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Abstract 

The familiar finite population model - where information provided by a subset 
of units is used in order to reduce the uncertainty about a. function of the complete 
population list of values - is explored from a predictivistic point of view. Under this 
approach, only operationally meaningful quantities a.re considered and therefore no 
superpopulation parameters are involved. Actually, the only parameter present is 
the list of population values - a function of it being estimated. All probabilistic 
statements follow from uncertainty a.bout the values of the unsampled units and 
from the structure of the population relative to the values. Sampling plana play 
no role, as they do in classical sampling theory. Superpopulation modele - which 
can be understood by invariant properties of infinite sequences - are also discarded. 
Any hierarchical assignment of probabilities that corresponds to the marginal di•• 
tribution of the complete vector of numerical values is allowed. This approach is 
strict Bayesian: it does not violate the Likelihood Principle, it is not built on the 
consideration of a family of labelled distributions and it does not need assumptions 
of extendibility to infinite populations. 

1 Introduction 

The structure being considered in this paper is given by a finite population of clearly 

labelled units, P = { 1, 2, . . . , N}, having its size, N, known. To each unit there is 

associated a. real-valued number or vector, so that we have the set of unknowns X = 

(X1, .\'2 • •• • , X.d E _yN. The sample space set .\' is known. Each X, is unknown as long 

as unit i is not available for inspection. One is interested on making statistical inference 

about some parameter T with incorporation of information provided by a sample y. The 



parameter Tis a function T = T(Xi, X2 , ••• , XN) and a sample of n < N units becomes 

available, i.e., n units are inspected and have, therefore, their x, values revealed. We will 

write J/ = (Jli,J/2, ••• ,J/.) = (x,11 x,2 , ••• , x;.), for some labels 1 :5 i1 :5 i2 :5 ··· :5 i,. :5 N. 

The point of the authors is that such a. population is not only finite in its size, but also 

cloaed, i.e., it should be protected against introduction of models possessing unobservable, 

&nd therefore lacking operational meaning, quantities. The sole randomness for You is due 

t.o Youn ignorance of (some) of the ::t; and the probability statements of You should refer 

exclusively to X. As it is very well-known, most approaches do not keep the population 

cloaed. For example, 

a) Frequentiat, Cochran-style sampling models [Cochran (1977)]: 

This approach is first of all non-Bayesian: it does not allow (true) probability for X 

and it violates the Likelihood Principle. Even among frequentist statisticians, it makes 

some trouble, as the sole source of randomness is induced by the sampling plan. This, in 

tum, generates likelihood functions which are &!ways flat on their support, yielding the 

10mewhat awkward situation where there is no non-trivi&! reduction of uncertainty about 

X (&au (1969)). This is overcome by 

b) Frequentist auperpopulation models: 

Essentially there is now a probability distribution Fx(-18) on XN and inference con­

centrates on 8 E 8. This is again non-Bayesian a.nd we shall not discuss it unless it is 

changed to 

c) Bayesian superpopulation models ("light" Bayesian models): 

There is a formal Bayesian update of densities for 8. allowing computation of predictive 

densities: 

/T(tly) = fa J(Bl11)/r(tl11, fJ) dB. 
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We propose a return to basic subjectivistic reasoning. by considering 

d) De facto, strict (predictivistic) Bayesian models: 

We suggest that the problem must be dealt by Ockham's razor and reduce to assess­

ment of a prior distribution fr(t) for T, the parameter, to be updated by Bayes' formula, 

yielding 

h(tiy) ex h(t)f(ylT = t) . 

This can also be implemented by assessing first /x(z1,z2, ...• zN), as such marginal 

distribution decomposes on 

[There is no distinction really between prior and likelihood - both are equally important 

components of fx(x)J . In other words, the hierarchy by successive assessment of /x(z), 

h(t), fx(zlT = t), J(ylT = t), h(tly) is satisfactory as well. It should be noticed 

the predictivistic approach where neither unobservable quantities nor infinite sequences of 

variates are being considered. 

2 Examples 

1. Estimation of population proportion 

Consider the situation where ,l' = { 0, 1} and T = T( X) = ~ 1 X;. Suppose a sample 

y = (y1 , •• • , Yn) is available. Let us denote the prior distribution for T by 

Prob{T=t}=a1 , fort=0,1,2 • . .. ,N . 

