o 0 ifo € 4
°cy: X — 3given by eqo) = L ifod A

o@: X — 3, given by @ (o) = o(a).
b) With notation as in (a), note that:
(1) for A, Be€ L, eqep = ¢(aun)- Moreover, ey = 1 and ey = 0.
(2) For cach (@, A) € K x L, ~v(a, A) = dey.
(3) To ease notation, write the elements of Im 7 & P asaey, instead of Gey (a € K, A€ L).

¢) It is straightforward to check that acy - bey = abeep = abe 4up. Hence,

Imy = G(K,L) = {ae, € P (a,A) € K x L},
. . vrite
Is a ternary subsemigroup of P, with 1 = ¢p, 0 = ex and —1 = —leg. As usual, Wi
—v for =1 - v.
Endow G = G(K, L) with the representation and tr
Post algebra P; therefore, for a,bc€Kand A, B, C

. . s the
ansversal representation induced by

€ L, D is given by:

acy € Dg‘(be,,», cec) if foralle € X, aca(o) € D,;(beg(a)
Note: The values in 3 of ¢ € X at each ele
described by formula () above,

s CGC(U))' .
N o expression B
ment of G appearing in the preceding expressio 5

. . . . : et
Since all axioms of RSs, with the exception of [RS 3], are universal, and G € P (a r‘\,c
semigroup, cf. 3.2.(b)), G is pre-real semigroup. To show it is, in fact, a real semigroups
will employ an equivalent to [RS 3], namely, the exchange principle (cf. 1.16).
Let A, B, C, D € L and a, b, ¢, d € I and set

a=aey, b=rley, ¢= cec and 0 = dep.
For W € L, write =1V for X \ W,
We say that the cxchange principle holds for (a,b; ¢,0)if
(exch) Dy(a, 8) N Di(c,d) 40 = Dg‘(u7 -on Dg"(~b, ) # 0.
We start with the following obsery

ations:

Lemma 3.12 Wiy, notation as above,

a). acy =beg iff A =R and for allog € - 4 = =B, o(a) = o(b). In other words, ©
uff A( :))B and a/A = b/A, where A = E(=A), the saturated subgroup associated to ™
1.12.(e)). -

= b
(e

st |
b)1d(G) = {c4 : A € L}. Morecover, the map A€ L e, ¢ 1d(G) is a lattice isomorph® |
between L (cf. 1.27) and Id(G) ;
¢) We may wdentify G* with K, that is, ac, € GX WA =0 (and so acy = a). I \
) - ) - b
d) Fora =qe, € g, thereisu e K = G" s0 that 0 = yq2 andu € DY—1,q). Thus, the pTe e |
semigroup G satisfies condition (1) in Theorem 3.6, i |

e) Dg‘(a, b) # . |
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§)1f any one among a, b, ¢, 0 4s equal to 0, then the exchange principle holds for (a,b;¢,d).
910 e D(;(aa b) N Dg‘(c,b), then the exchange principle holds for (a,b;c,0).

.PrOOf' a) If o € A, then o(acy) = 0iff 0 € A (recall: a, b € K). It is then clear that a = b

mplies A = B and o(a) = o(b) for all ¢ ¢ A = B. The converse is clear. The second statement

n (a) s just a rephrasing of the proven equivalence. Item (b) is straightforward.

9 Cleauly, ac, € G iff its value at cach o € X is non-zero, i.e., A = 0.

@) Let @ = aes € G, note that a2 = ey (¢ € K). Let A = E(A) and At = B(= A)Lbe the

Saturated DSSs associated to A and = A (cf. 1.12.(e)). Since x € K = (z/A, x/A7) is an

Somorphism, there is « € K so that u/A = —1/A and w/At = a/A*. Hence, for all o € X:

Moe=A = o) =o(a) 2)oceA = o) =-1L

Note that (1) and item (a) entail ua® = uey = aey = a. Morcover, (1) and (2) obtain

ue Dg‘(“-l, a). Indeed, for ¢ € X¢, we have:

'lfg € A, then O(’ll,) - —_l€ Z)‘,;'(—l, 0)’

*lfoe-a then o(u) = o(a); since u, a € K, then —o(u)® = o(a)? = 1. Whence, by 1.19.(14),

)] H \ ;

le Df(=a(u), o(a)) = D(~o(a), o(a)) = 3 and 1.19.(1)) entails o(u) € D, (-1, o(a)).

) Lt Ey=AnB Ey,=AN-B, E3=-ANDB and E; = = A N = B be the four atoms of

the BA generated by A and B in B(X). Let A = Y(Ey) be the associated saturated subgroup

oK, 1 Shk<Ad (ds in 1.12.(c)). Foru, v € K and 1 < k < 4, the expression "u = v in E”

Stands for u/Ay = v/Ay. We now consider the conditions required to construct a witness for
¢ claim i (e) in cach of the atoms Ey:

(I)\LI:\AQ In this case, we take y1 = 1 in Ei;

S()t\ﬁi\:(b’i\%%‘lfﬁe Zng, t‘vhfzjl,a \\_fitn(.zssé,f.m' our claim must satisfy o(t) € DJ(0, a(b)), i.e.,
. 1is case, we take yo = b in Lo;

w With the same reasoning as in (3), we take yy = a in L

(4) Ei=-4 Nn-B. If o € E,q, then a witness ¢ for (c¢) must verify

SE D(o(a), a(D)); in this case, we take yq = a in Ey.

Sinee f¢ Is isomorphic to H',t:] 1(/Ak, there is v € K so that v/A; = y/Ag, 1 <k < 4. Then,

" t = weanp € Dg‘(a, b).

To Prove (*), it suffices to show that for cach o € X, we have o(t) € Dg‘(cr(a), o(b)). Since
A= 2--1 Ly, we prove (*) holds for o in each of the atoms [, taking into account the selections
Mg s v l

(ilde m (1) — (4) above.

* ¢ . t as ne :a similar’
reai If.o € By, then o(t) = o(v) = o(b) € Dgf((f(a), o(b)) = D3 (0, o(b)), as needed; a similax
( g applics if ¢ € Fy;
a4b) . O €Iy, then o(t) = o(v) = o(a) € D/(o(a), g (b)) = D}(o(a), a(b)), which holds because

"PE K and so o(a), a(b) € {1, ~1},
QStablishing

£) w

§ 1 ~ad lefine { {
Hithout Josg of generality, we may assume @ = 0;if t € G satisfies { € Dy 0,0)N Dg (¢, D),

; ' TN e — L ) _ t(_
a‘{mt = 0% But b e D(c d) entails —¢ € ])gl(_b, v), whence —¢ € D(0, ¢) N D;(=b, 9),
> leede, v

(*) and completing the proof of (e).

