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Exposé n°2
Carmen Silvia Cardassi

STRICTLY p-INTEGRAL AND p-NUCLEAR OPERATORS

ABSTRACT. In this note we present conditions under which every strictly p-integral
operator is compact or p-nuclear, first independently of the range space

and afterwards of the domain.

I. DEFINITIONS AND EXAMPLES

In all that follows X, Y and Z are Banach spaces and L(X,Y), K(X,Y)
and W(X,Y) denote respectively the spaces_of all bounded Tinear operators, of
the compact operators, and of the weakly compact operators from X into Y.
Also, RNP and wRNP are shortenings for the Radon-Nikodym and the weak

Radon-Wikodym properties, respectively.

DEFINITION I.1. A linear mapping T : X > Y dis p-nuclear, 1<p<e, if there
are sequences {x;} in X* and {y,} in Y such that

(i) Tx =z(x; s XY, for every xeX ;

n
(i) 2 1P <o , if 1<p < o,
n
n
and Timlx*l =0, if p=ow ;
n n
(iii) sup {sup[<y*,y )| : y* eBywx} =sup Iy <o , if p =1,
n n Y n n

and sup{(Zl(_y*,yn)lq)l/q : y*eBY*}<oo , if l<p<e, where q is

n

the conjugate exponent of p.

In this case, the p-nuclear norm of T is given by

ny(T) = inf{(z 1xX*1) suply I}, if p =1,
n n n n

n(T) = inf{(z )P sup(z eyt D199y eBad, if 1<p<e , and
n n

n (T) = inf{{sup Ix¥I) sup {Z[(y*,y > : y*eByw} , if p=o,

o n n n n Y
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wnere the infima are taken over all possible representations of T as in
(1), satisfying (ii) and (iii).

The set of p-nuclear linear mappings from X into Y 1is denoted
by N_(X,Y).
y  Ny(XY)

DEFINITION I.2. A linear mapping T : X > Y is strictly p-integral, 1<p<e ,

if there is a o-additive vector measure G :Q(BX*) +~ Y such that

(1) Tx=J (x*,x) dG(x*), for every xeX ;

B ox
(ii) If p <=, there exists perca+(@(BX*)) such that

1/p
[, fel=ll, el
BX* BX*
for every fs-:C(BX*).

In this case, the strictly p-integral norm of T 1is given by

si (T) inf{u(B,) /P : G
si (T)

and p satisfy (i) (ii)} , if 1<p<e« , and

inf{lGI(By,) : G satisfies (i)}, if p=o.

The set of strictly p-integral linear mappings from X into Y is

denoted by SIp(X,Y).

DEFINITION I.3. A linear mapping T : X~ Y 1is p-integral, 1<p<e , if
JYOT : X > Y™ is strictly p-integral, where JY is the canonical injection

of Y into Y**

In this case, the p-integral norm of T 1is given by ip(T) = sip(JYoT).

The set of p-integral Tinear mappings from X into Y is denoted by
I (X,Y).
o(%:Y)
REMARK. It can be shown that Np(X,Y)CSIp(X,Y)CIp(X,Y)CL(X,Y), with

(I <ip(.)<sip(.)<n (.), and that all these sets of operators are Banach

Y
spaces when endowed with their respective norms.
Also, Np(X,Y), SIp(X,Y) and Ip(X,Y) have an ideal structure, ie, the

conmposition either on the left or on the right side of an arbitrary operator
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with one in any of these classes produces a new element of the same class.
For this reason they are usually refered as operator ideals.

It is worthy to note that Np(X_,Y) CK(X,Y). Also, SIp(X,Y)cN(X,Y)
and SIp(X,Y)CC(X,Y), where C((X,Y) denotes the set of completely continuous

operators from X into Y.

EXAMPLE I.4. Canonical p-nuclear operators, 1<p<e .

Let & = {5n}‘e£ , if 1<p <w, and Secy s if p ==, and define

P
diagonal operators Ap S SLp s 1<p<w, and 8_: & - ¢ by
Ap{an}= {dnan} , for all {an} €L .
T .2 ), 1<p<w, ¢ ), wi Ia_ I = 1§l = )
hen ApaNp(JLoo p) l<p<ew, and A _eN (& co) wi th Ap Gp np(Ap)

They are called canonical because every p-nuclear operator admits Ap

as a factor (Theorem I.7).

