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Abstract - In this cormmlllication we .-~ounce ~ theore111 that "---- - ,.,. tence 8lld unicity ot the solution of the eq_uation 

proves the exie-

in a B3llllch space context, vhere y,g: [a,bJ ~ X are regulated f\mctlons (i.e., 

!unctions that have onl_y discontinuities of tho first. kind), t 1B regulated a11 

a function or the first variablo and lipschitzian as a function or the second 

variable; i:Ct t,o) ~ 1(iC) , a { s ~ t ~ b , is such hat the integml above is a reg­

ulated function if 1 ia regulated. •e prove that the solution y depends con­

tinuoi:sly on K, t nnd «• This theore111 ext.ands an .llllalogous result proved by 

Groh, (lj, in the numerical or euclidean case (X " ,p) for an aut.ono.noue equation 

and under more restrictive conditions on r, g and 1• 

1. Introduction. 

In (1] Groh proves the oxistenc~ and unicity of the sol~tion or the Stieltjee 

integral. equation 
.. 

y(t) • x
0 

- J: dA(s).t(e,y(e)) , alt~ b 

where 7,A: [a,bj - IR are functions o! bounded vo.rlation, r 1.a a continuous 

!unction that is lip.~chitz:un as a function ot the second variable with Lipschitz 

conetlUlt L. 'l'he integral is the Young inte8ral• Groh uses the rgsulte proved bt 

Hildebrandt, (2}, 1n the linear case (r(s,y(s)) = y(s)). It 

l 
eupa< t, b IA(t) - A(t-)lc: L 

Groh proves the exiete~ce and unicity o! the solution or the equation above in 

ap~lying the onnach fixed point theorem·vith respect to an appropriately vei~ted 

nor.a. <i-r'lh ll:eo "l:t..>nt\s hi11 re!"•ll t11 to th'! e11caae~., c•we and ·.i.s~11 8 e<ineral ! 1.ec:I 
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lironwall 1not:2uality tr. prove that the sol•ition de~nde continuously on x·
0

• 

Our extension, civ0n 1n the ab~tract, .uses the interior 1nt~gral J• i this 
,:-~'--

integr::il has better :,roperties \~'l~fJ' the YoUJlG intecral bt:.t is "associated" to it 1 

::;ee (6}, TMorhe 1.16. i'or f{s,y(a)) = y(s) our f;heorem reduces to Theorcme 3.a 

of [ Gj, the theorem of existence, un.ic:ity Md continuous dependence of the linear 

Volterra-titieltjes inteernl eqllf.lticn 

y(t) - J: d K(t,s).y{s) = g{t) , a~ t~ b • 
a s 

Let us recflll that, this '3<:_u.ntion enco:n:>amiea as pa:-ticular cal'!es the linear Vol­

tF.ir'ra 1nte&rnl e,111ati,J-:is , linonr .:itieltjos-intear:,l eq•iations, systems of linear 

differential equations, linear dt1l11y differential equation.a, linear neutnu. clif'­

ferential equatirms etc. ; see [3], p. 38 and (7]. 

2. Notation.a. 

We follO'II the notations of (6], [4], [5] and (3] 1 but. for some s~all chnni,ree. 

For the notio~ of l'fleu).ated function and the corresponding notations see [4], 

P• 175, 171,; or (5J, P• 305; or [6J, P• v.5, v.6 , 

For the definitions of function of bounded ~emivnriation, of the interior in­

tegral J • and thei!" propertieo sne [ 4] , p. 1761 177 1 '.i.'heorems ~• 9, 1.10 and 

1.12; or [5], .?• :5oi;,307, 'l.'hi;iorems 2.1 and 2.2; or (6], P• V .6, V. 7, 'I'heoremes 

1.10, 1.11 and 1.13. 