3
Recall (1), (L1a) and (14b) in 1.19,
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g) If 0 € D!(a, b) N Dj(c, ), then (cf. 1.19.(12)), b = —a and @ = —¢, and the exchangﬂe
g H b ? }
principle leads to D}(a, ~c) # 0, that is guaranteed by (c). ‘

We now have

Theorem 3.13 G = G(K, L) is a Boolean real semigroup, with G* = K, 1d(G) lattice 1somor~
phic to L and Xg naturally isomorphic to X, via the restriction map T — 7] K.

. . .. . igh
Proof. In view of Lemma 3.12 and the equivalences in Theorem 3.6, it remains only to Cstabhg .
that G is a RS. Morcover, again due to 3.12, in this proof we may assume, for a,b,candd €Y
(1) Thercis t € Dg’(a, b) N Dg‘(c, 0), and a, b, ¢, 9, t arc all distinct from 0.

To easc presentation, we introduce the following

3.14 Notation and Remarks. a)Ift € G\ {0}, to ease the discussion that follows, write tb
for a unit in K (cf. 3.12.(a)) that determines tyle., t=1"ey, for some W € L. Let a = aca
= bep, ¢ = cec and 0 = dep. Note that

(&) (ANB)u(CnD)Cw,

since if o belongs to this union, then o(t) = 0.

. £ ) that
b)IfGisaRS, v € G* and y € G, it follows casily from [RS 1) and [RS 6] in 1.15.(a) th®
x € Di(x, y).

. . . . he
¢) We shall construct two tables, the first corresponding to case in which ¢ € - W and t
second for o € W (and so0 o(t) = 0).
For Z € L and z, 4,

z € I, the tables below uses the following conventions, with A = x(2)
(cf. 1.12.(e)):

° “z =y in Z” stands for T/ =y/A or equivalently, for all ¢ € Z, a(x) = o(y).
¢ “z € D(y, 2) in Z” stands for x/A € Dgja(y/A, 2/A)

* A “1” in a column means that we are outside that set 4s 10
set. For instance, the sequence “1 0 1 0 in the columns marked A, B, C, D corresponds
AN BN~CnN D, which in first table is the line Ly and line Esy in Table 2.

® The column marked “N” has cither
or § (whose meaning is obvious)

bl

. . :n that
, while a “0” means we are in

. . 1v empty
a v/, meaning that the atom E} is not nccessarily emp

e We assume there is a witness, t € G, for the
the constraints it imposes on the coe
generated by A, B, C, D, W is regist

| - o and
antecedent in (RS 3); its possible values ‘}3
fficients in cach of the atoms £y, 1 < k < 32, of the
ered in the corresponding column in cach table.

r . » . P J 3 i ess
e The column corresponding to y € K yields the values and conditions for it to be a w,lw .,
of the consequent of [RS ). For instance, the first line of the first table indicates that %
D(a, b) N D(c, d) # 0, with a, b, ¢, d € K. But then 1.5.(b) yields D(a, ~c) N D(=b, d) 7
Ey, and s0 it is possible sclect 44 in this intersection in £,

¢ In the table for W, the expression “impossible”
on the column “constraints (in E;)” cannot hold;
in EA;.

* Note: The intersection of the sets in any line cont
must be empty: ¢.g., consider [y
o PE Cipty

: ol
. .. ditio?
in the last column indicates that the COI']dqu
. I3 - Q1
thus, the antecedent of our implication 18

0)

- : o are
ammg a unique 1 (all other entries ’UVC
=-ANBNCnDnN ~Wiif o € Ey, then we would h#

oft) € Dl{o(a), a(b)) N D}(o(c), 0(0)) = Df(a(a), 0) N D0, 0), g
that is impossible: DJ(0, 0) = {0}, while Dl(o(a), 0) = {o(a)} C {1, -1}

18




E;%‘E C|lD|N] t*and constraints (in E;) | A | C | B | D | y; and constraints (in Ej,)
E\f?\l“ 1111 | té&D(ab)n D, d) 111]|1]|1|wneD(a ~c)n D(~b,d)
E\JTL 1101y t* =c¢€ D(a, b) 1117110 y2 = —b € D(a, —c)
e n RN RY t* = d € D(a, b) 1o 1[1] w=aeD(bd
oL o]0 1{o]1]o0

E\Z\LLL 1|y * = a € Dl d) 1]1]0]1 vs = d e D(a, —o)
E\7LL1 0| F—a=c 1]1]0]0] w=lia=—(—¢) =c
E\\l“ii 1]y t*=a=d 1701041 yr=a=d
S0 00w 1[0 ]0]o
el [T Y " = b e D(c, d) 0[1[1] 1] w=-ceD(=bd
e[ o [y F=b=c ol1[1]0 yio = —¢ = —b
UUBRRE = b=d o011 —1i0= (b =4d
Elz T\\ \/ i b=d yn ) ( )
BTt 01010 _ 0jo[1]0 _
E\”i(\)i¢ 0 — 01101 _
@%L Tl o]0 — 0100 -
S5y — ENEIK —

~ 210 ] 0] ___ _

Table 2. 0 ¢ W and so a(t) = 0; for 16 < k < 32, we assume Ep © W,

|
|

&
Q

7]

[l 25 2 e ]

—

constraints (in Ey) yr and constraints (in Ej)
0 € Di(a,b) N D;(c d)
0=cé€ Da,b)
0=de Dla,b)
t=0;b=—a
0=aé€ Dl d)
0=a=c
0=a=d

£

impossible

D
1|l b=—-ad=—¢, 17 =a
0
1

/Say

impossible

&
[==3

&

0 Y20 = O = -b

/;v

impossible

57

A

impossible

/s:r

" impossible

/@

/57

<o
—lolmiomlol=lol~=|T

impossible

|

7

impossible

&y

|

s isicsisisisizsisssis (<D

%

impossible

/fzv
o

(&>
~o

.

