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Abstract 

We e5lablish in tliii; work sufficient conditions for existence (and for non existence] of 

Pcriodic solutions for the Lienard equation 

i+ f(z)z + g(z) = 0. 

I. The Definite Pos1tive Function l~. Amdliary Lemmas. 

Throughout this work we assume /, D: R-+ R are functions satisfying the following 

condit.ions: 

a) / is continuous and g is of class C1; 

b) ;rg(z) > 0 for z =I= O; 

c) J/00 g(z)dz = +oo = s: g(z)dz. 

Let a be a given real. We indicnte by flo the foJiowing open set: 

fla={(:r,v)ER'/y>-t} for o>O; 

11o=={(z,y)ER'/v<-!} for o<O; 
n0 = R' for o == 0. 

We indicate by I~, the definilc posit-iw (unction given by 
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h can be immedietcly verificd that, for a 1 0, 

1+00 -'-J,= +oo = 1-f ~d,. 
a,+ 1 o a,+ 1 

It ca.n also be immcditely verified that the level curves of l'0 are all closed curvcs and 

that V0(z, 0) is strictly increesing in !O, +oo[. Such curves show the Iollowing espect: 

[see [I)) 
a>O o<O 0 == 0 

1 
-y:::: -a 

1 y= -- 
0 

The equat ion 

z+/(z)z+g(z)=O (1) 

is equivalent to the syst ern: 

{ 
z = II 
y = -/(z)y- 9(z) (2) 

The condition a) ensures existence and uniqueness of solution of (2). The condition b) 

ensures that (0, O) is the only point of equilibrium for system (2). It can be immediately 

verified that the derivative of \10 relative to syst em (2) is: 

. 1/(.r) - og(.r)] ' 
V0 ( z, II) = - 0 

V + l II , ( Z, II) E f2o . (:l) 

Because oy + l > 0 is true for all (z. 1,1) E 0,., it follows t hat the sign of I ·0 

depcnds only of /( z) - og( :r ). 
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Lemma 1. A•ume there are o > 0 a.nd 6 > 0 such that for all • 2'.: 6, 

/(•) ~ og(•). 

LcL 1/o > 0, L c: V0(6, 110) and 

K = {(z,11) E Oa I z ~ 6 and V,.(z,11) $ L}. 

Let '"f(C) = (•(C), 11(c)) be the solution of (2) 80.\hat '"f(Co) = (6,111), with O < L11 < l/0· 
Then, there is C1 > to such that 

11.nd 

with -! < 112 < 0. 

Demonetration. 

From .r(to) = 111 > 0, it follows there is ,, > to so that 

-y(C) E K, Co S C $ t,. 

On the other hend, belng i(C) > O on tbe hal{ plene 11 > O, i(t) < 0 on \be 

hulf pluuc I/ < O, ii(t) < 0 ou the posltivc hulf-uxui O;z 11J1<l (0, 0) the oitly point of 

equilibrium, there must exist h > C2 such \bat -r(hf t K. 

Let 

C1 = max{u > Co 1-r(c) E K, to S t $ u}. 

From the hypothesie 

/(11) ~ ag(a), 11 ~ 6, 

and form (S) it follows that 



..:.312- 

Becauee Voh(to)) = l'o(6,r1) < L, it Iollowe \hat V(-y(ti)) < L. So, -,(ti) docs 

not belong to the are given by 

Because i(t) > 0 O!l the f > 0 hal!-plane, it Iollows that 

1 with - - < '2 < 0. 
0' 

I 
I (b,'/10) ,· ... 
I ' 
\ __...V (x,'/IJ=L ,.,, a 

• 
I 

--- 1 
- - ,. - - - - • - - '/I= - I. 

a 

In a similar way, we can demonstrate the Iollowing lemmas: 

Lemma 2. Assume the exist o < 0 and a < 0 such that, for all z :S a, 

/(z) ~ og(z). 

Let 1/0 < 0, L = l'a(a, 110) and 

/{ = { ( z, II) E n, I z :S a and Vo ( ;r, II) :S L}. 

Let ,(t) = (;r(t), y(t)) the solution of (2) such that 1(to) = (a, y1 ), with y0 < y1 < 0. 

Then there is t1 > t0 so thnt 

,.(t) E /(, fo Si S 11 
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with O < J.12 < -¾,. 

Lemma 3. A6Sume there exists a < 0 such thet for all z $ a, 

/(z) 2'. 0. 

Let l/o < 0, L = \'o(a, l/u) 11.11d 

I(= {(z,l/) E R2 I z Sa and \lo(z,l/) $ L}. 

Let 1(t) = (z(C), l/(t)) the solution of (2) such that -y(to) = (a, l/i), with '10 < l/1 < 0. 
Then, there is t1 > t0 such that -y(t) E !(, t0 S t S t1 and 

1·(t1) = (a,l/2) 

with 

0 < l/2 < l11ol- 

Lemma 4. Assume there is b > O such that 

/(z)2'.0, z2'.b. 

