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ABS1RACT 

This paper presents a Bayesian derivation of (economically optimal) stress screen dura­

tions in ESS - Envirorunc;nlal Scress Screening. India1ton of lhe qualily of a Screen of any 

duration are derived. The posterior density for the rate of early failures of the production 

process iJ also obtained. This allows the nser to update his opinion about the quality of lhe 

process. 



2 

1. INTRODUCilON 

Environmental Stress Screening (ESS) has been used , for instance , to purge popula-

tions from pans having hidden latent defects not detectable by quality control. This is done 

by submitting the parts to stress ("compression" of time) which will precipitate "early 

failures". Defective parts are eliminated from the population and the surviving parts have a 

much smaller proportion of defective items. The economical benefits of such procedures are 

clear , since the cost of stressing items is usually much smaller than the cost of having 

failures occurring , instead , after equipment is fielded. 

An excellent introduction to the problem is Perlstein, Littlefield and Bazovsky (1987), 

where there Is a derivation of stress screen durations which will leave the failure rate of the 

survi~ing parts within a prechosen distance ~f the failure rate of the "good" parts. Here , the 
) . 

determination of (optimal) durations is approached from a Bayesian point of view. In addi­

tion to possessing philosophical advantages , the Bayesian approach pays more attention to 

economic considerations (being embedded in a decision-theoretic framework) ~d is more 

realistic than the classical-inspired plans which are conditional on unknown (yet assumed to 

be non-random I) quantities. 

The ESS experiment also provides data that the engineer may use to learn about the 

production process. In the last part of this paper, we develop Bayesian inference about lhe 

"rate of early failures". 
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2. NOTATION AND ASSUMPTIONS 

We are considering a lot of N parts having a proportion p of 5Ubslandard parts. The~e 

substandard parts have hidden latent defcctJ which will very probably provoke the "early 

failures". They can not be detected by quality control (even if applied 100%) because they 

appear to be normal "good" partll. This (parts purging) situation is essentially the setup in 

Perlslein, Lltllefield and Bazovsky (1987). Environmental Stress Screening can also (and 

should) be applied to populations of assembled parts or of finished products. The items fail-

ing the screen are then repaired or improved (instead of replaced - in the parts case) . Such 

models ("complex systems") are discussed in Perlstein, Lilllelield and Bazovsky (1988) . In 

the pre!lellt paper we are restricted to the paru populations case , although the same Baye-

sian approach is applied to the complex systems situation without any further conceptual 

complication. 

The failure rate of the substandard parts under stress is ).• , while the failure rate of 

the good_ pans under stress is ).1 • We have of course )., > J.1 • There are two points 

which should be carefully considered in this modelling. First , the constant failure rates 

assumption which is usually just a mathematical simplification , plays a crucial role in.ESS. · 

..., The assumption lbat the failure times are exponentially distributed guarantees that the parts 

surviving the stress screen will not be aged by the stressing . The user of a stress screen 

plan should be attentive to the fact that if the exponential (or perhaps a decreasing failure 

rate) asswnption is not adequate , he. might end up having a lot of (most1y good) parts sur-

' viving the screen which will, nevertheless, be aged. 
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Toe other point that should be mentioned is the quantification of stress levels. In Perl-

stein. Littlefield and Bazovsk.y (1987) there are reminders of the fact that the stress level 

should be kept under a " threshold which could precipitate failure modes that would never 

occur in normal operation or which could damage the part " (Section 2.~ of that Reference). 
I 

In addition to this _assumption of "non-damaging" stress levels , it is assumed that the stress 

levels used can be translated into a factor of acceleration of time . In fact , the optimal dura-

tion of the stress screen turns out to be - in both Bayesian and non-Bayesian derivations -

the inverse of the acceleration of time factor multiplied by acceleration-invariant constants. 

(See formula (13) in Perlstein. Littlefield and Bazovsky (1987) and Section 3 below ). In 

practice , the user of these plans needs to be able to express the stress level (which depends 

. 
on the environment , type of equipment , etc ... ) into a constant factor of acceleration of time. 

I · 

We will use this· assumption and denote such a factor by l. We then have i.1 • Ii.,' and 

)..., = n; where '>.1' and ,.; denote the failure rates under normal operating condi_tions. 