1 yg = —c=d
0 _

(&7
=

i

== = = = = e A N R e A e s S

Aﬁ.’:

clolc|lol=lr|=l—liciolojo|m|—=—|—|

ole|—|~lolcir|riclolr|—|ole|—= =0

[=[=[=(=[=[=]~|~[=[=[=]=]~[~|~[ |

010 t=0 0 0 yz2 = 1
1CC we are assuming that f is a witness for the antecedent of the implication corresponding
le cxchange principle, and 1V = UZf_” Iy, Table 2 shows that except for K17, Eyy, oy and

m"i? El)H other ), (17 < k < 32) must be empty. Thus, W = Ei; U Ex U Epy U Ly (disjoint
on), -

& &
—
=

Notation ag above, let q = {k € {1,..., 32} : I # 0}; set Ay = X(Ey), for k € q. By Fact
% there is 4 natural isomorphism between A and [Tieq K/O% Hence, there is v € K so that
b=/ Ay, for cach k € q.
Let v = (AN C)u (BN D); weshall verify that

(:#) z = ey € ])(f((lc:h —*C(;'C) N Dgf(_cha ([CD) = Dgr(a’ —“C) N Dgt(_b7 D)’
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establishing [RS 3'] and showing that G is a real semigroup.
Wehave V=V (-WUW)=(Vn-W)u(Vn W). We discuss the following cases:

LInANCN-W. Ifo e ANC N =W, then o(z) = 0; the pertinent line in Table 1 is En
(Erg = Ery = B3 =0).

o lfo € Iy, theno(z) =0 € Df(0, 0) N Do (=b), o(d)) = Df(a(=b), o(b)), as needed.
Similarly, one treats the case of cach o € BAD N = W,

H.In AN C N W. The pertinent line here is Eyy in Table 2. But then we have o(z) =0= U(a)

g of
=0(b) = o(c) = o(?) and the desired conclusion is immediate. A similar argument applies
thecasec e BNDNW,

If o € X\ V,then

g€ (~AN-B)U(~AN-D)u (=CN-B)u(~Cn-D),
which may be written as (X \ Vin{=wuw).

HI.In ~AN-BnN-W. The pertinent lines of Table 1 are Ey — Es.
III.1. If 0 € Ey, then

o(2) = o(v) = o(ys) € D(0(a), o(~¢)) N Do (~b), o(a)
= Df(0(a), o(~¢)) N DX (=1), 0 (0));

HL2. If ¢ € E,, then
o(2) = a(ya) = o(~b) € Df(a(a), o(~c)) N Di{a(-b), 0)
= D/(a(a), o(~c)) N Df(a(-b), 0).

cases in which o € F and ¢ ¢ ~CN=Dn-W.
IVIn-AN-Dn-W. T

Similarly, one treats the

1e pertinent lines in Table 1 are By, By, By, Es.
V1. If o € By, the argument is just as case I11.1.

IV2. 1If o € Ey, then o(2) = o(ys) =

above;
o(a) € Df(0(a), 0) N DX(o(~b), o(d))
= Df(o(a), 0) N D}(0(-b), o(2));
= 0(ys) = o(d) € D}o(a), o(- ¢)) N D0, o(d))
= Dy(o(a), o(=c) N DI(0, o(0));
V4. Ifo € By, 0(2) = o(yr) = o(a) = o(d) € Df(o(a), 0) N D0, o(d))
= D/(0(a), 0) N DX(0, o(2)),
icho € =B N-Cn ~ W is handled similarly.
The relevant lines m Table 2 are Ey7 and By,
olf 0 € Eyy, then o(z ) =o(v) = ola) € Df(o(a), o(—c)), because o(a) is a unit in 3-

° If o € Ey, then o(z )=o) = o(y2) = o(a) = o(-b) € Df(v(a), 0) N D;(g(-—b)y 0):
needed. The case ~C' N =pn W can be treated similarly. ‘

Vilm-An-DnW and -3 Nn-Cniv.
ment used for o € [, in (V)

IV31Ifo € E;, then o(z)

b}

as needed. The case in wil
V.In-An-Bniv,

as

argl”

The relevant ling ig Ey7 in Table 2 and same ¢

above also applies here. g ‘

This completes the proof of (#£) and that G is o real semigroup. |
We can now state, with notati

40
. , phic
i ation as in 3.9 and recalling that L(GX) is lattice-isomorpl ;
el

o
Theorem 3.15 (Structure Theorem for Boolean RS) If G is a Boolean RS, ther® i
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natural RS-isomorphism between G and G(G*, L(GX)), given by the map a € G Ly Vaer )
S g(GX,L(Gx))

Proof. To make matters clearer, we maintain a distinction between the homeomorphic spaces
Xo and Xex. Lot n: X — Xgx, n(r) = 71G*, be the homeomorphism in Theorem 3.6.(3).
By 3.9, for cach a € G, L{a) = nlZ(a)] and so, 7' [~ L(a)] = [a=1]y, U [a=~1]
[o* = 1ﬁ‘\*a- Hence, recalling 3.5.(d.2), for all a € G and 7 € Xg,
0 (D) 7€ Z(a) iff 7]G* € L{a);
(2) 7 € [a® = 1y, = [V(a®) = 1y, il 7(a) = 7(Va) iff 71G* € - L(a).
We first note that F(0) = V0ey = 0, f(1) = Vley = L and f(~1) = V(~1)ep = —1. Next,

Ve show that f preserves products. For a, b € G, we have

f(ab) = V{ab)erwy = V(ab)er@ure) and

f(a)f(b) = VaVberaerw = VaVberaure)-

X¢g

FOr g é ’\’Gx:

*lfoe L(a) U L(b), then both f(ab) and f(a)f(b) are zero;

‘lfog¢ L(a) U L(b), let 7, be the unique clement of X¢ so that ¢ = 7,[G*. Then, by (I).(2)
Ve get 7, ¢ [a® = 1]]_\.(: N p? = ]]]‘\.G = [(ad)? = l]].\'(; and so

) Ts(a) = 74(Va), T5(b) = 75(VD) and 7,4(ab) = 7.(V(ab)) = 74(Va)74(Vb).

Since vy € G for 2 € G and 7, [ GX = g, (*) entails 0(V(ab)) = o(Va)o(Vh) and so, for all o
€ X, o(f(ab)) = o (f(a) £ (b)), yiclding f(ab) = f(a)f(b) in G, as nceded.

I8 injective. Tf. for , ¢ have Vaep g = Vbery, then 3.12.(a) entails L{a) = L(b) and
E:m(ag, f—(—nljl(,b)b, flf’c:ualitics U(VI(E))Z U(Vb)(-)NOtO that L(a) = L(b) entails Z(a) =
Z(b) I Xo. We have @ = Va - a2 and b = Vb - b* (3.5.(a.2)); for 7 € Xg:

Mire Z(a) = Z(b), then 7(a) = 7(b) = 0;

‘7 e a2 = 1. =[* = 1], then 7| G* € - L(a) =~ L(b) and s0 7(Va) = 7(VD), entailing
T(a) —_ T(b), Na AVe |

Sinee Is arbitrary in X, we obtain a = b, establishing the injectivity of f.

