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Abstract
e establish in this work sufficient conditions for existence (and for non existence)

Periodic solutions for the Liénard equation

F+ f(z)z+g(z)=0.

Auxiliary Lemmas.

1. The Definite Positive Function V.
s satisfying the following

Tl.roughout this work we assume f, g: R — R are function
conditions;

a) f is continuous and g is of class C*;

b) zg(z) > 0 for z #0;

(’) -[0 z)dg- =400 = f (J')dl.

Let a bea given real. We indicate by . the following open set:

Q":{("'»V)ER7Iy>~1} for a>0;
"““"V)GR’“(( 1] for a<0;
for a=0.

o:R?

We indicate by 1V, the definite positive function given by

v
l’,,(.r,y):/ g(u)tlu-{/ ;rda (z,y) € Na.
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It can be immediately verified that, for o # 0,

o, -3 E
ds = =
L as+1 $ioe ,/o a.+]d"

It can also be immeditely verified that the level curves of V,, are all closed curves and

that V,(z,0) is strictly increasing in [0, +00[. Such curves show the following aspect:

(see [1])

a>0 a<0 a=0

[
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The equation
£+f(2)i+9(1)=0 (1)

is equivalent to the system:
z=y )
y=—J(2)y—9(z) (2)
The condition a) ensures existence and uniqueness of solution of (2). The condition b)
ensures that (0,0) is the only point of equilibrium for system (2). It can be immediately
verified that the derivative of Va relative to system (2) is:

[_f_(_{) - 09(;_’_)1 2

‘./O(ZvV) == ay +] V. (Z|V) € Q‘, (3)

Because ay+1 > 0 is true for all (z.¥) € 2., it follows that the sign of 1,

depends only of f(z) ~ ag(z).
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Lemma 1. Assume there are o > 0 and b > 0 such that for all # > b,

f(e) 2 ag(e).

Let 4o >0, L=V,(y) and

K={(z,y) €N, |22b and Va(z,y) <L}

Let (1) = ((t), y(t)) be the solution of (2) so that Y(to) = (b,1), with 0 <1 < o.
Then, there is t; > 1, such that
and

(1) = (b 1),

with '—i‘ <y <0.

Demonstration.

From 2(tp) = y; > 0, it follows there is 3 > o so that
)€K, o<t <ty

On the other hand, being #(t) > 0 on the half plane y > 0, #(1) < 0 on the
hulf plune y < 0, (1) < 0 on the positive hulf-uxis 0z wad (0,0) the only point of
equilibrium, there must exist tg > 5 such that ¥(is) ¢ K.

Let

i =m&x{u>lo|7(i)€K, ‘oS‘S“}'
From the hypothesie
f(2) 2 agle), =2,

and form (3) it follows that

Va(r(1) €0, toSt<ty.
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Because Va(7(to)) = Va(b,w) < L, it follows that V(y(t,)) < L. So, 4(t)) docs
not belong to the arc given by i
g2b and Vo(z,y) =1L

Because #(i) > 0 on the y > 0 half-plane, it follows that

vty) = (B,3a), with - 3 <y <.
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In & similar way, we can demonsirate the following lemmas:
Lemma 2. Assume the exist a <0 and a <0 such that, for all z <a,
f(z) 2 ag(z).
Let yo<0, L= V,(a,yo) and
K={(z,y)€N|z<a and Vi(z,y) <L}

Let (1) = (2(t), y(1)) ) the solution of (2) such that (ty) = (a, ), with yo < <0.

Then there is t; > 1 so that

‘“(‘) € I(. f() { < f|
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and
(1) = (a,12)

with 0 < yy < —%.

Lemma 3. Assume there exists a < 0 such that for all z <a,
f(@) 20
Let y, <0, L =Vy(a,p) and
K={(z,y)eR|z<a and Vy(z,y) < L}.

Let ~(t) = (2(t), y(t)) the solution of (2) such that y(fo) = (a,y1), with po <y <0.

Then, there is 1, > t, such that (1) € K, t{o <t <t and

(1) = (a,y2)
with

0 <y < lwl

Lemma 4. Assume there is b> 0 such that
f(z)20, 2>b.
Let yo >0, L = V(b yo) and
K={(z,y) €R*|z2b and Vo(z,y) < L}.

Let 1(t) = ((t),y(t)) be the solution of (2) such tkat (to) = (b,n), with

0 <y <yo. Then thereis 1, > t, such that

M EK, to<t<t,
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and
y(t) = (b, 12)

with —yo <2 < 0.
To close this section, we prove that the solutions of (2) do not admit vertical asymp-

totes, It is enough, to this end, to show thet all eolutions of the equation

oy

dy _ o(v)
y \J

Y= —f(a) -

dx v#0 (4)

do not admit vertical asymptotes.

Let us assume that (4) has a solution
y=y(2), a<e<b

such that
l'uil_ y(z) = +oc. (5)

We cen essumem with no loss of generality, that 0 < y(a) < y(z) for a <z < b

Let

= d =
A= pax |f(z)| end B= may |g(z)]

It follows from the mean value theorem that, for a < z < b,
(z) —y(a) < [A+ b ](b )
= < — | (b—a
v y(a)

which is in clear contradiction with (5). The other situations can be analysed in a similar

way.

2. Sufficient conditions for the existence of periodic solutions.

Theorem 1. Consider the equation

i+ f(z)d+g(x)=0 (1)
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where f,g satisfy the conditions a), b) and c) of the previous section. Assume also, that
the following hypothescs are satisfied:

1) There are a >0 and b> 0 such that for all z > b,

f(2) 2 ag(z);

2) The origin is repulsive;

3) There is a < 0 such that for all z € [c,a],
f(@)20
where Vo(c,0) = Vo(a,r), r=1 +(A+aB)(b-a),
A= 1 . A lo()l.