Let T be the optimal duration for the screen (un.der a given stress level l) and t 

denote time. We will now introduce the notation and discuss the costs involved in stressing · 

and stopping the screen. Let c I represent the cost of having a spbstandard part escaping the 

screen and c2 represent the cost of having a good part destroyed by the stress screen. Toe 

costs c I and c2 are "decision" costs in the sense that they describe the cost of wrong "deci-

sions" regarding a part. Since the major concern in ESS is to purify the population of parts , 

the cost c 1 is usually much larger than c2• If one defines a substandard part as a part failing 

the screening ( such a definition can be inappropriate, particularly if the duration of the 

screening is large) , then actually c2 ·= 0. The "str~sing" - as opposed to "decision" - costs 



are now considered. Let c3 be the cost of stressing and failing a part , and C'" be the cost of_ 

stressing and releasing a pan. We are assuming, for simplicity, that c3 and c4 depend neither 

on t nor on lhe quality of the part. These assumptions are of course noc suitable In many 

situations. For example , the cost of stressing can be modeled as a linear function of lime of 

actual strest of the part until failure or release , etc." Under these more realistic assump­

tions , the adaptation of lhe derivation presented in this paper is straightforward. 

'lbe total cost depends on X, , X. and on p , the parameters of this model. The Baye- . 

sian engineer has probability distributions ("prior" distributions) whlch describe his uncer-

tainty about the value or unknown parameters. 'lbe prior distributions an: his personal opin­

ions about the parameters and should be based on his expertise. The design problem to be 

solved is the determination of T in such a way that the expected total cost with respect to 

the prior distribution is minimiud. 

Once data have been _observed , the opinion of the Bayesian is updated_- This ·process 

replaces the prior distribution by the "posterior" distribution. Standard references on the 

Bayesian approach are de Finetti (1974), Savage (1954) and de Groot {1970), We will coo-

1idel families of prior densities which are convenient and large enough to accommodate 

different opinions the engint:er might have.(See also Section 6 below). 

We suggest the use of the (absolutely continuous) Beta family of prior densilies on 

. I 

(0,1) for p • The Beta family is indexed by positive numbers a and b and the Beta(a ,b) 

prior density on (0,1) is given by 
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The uniform density on (0,1) Is lhe particular case a=b=l. The expected value of a Beta 

distribution is given by E(p) • al(a+b) and its variance by V(p) • ab(a+b r2(a+b+Ir1• 

We will assume a joint prior ~ity for (p ).1 ')..,) given by 

f (p ,'A.
1
).,) = f(p ) 8te -a., Ck> e ->.."i , 

for O < 'A.
1 

< 'A., • This is equivalent to asswning p independent of ('A.1 )., ) , a Beta (a ,b) 

density for p , an Exponential(0) density for l, , and a conditional Shifted by l, Exponen-

~,,,:· ~ tial ('t} density for 'A., , given )..1 • It follows EQ.1) • 9-l , EQ., I )..1} • )..1 + "("1 , and 

E(A,) • (8-K)/(8-t). The engineer will elicit values a , b , a and t and it will typically be 

the case in ESS that a < b and 8 > t . 

In the practical situations where 'A.1 is much smaller lhan 'A., , the value of 8 will be 
' 

chosen much larger than the value of t . The conditonal exponential density for ;i.., then 
I · 

becomes , when compared to the prior exponential density for ;>.1 , practically flat . The 

prior uncertainty about ).., can be expressed through prior densities that make use of the 

knowledge about production process standards , as contained in publications as the "Military 

Standards" Series. On the other hand, the user might express the relatively much larger 

· "ignorance" about. A, through an almost flat prior density which is nevertheless proper. In 
. . -~ . 

.,;· 

addition to satisfying coherence requirements, proper priors can be very helpful when deny­

ing marginal post~or densities • see Section S for examples. 
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3. OPTIM1ZING TI:IE STRESS SCREENING DURATION 

· These is a proportion p of substandard pans in lhe lot of size N. But lhe inspection of 

any pan does not reveal whether it is substandard or not. This fact makes all parts look 

similar and entails a judgment of exchangeability of the parts with respect to quality and 

behavior under the Screening Stress experiment. In panicular, for any pan in the lot, the 

engineer's probability Iha! ii is substandard Is E(p) = al(a+b), where E stands for integra-

• 
lion with respect 10 the Beta(a /J) prior for p. 