% Let 1 = uepq) € G, for some u € G* and a € G. Let b € G be given by b = “C{z
=Vp. b2, then, 1? = 2 a;-]d S0 ]J((l) = L(b). Thus, t = uerp)y; we show thz}t f(b) = Vb(-:,d(@ =
Ly =1 I g e L(b), then o(f(0)) = 0 = o(t). 1{ g € = L(b), let 7, € Xg satisly nrcx? =
Jithen, e e 1 and so, by 35.(4.2), Ta(b) = T5(VD) = 7(u). Since u, Vb € G¥, we
*btain o(u) = o (VD). ‘l\\’(é)w, Lemma 3.12.(a) entails f(b) = Vberp) = ucrp), as desired.

. To finjg, the proof, observe that the arguments presented above show that for cach a € G
ang all - € X 3
1)

% ]
( ) 7‘((1,) = T [GX(V(IC[,(Q)) =T [G% (f((l))

Smce T 7G> and [ arc bijections (**) implies that f must be an isomorphism, ending the
Dr()()f_ ¢ ¢ J B m

We eng this section with two themes: the first is a characterization of scmi-real rings (com-

I' s 2 U0 P - bt . . 1 Ny 1o . ey ol neg

nutatl\re and unitary) whose associated RS is Boolean; the sccond is to establish that the class
< o184 hols . 3 .

%0lean RSs is closed under a number of important constructions.

Dy : : o
ij._f)I)OSItal()rl 316 The real spectrum of a reduced senireal unitary commutative ring s Boolean
l

1S 94 . ’ i
real closure is von Newmann regular.



Proof. The equivalence is forthcoming from the following two well-known facts:

\ . . o v : he
(1) The real spectrum of a reduced, semireal unitary commutative ring is homeomorphic to t

Zaviski spectrum of its real closure (cf. 13.6.3, p. 534, [DST))

)

- : o e el s + rogular
(2) The Zariski spectrum of a unitary commutative ring is Boolean iff it is von Neumann regul?

(cf. sccond paragraph, p. 71, [DSTY).

.. . : , canl

Remark 3.17 The characterization in 3.16 can, perhaps, be sharpened. To give an cxa 1
) . . . . 1 . y I

ple, just consider the ring of integers Z: its real spectra is Boolean, but it is very far f?oa
. v . . . . . alnt

being von Neumann regular. It is an mteresting — and seemingly hard — question to obtal g

characterization in terms of the original ring.

Theorem 3.18 a) The cluss of Boolean real semigroups is closed under arbitrary

(1) Boolean extensions; (2) filtered colimits; (3) Products;

(4) RS-sums, (5) Reduced products; in particular, ultraproducts.

b) Let G, H be RSs and let f:G— Hieq surjective RS-morphism. If G is a Bool(fan Rff
then the same is true of H. In particular, the class of Boolean RSs is closed under quotients J

RS-congruences.

r - e /: C
Proof. a) (1) Let X be a Boolean space, G be a Boolean RS and let T = C(X, G) be tl;
Boolean power of G by X, that is, the set of all locally constant, G-valued maps on X. By Thlct'
2.5 in [DMP], T is a real semigroup, whose space of RS-characters is X x X ¢ (with the prodt

topology) and so T is also a Boolear RS.

(2) Since Boolean RSs are Horn-geometric
that the class of Boolean RSs ig cl

Galvin and Shelah (Thm. 6.2.5
closed under arbitrary products.

(4) Let R = {Gy: i € I} be a non-
of R, ®i61 G, we refer the reader to Def. 4.2 in [DMP]. If I is finite, then, P
product of the G; (Prop. 4.3.(a), [DMP)), a case al

I is infinite. Let Fin(I) be the set of
define

G; 18

i€l

Gp = (Hiel-‘ Gi) X 3,
with its natural product structure; note th
4.1.(b) of [DMP], if K S J e Fin(1)
tieg : G}, — G moreover,
Die; Gi is the inductive limit of the G}, with F ¢ Fiy
The desired conclusion follows from item (2).

(5) It is well-known {hat reduced powers by a filter
this construction preserves Horn-geometrice ltl

(1), partially ordered under inc

leories,
b) It is well-known (and straightforwarg to checl
by surjective L-morphisms, where [, is
equivalence in item (a)

of Theorem 3.6, the desired conclusion is immediately forthcoming

22
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axiomatizable, it follows from Prop. 3.2 1n [D\)I |
osed under arbitrary directed colimits (or inductive limits)-

. - . . a1 (i r
(3) Again, the Horn-geometric axiomatizability of Boolean RSs and a classical result by I\lcslei;
» D- 366, [CK]), guarantees that the class of Boolean RSS

ami e
empty family of Boolean RSs. For the definition of the RS b;hc
ready covered by (3) Henceforth, we absu |
all non-empty finite subsets of I; for each F € Fin

. pd
at G is a Boolean RS (by (3)). Further, By Liflngs
, there are RS-morphisms (in fact, pure cmbedd!

o o . . 3 } t
1t 1s shown in the proof of item (b) of Prop. 4.3 in [D)IP%usiOH'

: o o and b
are inductive limits of products, an

meé

ha

pat

o, . . ~erv(“
$) that positive V3 sentences are Prelb  he
any first-order language with equality. Hence, DY




4 Morphisms of Boolean Real Semigroups

Sh]co i :

. b . . wWe bhﬂll be dcalmg with SCVCI"’ll real s groups t S g 1

i < ai semigroups O ease prescr g
ntr ot H i s P entation

41N . : .
i Notation If G; is an RS, K; := G} is its RSG of units, a € Gy, u € K, € € 3 and
{1, =1}, write ’
" la=e), = {reXg :7(a)=¢} and [u=p]] ={0 € K;: o(u) = p}.
n. - ¢ r . . .
i Xg, — Xk, T — 7K, is the homeomorphism in Theorem 3.6.(3) and a € Gy, then

“’ltl Ay 3
helrteh; notation above and in 3.9, L(a) = [Va* = =17 = n,[Z(a?)), ie., 07 L(a)] = Z(a).
ader should keep in mind that L(e?) = L(a) (cf. 3.9.(a)) and — L(a?) = = L(a). H

Let . .
he nn]; -fGl —3 Gy be an RS-morphism and let f = F 1K @ K — K3 (a RSG-morphism).
€ yields, by compositior ti o Xi =
Ste _ , position, a continuous map, f. Xg, — X, folo) =0 o f. W
tart with the following N w 10 S e

Lemp,
nlmd 4.2 Let¢; be idempotents in Gy, i =1, 2. The following are equivalent:
(1) (a) Jo(L{ey)) C L{ey) and (b) fo(—L(e2)) C -~ L(ey);
(2) V(32 = f(vcl).

