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ON SHORT WAVE-LONG WAVE INTERACTIONS

IN THE RELATIVISTIC CONTEXT:

APPLICATION TO THE RELATIVISTIC EULER EQUATIONS.

JOÃO PAULO DIAS AND HERMANO FRID

ABSTRACT. In this paper we introduce a model of relativistic short wave-long wave in-
teraction where the short waves are described by the massless 1 + 3-dimensional Thirring
model of nonlinear Dirac equation and the long waves are described by the 1+3-dimensional
relativistic Euler equations. The interaction coupling terms are modeled by a potential pro-
portional to the relativistic specific volume in the Dirac equation and an external force pro-
portional to the square modulus of the Dirac wave function in the relativistic Euler equation.
An important feature of the model is that the Dirac equations are based on the Lagrangian
coordinates of the relativistic fluid flow. In particular, an important contribution of this
paper is a clear formulation of the relativistic Lagrangian transformation. This is done by
means of the introduction of natural auxiliary dependent variables, rendering the discussion
totally similar to the non-relativistic case. As far as the authors know the definition of the
Lagrangian transformation given in this paper is new. Finally, we establish the short-time
existence and uniqueness of a smooth solution of the Cauchy problem for the regularized
model. This follows through the symmetrization of the relativistic Euler equation intro-
duced by Makino and Ukai (1995) and requires a slight extension of a well known theorem
of T. Kato (1975) on quasi-linear symmetric hyperbolic systems.

1. INTRODUCTION

We consider the short wave-long wave interaction for a relativistic fluid described by the
relativistic Euler equations in ℝ

3. The latter, when no external forces are acting, is given
by (see, e.g., [28, 29, 31, 26])

)t

(
� + "2p

1 − "2|u|2 − "2p

)
+

3∑
k=1

)xk

(
� + "2p

1 − "2|u|2 uk
)

= 0,

)t

(
� + "2p

1 − "2|u|2 uj
)
+

3∑
k=1

)xk

(
� + "2p

1 − "2|u|2 ujuk + p�jk

)
= 0, j = 1, 2, 3.

(1.1)

Here, � is the mass density and u = (u1, u2, u3) is the velocity vector of the fluid, both
functions of (t, x) ∈ ℝ+×ℝ

3. The parameter " represents the inverse of the light speed, �jk
is the Kronecker symbol, so that the d × d identity matrix is Id ∶= (�jk)

d
j,k=1

, and p = p(�)
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is the pressure. The physical domain for the unknown (�, u) is

� ≥ 0, |u|2 ∶=
3∑

j=1

u2
j
< "−2,

while the pressure p = p(�) satisfies 0 ≤ p′(�) < "−2.
In the relativistic context, the short waves are described by the Dirac equation proposed

by Dirac ([15]) in search of compatibility between relativity and quantum theories. On the
other hand as a replacement for the nonlinear cubic Schrödiger equation there are different
models of the nonlinear cubic Dirac equation (see, e.g., [8, 1, 7, 34, 10, 24, 6]). Here, as
in [13], we will be concerned with the Thirring model proposed by Thirring in [34] whose
mathematical study has been considered in several papers (see, e.g., [10, 24, 14, 6]). More
specifically, here we only consider the zero mass case.

In [13] two examples of models of short wave-long wave interactions in the relativistic
context were addressed. Namely, the case of a one-dimensional scalar conservation law in
the relativistic context such as the one introduced LeFloch et al. in [25] (see also [22]), and
the interaction with long waves described by the augmented Born-Infeld (ABI) equations in
electromagnetism, introduced by Brenier in [5]. Both of these examples were in one spatial
variable.

