HONLIREAR VOLTERRA~STIELTJIES -“INTEGRAL EQUATICHNS
by Chaim Samuel H¥nig
Abstract - In this commuication we ‘encunce a\ theorem that proves the exis-

tonce and unicity of the solution of the :-f.mai:ion
t
#(t) = g(t) -J; dX(t,8).8(s,7(s)) , acten

in a Banach space comtext, vhere y,g: [a,b] —3 X are regulated functions (i.e.,
functions that have only discontinuities of the first kind), f is regulated as
a function of the first variable and lipschitzian as a function of ‘the second
variable; X(t,s)eL(X) , a¢3<¢t¢b , 18 such tnat the integral above is a reg-
ulated function if y is regulated. %e prove that the soluticn Yy depends con-
tinuovely on K, £ and g. This theorem extends an .analogous result proved by
Groh, [l] » 1n the numerical or euclidean case (X = 4") for an autonomous equation

and under more restrictive conditions on f, g and j.

1. Introduction.

In (1] Groh proves the cxistence and unicity of the solution of the Stieltjes
integral equation
t ) o
yit) = xq - Ja da(s)et(s,y(8)) , ag¢tsd
where y,A: [a,b] > B are functions of bounded variation, £ 18 a contimious
function that is lipachitziun as a function of the second varlable with Lipschitz
constant L, The integral is the Young integral. Uroh uses the results proved by

Hildebrandt, (2], in the linear case (f(s,y(s)) = y(s)). If

sup [at) - a(t-)l¢ %

acstéd
Groh proves the existence and unicity of the solution of the equation above in
applying the Banach fixed point theorem with respect to an appropriately veighted

norm. Groh glgo ~xiends his pesulta to the eucildean cuse and 1328 a generalized
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uron\nvaJ_..'l. inequality tc prove that the sclution depends continuougly on x'o
Our extension, given in the a‘natmct .uses the interior integral J this

integral has betier properties \Ehg@ the Young intepral but is "associated" to it,

see [6], Théordze 1.16. For f£(s,y(s8)) = y(s) our theorem reduces to Théoréme 3.8

of [6], the theorem of existence, unicity and continucus dependence of the linear

Volterra—stieli':jes integral equation
) t
y(t) - Ja dSK(t,s).y(s) = glt) , agtiv.

Let us recall that this squation encompauses as particular cases the linear Vol-
terra integral equatioms , linear Stieltjes-integral equations, systems of linear
differential equations, lirnear delay differential equations, 1ineu: neutral &if-

ferential equations etc.; see [3], p. 38 and (7].

2. Notations.

We follow the notations of (6], [4], [5] and [3], but for some small changes.

For the notion of regulated function and the correepondmg notations sce [4],
p- 175, 176; or [5], p. 305; or [5], p. V.5, V.6 . I

For the definitions of function of bounded semivariation, of the interior in-
tegral J’. and their properties see [4], p. 176, 177, Theorems 1.9, 1.10 and
1.12; or [5], ». 306,307, “haorems 2.1 and 2.2; or (6], p. V.6, V.7, Théorimes
1.10, 1.11 and 1.13.

For opsrators defined hy kernels K and their main éroperties see [4],

. 192, theorems 2.6 and 2.10 [we tave to = a and ve may Always suppose that

K(t,5) = 0 and #men ve urite Ke 6.1 ®1())}; or [5], p. 309, 3510, 31,

Theorem 2.6; or (5], 2. Y.11, Théortnes ?.1, 2.2, 2.8 and 2.10 .

3. Awxiliary somidts,

Yo suy that a Dawction £ [a,b] x X — Y is lipschitzian as a function

of the second variable if there oxists L) O such that

lli(t,xgj - f(t,.\'.l)llé L l-.>'2 - “131 for 21 te[a,b] and xl,x,,ex

e denote by Lf} the seellest sttt L that satiafies this irequal:ty.
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Wo dmote by Gelipl{e,b) x 4,Y) tic sot of w1l functions £ [a,0jxX— ¥
that are regulated es functions of the firot variable and lizschitzian as functiona

of the second variable,

3.1 -1f f: {a,5] x X — Y 1a 1ijschitzian as a finction of the ael;:ond var-

iable, the following properties are equivalent:

1.- feG.iipl[a,b]. x &Y}
- For every ¢ G([a,b] ,&) the function te fa,n] > 2(t,p(t))eT 15

regqulated.
3.2 - G.Lip( [a.,b] x X,Y) 1is a Banach space whan endowed with the norm

I lyyy = sup{liey b, {g)}  swere ity Il = sup, ,, , BeCE,Q))

.3 T b o
Por K¢ co.sv“ = co.sv“(l':l (X)), feG.Lip = G.Lip([a,b] x X,X) and

gyu€ G = 6([a,b] ,X) we define
| (Tll)(t) = (TK fie u)(t) = g(t} J d K(t B)of(ﬂ.u(s)) astinp
}-5 ~ The magpéﬂﬂ

(K f,g,u)tc £t X2 GLipx G x G s T ,f,g G
is continuous.

4. The main theorem.

Theorem - Let K&G.SV" and f£€ G.lip be such that there exists a division

0

dt tg=adt dt,leenlt = b of [ab] such that 3(K,d°)-[f] <1 , vhere

e(x,d4°) = aup{"K(ti%,tl) Il smptj.s £t sv]t t] LK] [ 0¢idn1 }

Then for every g¢ G there exicts one and only one y = yx f’gé G that is solu-

tion of
yit) = gt) - I a K(t a).t{s,y(s)) , agtév.
hexist neie;hhorhoods Vg and V. of K and £, reapectively, such

that 158 Feoult above is atul true for every (K,T,2)€Vy x V. x Gi the mapping
ALE,,

(Rf,g)eV xV, x G ¥ =

r

t3 eontinnunus.
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: @of proof: we prove that for ¢»0 such that clk,a")-{g<ccl thers
\.‘V - 1 ]
exist ny1 and s neighborhood V x Vo of (£,£/ such that for all

(i'zjé VK xV we have 6(2.{1').[%]( ¢ and such that ‘T.n (Cf. 5.3) is a con-

T
traction of G witr the same contractiom ccnstant < 1 ; the result follows from

the uniform contraction theorem; see [3], p. 5 .

.Remarl-cs: 1 - The theorem remains true if we suppose only that
E(K',d')-ff-]<l y where K (t,s) = K(t2,8) for a¢s<t<¢b and vhers for P¢G
Cwa define  £7(t,P(t)) = Limg, £(s,'p(e)) = £(t-, $7(t)) if actid and -
£7(a, Yla)) = 1lin ala 2(s, ¢ (a)) = £la+,p(n+)); of. [6], Théorime 3.6 .

2 - In the linear case, i.s., for £(s,y(s)) = y{s), tho thcorem above re-
duces to Yhéoréwe 3.8 of [§].

3 - Tharesults of this commmiention mway he extended to interral eguations
with respect io vector reasures; this genemlizn’:..ion encompagnes hyperholie par-

tial differential aquations.
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