PFOQf .

f*(o-).:. 571)3\(2) For o € Xy,, supposc 0(Vez) = ~1,1.e., 0 € [Vey = —1]; then, (1.(a)) entails

(1.(])>) ol °f € L{e;) = [Ve; =—1] and so o(f(Ver)) = —1. A similar argument, employing
Slows that o(Vey) = 1 entails o(f(Ver)) = 1, and the equality in (2) follows immediately.

2)
)= 1) e . s
% For o ¢ X 1, We have two possibilities:

s If )
7 € L{ey), then 0(Vey) = —1 = o(f(Ver)) and so f.(o) € L(ey), verifying (1.(a));

°'If s
(1.(})) € ﬁL(eg), then o(Vey) = 1 = o(f(Vey)), and so f.(0) € [Vey = 1] = = L(ey), proving
), as heeded. B

Re
nla[‘ s . .
ks 4.3 a) An RS-morphism, I : Gi — G, gives rise to two maps:

‘A
. AT\SG morphism fp. := F[I{ : Ky — Ko
e morpism, iy + Td(Gy) — Td(Ga), given by hi(e) = F(e). To sce s indood o
< * Morphism note that for idempotents x, y in G, we have, recalling 1.27,
i
e ©V 9) = hp(ey) = Play) = F2)F() = he(z) V he(y):
T /\ . .
hF(’l‘) /‘1\//6 (Dgtl ((IJ, y), and so ]LF(:L' A y) = F(’U A y) S Dglq (F(:I;)7 F(L{/))7 ylcldmg h‘F(‘T A !/) =
' tey). )
b)
S (](ll))a‘ be obtained back from the pair ([, fuys): for a € Gy, 3.5.(a.2) yields a = Va - a* and
= Je(Va)F(a?) = fi-(Va)hp(a®). B

L(}lv
Mg , , . . " .
44 Lot - G, — G2 be an RS-morphism. To simplify exposition, write f for fp.

%) Py
b) T] Ca(,h (G Id((}]), we h(“)@ v];x((:) — f(vtg)_
P ([ Y satisfies the conditions (1.(a)) and (1.(0)) i 4.2, t.c., for all ¢ € 1d(G)),

(%)
() fulL(hp(e))] € L{e) and (i) fol= L(hp(e)] €~ L(e).
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Proof. a) By 3.5.(a.3), we have ¢ € Dgtl(l, Ve), whence F(e) € Dg‘g(l, f(Ve)), which yields, by
3.5.(c), *

) VFE(e) € Di,(1, f(Ve)).

Let 7 € Xg,; then:

o If 7(f(Ve)) = 1, relation (I) implies T(VF(e)) = 1; N
o If 7€ [VF(e) = 1], then, by 35.al), e [F(e)=1],ie, 70 F e [e = 1] = [Ve = 1], whe
T(F(Ve)) = 7(f(Ve)) = 1. ;
Thus, for all 7 € Xg,, T(VF(e)) = 1iff (f(Ve)) = 1; since hoth VF(e) and f(Ve) € ey
conclude VF(e) = f(Ve), as desired.

0
Item (b) is immediate from (a) and 4.2; Just take ex = F(e) = hp(e).

—
Remark 4.5 Let Gy, G, be RSs, let f: G} — G5 be an RSG-morphism and h: Id(ﬁli (o)
1d(Gy) be a lattice morphism, such that a pair (f,h) satisfies the conditions in (*) Of ' i'elds
Let @, y € Id(G1) and suppose ¢ € L(h(z)) N L{h(y)) C Xk, Then, () in (*) of 4.4.(b), ¥

cof€L(x)andoo f ¢ L{y) and so s o f ¢ L(z) N L{y).

e Ry of
This applies to any Boolean combination of L{h(z)), L(1(y)), employing (4) and (1) in ( )l
4.4.(b), and used below without comment,

. $6-
Definition 4.6 et Gi, i =1,2be RSs. A pair (f,h), where f K — K s an ';zthﬁy
morphism and b : 1d(G;) — 1d(Gy) is a (bounded) lattice morphism, is compatible %

. s betwee!
satisfy the conditions in (*) of 4.4.(b). Write C(G1,Gy) for the set of all compatible pairs bet
G] and Gg.

q hows
By 4.4, cvery RS-morphism, F - Gy — G, yields a compatible pair, while 4.3.(b) 8

e
. . . ) . \ . e rogponded
that I may be obtained back from itg compatible pair. To establish a bijective correspo
between HO’/?‘LRS(G],GQ) and C(G, Gy) it suffices to establish:

|
Theorem 4.7 1 (f, k) € C(G1,Gy), the

F(Va)h(a®) is an RS-morphism. Moreover-
o) F(LB)I Ky = | and F(f,n) [1d(G)) = h;
b) G =Gy =Gy, then E{f,h) = Idg iff f = Ldy,,

map F(fih) : Gy — Gy, given by a € 01

and h = Idrge.

h) |

Proof. We first verify (a) and (b). Once again, to simplify presentation, write F f}og F(f;’ 7
For v € Ky, F(u) = F(Vuu? = J{u) and so Fj; = finext, if ¢ Gy, then F(a*)* = (b

PR e 1 \
= (f(Va?))*h(a?)? = h(a?) (recall: f(Va®) € K,), completing the verification of (a). I1t€% |
is clear. ‘

We now turn to the proof that F is
17(0) = 0. We must show that F" pre

L. F preserves products. For g = Vg
=P e TS products.

d
~1a0
) =

an RS-morphism. Notoe that F(1) = 1, F(-1 |
serves products and representation, :
ca?and b= V. p? ¢ G1, we have |
(i) F(ab) = F(V(ab))h(a20?) = J(V(@b))h(a? v 1?) = J(V(ab))h(a?) v h(b%)) |

= F(V(ab))h(a?)h(b?); |
(1) Fla)F(b) = f(VaVb)/z((12)/1,(112)

T Recall: if 4 is » unit in a Boole

® Recall that for idempotents €,

an RS, Vu =y and 1, S(Ve) e Iy, }
Y we have 2 vy = ry. ‘
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Forr e X, L N e ore e T .
DIfrep ( i; 0], or 7 € [h(b*) = 0], then the both terms in (7) and (i7) are zero, as needed;
a®) = 0],

2 = L(h(bQ),
— p?) = 1], then 71K, € = L(h(a?)) N 7
@ I 7 € [n(a [1v) = 1], = [h(a » ality in (o) of 3.9.(b)
now compdﬂtlt(nh‘zy cng]alls 7Kz 0 f € 7 L{a) N = L(b) = ~ L{ab). The cquality in (
obtains

T(F(ab)) = 7(f(V(ab))) = 7(f(Va) [(VD)) = 7(F(a)F(b)),
completing the proof of that F preserves products.