The specification of the distribution of X, given T = t, yields the posterior distribution 

for T, given y, as 

Prob {T = tiy} ex a1Prob {ylT = t} = a, L Prob {X = zlT = t} . 
r:z-,,=w, 
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We emphasize that the sample y = (y1, ••• , !In) is .. available", i.e., it was not nec­

essarily obtained by a lottery - or, if it wa.s, its sampling plan is irrelevant. All the 

randomness present is due to uncertainty about the r;-values. The use of Bayes' for­

mula is the coherent way of recalculating probabilities derived from the original prior 

distribution /x(z1, ... , XN ). Notice that the specification of this prior is given by a, and 

Probx{r1, ... ,zNIT = t}. 

In the example, when a1 = (N + 1)-1 and X, given T = t, is also uniform on the 

appropriate set, we obtain the posterior 

P(T = tjy) ex ( : ;.. ") (N)-1 

I (t ~ ty;) 
t £..isl y, t i=I 

One should notice that the .. hypergeometric" term on the posterior above results exclu­

sively from the two uniform distributions assumed. There is no assumption of a "draw 

without replacement" whatsoever. Sampling plans play no role. · 

It should be noticed, however, that the posterior is exactly the same obtained by 

assuming Xi, X2, ... , XN extendible to a sequence of exchangeable random quantities 

with de Finetti measure uniform on (0, 1 ). 

Proof: In fact, if X,, X2, ... , Xr,; are exchangeable, the conditional distribution of X, 

given T = t, is uniform. On the other hand, if X., ... , XN is extendible, de Finetti's 

Representation Theorem (de Finetti (1937)) yields 

for each t = 0, 1, ... , N. Integrating with µ uniform on 0 = (0, 1 ), we obtain Prob {T = 
t} = (N + 1)-1. D 

In conclusion, we go back to a. superpopulation (Bernoulli) model when using the two 

assumptions above (with, specifically, uniform "prior" for 8 on (0, 1)). However, suppose 



.. 
• 

now that Prob {T = O} = 0, and Prob {T = t} > 0, fort -:f, 0,, i.e., 0 is removed from the 

prior support of T. Now there is no superpopulation model yielding the aame distribution 

Prob {T = tly}. 

Proof: Suppose, by contradiction, that there is a superpopulation model yielding 1:he 

same posterior distribution. In other words, assume the existence of a non-degenerate 

distribution G on [O, l] such that 

for each t = 0, 1, ... , N. Then 

implying that G is degenerate on I and P(T = N) = I. □ 

In conclusion, there are prior distributions Prob {T = t} which do not. correspond to 

• any (B~esian) superpopulat.ion model, in the sense that. the posterior does not correspond .. 
to any attainable from such a model. This also justifies attention to predictivistic Bayesian 

models. 

In general the problem of asking what priors do correspond to a auperpopulation 

model is stated as: what prior values a1 satisfy 

a,= l (~)01(1 -ot-1dµ(8), for all t = 0,1, ... ,N, 
for sgme non-degenerate measureµ on [O, l]. This is actually Hausdorff's reduced moment 

problem whose solution characterizes extendible exchangeable sequences (see Iglesias­

Zuazola (1993) and also ·oe Finetti's proof of the representati~n theorem (1937)). 
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2. Estimation or population total ( discrete case) 

Here X = Z+ (the nonnegative integers) and T = T(X) = L~i X; . Suppose again 

that a sample y = (yi, ••. , y,.) is available a.nd let 

We have again 

• 
Prob {T = t} = a1 , forte Z+ . 

Prob {T = tjy} oc a, L Prob {X = zlT = t} . 
~=z,,=w, 

Let us also suppose that the distribution of X given T = t is uniform on the set 

{(zi, ... ,ZN) E Zf: E~1 z; = t}. By using standard results [Feller (1968)], we obtain 

It is easy to see that the likelihood is the same when we use the geometric Bayesian 

superpopulation model. And also, if there exists a non-degenerate probability measure µ. 

on [O, 1) such that 

a1 = lo' ( N + i' - l) ( l - st 9' dµ( 8) , for each t E Z+ , • 

then the posterior distribution is exactly the same obtained by assuming X1,X2, ... ,XN 

conditionally independent and geometrically distributed with parameter 8 with de Finetti 

measwe µ . 

• This is a condition of extendibility for a class of finite exchangeable sequence~ The 

•· existence of a non-degenerate measure µ satisfying the equations above can be verified 

by Ha.usdorff 's Theorems. This can be seen by noting that the equations above have a 

solution if, and only if, the problem .. . 
c, = l 81 dv( t) , for t E Z+ 
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has a solution for 11, a probability measure on [O, l}, with Ct satisfying the relation 

(N+t-l)-t N (N) r N t a, = ~ r (-1) Cr+1 = ~ c1 . 

