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ABSTRACT

For the time-homogeneous multi-state Markov chain {X,,n > 0} with states
labeled as "0” (success) and " f” (failure), f = 1,2,... the waiting time prob-
lems to be discussed arise by setting quotas on runs of successes and failures.
Some particular cases are considered.

1. INTRODUCTION

We consider the time-homogeneous multi-state Markov chain {Xn,n > 0}
taking values {0,1,2,...}, where the sequence {Xo, X3,...} is determined by
the distribution of the initial states '

0
P(Xu=gl)=p§n 0<p0<1; p§1207 _91:1721"" Zpgl:l’
91=0



and transition probabilities
P(Xn41 =g | Xn=01) = Porg» 91,92=0,1,..., n=0,1,...

where o
0<po<l, Y pppm=1, s1=0,1,...

ga=0
and
Porga 207 [} =112,"'1 92=0111""

? as failures,

We regard the value ”0” as success and the remaining values ” f
f=12,...

The waiting times to be discussed will arise by setting quotas on runs of
successes and failures.

Let c and d be fixed positive integers and let us consider the events

the trials are performed sequentially
or d consecutive failures are observed

ST(c,d) = { until either ¢ consecutive successes

the trials are performed sequentially
until ¢ consecutive successes are observed |’

STy(c) = {

STy(d) = the trials are performed sequentially
2 - until d consecutive failures are observed

and

the trials are performed sequentially upon
LT(c,d) = completion of both a run of ¢ successes
and a run of d failures

It is clear that the sooner occurring event ST(c, d) and the later occurring
event LT(c, d) between ST, (c) and ST;(d) are determined by the relations
ST(c,d) = ST (c) UST2(d) (1)

and

LT(c, d) = STy(c) N STy(d). ()

In this paper we extend to the present homogeneous Markov chain the
waiting time problems related with the events ST(c,d) and LT(c,d). These
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events are studied by Balasubramanian et al. (1993) for Markov correlated
Bernoulli trials, where the review of literature is given.

Similar results for two-state homogeneous Markov chain are obtained by
Aki and Hirano (1993) and Uchida and Aki (1995). The distribution theory of
runs in different Markov fashions is developed by many authors. Some impor-
tant recent references are Aki et al. (1996), Balakrishnan et al. (1997), Doi
and Yamamoto (1998), Ebneshahrashoob and Sobel (1995), Fu and Kuotras
(1996), Kuotras (1997).

Let us define the random variables

S - 1 ion:gl,
n = 0 if Xo#aq,

for ¢y =0,1,... and

S { number of transitions of type g — g2 in the }
ang2 ’

Markov chain until the event ST(c, d) occurs

for 1,92 =0,1,....
In Section 2 we deal with the distribution of the random vector

S= (SO)SIV"’SOO)SOI’-- -)1

under the condition that the event ST(¢, d) occurs with probability 1. To avoid
trivial complications we assume the chain to be irreducible. As particular
cases, the exact joint distribution of the number of successes and number of
failures is given as well as a run quota on successes and a run quota of failures
are studied. Two examples are given too. Because of duality based on the
relations (1) and (2) the later cases related with the event LT(c, d) are derived
from Section 2 and are discussed in Section 3. Some final remarks are given
in the last section.

2. SOONER WAITING TIME PROBLEMS

Under the given notations the following basic lemma is true.