L se that a € D! (b, ¢). Fix 7 € XNg,; sct o
IL F preserves representation. For a, b, ¢ € Cv1, suppose that a € D¢ (b, c)

=TIG3 and let € Xg, be such that uiGy = foo.
We discuss two cases: ‘ | | N
i L(bye)iff =b e D! (—a, c¢) iff
L1 7 ¢ (a?) = 0], U [R(b?) = 0], U [k(c?) = 0], Since a € Dy, (b,c) iff s, (

‘)= the others can be similarly
_ce g (b, —a), it suffices to discuss the case 7 € [h(a?) = 0],, for the othe
treatod '

ibility, o o f . We
So (h{(a®)) = 0 (and so o € L(k(a?)), hence, by compatibility, o o f € L(a). We
assume 7(h{a?)) = 0 (¢
claim that gy this casc " = ()
(#) T(h(b I V) : 2 > -
” N = (L(h{c*))). Then, cor
- Tudeeq, suppose T(h(b?)) = 0 and 7(k(c?)) = 1 (i.e., 0 € L(A(b%)) (LA
Patibility yields
00 €Ll@)NLE)N L) ve =1, = |¢=1]
€ Vo =1], = [¢" =1],
Since RIGY =0 o f, we get n(a) € Z(a), u(b) € Z0), “1”15 (é p(c)), “hldi is impossible
Whenee u(c) # 0. But then, a € D‘ (b ¢) implies play=0¢€ ) T(h( 2)) = 0 to be untenable,
Since lt( ¢) # 0. A similar (ng,umcnt shows that T(h(b*)) = 1 an
Ctablishing (#). e are d
= 7(F(¢)) = 0, and we are done.
Er(h(a? )) = 7(h(c?)) = 0, then 7(F(a)) = 7(F(0)) = T(IF\(C)(? o € L(h(a*)) and o € - L(h(b
Honccfmth assume 7 € [(0?) = 1], N [A(c?) = 1511 0“;1;112 - L(b) N~ L(c), hence 1 € Z
T L{I(e?). Compatibility yields o o [ € L(a) a1 = 1],. In particular, (b), pu(c) # 0
d g Jvp2 — 1], = B2 =1], and p € [IVch —blﬂl L_(c)ﬁ)é z;nd o
fom q g D, (b, ¢), we obtain p(a) =0 € Dy (u(b), ple)),

%))
l)

(*) p(c) = —pu(b) # 0. Ve) = ~1 (recall: u(c) # 0);
e b=1], n]e= —~1],, 3.5.(a.1) yiclds (VD) ‘_1 ?m}n/(lil(bol(*) entails p(Vb - Ve) = —1,
Similg, algumcnt applies in case pu(b) = —1 and p(c)

raveling notation yields
x = —(o o f(VD)). U{“‘“C o (o

that 5, 1IGY(Ve) = g o f(Ve) = —n C(;}l((bz);* () = 1), T(F (a)) =0 € D (7(f(VD)),
TU(VC’)) = —7(f(Vb)), and so (recall: 7 0
\T(f(w’))): ending the discussion of case I Th(c ¢?) =1],. For x € {a, b, ¢},
Lo . € [h(a?) = 1, N [h(b?) = 1], = [(a®V?) = g]] ,I di\:i )Tmel\l - D,\I(ng Ve) and so f(Va)
(T ave Va € D, Fe)).
( (z”) TUv). By 35.(c) “Oh;{\gG molphlsm Hence, 7(F(a)) € DL (b)), 7(F(c)))

6. (/(Vb), £(9¢)), because f is a
lll(‘(\

hlete.
Tis ar bitrary in Xg,, the proof is comy

We

now have

=Gri=1,23
"OPosition 4.8 Let Gy be Boolean RSs and let Iy

then
)1f<f,/1/> € C(Gy,Gy) and {g,k) € C(G2, Gy), ther
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(1) (g o f,koh) e C(Gy,Gs).
(2) Flgo fuko ) = Flg,k) o F(f,h).

b) For an RS-morphism F : Gy — G, the following are equivalent,
(1) F is an RS-isomorphism;

| o , )
(2) fr is a RSG-isomorphism and hy : 1d(Gy) — 1d(G?) is a lattice isomorphism (and { fr, B¢
€ C(G17 G'Z)) ‘

, N
Proof. a) (1) Clearly, it suffices to show that (go f, hok) satisfy conditions (¢) and (it) in (
of Lemma 4.4.(h). Note that (go f), = f, 0 g,. If e € Id(G)), then h(e) € 1d(G») and so

LlodL(ReD)] © L[L(h(e)] C Le),

. . R . . iching
proving (i) in (*) of 4.4.(b). The same argument will yield (i7) in (*) of 4.4.(b), establish
(a.1). Ttem (a.2) is clear.

.o : jsm
b) (1) = (2). Clearly, if F is an RS-isomorphism, then fr : Ky — K, is an RSG-isomorph
and hp : 1d(Gh) — 1d(Gy) is a lattice Isomorphism. o)
(2) = (1). Tosimplify exposition, write f for fp and & for ip. Lot g: Ky — [&’1. and.k :dldfl(l ]f*’
be the inverse isomorphisms of S and A, respectively. Since [ is a RS-isomorphism, its zf(h(@)’
Xy — Xg, Is a homeomorphism, whose inverse is g« Note that {L(e), = L{e)} and { ishes
= L(h(e)} are clopen partitions of X K, and Xy, respectively: but then, because ( f, h) sa
conditions (i) and (ii) in (*) of Lemma 4.4.(h), we conclude that for all e € Id(G),

(I FAL(W(e)] = Le) and LEL(e)] = - L{e). e
We now show that (g,k) € C(Gq, Gy). Indeed, if ¢’ € 1d(Gy), then k(¢') € Id(Gﬁl) al'lfi 20 :
first equality in (I) obtains JAL((k(e)))] = L(k(¢")), whence (recall: g, is the lnvcr.b‘(;ies i
g [L(k(eN)] = L(h(k(e"))) = L(e') as needed. A similar argument shows that (g, k) satis othth
in (*) of 4.4.(h) and so (f:k) € C(Ga, Gy). Since hoth [y g and I, k are inverses to one an

7 s
items (a) and yield (recall: F = F(f, ), Flg, k) o FF = Idg,, F o F(g, h) = [dg, and F g
RS-isomorphism, ending the proof.

y

5 Quotients of Boolean Real Semigroups

oall
. . . . . :« o Boole?
Here we characterize RS-quotients in the class of Boolean RSs, showing that if G is a B

¢
. . . ~ satural
RS, any RS-congruence on G is determined by a subsemigroup of G 6, gencrated by a sat }
subgroup of G* (Theorem 5.5) 7. ?