Under these conditions, the equation (1) will admit at least one non trivial periodic

solution.

Demonstration.

The equation (1) is equivalent to the system

z=y
{a= = ()y - sle) (2

Let (1) = (2(t),y(1)) the solution of (2) that at time t =0 is al the position
4(0) = (b, —;‘;). Because v does not admit vertical asymptotes and the origin is repulsive,

there is a smaller time {; > 0 such that

() =(a,;m), n<o

or

1(ty) = (2,,0), a< <0
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It can be immediately shown that

1
—5~A+aB|b-a) <y <o

(Indeed: Assuming 3 < -1, let y = y(z) the solution of & = —f(z) - ) guch
that yla) = y; and p(b) = —L. There is z; €)a,b] such that v(zo) = -1 and
y(z) < -1, a <z < z0; by the mean value theorem, v(z0) — yla) < [A+ ab)(z0 — a).)

Let f; > 0 the smallest value of t when + crosses the y negative half-axis:
7(t2) = (0,42), y2 < 0. The hypotheses 1), 2) and 3) together with lemmas 1 and 3

ensure that y(t) will again cross the y negative half-axis at & point (0,ys) with

y2<ys <0
"1,. '
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' '

(Ly = Vo(c,0) = Vola,r) and L = V,(b,y3)). By the Theorem of Poincaré Bendixon,

the equation will admit at least one periodic solution. ®

Remark 1. Onc possible value for yy is
B
p=r+ (44 ~](b-a)

Let m > b such that Va(m,0) = Va(b,ys). The hypothesis 1) can be weakened: it

is enough to ussume

[(z) 2 fg(z), b<z<m.
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Remark 2. The hypotheses 1) and 3) can be replace for:

1') There are a <0 and a <0 such that forall z <aq,
f(2) 2 ag(a);
3') There are b > 0 such that, for all z € [b,c],
f(2)20
where Vo(e,0) = Vi(br), r = ~2 + [4 - aB)(b—a),

= ] B = .
A o, |f(z)| anc ey ()|

Remark 3. A sufficient condition for the origin to be repulsive is that there exist f and

s reals, 8 > 0, such that
f(z) < ﬂy(:), 0< lll < s,

for, in this casc, we will have
Valz,y) <0 for 0<|z| <

what implies the origin is repulsive [see (1)].

Theorem 2. Consider the cquation
4+ f(z)z +g(z)=0

where [ und g satisfy the conditions a), b) and ¢) of the previous section. Let us assume,
also, that the following hypotheses are satisfied:

1) There are o >0 and b > 0 such that, for all = > b,

f(2) 2 ag(x);
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2) The origin is repulsive;

3) There is a < 0 such that, for o] » Sa, f(z) > fy(z)

aB)(b-a), A= may

Under these conditions,

where - = .l,'*’ (A+

1
?
ese<h |f(2)| and B = max,c, <) |g(z)).

the equation wil) edmit at least one non trivial periodic solu-
tion.

Demonstratiou.

Let 4(t) = (?(‘)-V(‘)) be the solution of (2) that at time ¢ =0 is at the position

h
» there will be a smaller value t, >0 suc
that

or

7(‘1) = (ﬂ,yl)

where TF B <O Leg ‘% <¥ <y. Suppose 7(11) = (a,y;). The hypothesis 3)

ensures that (1) canpot leave the compact get

K={@yen,, <, Va(z,y) < Vy(a, pa))

by Crossing the arc

T<a apng V,(z,y)=1'p(0.ll4)=l'?
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i i in Theorem 1.
The demonstration is completed following the same reasoning as I

Remark 4. The hypothesis 3) of Theorem 2 can be replaced by:
3') There is a < 0 such that, for all z € [e, ],

f(z) 2 By(z)
(c,0) = Vg(a,--r), A=

Where 7 >r =2 +(A+ aB)(b—a), c<a i such that 13

MaXscecy |f(2)] and B = maXacegd lg(2)]-

i mak to
When the hypothesis 3') is satisfied, we can make ys equal

B
=y +(A+ —)b—a)
Ys=¥s ( ys)
where y, > 0 is such that V(a, —1) = Vs (a,3s).

In this case, it is enough to assume in hypothesis 1) that

f(z) 2 ag(z), b<z<m




Z380-

where m > b s such that Va(b, ys) = V..(m,O).

3") There is b> ¢ such that, fo, all 7>,

1(2) > Bg(z)

v A= MiXacrch |f(2)] and B = MaXy¢s<h lo(2)]-

3. Sufficient Condition for the Noy Existence of Periodic Solution.

Theorem 3. Consider the €quation

o alhov
of section 1. Let us assume,

I(z)> ag(z).

g ) TN
Then the origin will be &s_\'mploticaﬂy slable in (}e Liapunoy sense. Besides, if 3 )

L) € N

is & solutjop of system (2) such that 2

a for some to, then
Wt e D, 1 > 1,
and +(

1) wil approach e origin hen ¢, 00
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Demonstration.

It is sufficient to obscrve that the origin is the largest invariant sct included in the sct
E={(z,y) € Q| Valz,y) = 0}

and apply the La Salle theorem [4).

Remark 6. The hypothesis
f(z) > ag(s), «#0,

can be weakened. It is sufficient to assume, for all z, f(z) 2 ag(z), with the condition

that the origin must be the largest invariant sct included in

E={(x,y) € N | Va(z,y) = 0}.

Corollary. Satisfied the hypothesis of Theorem 3, all non trivial solution of equation

7+ f(z)z +g(z)=0

will be non periodic.
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