Lemma 2.1. The joint probability generating function (PGF) of the ran-
dom vector S = (S0, 51, . - - » So0, So1, - - .) related with the event ST(c, d) is given

by

E{(to)®(t1)% - .- (fo0) ™ (tor)™* .. .}

oo AoCoo 3)
> Pantyng(:l) + 1— Ao

a=1

gs(to, tl, e ,too, tol, . )



which converges at least for

{(ost1y- -+ ooy to1,---) 2 [t| <1 and |t,'j|S1, 1,7=0,1,...}

and
AQ Poto + E Pmtm g(ldo—l)a (4)
n=1
1 — (pootoo) ™ & (d-1)
Ao = mglmﬁoﬂfm ) ()
~1 1= (poatoo)™ & d
= et e P
where forgy =1,2,... andd > 1
d 00
( S Z Poimtong - z Pos-194tearoar (6)
g2=1 g4=1

=]
d—1
Félo = Pgrotg0 + E PargataignPraotyo + - .

ga=1
0 o ()
+ E Poisalorgs « - E : Pga_294-1 tﬂa—:ﬂd-lpgd-xotu-xo'
g2=1 gd-1=1

Ifd =1 the expressions (6) and (7) take the form

F®=1 and F5MV=0.

Proof. Let us consider at first the sequences of outcomes terminating in ¢
consecutive successes "0”. The possible disjoint events for d > 1 are as follows:

— Xop = 0 and the first success is followed by ¢ — 1 consecutive successes.
The contribution to the joint PGF gs(e) is

5° = poto(pooteo)*";

~ Xo = 0 and exactly » > 1 subsequences containing no more than d — 1
failures are observed.
The possible sequences of outcomes can be described as

Off f00 00...0ff.. f 00...0ff...f00...0

it Jl .72 " Ir G
where

0<,€e-21<4,<c¢c—-1,a=23,...,1; 1S <d, b=1,2,...,r
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From the Markov property of the sequences follows that the net contribution
S} to the joint PGF gg(e) of all such sequences is

Sy = poto(Aoo)" (Pootoo)™

where Ago is given by (5);

-Xo=f, f=1,2,... and exactly r > 1 subsequences containing no more
than d — 1 failures are observed.

The contribution to the joint PGF in this case is

Z Parte, Fasg ™ (Aoo) ™ (pooteo)*™".
g1=1
Adding of all of these contributions gives
§=8"+) (S +SH
r=1
and after simplifications we obtain

Ao

S=1"4

(pootoo)*™".
00

Let us consider the sequences of outcomes terminating in d consecutive

failures f =1,2,... whend > 1.
Let Xo = f and the first failure is followed by d — 1 consecutive failures.

The contribution to the joint PGF in this case is

o0
Fy= Z pgltganld .

n=t

Next, the contribution to the joint PGF, when the initial trial is successful
followed by no more than ¢ — 1 consecutive successes preceded the sequence of
d consecutive failures, is given by

1 - (pootoo)c—l <] d
e

The corresponding contributions F! and F? from the sequences ending
with d consecutive failures, containing exactly r > 1 subsequences of failures
and beginning with a success or a failure are

(Pootoo)c_ - (d)
to(Agp) ———————— E Pog, tog; F,
=P D( ) too el 914091 4 gy



and

S =4 1l (Pootoo)”™! & @)
= E Pata g10 (AOO) 1 — pootoo Zl P091t091Fg1 )
fn=1 n=

where Ao, F{® and F{G™") are given by (5), (6) and (7).
Adding of all of these contributions gives
o0
F=F+F+) (F+F),
r=1

1.e.

F= Z DPg tm g,

=1

The joint PGF gg(») given by (3) is obtained by

+ 72— [Coo ~ (puoto)* .

gs(to,tl,...,too,tm,...) = S+ F.

At the end, if d = 1, the joint PGF is given by the following expression

100)°"" =
Z pl:t.lh +pﬂt0 (pﬂotm)c-l + _Lm)__ Z poﬂltoﬂl 1’
n=1 g1=1

i.e. one can substitute F{? = 1 and F(d_ =0in (3).

To see that gg(e) is a PGF, let us put in (3) all arguments equal to 1 and
1=(1,1,...,1,1,...) be the corresponding unit vector. Then the following
relations =8

Fia V(1) = 3 fnoli) = 1 - F(1)
i=1
and

1 — Aoo(1) = Coo(1),

are true, where f,,o(#) means the conditional probability that first visit to state
0 from some failure state occurs in exactly i steps, i = 1,2,...,d — 1. This
completes the proof.