The conditional cost (per pan) of a scree.ti of duration t at stress level l is therefore 

easily derived as 

To be strict, the above conditional (on t and on the parameters) cost is lhe expected -

with respect lo its lifetiroe - total screening cost of a part. The assumptions of exponentiality 

of the lifetime distnoutlooa (discussed in the previous Section) are used in the derivation of 

lhe expression above , since 

where X is the lifetime of a part from the loL The integration over the sample space for X 

is correct for the Bayesian I since Chere is DO violation of lhe Likelihood Principle (Berger .­

and Wolpert (1984)) when the decision (choice of stress duration) has to be made before the 

observation mln(x ;I') becomes available. This ("preposterior• integration) is of course a 

common feature in design decision problems. 

The whole optimization problem can be easily visualiz.ed by means of an influence 

diagram (Barlow and Pereira(l987)). Figure 2 of the Appendix is lhe Influence diagram for 
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the problem of finding the duration T - the "decision" node - minimizing the expected value 

of the cost - the "vnlue" node - with respect to the relcvnnt rnndom qunnlitlcs - the "random" 

nodes. These arc , respectively , the box node , the diamond node, and the circle nodes. The 

influence diagrµi is for a single part , since the excbangeability of the parts impliea its 

sufficiency , i.e. , the expected cost for the lot is N times the expected cost per part. 

After rearranging the terms we obtain the cost per part expressed as 

The dependence of the conditional cost on the stress level I is expressed through_ the failure 

. rates which are average numbers of failures per unit of time under stress . (See S~tion 2). 

The last expression for the conditional cost can be easily integrated with respect to the 

joint prior f (p,"A.1 ,i..,). We will then have the expected cost per part (in the engineer's opin-
> · 

ion) or the risk of a screen plan of duration t and stress level I , denoted by R (t ,I) . The 

risk obviously depends also on the cost structure of the experiment , but we will omit this 

from the notation. By using the joint prior /(p)..
1

)..,)_consldered in the.previous Section, 

one obtains 

In order to obtain the optimal T (i.e., the value ~f t minimizing the risk or expected 

cost) one can minimize R (t ,I) by elementary differentiation methods. Let us set 

If K is either negative or zero , the optimal T will typically be equal to O. (no screening) or 

to "" ( screening until failure of all parts ). We will examine the more interesting situatio~ 

where K is strictly positive and finite. Under this assumption, one obtains 
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as the optimal duration for the screen. If the value of T in lhc expression above is negative , 

then the optimal decision Is of course to not stress the population. Notice that r can be writ-

ten in the form T = r'D , with D being a constant invariant to accelei&lion of time, that is 

, D has the same value for all 1. The minimal (Bayes' risk) total expteted cost of the 

screening experiment of optimal duration T is R (I J) multiplied by N , by the exchangea­

bility assumption. 

We now derive "goodness" measures of a Screen of duration t. The probability that a 

substandard part will escape from the Screening is 

~ I 
E(e , • > = 8-tl[(t+t Xe+t >1 

where E stands for integration with respect to the marginal prior (of ,-. ). The expected 

number of substandard parts that will escape from the Screening, also called the Remaining 

Defect Density, is therefore 

DR(t) ""N E(p) &t/[(t+tX8+t)] -= N [al(a-tb )] &t/[(t+cX8+t)] 

where E now stands for integration with respect to the marginal prior (of p ). Notice also 

the use of the assumption of prior independence between p and )., • 

The probability that a substandard part will not escape from the Screen is sometimes 

called the Screenin& Strength (SS) and we have 

SS(t) • 1 - &t/[(t+t Xe+t )] 

On the other hlmd , the probability that a good part will survive the Screening is 

E(e ~,') m 8/(e+t) 



and the expected number of good parts remaining in the lot after the Screen is 

N E(l-p) 8/(8+t) a N [bl(a+b)] 8/(e+t). 