In this paper we are concerned first with establishing a model of relativistic short wave-
long wave interaction where the short waves are described by a massless 1+3-dimensional
extension of the Thirring model of nonlinear Dirac equation, with an interaction term repre-
senting the potential of an external force. On the other hand, the long waves are described
by the 1 + 3-dimensional relativistic Euler equations (1.1), with the interaction term ap-
pearing as an external force on the right-hand side of the relativistic momentum equations.
An important feature of the model is that the Dirac equations are based on the Lagrangian
coordinates of the relativistic fluid flow. In particular, an important contribution of this
paper is a clear formulation of the relativistic Lagrangian transformation. This is done by
means of the introduction of natural auxiliary dependent variables, rendering the discus-
sion totally similar to the non-relativistic case. As far as the authors know the definition
of the relativistic Lagrangian transformation given in this paper is new. We refer to (4.4),
or its regularized form, (5.1), for a view of the final model being proposed here. Then, we
establish the local in time existence and uniqueness of a smooth solution for the proposed
regularized model (5.1). This follows through the symmetrization introduced by Makino
and Ukai in [29] and requires a slight extension of the well known theorem of Kato in [23]
on quasi-linear symmetric hyperbolic systems.

The rest of this paper is organized as follows. In Section 2 we discuss the Lagrangian
transformation of the relativistic fluid flow. In Section 3 we recall the main property of
the massless Thirring model obtained in [14]. In Section 4 we establish our model for the
relativistic interaction of short waves described by 1 + 3-dimensional Thirring model of
nonlinear Dirac equation and long waves governed by the 1 + 3-dimensional relativistic
Euler equations, and its regularized version. In Section 5 we establish the local in time
existence and uniqueness of a smooth solution of the Cauchy problem for the regularized
model.
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2. THE LAGRANGIAN TRANSFORMATION FOR THE RELATIVISTIC EULER EQUATIONS

We are going to obtain first the Lagrangian transformation for (1.1). For that it will be
useful to introduce the following auxiliary variables

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

�(re) ∶=
� + "4|u|2p
1 − "2|u|2 , (relativistic density)

u(re) ∶=
� + "2p

� + "4|u|2pu, (relativistic velocity)

P̃jk ∶=
�(re)"

2("2|u|2 − 1)

� + "2p
u(re)ju(re)k, (relativistic pressure loss tensor)

j, k = 1, 2, 3.

(2.1)

Observing that �(re)u(re) =
�+"2p

1−"2|u|2 u, we may write (1.1) in the following illuminating form

)t�(re) + div (�(re)u(re)) = 0,

)t(�(re)u(re)) + div (�(re)u(re) ⊗ u(re) + P̃ + pI3) = �(re)F ,
(2.2)

but here we also allow for the action of an external force F . As far as the authors know,
the above form of the relativistic Euler equations is presented in this paper for the first
time, and it is very useful, in particular, in obtaining the Lagrangian transformation for the
relativistic Euler equations. Concerning the latter, due to the very similar structure of (2.2)
with the non-relativistic Euler equations, we basically repeat the same procedures as for the
non-relativistic case (see, e.g., [13, 19]). So, let us consider the flow Φ(t; x) given by the
differential equation {

dΦ

dt
(t; x) = u(re)(t,Φ(t; x))

Φ(0; x) = x.
(2.3)

As in the non-relativistic case, we consider the Jacobian matrix

JΦ(t; x) ∶= det
(
)Φ

)x
(t; x)

)
,

for which we have the well known Euler identity for the Jacobian, (see, e.g., [2]):

⎧⎪⎨⎪⎩

dJΦ(t; x)

dt
= div u(re)(t,Φ(t; x)) JΦ(t; x),

JΦ(0; x) = 1.
(2.4)

The Lagrangian transformation

Y (t, x) = (t, y(t, x)) (2.5)

is defined by
y(t,Φ(t; x)) = y0(x), (2.6)

where y0 ∶ ℝ
3
→ ℝ

3 is any conveniently chosen diffeomorphic transformation. We choose

y0(x) ∶= (x1, x2,∫
x3

0

�(re)(0, x1, x2, �) d�). (2.7)

From the relations (2.4), (2.6) and (2.7) it follows that

Jy(t) ∶= det

(
)y

)x
(t,Φ(t; x))

)
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satisfies
⎧⎪⎨⎪⎩

dJy(t)

dt
= −div u(re)(t,Φ(t; x)) Jy(t),

Jy(0) = �(re)(0, x).