Remark 2.1. Lemma 2.1 is true under condition that P(ST(c,d)) = 1,
which is always fulfilled for irreducible Markov chains with persistent set of
states.

If the states of the chain are transient, for the realization of the event
ST(e, d) with probability 1, it is necessary all possible sequences of outcomes
between the first and the last observed successive state "0” in the event
ST(c, d) to belong to the same state, say Py, of transient states.

Let Xq = 0 and the sequences of outcomes terminate in d consecutive
transient failure states. Beginning from some of the last d failure states it
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is possible the elements of the following subsequence to belong to the upper
(according Py) sets of states.

Let the chain starts with a failure state. Then some subsequence of con-
secutive failure states, followed the initial state of the chain and preceding the
first successive state, may belong to the lower (according Py) set of transient
states.

Remark 2.2. If the homogeneous Markov chain has two states from (3)
one can obtain the corresponding joint PGF given by Balasubramanian et
al. (1993) in their Proposition 1. Lemma 2.1 generalizes the PGF given in
Theorem 1 by Aki and Hirano (1993), where it is understood that X, is not
counted in measuring the length of the run in two-state Markov chain.

Remark 2.3. By substituting in (3)
tao=1tg0=3s, g =0,1,...
and
th=t, a1 =12,...; tgu,=1% g=01,... and g =12,...

we obtain the joint PGF

gs.Fr(s,t) = i i P(X =z,F =y)s"t* (8)

=0 y=0

of the random vector (S, F'), where S and F mean number of successes and
failures in the event ST(c, d), respectively. From (8) it is possible to calculate
Cov(S, F).

Let us denote by

a'l(j) = Z pmfglﬂ(j)a j= 172a---,d"11

n=1

00
a’ﬂ(j)= Epogxfmo(j)a J= 1121"'1‘1_1’

n=1
ai(d) = Y P FO(1)
=1

and

aO(d) = E Pﬁﬂng(:i)(l)y

g1=1

where £, 0(7) are the conditional probabilities defined in the proof of Lemma
2.1 and 1 means the corresponding unit vector.
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From (8) one can obtain the following exact join distribution of the random
vector (S, F):

P(§=z,F=y) = 0 for z<c¢ and y<d;
PE=cF=0) = mimo)l™
PS=0F=d) = ad)
P(S=c¢F=d = 0
P(S=c¢+i,F=0) =0 for 1=1,2,...;
P(§S=0,F=d+j) = 0 for j=1,2,...;
P(S=cF=j) = a(5)(poo)*™t for j=1,2,...,d—1;
P(55=, P=¥d) = po(pen)taog(d)} for 1=1,2,...,c—1;
P(S=i,F=d+j) = (Poo)' 1[‘11(1)‘10(‘1)—aO(J)al(d)]
+ Ez = YP(S=i-m,F=d+j—n)
m=1n=1

for +=1,2,...,¢-1 and j=12,...,d-1.

The remajning joint probabilities forz = ¢, y=d+1,d+2,...,2d — 1 and
z 2 ¢+ 1, y 2 2d, are given recursively by the following relation
c—1 d—1
PS=z,F=y)= Y. 3 (poo)" ao(n)P(S =z —m,F =y —n).

m=1n=1

From (8) can be obtained the marginal PGF’s gs(s), gr(t) and gn(u)
of the total number of successes 5, the total number of failures F and the
total number of trials N in the event ST(c,d), respectively, as well as the
corresponding probability mass functions and expected waiting times.