Let 110 > 0, L = lo(b, llo) and 

H = {(z,l/) E R2 I z ~ b and Vo(z,11) S L}. 

Let 1(t) = (z(t), ll(t)) be the solution of (2) such tl.at ;(lo) = (b, lld, with 

0 < 11, < l/O· Thcn there is t1 > fu such that 

1(1)E/(, t0St$t1 
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and 

-y(tt) c (b, "2) 

with -110 < 112 < 0. 
To close this section, we prove that the solutions of (2) do not admit vertical esymp- 

totes. It is enougb, to this end, to show tho.t o.11 eolutions of the equation 

du = -/(z)- N(L'), II/ 0 
dz II 

(4) 

do not ndmit vcr t icul asyrnpt otcs. 

Let U6 assume that (4) has a solution 

such that 

lim 11(z) = +oo. .,_.- (5) 

Wc can assuniem with no loss of geuerality, that O < 11( a) ::; 11(z) for a $ z < b. 

Let 

A= max 1/(z)I and B= max lg(z)I. 
as~s• aSrSb 

It follows from the mean value theorem that, for a < z < b, 

11(z)-11(a) $ [A+ ui)] (b-a) 
which is in clear contradiction with (5). The other eituations can be analysed in a sirnilar 

way. 

2. Sufflcient conditions for the cxistence of period.ic solutlons. 

Thcorem 1. Considcr the equntion 

z + /(z)i + g(.r) = 0 (l) 
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where /, I eatisfy the condltions a), b) and c) of the previoue eection. Aesume al,o, that 

the following hypothesee are et.tief\ed; 

1) There are o > 0 and b > O such that for all z 2: b, 

/(z) 2: og(z); 

2) The origin is repulsive; 

3) There is o < 0 such that for all z E !c, a], 

/(z} ~ 0 

where 'Vii(c, 0) = V0(o, r ), r = ¼+(A + oB}(b - a), 

A= max 1/(z)I and B= max lg(z)I, 
o$z~t o$z$t 

Under these conditions, the equation (1) will admit at least one non trivial periodic 

solution. 

Demonstration. 

The equation (1) is equivalent to the system 

{
z = 11 
y = -/(z)11- g(z) 

(2) 

Let -y(t) = (z(t), 11(t)) the solution of (2) that at time t = 0 is at the position 

-y(O) = (b,-¼). Because -y does not adrnit vertical asymptotes and the origin is repulsive, 

there is a smaller time t1 > 0 such that 

-y(ti) = (a,111), 111 < 0, 

or 

-y(ti) = (z1,0), a< z1 < 0. 
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It can be immcdiatcly shown that 

1 
-- - [A+ oBJ(b - o) < P1 < 0. 
0 

(Indeed: Aesuming "' < -¼, let II= ,(z) the solution of ~ = -f(z) - ~ such 

that p(a) = P1 and 11(6) = -¼ There is zo E)a,b) such that u(z0) = -¼ and 

u(z) < -¼, a$ z $ zo; by the mean value theorem, ,(zo) - u(a) <[A+ ob](z0 - a).) 

Let f2 > 0 the smallcst valuc of t when 'Y crosses the II negative half-axis: 

1(t 2) = (0, 112 ), 1/2 < 0. The hypotheses I), 2) and 3) together with lcmrnas I and 3 

ensure that 1(t) will again cross the 1/ negative half-axis at a point (0, 113) with 

1/2 < 1/3 < 0. 

_,J r 
r , , 

I 

' ' ... - ""\ - 
\ 

' \ 
v0rx,yJ=L1 '..., , 

... ,. -r 
I 

(L1 = V0(c, D) = \'o(a, r) and L = l'a(b, y3)). By the Theoreru of Poincare-Bendixon, 

the equation will admit at least one pcriodic solution. • 

Remark 1. Onc possible value for y3 ~ 

B 
11s = r + [ A + -] ( b - a). 

r 

Let 111 > b such that l'a(m,O) = l'a(b, Y:i), The hypothesis I) can be weakeued: it 

is enough to ussurnc 

/(z) ~ /Jg(z), b 5 :r 5 ,,,. 
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Remark 2. The hypothescs 1) and 3) can be replace for: 

l ') There are o < 0 and a < 0 such that for all ir ~ a, 

/(z) ~ og(z); 

3') There are b > 0 such that, for all z E [b, c]. 

/(z) ~ 0 

A= max 1/(z)I and B= max Jg(z)J. 
a$z:$b $.r$b 

Remnrk 3. A sufficient condition for the origin to be repulsive is that t herc exist (3 and 

~ reals, ~ > 0, such that 

/(z) < {3g(z), 0 < lzl < ~, 

for, in this casc, WC' will have 

\\1(z,y) < 0 for O < lzl <, 

what implies the origin is repulsive [see (l)]. 