(2.8)

Hence, again as in the non-relativistic case, we deduce

d

dt

�(re)(t,Φ(t; x))

Jy(t)

=
)t�(re)(t,Φ(t; x)) + u(re)(t,Φ(t; x)) ⋅ ∇�(re)(t,Φ(t; x))Jy(t) − J ′

y
(t)�(re)(t,Φ(t; x))

J 2
y
(t)

=
−div u(re)(t,Φ(t; x))�(re)(t,Φ(t; x))Jy(t) + div u(re)(t,Φ(t; x))Jy(t)�(re)(t,Φ(t; x))

J 2
y
(t)

= 0.

(2.9)
Since Jy(0) = �(re)(0, x), we conclude that

det

(
)y

)z
(t,Φ(t; x))

)
= Jy(t) = �(re)(t,Φ(t, x)), and so,

det

(
)y

)z
(t, z)

)
= �(re)(t, z) for all (t, z) ∈ [0,∞) × ℝ

3. (2.10)

In particular, we see that as long as the relativistic density �(re)(t, x) is positive, the La-
grangian transformation is non-singular.

3. MAIN PROPERTY OF THE MASSLESS THIRRING MODEL

Concerning the 1+ 3-dimensional case, short waves are described by an equation of the
form

ut − a1uy1
− a2uy2

− a3uy3
= −iB(t, y)u, (3.1)

where u = u(t, y) ∈ ℂ
4, y ∈ ℝ

3, ai, i = 1, 2, 3, are 4 × 4 complex matrices satisfying
a∗
i
= ai, a

2
i
= I , aiaj = −ajai, i ≠ j, i, j = 1, 2, 3, and B(t, y) is a 4 × 4 complex matrix

such that, if B∗ denotes its adjoint matrix, B∗ = B, and aiB = Bai, i = 1, 2, 3. In the
1 + 3-dimensional extension of the Thirring massless model

B(t, y) = �U + V (t, y)I4 (3.2)

with � a real constant, U is the 4 × 4 quadratic Thirring matrix defined as

U ∶= u
†
uI4 − u

†
bub

where
b ∶= ia1a2a3,

and V is a real-valued function representing the potential of an external force. The symbol
† for column vectors in ℂ

4 means the conjugate transpose, i.e., if

u =

⎛
⎜⎜⎜⎝

u1
u2
u3
u4

⎞
⎟⎟⎟⎠
∈ ℂ

4,

then u† = (ū1, ū2, ū3, ū4), in particular, u†u = |u|2 = ∑4
i=1

(
(ℜui)

2 + (ℑui)
2
)
.
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We recall now the following result established in [14], which extended the previous
analogue in [11], and constitutes the main property of the massless Thirring model. We
reproduce its proof here for the convenience of the reader.

Theorem 3.1. Let u be a smooth solution of (3.1) and let ai, i = 1, 2, 3, satisfy the above

properties. Then, both w = |u|2 and w = u†bu satisfy

wtt −wy1y1
−wy2y2

−wy3y3
= 0. (3.3)

Proof. Multiplying (3.1) by u† to the left

u
†
ut − u

†
a1uy1

− u
†
a2uy2

− u
†
a3uy3

= −iu†
B(t, y)u,

applying † to the last equation

u
†
t
u − u

†
y1
a1u − u

†
y2
a2u − u

†
y3
a3u = iu†

B(t, y)u,

adding the last two gives

(|u|2)t − (u†
a1u)y1 − (u†

a2u)y2 − (u†
a3u)y3 = 0. (3.4)

Deriving the last equation by t, it follows

(|u|2)tt − (u†
a1u)ty1 − (u†

a2u)ty2 − (u†
a3u)ty3 = 0. (3.5)