EXAMPLE I.5. Canonical strictly p-integral operators, 1<p <.
Let K be a compact Hausdorff space, verca+(@(K)), (2,Z,u) be a finite
measure space and Jp be either the inclusion of C(K) into Lp(K,\)) or

the inclusion of L_(9,u) into Lp(Q,u), for 1<p<w. Then Jp is a strictly

p-integral operator, with II-JplI = si (Jp). In the first case, sip(Jp) = \)(K)l/p
and in the second one, si_(J_) = u(Q l/p. They are canonical because any

P* P

strictly p-integral operator, 1<p <, admits Jp as a factor, for some
compact Hausdorff space K and some finite measure spéce (2,Z,u)
(Theorem 1.8).

For p =« , we have W(C(K),Y) = SI (C(K),Y) and W(L_(u),Y) = SI_(L _(u),Y),
for any Banach space Y, and I.l =si _(.). Any strictly «-integral operator
T :X~>Y 1is such that T =B,A , where Ael(X,C(K)) and BeW(C(K),Y)
for some compact Hausdorff space K, or Ael(X,L_(n)) and BeW(L_(n),Y), for

some finite measure space (Q,Z,u) (Theorem I1.8).
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EXAMPLE I.6.

Let T 11 > Qr , 2<r<e and i 21 > ¢y be the canonical

inclusions.

Then ]r'ESI (Ql,lr), for any p, l<p<eo , and i, eSIp(ll,co), for

p
any p, l<p<w

Also, i, ¢511(21,l2), but K22°12 eSIl(zl,gw(Blz)), where 2@(822) is
the canonical injective space associated to 22 and KQ is the canonical
2
injection of Lo into QQ(BQ ). Recall that for a Banach space Z, gm(BZ*)

2
is the space of bounded families of scalars {az*}z*ez* ,» With norm

ia,a1 = sup{]a ] : z¥¢Z*} and that Z can be identified with a subspace
of QW(BZ*) through the mapping KZ VA g”(BZ*), given by

Kp(2) = (2%(2)) pu g v -

THEOREM 1.7
[. Let 1<p<=. An operator T belongs to N (X,Y) if and only if it

admits a factorization as

Y
Lo
L

Y

o
o — ¢

where Pel(X,2 ), Qs:L(lp,Y) and Ap is a diagonal operator, ie, there is

§ = {5,} €&, such that Ap{an} ={a s} s for {aleq,.

IT. An operator T belongs to Nw(X,Y) if and only if it admits a

factorization as

| &

where Pel(X,2.), Qe:L(co,Y) and A_ s a diagonal operator as in
Example I.4.
Moreover, given €>0, a factorization can be chosen in I or Il such

that IPI<1, 1QI<1 and n (a)<n (T) +ec.

P



-II.5 -

THEOREM 1.8.

I. Let 1<p<w=. The following conditions are equivalent :
(1) TeSL(XY)

(2) T admits a factorization as

Y
I

where K 1is a compact Hausdorff space, uerca+(§?(K)), Jp is the canonical

ll-*

X
A |

C(K)
Jp

injection of C(K) into Lp(K,u), AeL(X,L_(K,u)) and B eL(Lp(Q,u),Y) ;

(3) T admits a factorization as

[H

/\1———><

1)

where (Z,Q,u) 1is a finite measure space, Jp is the canonical injection of
L_(Q,u) into Lp(Q,u), Ael(X,L _(Q,u)) and Bs:L(Lp(Q,u),Y).
In this case, given >0, it is possible to choose a factorization as

in (2) or (3) such that JAI<] ,IBI<1l and- sip(Jp)<sip(T) + g .

II. The following conditions are equivalent :
(1) TeSI_(X,Y)

(2) T admits a factorization as

T

X — Y

AN\ /B
C(K)

where K 1is a compact Hausdorff space, AeL(X,C(K)) and BeW(C(K),Y) ;

(3) T admits a factorization as

I

X —— Y

A\ /8
L (1)
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where (2,Z,u) 1is a finite measure space, Ael(X,L (Q,u)) and
BEN(LOO(Q,U)’Y)-
In this case, given >0, it is possible to choose a factorization

~as in (2) or (3) such that [Al<1 and IBI = si (B)<si (T) + e.

REMARK. More information about these operator ideals can be found in [ PPl

and [ CA}l.

In this work, we present conditions under which SIp(X,.) = Np(X,.)
and SIp(.,Y) = Np(.,Y), for 1<p<w. These problems were suggested by
the following well-known results.

THEOREM A. X* has RNP ST (X,.) = Ny(X,.), with si, =n

1 1 I

THEOREM B. Y has RNP  SI;(.,Y) = Ny(.,Y), with si, =n

1 1’

I1. SPACES X SUCHT THAT SI (X,.) = N (X,.)