Another measure of interest is the Yield , defined as the prior probability of having 

zero substandard parts remaining in the lot after the Sere~ The Yield is derived as 

4. I N -).,t ..N 
Y(t)=E([l-e • ]P )=E([p(l-e )+(1-p)J )= 

11 
,;, &t[r(a+b)lr(a)Jl:t'> Hf-J f(a+N-j')/[f(a+b+N-jX,t+(N-j)t)(e+{N-/')t)] 

j-0 J 

= &t[r(a+b')/(f(a)f(b)r(a+b+N))] x 

x it!tJ><{> HY""' f(a+J)f(b+N-/)/[('t+(j-i)r)(8+(/-i)t)] 

The approximation above is obtained by assuming a prior Beta(a .p ) density for a propensity 

. 
p in place of the proportion p. Such "infinite population" models are discussed in Section S. 

I· 

The last identity ·above then results from the equivalence between a Beta(a ,b) assumption 

for the propensity p and a Beta-Binom.ial(N ,a ,b) assumption for the number of substandard 

pans initially present in the lot: by using lhe equivalence, _we obtain 

-A I N N -A.,I j ' 
E([p(l-e • )+(1-p )] ) ,.. l:qjE[(l~ ) ] , where q1 are the Beta-Binomial proba-

j.O 

bility function values. 

Since it is very difficult to solve any of the expressions above for t , we obtain the follow­

ing approximation, which is a Poisson term for zero occurrences 

The parameter of the approximating Poisson distribution is the Remai~g Defect Density 

DR(t). Notice that DR(r) a (1-SS(t)>Dm, where Dm is the expected numba' of substandard 
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parta before the Screen, or the Incoming Defect Deaslty [Na/(a+b)] , while 

1-SS(t) • &t/((0+1 )('t+t )] • 

4. A NUMERICAL EXAMPLE 

We will examine the same numerical example or section 5 of Perlslein, Littlefield and 

Barovsky (1987). They consider a population of 3750 electronic parts and derive a duration 

of 215 hours in order to have a 96% "power screen• value. Let us now consider a cost 

1tructure given by c1 • 100 , c 2 • 20, c3 • 1 , and c4 • 0.01 • Suppose lhe engineer 

chooses a • 1 , b • 3999 and (knowing /) , 8 • 2(106
) and 't • 67 • We obtain K .;. 

12.6535 and T • 330.64 hours. The expected cost when using I.his duration is 0.0179 per 

part or 67 .07 for the whole lot. Toe expected cost if using a duration of 215 hours is (in the 

Bayesian engineo-'s opinion) 0.0184 per part or 68.94 for the whole lot. The expected cost 

per part if no stressing at all is performed (t -= 0) is 0.0350 - 0.01 • 0.0250 or 93.75 for the 

lot. Notice that c4 l1 to be subtracted from R(0J) in order to obtain the correct risk at t = 0 

( lhete is no stressing cost when t • 0 ) . The relative stability of the expected cost - per 

part ~ for small and moderate durations is caused , in this particular example , by the 

assumptions of an extremely small proportion of defectives in the lot (as expressed by the 

prior Beta values of a and b) and independence of c 3 and c◄ from t. (See Section 2). The . . . 

graph of R (t J) as a function of t is in the Appendix. 

If the optimal duration T • 330 is used , the expected number of good parts surviving 

the test is 

3750 X (3999/4000) X 2(106)/[2(106)+330) • 3748.44 

and the expected number of defective parts surviving the test is 
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375.0 X (1/4000) X 2(106) X 67/[12(106}+330}{67+330)] • 0.16 

There is no precise way of comparing the Bayesian approach to the "power screen" 
> ' • 

approach of Perlstein, Littlefield and Bazovsky (1987) , since they do not consider any cost 

structure in their numerical example. In addition , their (non-Bayesian) approach is condi­

tioned OD the values of the parameters. 

5. STATISTICS : nm POSTERIOR DENSITY 

In the previous Sections, we used the Bayesian approach to decision making in the . 

. , . 
prob!~ of determining the optimal duration of a Stress Screening Test. It was assumed that 

the user has the figures of a cost structure and values determining the joint prior density for 

the three parameters involved in the problem. Now, we will consider the use of data : In 

fact , an ESS experiment provides (once it is performed) data consisting of failure times and 

the number of truncations at the duration. The genuine Bayesian obtains a joint posterior (to 

the data) density which is his updated (by the data) opinion about the parameters. He will 

use ii a., the priOI' in the derivation of the duration of a possible second Screen in the future. 