Thcorcm 2. Consider the cquation 

i+/(z)1t9(z)=O 

where / 1111d g saf isfy the couditions a), b) and c) of the previous section. Let u, ussumc, 

also, thnt the Iollowing hypothescs are sat isfied: 

l) There are o > 0 and b > 0 such that, for all z ~ b, 

/(.1) ~ og(.1); 
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tion. 

2) The origin is repulsive; 

3) There is a< 0 auch that, for a)J z Sa, /(z) ~ /Jg(z) where } = ~+(A + 
08)(6- a), A= ma.x.5 .. 51 //(a-)/ and B= max.•5r:$6 /g(z)/. 

Under ibesc conditions, the equation will admit at lcut one non trivial periodic solu- 

Demonstration. 

Let -,(t) = (z(t),11(t)) be the solutiou of (2) that at time t = 0 is at the posit ion 

that 

( . ( l. -y 0) = b,--). 
0 

By the sarne reasoning as in Theorem I, there will be a srnallcr value i1 > O such 

or 

1(ti) = (a, vi) 

h t L t The hypothesis 3) w ere -"i< J/1 < 0. et -"i< 11,i < 111. Suppose -y(ti) = (a,vi). 
ensures that -y(t) cannot leave the compac1 set 

I(= {(z,11) E Op I z Sa, Vp(z,11) S Vp(a,114)} 

by crossing I he erc 
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,,, , ... , 
V8 (x,y)=L2

/ 

'---._.,' 

i 

I 
I 
,, ' (b' Y,3 J 
I • 

i-------1r-- 

\ V
0 
(x,y)::V0 (b,y3) 

--~--.'---..!..----4-~---LJC--!.----- 

I 
I 

J 
- - - - - - y= - ;;- 

' I '·1·-----y 
I ,j 

y- - J '. -· a··----------- 

The demonstration is complrted following the sarne reasoning 85 in Theorero I. 

Remark 4. The hypothesis 3) of Tbeorern 2 can be replaced by: 

3') There is a< 0 such that , for all z E [c,aJ, 

I 

/(z) 2: /Jg(z) 

where } >,.=;;+(A + o B)(b - a), c< a is such that Vil(c,O) == l~(a,-r), A= 

max.s.-<• lf(z)I and B= maxasrSb jg(z)I- 

Whcn the hypothesis 3') is satisfied, we can rnake y3 equal to 

B 
!/3 = II~ + ( A + - ) ( b - a) 

!/5 

where y~ > 0 is such that lp(a, -r) = lp(a,y~)- 

In this ca-e, it is enough to 1.15511me in hypothes~ 1) tl1at 

/(z) ~ og(r), b S z 5 ni 
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where n,> b iti such that Vo(b,113)::: l~(m,O). 

Remark 5. The hypoth~ I) and 3) of Theorem 2 can be replaced by: 

I") There are o < 0 and a< 0 such that, for all z Sa, 

/(z) ~ og(z); 

3") TJ1cre is b > 0 suc], that, for nll ;r ~ b, 

/(z) ~ f]g(z) 

3. Sufficient Conditio11 for the Non Existeuce of Periodic Solution. 

Theorem 3. Consider the equation 

i+ !(;r)i + g(;r) == 0 

I,, also, 

1 I d t
. f t] d. · ) Let us assurne, w iere an g 5a is Y 1e con 1l1ons a , b) and c) of eection 1. 

there exisls o real such that, for al] z :f:. o, 

/(;r) > og(z). 

·r 1 ( t) Then the origin wiJJ be asymplolical!y slable in tLe Liapuno\' sense. Besides, 
1 

is • solut ;oa of ,y,tem (2) sucl, th,t ; ( t
0
) E fl

0 
Ior some t 

O

, th," 

1(t)ES!0, t~fu 

and ;(t) ,1ilJ appronch fl1e origin 11J1e11 t + . 
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Dcnion11tratio11. 

It. is sufficicnt to observc thnt the origin i~ the lnrgeBt invariant ed includrd in the ert 

E = {( ;r, II) E flo I i10 ( ;r, II) = 0} 

and apply the La Salle theorem [4}. 
I 

Remark 6. The hypot hesis 

/(,) > og(;r). 1 :f 0, 

can be weakened. It is suflicicnt to assurne, for 1111 z, f(z) 2' ag(z), with the coo<litiou 

that the origin rnust be the lnrgcst invur iant 6{:f includcd in 

Corollary, Satisficd the hypot hcsis of Thcorcrn 3, all non tri,·ial solut ion of equal ion 

z+f(z)i+g(z)=0 

will be non pcriodic. 
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