5.1 Notation. a) In this section we fix: |

e A real semigroup, G, and lot K = GX

be the RSG of units in ¢ (cf. 3.6.(3)) i
atu

e An RS-congruence on G, =, writing G= for the quotient RS and 7 : G —s G= for the 1;(; 1)))

quotient RS-morphism. Let Kz == GX be the RSG of units of the Boolean RS G= (by 31

and let X2 e the space of RS-characters of G-.

b) Let Xo -5 X be the homeomorphism 7 Xer—= 7K € X, (3.6.(3)). ) |
tiem)e

¢) Let & = ker(m [ K), a (proper) saturated subgroup of K (recall: K isa RSG-molPllls .

d)LletH={so7¢ Xe:oe X2}, Thus, if 7,
composition, we have # = 7, [X<] 8.

i

|
)
!
[
|

i
!

y
R , . . CCd ’
D X= — Xg is the dual of , indu 1

¢ Called subspaces in [M]. ol |
" Conversely, by Theorem [1.3.8, [DP3), any saturated subgroup of an RS 11, rise to an RS-congruenct 3
% In [DP3], (f. 11.2.7.(1)

» T s written 7%, while 7 is sometimes written Ho
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) If r € Xg, set Pr)={zeG:7(x)€{0,1})} =[z=1y, Ulz=0]y, =[z=0],. B

Remiarks 5 2 a) By definition (cf. 11.2.1 and 1.1.25, [DP3}), an RS congruence on G is also a
Proper congruence of the ternary semigroup underlying G, i.e., = is a proper subset of G x G
and for all ¢ ¢ G, z = —z implies z = 0. In particular,

(1) 7(0), (1) and 7(~1) are pairwise distinct;
(it) For q, be,deG, a=bandc=d = ac=bd
Ttem (#7) above will be frequently used below without explicit mention.
b) By items (¢i) and (v) of Proposition I1.2.8, [DP3], we have:
(1) Hisa proconstructible subset of Xg, whence closed in Xeo (X¢ is Boolean).
(2) For all a,beq,
(#) a=0b iff ForallpeH, pla)=pb).
9 If c, [ € 1d(@), it follows straightforwardly from Lemma 3.5.(a.1) (or its item (d)) that
Ve=Vf iff ¢- .
9) Recall (cf. Notation I.1.4 and Definition 1.4.1, [DP3] or Definition 3.1, p. 112 , [DP1]) that a
Subset 4 of (7 is:
*A subsemigroup of (7 if it is closed under products and contains 1;
* Saturatcd if foralla,be G, a,be A implics Dg(a, b) C A. Similarly, one defines when
I transver rsally saturated (or t- saturated), replacing Dg by D‘

We also mention item (2.b) of Proposition 1.4.6, [DP3], namely:

Fact 5.3 If A is a subset of G, closed under products and containing 1, then the saturated
Subsemigroup generated by A, [A), is given by
[A] = U {Dg(¥) : ¥ is a n-form with coefficients in A, n > 1}. 0

¢) If 5, > 1is an integer, write n{1) for the n-form whose entrics are all equal to 1. It follows
€asily from (D) in 1.17 and 1.20.(c) that Ds(n{1)) = {0, 1}. a

PrODOSition 5.4 With notation as above, and for a, b € G

Yasp o (i) Va = Vb and (ii) o = 0.

Y Ifu € K and u = q, then u = Va and =1

¢) If w € K=, then there is v € K so that m(v) =w. In particular, 7 [ K+ K — K< is
Surjectiye. Mmm,,m foru,ve K, u=v iff we % (cf. 5.1.(c)).

9 1If e € Id(G2), there is x € 1d(G) so that m(x) =e.

Pr 2 (3.5.(a.2 + the implication = nceds proof.
O0f. a) Since for all 2 € G, @ = Va - x° (3 5.(a.2)), only U ! b
Ssume a4 =

= b; then, termwise nmlupllcatlon of this relation by itself yields a® = b*, i.c., (i)
0 establigly () fix pe M, thena = b, (#) in 5.2 (b.2) and (it) entail
0 pla) = 1)(Va)})((1‘2) = p(b) = p(VO)p(b 2) = p(Vh)p(a®).

I Ma?) = ¢ = p(b?), p € Z{a) N Z(b) and so 3.5.(a.1) yiclds ].)(Va) = p(V{b) = '—1. If, ])((1,.2)
?2])“)2) = 1, then (1,) entails p(a) = p(Va) = p(b) = p(Vb). Since pis arbitrary in 4, (#f) in
22 (b2

) ol)t‘\ms Va = Vb, as needed.
ltem (b) is immediate from (a), recalling that for allu e K, Vu=u.
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¢) Let w € Kx; then, there is a € G so that w(a) = w. Thus, 7(a)? = 7(a?) = w? =1, ;?nd 50
a® = 1. Thus, a = Va - ¢® = Va € K, entailing 7(Va) = w. For the second statement in ()
since u, v € K, we have 7(u) = w(v) € K=. Thus,

u=v it w(u) =7(v) iff 7(uww) =1 f weker(n|K)=23.
d) If e € 1d(G=), there is @ € G so that 7(z) = e. But then, 7(z)? = 7(2?) = €2, as needed. n

The main result in this section is the following

Theorem 5.5  With notation as in items (c) and (d) of 5.1, let A(Z) be the saturated subsemt
group generated ¥ in G. Now define,

Hy = {7 € X¢:Z Cker(r]K)};

{ Hapy = {1e€Xe:A(X) C P(7)}.
Then,
a) Foralla,b € G, a=b = Forcacht € Hy, 7(a) = 7(b).
b)) H = Hy = Hagy. In particular, all of the these three sets of RS-characters induct the
congruence = on G.
¢) The map 7 : K/¥ — Kz, given by 7 (u/S) = m(u) is a RSG-isomorphism.
d) (1) Foralle, ¢ € (1d(G),
(%) e=¢ ff wle) =w(e) iff Ve Ve €X, .
5

c/
(2) The restriction of = to Id(G) is a lattice congruence and 7 [Id(G) : 1d(G) — Id(G=)
the natural quotient map.