Alternatively, he might use the updated opinion in order to suggest changes in the produc-

tion process. Conceptually, the production process could be "fine tuned" up to the point 

where future Screenings would not be necessary anymore. This is or course an idealistic 

goal, but it illustrates the dynamics of Bayesian statistical control : the Screening experiment 

purges the lot; in addition to this original aim, it provides data which are informative about 

the production pi:ocess; changes (suggested by the revised opinion) in the production process 

might Improve it, making future Screenings shorter (and less expensive). 
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However, there are c~utational difficulties in the derivation and use of such joint 

posteriors - they are not as simple as the joint prior that we presented in Section 2. The 

problem has been approached by Bernardo and Gir6n (1987) who consider a very particular 

case where the only parameter is p , the other two assumed to be known. They point out the 

inaistence of conjugate densities for Ibis kind of model and present some approximation {to 

the posterior) methods. The general problem of the practical difficulty of deriving multidi­

mensional posterior densities bas been recently discussed by several authors. See for instance 

Kass, Kadane and Tiesney(1987). The problem of using data provided by the screen has 

also been discussed, from a non-Bayesian point of view, by Mendenhall and Hader (1958) 

who suggest an iterative method 10 solve simultaneous equation, for maximum likelihood 

estimates of the parameters. However, they assume that all failed parts have their quality 

revealed; Perlstein and Bazovsky (1988) and Rider (1961) use the classical method of 

momenta for estimation of the Par:uneters. However, they assume no truncation of th~ obser­

vations. In addition , the classical method of moments very often provides negative esti­

mates for the failure mtes. AD efficient sequential design of ESS screens should make use 

of lhe (truncated) data arising from the screens. Such a procedure would not need any esti~ 

mation (in addition to the screemn~) experiment and would be better derived as a Bayesian 

sequential design procedure. 

We suggest a •restriction to interest• approach: we will sligbdy summarize the data, 

sacrificing some of the information obtained about the failure rates, in order to obtain a com­

putable marginal poaterior density for p. It is important to realize that lhe original model is 

beiDg embedded in a larger one: specifically, lhe proportion pu se of substandard pans in 
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the original lot is not anymore a parameter of interest. Actually, after the Screening this pro­

portion is drnsticnlly reduced (we hope I). At this point, what we are Interested on is the 

proponion of substandard parts in the next lot. So, we are now considering a model where 

the production process generates parts which are substandard with propensity p and from 

which the first lot was actually a sample of size N (with a proportion of substandard parts 

not anymore necessarily equal to p ). This modelling arises as a consequence of an 

exchangcability Judgment the user has about the parts with respect to their quality. 

We will now derive the (joint, first) posterior density. The full data provided by the 

experiment are a list of failure times and the number of surviving parts. 

A crucial assumption here is that autopsy on all the failed parts will be performed. with 

some of them failing to respond ( that is, not revealing whether they were of substandard 

1· 

quality or not). This enables one to use the methodology of Basu and Pereita(1982) to ban-

die data showing non-response. 

· Once the autopsies are performed, we summarize the data as: 

x = number of failed parts that were (revealed by autopsy) substandard 

.Y • number of failed parts that were (revealed by autopsy) good 

z = number of !ailed parts with quality not revealed by the autopsy 

m = N -{x +y +z) number of surviving parts 

Notice that the actual failure times are "collapsed". 

A (factorable) nuisance parameter has to be now introduced: let a denote the probabil­

ity that a failed part does not respond to the autopsy. Once again, the introduction of a in 

the model depends on a judgment of exchangeability of the failed parts with respect to 

' 
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responsiveness (see de Fmetli (1937); Lindley and· Novick(l981) on excbangeability}. 

Let us recall the prior density introduced in Section 2: 

• for O < p < 1 and O < )..1 < ).• . We will use Bayes' theorem in order to obtain the joint 

posterior / Cp ).1 )... I x ,y ,z ,m) (and the marginal f Cp I x ,y ,z .m) ). The probabilis1ic 

dependencea among parameters and data can be easily visualized in the inftuence diagrnm 

for this inference problem - see Figure 3 in the Appendix. All the operations performed 

below correspond to revmions and removals of BICS in the influence diagram • aiming the 

"final" diagram , which has node "data" as the only predecessor of node p. 