Similarly, multiplying (3.1) by u†a1, it follows,

u
†
a1ut − u

†
uy1

− u
†
a1a2uy2

− u
†
a1a3uy3

= −iu†B(t, y)a1u,

applying † to the last equation

u
†
t
a1u − u

†
y1
u − u

†
y2
a2a1u − u

†
y3
a3a1u = iu†

B(t, y)a1u,

adding the last two gives
(u†

a1u)t − (|u|2)y1 = 0. (3.6)
Similarly, we get

(u†
a2u)t − (|u|2)y2 = 0, (3.7)

and
(u†

a3u)t − (|u|2)y3 = 0. (3.8)
Deriving (3.6) by y1, (3.7) by y2 and (3.8) by y3 there follow, respectively,

(u†
a1u)y1t − (|u|2)y1y1 = 0, (3.9)

(u†
a2u)y2t − (|u|2)y2y2 = 0, (3.10)

(u†
a3u)y3t − (|u|2)y3y3 = 0. (3.11)

Adding (3.5), (3.9), (3.10) and (3.11), it follows

(|u|2)tt − (|u|2)y1y1 − (|u|2)y2y2 − (|u|2)y3y3 = 0, (3.12)

which proves the assertion for w = |u|2.
To prove the assertion for w = u†bu, we first multiply (3.1) by u†b on the left to obtain1

u
†
but − u

†
ba1uy1

− u
†
ba2uy2

− u
†
ba3uy3

= −iu†
Bbu. (3.13)

We then apply † to (3.13) and add the resulting equation to (3.13) to obtain

(u†
bu)t − (u†

ba1u)y1 − (u†
ba2u)y2 − (u†

ba3u)y3 = 0. (3.14)

1Unfortunately, in [14], from the next equation up to the final one of the proof of this assertion, the signs of
the terms with spatial derivatives appear as + instead of −, due to a misprint.
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Deriving (3.14) by t we obtain

(u†
bu)tt − (u†

ba1u)ty1 − (u†
ba2u)ty2 − (u†

ba3u)ty3 = 0. (3.15)

Now we multiply (3.1) by u†ba1 to get

u
†
ba1ut − u

†
buy1

− u
†
ba1a2uy2

− u
†
ba1a3uy3

= −iu†
Bba1u. (3.16)

We then apply † to (3.16) and add the resulting equation to (3.16) to obtain

(u†
ba1u)t − (u†

bu)y1 = 0,

which deriving with respect to y1 gives

(u†
ba1u)ty1 − (u†

bu)y1y1 = 0. (3.17)

Similarly, we obtain

(u†
ba2u)ty2 − (u†

bu)y2y2 = 0, (3.18)

and

(u†
ba3u)ty3 − (u†

bu)y3y3 = 0. (3.19)

Adding (3.15), (3.17), (3.18) and (3.19) we then obtain (3.3) for w = u†bu, which con-
cludes the proof. �

Remark 3.1. Observe that from (3.4) at t = 0 we obtain

(|u|2)t|t=0 =
(
u
†
a1u)y1 + (u†

a2u)y2 + (u†
a3u)y3

)
|t=0. (3.20)

Similarly, from (3.14) at t = 0 we obtain

(u†
bu)t|t=0 =

(
(u†

ba1u)y1 + (u†
ba2u)y2 + (u†

ba3u)y3

)
|t=0. (3.21)

The right-hand sides of both (3.20) and (3.21) are known from u(0, x).

4. THE MODEL FOR THE SW-LW INTERACTION WITH RELATIVISTIC FLUID FLOWS

We propose the following simplified model for the interaction of short waves described
by the massless Thirring model (3.1) and long waves governed by the relativistic Euler
equations (2.2), with

V (t, y) ∶= �#(re)(t, y), #(re)(t, y) ∶=
1

�(re)◦Y
−1(t, y)

, (4.1)

F (t, x) ∶=
�

�(re)(t, x)
∇x

(|u◦Y (t, x)|2) , (4.2)

where Y −1(t, y) = (t, x(t, y)) is the inverse mapping of the Lagrangian transformation, �, �
are given positive constants. #(re)(t, y) is called the relativistic specific volume.