2.1. EXACT DISTRIBUTION OF THE NUMBER OF
SUCCESSES

By substituting in (3)
lo=tho=s, a=0,1,...
and
t, =1, ¢1=1,2,...; f5,=1 ¢g=0/1,... and g.=1,2,...

we obtain the PGF of the number of successes S in the event ST(c,d). The
corresponding expression is given by
[po + =, a1(3)] [(poo)**s° + sao(d)—f%,ﬁ‘—’;

- o ()t ol as) )

gs(s) = as(d) + =



where ao(d}, ax(d), ao(7) and a;(j) are as defined in Remark 2.3. Now, for the
exact distribution of the number of successes we obtain the following formulas:

P(§=0) = a(d); _
d=1

PS=1) = |m+ Y al)| (o) aold)

i-1 = . a-1

+ 3 (S=i—m)(poc)""lza0(j) for i=1,2,...,¢c~1;

i d-1 1 =
P(S=c) = |po+Y af)| (poo) -

L =1

The remaining probabilities can be calculated recursively

c—1 d=1

P(S=z)= Y3 (poo)"'ae(j)P(S=z—m) for z>ec

m=1 j=1

Example 2.1, Let us consider a Markov chain having 3 states: a successive
one and two types of failure states (1 and 2), with transition probabilities given

by the following matrix
poo pn 0
po 0 pia
po 0 px»
and pg+p = 1.

This matrix corresponds to the single corrective action model for a start-
up demonstration test under the Markovian dependence structure studied by
Balakrishnan et al. (1997). We slightly simplify the model accepting the same
probability

poo = P(success | previous trial is successive).

In a single corrective action model, one corrective action of the equipment is
allowed (failure of type 1), resulting in a change in the probability of success
just after a failure, until specified number of consecutive start-ups, say ¢, are
observed. This means that just after the first failure the system changes his
behavior. So, it is impossible the test to begin with a failure of the second
type. Because of this p; = 0.

Under these assumptions, one can obtain when d — co from (9) the PGF
given in Theorem 2.1 by Balakrishnan et al. (1997).

Let us substitute d = 3. This means that under the corrective action
model, the start-ups are terminated upon the c-th consecutive successive state
of the equipment or just after the third observed consecutive failure.



In this case, we have the following simple expressions

ao(l) = PoiPo
ao(2) = Ppo1P12P20;
ao(3) = Po1P1aPas;
ai(l) = pipio;
a1(2) = piprzpoo;
a1(3) = piprzpa,

which are used in calculating the probabilities P(S = z), z > 0.

Remark 2.4. Letting d = oo in the event ST(c, d) yields the event ST (c)
studied by Kolev and Minkova (1997). Then from (3) we obtain the joint PGF
g(c, 00) until a run of ¢ consecutive successes in a multi-state Markov chain is
observed, given by

A 1
g(C, °°) = 1_A(1]0(P00t00)c— ’ (10)
where
oQ
A(l) = poto + E Payto Foyo0,
g1=1
1-— Poot c—-1 oo
Ao = ﬁ E Pog, tog; F,0,
n=1
with

o0 o o0
Fy0 = pgiotgi0+ E Po1gatgiga Paaotpo + 2 Posnatois Z Puz9stoags Posolgso + -+
ga=1 p=1 ss=1

Let us note that in this limiting case the relation (10) is true only for
irreducible Markov chains with persistent set of states (compare with Remark
2.1).

The expression (10) is preferable to be used since it is simpler than the
corresponding joint PGF derived by Kolev and Minkova (1997).

2.2. EXACT DISTRIBUTION OF THE NUMBER OF FAILURES
By analogy with the previous subsection, let us substitute

to=140=1, @ =0,1,...
and

ty, =t 1=1,2,...; tapm=t a=01,... and g¢g=1,2,...
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As a result, from (3) one can obtain the PGF gp(t) of the total number F of
failures in the event STY{c, d)

[po + T1 a1(5)#’] [(Poo)™" + ao(d) =f2uel 4]

[ T s ) ’

1-poo

gr(t) = ax(d)t” +

where the expressions for ap(d), a1(d), ao(j) and a((;) are given in Remark 2.3.
The probability mass function of the total number of failures is given by the
following relations