1''or operators defined hy kernels K anr\ their m'lin ;,ro_;,ertiel'! :;ee [ 4), 

p. 192, 'J.'heorerr.a 2.,; 1.nd 2.10 [.;•~ +,A'-':e t
0 

= n n."ld we may 11.lweys suppose !;hat 

K(t,t;),. 0 und f:\'.~:1 ·.re- '-1:-ite KF. G~,_,-yu(~ \L(X))j; or [5], p. 309, 310, 311, 

Theorem 2.6·, or •1• 6] , ::>. V. ll, 'J.~eor;••1'<n " l " 2 2 ° d ? 10 
• . • I '-' I · •" .'1:1 - •• • 

'io scy that n flc1~tton f: fa,tiJ .x X. ~ T l:; lipi:ch.H:,;is.n .1.s a t\mction 

of th/3 socond variah!H if thP.!'C r:,ciets L~ 0 ~1ch th-it 
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that are rP.t;t1lated e..'3 fvnctior.a of the fi:-:it V'lriable t..."ld li;;ochitzion as functiC1!18 

of tho seconn variable. 

}.l - If t: [a,b] x A -.+ T 1~ li,isr:hitzian a:i a flinction of the second var-

iable, the follw111c ;,ro;,erlieo /lI'e e•-l,1.tivalent: 

1.- f~ G.1ip((!l,b). x X.,Yj 

2 - lor every 'f~ G([a,b),A) thP. funct!on t6 [a,b] ..._ !(t,'f'(tj)t: I is 

rec,,-ulated. 

}.2 - G.Li:,((a.,bj x X,'l) is a .d:ina.ch 3jlllC8 Wh'ln endO\/ed vi.th the no~ 

lit II.Lip= sup{ llr0 h,(rJ} ~ Ut0 II • sup
8

~ t~ b U~(t,o)II. 

For ICE G~·::i"VU = G~.svu, ~b ,L(Xj), !£ G.Lip"' G.L1p([11,b] X X,X) and 

g,uEG = G([a,b),x) we define 

('l'u)(t),. (TK,t,g u)(t) • g(t) - J! d K(t,aJ.t(a,u(sJ) 
1 

a~ H b 
. a o . 

}.} - The map;•.1.rlo 

(IC,t ,c,u) f. G~-~"Vu X G.Lip X G X a - Tl:,t ,g u f. G 

ia continuous. 

4. The 1111lln theorem. 

Thecrera _ Let K.c G~.::iY11 8l1d f'(; G,Lip be such thllt thl!re exist,i a division 

d: t -= a< t ( t ( ••• ( t ,. b ot (11,b) l!UCh tlv.tt c(K,d• ). (!] ~ 1 1 ~ 
O 1 2 n 

c(K,d·) .. .9Upf IIK(t1i,t1) 11, sur1i ~ t( t sv1t ,tJll(tl I o,Hn-1} • 
\ i ' 1+1 1 

lC f g 
.,.,_ L G th l t d 0~1 - one ,, a v • • E G that is solu-.. ,.en for ever;y B<- ere ex c s one an ,u,i ~ ,, 
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~of proof: ~;1:1 provo thst for c ') 0 ouch that c(K,d• ). [fj ( C ( 1 the11t 

e:tis~ 1 and Eo. neit;hborhood VK x V r of (K,f j such thnt. for all 

(K,l)EVKxVf. vohllve c(K,d•).[fj(c andsu~hthat ?1(cf. 5.3) iso.con­
trnction of G vi.th the :O:Cl.118 c:0ntmction ~cnstant ( 1 ; the result follows from 

the unifonn contrnction theorem; see (5], P• 5 • 

. Relllarks: 1 - 'l'he theore:-:i ranains true if •,m suppose only thllt 

c(IC,d").[!-]<l, ',1h'3re K(t,s) = K(t!,s) for a{S( t~b and where for 'fEG 
wa define r-(t, 'f(t)) =- lim

8
ft f(s, 'f(s)) = :r(t-, lf-(t)) il' a.: H b a?ld 

r-(a,'f\.a)) = lim i t(s,'f(o)) = r(a+,tp(n+)); :::f. [61, Tha-Jrem'3 3.6. 1'!4,a . 

2 ~ In th~ 11n~~r-~al'le1 i.e., for f(s,y(s}) = y(s), thQ theorem nbove re-
duces to~'hoorem1:1 3,8 of (6), 

3 - ThA results Qf thio co:!Dmmic:ation 1111.l,,Y ho. extended to intecm e;uations 
vith respect t,, vectQr rceflS'.lros; ~his _;1memliz:rUon encn~p.,soes hyperholic par- . 
t.i.al differenti:11 9'l'J.:,Hon:i. 
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