We then arrive at the following simplified model for the relativistic short wave-long wave
interaction for the relativistic Euler equations

)tu − a1)y1
u − a2)y2

u − a3)y3
u = −i

(
�U(t, y) + �#(re)(t, y)I4

)
u,

)t�(re) + ∇x ⋅ (�(re)u(re)) = 0,

)t(�(re)u(re)) + ∇x ⋅ (�(re)u(re) ⊗ u(re) + P̃ + pI3) = �∇x

(|u◦Y (t, x)|2) ,
(4.3)
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where (t, y) in the first equation are the Lagrangian coordinates of the fluid defined in (2.5)
and (2.6). It is also useful to have the above system written in the original dependent vari-
ables:

)tu − a1)y1
u − a2)y2

u − a3)y3
u = −i

(
�U(t, y) + �#(re)(t, y)I4

)
u,

)t

(
� + "2p

1 − "2|u|2 − "2p

)
+

3∑
k=1

)xk

(
� + "2p

1 − "2|u|2 uk
)

= 0,

)t

(
� + "2p

1 − "2|u|2 uj
)
+

3∑
k=1

)xk

(
� + "2p

1 − "2|u|2 ujuk + p�jk

)
= �)xj

(|u◦Y (t, x)|2) ,
j = 1, 2, 3.

(4.4)

5. SHORT TIME SMOOTH SOLUTIONS FOR A REGULARIZED MODEL

The short time existence of smooth solutions to the Cauchy problem for the relativistic
Euler equations in several space variables (1.1) was addressed in a number of papers starting
with [28, 29] and then [31, 26], among others. We will consider particularly here the article
[29]. The latter establishes a symmetrization of (1.1) based on the determination of a strictly
convex entropy � for (1.1) through an application of a theorem by Godunov in [20]. The
referred theorem in [20] establishes that, for a hyperbolic system in the dependent variable
w ∈ ℝ

m, endowed with a strictly convex entropy �, the change of dependent variables
w ↦ v = ∇w�(w), transforms the system in a hyperbolic symmetric system to which the
local existence theory of a local in time smooth solution in [23] applies.

Unfortunately, the system (4.4) as it is has a serious imbalance. Indeed, from the analysis
of the deformation gradient in, e.g., [19] (see also [17]) we know that the regularity of the
gradient on right-hand side is compatible with that of ∇xu(re). Since the equation itself only
involves the derivatives of u(re) up to the first order this leaves us with a very challenging
problem. This is different from the situation in, for instance, [19] and [17], where the long
waves are described by the Navier-Stokes equations which is a parabolic system, not a first
order hyperbolic system as in the present situation. The situation here is also different
from the one in [13], where one-dimensional models are considered that are implicitly or
explicitly written in Lagrangian coordinates, in which case we can take the write-hand side
as part of the flux function of the hyperbolic conservation law.

As a way to repare the regularity imbalance commented above, here as a provisory so-
lution to this problem, we consider the following regularization of (4.4):

)tu − a1)y1
u − a2)y2

u − a3)y3
u = −i

(
�U(t, y) + �#(re)(t, y)I4

)
u,

)t

(
� + "2p

1 − "2|u|2 − "2p

)
+

3∑
k=1

)xk

(
� + "2p

1 − "2|u|2 uk
)

= 0,

)t

(
� + "2p

1 − "2|u|2 uj
)
+

3∑
k=1

)xk

(
� + "2p

1 − "2|u|2 ujuk + p�jk

)
= �)xj

(
�� ∗ |u◦Y (t, x)|2) ,

j = 1, 2, 3,

(5.1)
where we regularize the right-hand side of (4.4) with a mollifier ��(x) = �−3�(�−1x), for
some � ∈ C∞

c
(ℝ3), � ≥ 0, and ∫

ℝ3 �(x) dx = 1, for � > 0.
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Let us pose the following initial conditions for (5.1):

⎧⎪⎨⎪⎩

u|t=0 = u0(x),

�|t=0 = �0(x),

ui|t=0 = u0i(x), i = 1, 2, 3.