P(F=0) = po(poo)™; .
P(F=j) = [a()+p =L a()] (poo)* for j=1,2,...,d—;
P(F=d) = a(d)+po = go(d);
P(F=d+j) = =0 [4)(5)a0(d) + po =2 a(5)ac(d)
d-1
+ 3 P(F=d+j-k)ao(k)J for j=1,2,...,d—1.
k=1, k#j

The remaining probabilities can be calculated recursively

1-— c~1 d-1 ) )
P(F=y)= %Z}%O)P(Fzy—-]) for y > 2d.
J=

Example 2.2. Let us consider a random walk model over the non-negative
integers determined by the following transition matrix

poo pr 0 0 O
pio pu p1z O 0
0 pa puz pa 0
0 0 p32 pi3z pu

and pp+p+---=1.
If we substitute d = 3, we have the following expressions

ao(1) = porpio;

ao(2) = pupupwo;

ao(3) = poi[pri(pun + p1a) + piaf;

tll(].) = P10y

a1(2) = pipupo;

ai1(3) = 1+ pilpulpn +p12) + prz — 1+ p2pu(pu + piz — 1) — po
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and one can calculate the probabilities P(F = y), y > 0.

Remark 2.5. Letting ¢ — oo in the event ST(c,d) yields the event
ST(d). From (3) we obtain the joint PGF g(oc0, d) until a run of d consecutive
failures in a multi-state Markov chain is observed, given by

> to+ X2 pitiFg Y
9(001 d) = Z Paty + 1 pop:(]t ZI:O: ppo ¢ IUF(d—l_lpoyx tog, F}:{)’ (11)
=1 = 00 2_=1 Pottoldyg

where Fg(f) and Fg(f(;' Y are the expressions (6) and (7), respectively.
As in the previous case, (11) is true only for irreducible Markov chains with
persistent set of states.

3. LATER WAITING TIME PROBLEMS

The latter case in this section arises when stopping the experiment upon com-
pletion of both a run of ¢ successes and a run of d failures in a multi state
Markov chain, i.e. we deal with the event LT(c,d) and associated random
variables
st

9183

number of transitions of type g3 — g, in the
Markov chain until the event LT(c, d) occurs |’

for g1,92 =0,1,... under condition that P(LT(c,d)) =1.
The joint PGF gpr(c, d) related with the random vector

S! = (S0, 51, ..., 8, 51, )

can be obtained from the results derived in Section 2 because of duality noticed
by Balasubramanian et al. (1993) and based on the relations (1) and (2).

If we denote by gsr(c, d) the joint PGF given by (3), then the joint PGF
gur(c, d) is determined by

gur(c, d) = g(c, °°) + g(oo, d) = QST(C, d)a (12)

where g(c, o) and g(co, d) are expressions (10) and (11). Similar relationships
hold for any marginal PGF’s.

Remark 8.1. From (12) one can obtain the corresponding joint PGF,
given by Aki and Hirano (1993) in their Theorem 2 where it is understood
that Xp is not counted in measuring the length of the run in two-state Markov
chain.
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Remark 3.2. The condition P(LT(c,d)) = 1 implies that the joint PGF
determined by (12) have to be modified as follows

gLT(Ca da Chdl) = g(C’ dl) + g(clyd) —QST(C, d)a

where ¢ € ¢; < oo and d € dy < oo with ¢; and d; being the maximal possible
length of runs of successes and failures within the set Py, defined by Remark

2.1.

4. CONCLUSIONS

The sooner and later waiting time problems discussed by Balasubramanian
et al. (1993) and Aki and Hirano (1993) have been generalized to the multi-
state Markov chain. The obtained results can be applied for evaluating the
system reliability (start-up demonstration tests), molecular biology (modeling
the structure of DNA), for description of some random walk models, etc.
Presented results can also be extended for non-overlapping way of counting
and for more complex sooner and latter waiting time problems considered by

Uchida and Aki (1995) and Balakrishnan et al. (1997).
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