Hausdorff's theorem shows (Shohat and Tamarkin (1943)) that the sequence is ex­

tendible (in the sense above) if, and only if, 

. • ~ (k) ~ a1 = L.- (-1ra1+r 2: 0, fork= 1,2, ... ,; t = 0,1, ... 
rsO r 

It is easy to find prior distributions for T which do satisfy these conditions. On the 

other hand, it is not simple to find the de Finetti measure once these inequalities · are 

satisfied. In this manner, it is not clear what are the advantages of extendibility. 

The applications are not restricted to judgements of uniform distributions for X, given 

T = t (see, for example, Wechsler (1993)). 

3. Estimation of population total ( continuous case) 

We now consider X = lR+ and T = T(X) = I:!1 X,. Let us denote by /(t) the prior 

density for T and suppose that the distribution of X, given T = t, is uniform on the 

set {(xi, ... ,xN) E JR~ : r:f:1 x; = t}. It is known that if X1, ... ,XN are independent 
• 

random quantities with common distribution exponential ( 1) then the distribution of 

X1 , ••• , XN, given T = t, is uniform on the appropriate set. Using this fact, we find that 

the posterior density of T given y is given by 

( ~" )N-11-l ('C""" )"-1 1 ( ,. ) /(tly) ex 1- L..,~I Yi L..i~J Yi tf(t)I t 2: ~Yi 

• 
• .. If /(t) = am~ I(t > m0 ), i.e., if T has a Pareto prior distribution (a,mo), and when t•+I -

E~=i y; .2: mo, we obtain the posterior density 

• 
Note that this posterior does not correspond to any density obtained from an expo­

nential superpopulation model. 
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A probability interval for T, given y, can be constructed by using tables of the Beta 

(n + a.,N - n) distribution (with abcissas B0 ): 

{ 
}:"y· L"Y } 

Prob ~<T<~IY =l-1. 
l-o/2 o/2 

The mode of the posterior density above is 

ud ita posterior mean is 

- _ (N + a - 1) ~ . T1 - ---- ~11• 
n + a i=l 

t _(N+a-1)~. · 
2 

- ( n + a - 1) ~ 11' · 

Notice that for a == 1, 1'2 coincides with the usual total predictor of simple raudom 

sampling. 

• • 
The exampla aboW! refer to estimation of population totals for finite 1equences o( 

exch&ogu.ble variates. Under a further judgement of linearity of posterior mean, i.e., 

E ( Tl t. ?Ii) == a + b t. Yi , 

Eriaoo's theorem (Ericson (1969), p.323) can be used to determine a and b, which depend -

• 

• 

OD the firat and leCODd prior moments of T only. In particular, £or a and b given on • 

Ex&mple 1, the prior distribution of Tis determined. This can be proved by Ericson's 

theorem and the rule of 1uc:ccuion for finite aequences (Zabell (1989), de Finetti (1937)). 

Diaconil and Ylviaalcer (1979, pp.279-280) obtain a similar result for infinite aequences . 

• 
f. Estimation of population maximum 

• 
Consider X = E+ and T = T(X) = XIN), the population maximum. A aample 

r == (Ji, ... , y,.) is available and let· a1 denote the prior distribution for T, with the 
• 

distribution of X, given T = t, uniform on the set {(.r 11 ... ,.rN) E Zf: Z(Nl = t}. 
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The posterior distribution is given by 

p b{T=tl }= (t+l)" l+(,J.)N 

1
--1- { l } a, if t = J.l(n) 

ro y 1 {) - (-1-)N-,.} 
'fl "ft (t + l)" 1 - (,;1)N a, I > Y(n) 

The mode of the posterior above is 1'1 = y1,.1 whenever a1 decreases in t. Extendibility 

for a mixture of discrete uniform distributions obt&ins if, and only if, there exists a non­

degenerate probability measure µ on Z+ such that 

J, (t+It-tN a,= 
1

~
1 

(t + l)N dµ(O) , for each t E Z+ . 

Such a. measure µ exist if, and only if, the function defined by 

defines a. probability measure on Z+. Using this fa.ct, it can be shown tha.t if aM = 0 for 

some M E IN and a1 > 0 for each t -:/ M, the sequence is not extendible for the uniform 

model of superpopulation. 

3 Conclusion 

The examples show that Bayesian superpopula.tion models do not necessarily exist for 

every prior f x(x). 

We indicate a wa.y for ma.king statistical inference on finite populations under a strict 

subjectivistic approach (de Finetti ( !9i5, v.l)). As sampling plans are unnecessary in this 

approach, it can be used when information is based on intentional samples, providing a 

formal inference for the situation. One might choose samples y having more "interesting" 

expected likelihood functions L,(t). for instance. 

A more general setting would be given by consideration of loss functions U(y, X) (see 

Kadane and Sedra.nsk, p.335. for a similar approach). 
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