(5.2)

We adopt assumptions for the relativistic Euler equations as in [29]. Let 0 ≤ �∗ < �∗ ≤
∞. As in [29], we assume

p(�) ∈ C∞(�∗, �
∗),

p(�) > 0, 0 < p′(�) < c2 for � ∈ (�∗, �
∗).

(5.3)

We have the following local in time existence and uniqueness of smooth solution for
(5.1)-(5.2). Here, for simplicity, we avoid the use of uniformly local Sobolev spaces as in
[23] and [29].

Theorem 5.1. Assume (5.3) for p. Suppose the initial data u0, and (u01, u02, u03) belong

to Hs(ℝ3) and �0 − �∞ ∈ Hs(ℝ3), for some �∞ ∈ (�∗, �
∗), s >

5

2
, and that there exist a

positive constant � sufficiently small so that

�∗ + � ≤ �0(x) ≤ �∗ − �, (5.4)

|u0|2(x) = u2
01
(x) + u2

02
(x) + u2

03
(x) ≤ (1 − �)c2, (5.5)

for all x ∈ ℝ
3. Then, the Cauchy problem (5.1)-(5.2) has a unique solution

(u, � − �∞, u) ∈ L∞(0, T ;Hs) ∩ C([0, T ];Hs−1), (5.6)

with �∗ < �(t, x) < �∗ and |u|2(t, x) < c2. Here T > 0 depends only on � and the Hs-norm

of (u0, �0 − �∞, u0).

Proof. The proof proceeds through the following arguments. We use the symmetrization
found in [29] in order to transform the left-hand side of (5.1) into the form

(V ) = a0(V ))tV (t) +

3∑
j=1

aj(V ))xjV (t), (5.7)

where a0, aj , j = 1, 2, 3, are 4×4 symmetric matrices, with a0 positive definite. The right-
hand side of (5.1) can be seen as a functional (V ) on C([0, T ];Hs(ℝ3;ℝ4)) into itself
in the following way. Given V ∈ C([0, T ];Hs(ℝ3;ℝ4)), we may obtain the correspond-
ing (�V , uV ) and then the corresponding u(re)

V , from which we can define the Lagrangian
transformation Y V as in Section 2. Then, we obtain |u|2 in the coordinates (t, y) using The-
orem 3.1 and the Remark 3.1, solving the wave equation with initial data |u0|2 and (3.21).
This way we obtain |u◦Y V |2, and so �� ∗ |u◦Y V |2, and we define

[V ](t) =

(
0

∇x�� ∗ |u◦Y V (t)|2
)
.

By the regularity properties of the Lagrangian transformation obtained, e.g., in [19, 17], 
maps C([0, T ];Hs(ℝ3;ℝ4)) into itself. So we arrive at the 4 × 4 symmetric system

a0(V ))tV (t) +

3∑
j=1

aj(V ))xjV (t) = [V ](t). (5.8)

This system does not entirely fall into the form of (Q’) in [23], since the right-hand side is
not of the form F (t)[u(t)] as the right-hand side of (Q’) in [23], which is defined, for each
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t ∈ [0, T ], as a function on a subset D of Hs(ℝ3;P ) where P = ℝ
4 here. Nevertheless, the

fixed point argument in [23] may be easily adapted to the present situation by the following
reason. As in [23], let us consider the map Φ defined therein in p.198, over which the fixed
point argument is carried out. Following the same arguments in [23], we can prove, by
arguments similar to those employed in Lemma 4.4 of [23], that Φ maps S into itself, if L′

and T ′ are appropriately chosen, whereS is the set of functions from [0, T ′] toHs(ℝ3;ℝ4),
Lipschitz continuous in time in theHs−1-norm, with Lipschitz constantL′, defined in p.195
of [23]. Having that at hand we may conclude the fixed point argument as in [23]. The key
difference here, as compared with [23], lies in the proof of the estimate ‖f v(t) − fw(t)‖ ≤
� d(v,w) in Lemma 4.5, p.198 of [23], which here would translate into