Proof. a) For a, b € G, suppose a = b; then 5.4.(a) entails (i) Va = Vb and (47) o* = b?. From ()
and 5.4.(c) we obtain Va - Vb € ¥ and so 7(Va) = 7(Vb) (recall: ¥ C ker(7 | I{). Now (1) o
5.4 yield Va® = Vb2, that just as above yiclds 7(V(a?)) = 7(V(b%)). Since 7 is a RS-morphis™
41.4.(21) entails V7(a?) = 7(V(a?)) = 7(V(1?)) = VT (b?), and so 7(a?) = 7(b2) (by 5.2.(c)): B
then,

T(a) = 7(Va - o) = T(Va)r(a®) = 7(Vb)7r(1?) = 7(b),
as needed.

b) We first verify that H = He. If p € H, then since K = ker(m | K(), it is clear that C p[K’

A o y 1 ?
and H C Hy,. For the reverse inclusion, suppose 7 € Hys; since = i 1 (‘)

and ; - . an RS-congruence, 1t¢4 a0
implics that there is a unique RS-morphism, o : G2 —s 3 (ic., 0 € X2) making the diagr?
below left commutative: -

ris
C— G- K—I K/a
3

andsoT=0orm X, establishing that # = Hy. If
but then, because 3 consists of units, we obt

]é € }?—[;r\\'e alrcmiy know that © C ker(plK). If o € Ay (the subsemigroup g(lncmtcd by
)s )yro.S, there is a n-form ¢ over Y(n>1Dsothat g e De(¥). Henee, pla) € DS(”(l))
s0 by 5.2.(d), p(a) € {0, 1}, whence p € Haw). Therefore,

HC Hawy € Hy,

. )
7 € Hagy, since & C Ay, then DS P(lct

ap
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and the first part of the proof establishes the desired equality.

¢) Let q: K — K/% be the natural RSG quotient morphism and let m [ K @ X — Kz be
the induced RSQ morphism, which is surjective by 5.4.(c). Since the maps ¢ and 7 [ K have the
$ame kernel (namely ¥), and ¢ is an RSG-quotient morphism, there is, by Proposition 2.21.(h),
P- 43, [DM1], a unique RSG-morphism, 7@ @ K/A — K=, making the diagram above right
commutative. To show 7 is a RSG-isomorphism, we prove that [ K is regular (Definition 2.22,
P 43, [DM1]). Since = is the equivalence relation corresponding to a subspace (by item (b)), we
employ the characterization of D in the quotient Gz, appearing in Theorem 11.3.8.(c) of [DP3].
F‘Ct W€ I, i=1,2, 3 and assume 7(w;) € Di._(m(ua), m(uy)) = Dy (m(wa), m(uz)) N K=, By
ttem (c) in Theorem 11.3.8, [DP3),

() 3¢, €G,i=1,2 3 sothat (1)@ = u? = 1; and
(2) wya; € D(f,(ugrvg, U3L3)-

Then (L1) yields wz; = w;, whence V(uiz:) = Vg = Wi, while (1.2) and 3.5.(c) imply V(wz:)
€ D(;(V(uzl‘z), V(usrs)). Hence, setting w, = V(wz) € IS, 1= 1, 2, 3, obtains
uj € Di(uy, wy) N K = Dy (i, 1), with wf = vy (1 =1, 2, 3),
®tablishing the regularity of «]I. By Proposition 992, p. 43, in [DM1], T is an RSG-
Somorphism, as needed.
. o
d) (1) The first equivalence in is clear; for the sccond, ¢ = ¢’ entails, by 5.4.(&),. Ve.: ve',
4d 50 since these terms are units, 5.4.(c) obtains Ve - v¢' € £. For the converse, if t/l'ns latter
L nver ‘
fondition is satisfied then, recalling 4.4.(a), we get vr(e) = m(Ve) = 7(ve') = Vr(e'), and so

2{c) implics w(e) = m(e’), as needed.
hr

By 4.3.(a), the RS-morphism 7 yiclds a lattice morphism, 1d(G) — Id(G=), given by e € 1d(G)
S fin(e) = m(e) € 1d(G=), that by item (d) is surjective. By (*) in item (d.1),

e=¢ iff he(e)=m(c)=7() = he(€),
“0d 50 the restriction of = to 1d(@) is equal to the kernel of the lattice morphisrlx‘é hy ?, alattice
C01']8'1”1101‘1(30, whose natural quotient projection is 7 1d(G) : 1d(G) — 1d(G=) . 2
Remarks 5.6 a) With notation as in 5.1, by Theorem 5.5, any RS-congruence on E.l Eoglc;il}n

Is induced by a subspace of X¢ of a special kind: note that Hy = () {[u =1y, :

L an RS-congruence is essentially determined by

s act, items (c) and (d.1) of 5.5 show that such
¢ saturated subgroup X of K. .
b) it 3 is 2 Boolcan algebra, any non-cmpty closed set, C, of the Stc.mc space of B3 L.S’(B), is of
the form deserilyed in item (a). Indeed, if U= S(B)\ C, then there is a family of finite subsets
?1f B¢ ={J C B: Jis finite}, so that U = Usee Mues fu=1]. F01r J €C, sct ‘“J _:1<\ueJ U
N fuy = 1] = Nyey [ = 1], whence U =U,ec [ = 1] and so C=ec [-w =1l
ue ’ R o
I particular. if p = C(X,3) is a Post algebra of order 3 and B is the Boolean a}ge})u} of
Units ) P, then X, is naturally homeomorphic to S(B) and so any closed subset of Xp is a

SUbs1 e o . .

Pace of the kind described in (a).
¢ i ~Jra < : Y} je s d1haernye )
) It not clear that every closed subset of the space of orders of a Boolean RS is a 5111)5})(1(.}(,
" Darticylay of the form described in item (a). In fact, .this is not clear even for reduced special
Eroupg o

9
10 X0) = () € 1d(G) x 1d(G) : ha(2) = ha ()]

tis not true, in general, that the congruence of distributive lattices are given by cither filters or ideals.
g merai, U :
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