The likelihood L(a , p , '-, , '-• I x ,y ,z .m) is proportional to the mull1nomial probability 

lenn: 

-lT -lT L(c .p, >..,, A. I x,y,z.,,,) ., (p(l- • )(1--c}Y[(l-p)(l- • )(1-c)]' 

[ap (1-e 4,,T) + a(l-p Xl~ 4.,T )}' [pe 4.,T + (1-p )e ..J.,r J• 

Assuming that a is a priori independent of (.p ).1 ).. ), one derives (for any prior density 

h (a) ) the posterior density / (JJ I x ,y ,z .m) by first using Bayes' theorem ( C denotes the 

proportionality constant) to obtain the joint posterior density 

Successive applications of Newton's binomial lhen yield: 

/(0,.lJ).1 ).~ I x,y,z,m) = C [h(a)a"(l-a)""'J 



By recalling the (propriety of prior) fact 

lJ e -l,<lk>e -l,"dJ..,d').
1 

I 

one can easily integrate out J..
1 

, J... (and a) , obtaining 

f(p I x,y,:,m) :: C '£G(iJJ,lc,r,s)p•+x-+1:+1-i(1-pt..,..,,.-1t,.-1:-i 
• 

;r y III t t 1--k 

where L denotes L l: '£ '£ '£ '£ 
• l=()j=Ol-,()k=()r-OS-0 

· i[(x-i+l+k-r+t/T) (y-J+m+z-.s-+-OIT+x-1-r)] 

Finally, by recalling (propriety of prior again) that: 

I 

Ip 0
-

1c1-p >"-1dp • rca )r(b )tr(a+b) = B(a ,b) 

16 

,. 

we can solve for C , thus determining the computable analytic expression of the posterior 

density of p : 

1/C • "1:,G (I J ,I ,le ,r .s)B(a+x+lc+l ,b+y+m-l+z--k) 
• 

Analogous computations provide the posterior moments of p and integration of the posterior 

density / (p I Data) determines credibility intervals for p . 
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6. CONCLUSION 

'J1ic exl111i11g literature· ror plnnnlng, monitoring and controlling or E$S e~~rlmcnts ia, 
' 

lo the authors' knowledge, entirely non-Bayesian. ThiJ paper present, a Bayesian treatment 

to the ESS problem which poac,se1 the usual advantagea that the Bayesian form~ion haJ 

ovet classical/Crequcntists methods. ;, 

The duration de.sign problem is solved in 1.11 cconomicaDy optimal way. The difficulty 

of obtaining an exact separation - i.e. a lractable posterior / (p , l 1 , A,. I Data ·) -

reflects the general computational problems of handling non-conjugate multidimensional pos­

lerior densities. These kind of computational problems are being gradually solved, as 

hard~ and software (md numerical methods) ue being developed and u the Bayesian 

apProach is taking over the whole field of Applied Statistics and Decision-Making. We 

avoided this problem by swnmariz.ing the data and using non-responsive data teclmiques 

which proved to be successful in the medical research area (Pereira and Barlow(t 989) ). 

1bis enabled us to obtain a useful analytic onedimensional posterior probability density for 

p. ~bability (or Credibility) intervals and Bayesian point estimates of p can therefore be 

easily constructed. We believe this paper indicates the correct way of handling also the vari­

ous more complex ESS situations which exist , as the ESS of assembled parts or of finished . . . 

products. 

:..... 
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T: Duration 
S: Cost of Screen 
p - Beta (.a.b) 
c) I p - Bernoulli (p) 
4 - Exponential (8 ) 

A.e I A1-A1 + Exponential (t) 

z l{T,4,o=O}- Bernoulli (exp(-lgT)) 

z l(T,M,a=t}- Bernoulli (exp(-MT)) 

Figure 2: Decision Problem Influence Diagram 

qt• (l - a)p(l - exp(-ACT)) 

q2 = (1 - a)(l - p)(l - exp(-A.gT)) 

q3. a{p(l - exp(-Ae'I)) + 
(1- p))(l - exp(-AgT))} 

Q4 • pexp(-Ae'I) + 
(1 - p)exp(-lgT) Mult(N; q1,q2,q3,Q4) 

Figure 3: Inference Problem Influence Diagram 
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