‖[V ](t) −[W ](t)‖L2(ℝ3) ≤ C sup
t∈[0,T ]

‖V (t) −W (t)‖L2(ℝ3), (5.9)

for some constant C > 0. To prove (5.9) we first note that, by Young’s inequality for
convolutions, the left-hand side is bounded by

C‖|u(t, yV (t, ⋅))|2 − |u(t, yW (t, ⋅)|2‖L2(ℝ3)

for some constant C > 0 which may vary along this proof. Now, since |u(t, y)|2 is the
solution of the wave equation with smooth initial data by Theorem 3.1, and Remark 3.1,
the above quantity is bounded by

C‖yV (t, ⋅) − yW (t, ⋅)‖L2(ℝ3).

Now, we argue as in [17], p.148. We have, from the definition of the Lagrangian coordinate,

)ty
V (t, x) + u(re)

V (t, x) ⋅ ∇xy
V (t, x) = 0,

yV (0, x) ∶= (x1, x2,∫
x3

0

�(re)(0, x1, x2, �) d�)

and a similar equation holds for yW (t, x) with the same initial condition, which does not
depend on V or W . Therefore, denoting, as in [17], ỹ(t, x) = yV (t, x)−yW (t, x), we obtain
that ỹ(t, x) satifies {

ỹt = −(u(re)
V − u(re)

W ) ⋅ ∇xy
V − u(re)

W
⋅ ∇xỹ,

ỹ(0, x) = 0.

Multiplying by ỹ and integrating by parts we obtain (as in [17]) we obtain

d

dt ∫ℝ3

|ỹ|2 dx ≤ C(‖∇yV ‖2
∞
‖u(re)V − u(re)

W ‖L2(ℝ3) + ‖div u(re)
W ‖2

∞
‖ỹ‖2

L2(ℝ3)
),

and then, using the boundedness of ‖∇xy
V ‖∞ (see, e.g., (2.30) in [17], where here u(re)

plays the role of u therein), and the time integrability of ‖div u(re)
W ‖∞, by Gronwall’s

inequality, we obtain

‖ỹ‖2
L2(ℝ3)

≤ C sup
t∈[0,T ]

‖u(re)V (t) − u(re)
W (t)‖L2(ℝ3),

from which, using the fact that (�(re), u(re)) ↦ (�, u) and (�, u) ↦ V are local bi-Lipschitz
diffeomorphisms, (5.9) follows. Thus, we prove as in Lemma 4.5 of [23] that the map which
here corresponds to Φ therein is a contraction map of S endowed with the metric

d(V ,W ) = sup
0≤t≤T ′

‖V (t) −W (t)‖L2(ℝ3)

if T ′ is sufficiently small.
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Once we have obtained the solution of (5.8), from V (t) and the relativistic Lagrangian
transformation Y we get #(re)(t, y) and from Theorem 3.1 we also obtain U from the initial
data. Therefore, the Dirac equation in (5.1) reduces to a linear equation with a right-hand
side of the form −iB(t, y)u, with B(t, y) known, satisfying the hypotheses of Theorem 3.1,
whose solution is standard.

Uniqueness follows first from the uniqueness of the fixed point of contractions; second
from the uniqueness of the smooth solution of the Cauchy problem for a linear Dirac equa-
tion. This completes the proof.

�

Remark 5.1. It can be seen, by checking the arguments above and in [23], that when � ∼

� → 0, the local in time solution given by Theorem 5.1 converges to the local in time
smooth solution of the relativistic Euler equation obtained in [29], together with a smooth
solution of the 1+3-dimensional Thirring model nonlinear Dirac equation with a potential
proportional to the relativistic specific volume. It is very interesting the fact that in this
limit system short waves and long waves are still coupled, not only through the Lagrangian
coordinates, but also through the relativistic specific volume in the Dirac equation!
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