Qur first result is a characterization of the spaces X for which
SIp(X,.)CK(X,.), for one or all p, 1<ps<= . It is interesting to note
that the characterization does not depend on p, and that it is equivalent

to I(X.) CK(X,.).

THEOREME II.1. The following conditions on X are equivalent :
(1) X* has the weak Radon-Nikodym property ;
(2) X& q 3
(3) for every p, 1<p<w, SIp(X,.)CK(X,.) H

(4) there exists p, 1<p<eo, such that SI, (X,.)CK(X,.) ;

p(
(5) for every p, 1<p<e, Ip(.X,-)CK(X,.) :

(6) there exists p, 1<p<e , such that Ip(X,.)CK(X,.).

PROOF. (1) = (2) It is well-Known [ DUP-page 151].
(2) = (3) Let p, 1<p<w, Y and TeSIp(X,Y) be given.
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Then T = B,A where Ael(X,C(K)) and B eW(C(K),Y), for some compact
Hausdorff space K.
Let {Xn} be a bounded sequence in X. Since X& 21 , from Rosenthal's

Theorem it follows that {xn} has a weakly Cauchy subsequence {xn } » so

k
that {Axn} is a weakly Cauchy sequence in C(K). But W(C(K),Y) = C(C(K),Y)
k
[DU-VI.2.17] and then {Txn } = {B(Axn )} is norm convergent in Y because

k k
B is completely continuous. Hence T 1is a compact operator.

(3) = (4) It is obvious.
(4) = (2) From Example 1.6, for any p, 1<p<w, there are a space
Y and an operator T : 4, >~ Y such that TeSIp(!Ll,Y) but Té:K(ll,Y).

Namely, Y = Lo and T = 1'2 , if 1l<p<w, and Y'=JL°°(B£) and T =K

o1y s
2 2,772

2
if p=1.

Then T admits a factorization T =B,A , with AeL(ll,Lw(u)) and
Bel(Lt_(u),Y), for some finite measure space (Q,I,u).

Suppose X& %1 By the extension property of L_(u), there is an
operator Acg L(X,L_(u)), such that /1]21 = A.

The operator T =B,A : X > Y 1is strictly p-integral because B is,

and is not compact, otherwise ﬂl = T would be compact, too.
1

This contradicts (4). Hence X& %q-
(3) » (5) and (4) « (6) Since TeIp(X,Y) if and only if
JYoTeSIp(X,Y**), for any p, 1<p<w, and TeK(X,Y) if and only if J,.Te K( X, Y**)

for J, 1is an isometry, it follows that Ip(X,.)CK(X,.) if and only if

Y

SI(X,.)CK(X,.). O

While a necessary condition for SIp(X,.) = Np(X,.) is given by
Theorem II.1, we have a sufficient condition in Theorem II.4, as a consequence

of a multiplication theorem.

DEFINITION II.2. An operator T : X =Y s an Asplund operator if it admits

a factorization as
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P\/Q

where Pel(X,W), QelL(W,Y) and W* has RNP (ie, W is an Asplund space).

THEOREM II.3. Let 1<p<e, If SelL(X,Y) 1is an Asplund operator, and
TeSIp(Y,Z), then ToSeNp(X,Z) and np(ToS)<IISII sip(T).

PROOF. Let p<e. If TeSIp(Y,Z) and e£>0 are given, choose a factorization

where (2,Z,u) is a finite measure space, AeLl(Y,L (u)) ;5 IAl<1,
Bel(Ly(n),2), 1BI<1 and u(Q)l/p<sip(T) e,

Since S is an Asplund operator, it admits a factorization
X—-—-*Y

%

where W* has RNP , PeL(X,W) , Qel(W,Y) , QI <1 and IPI<ISl + e.
Then

X —2 ,y

NA T

WL (u)—»L (n)

Consider AoQ : W~ L_(u) and (AQ)* : L (u)* >~ W' . Let R= (AOQ)*|L ()
Since W* has RNP, R is representable by a bounded wp-mesurable function

g:Q W,

Rf = JQ f(t)g(t)du(t), for fel (u) ,
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with lgl, = IRI <I(A,Q)*I = IA,QI<1.
Defining F : @ - W* by
CF(t),w) = [ (RoQ)WI(t) , for teQ and weW ,
one has (F(.),w>el_(u) for every weW , so that the integral
LZ f(t) ¢F(t),w) du(t) exists, for every fELl(u) and weW .

But

f F(E)CF(t) wodu( t) j F(EX (AeQ)WO(t ) du(t)
Q Q

(F,(AoQ)W) = (RF,W) ,

for every fELl(u) and wel.
Then (F(t),w> =<(g(t),w)> , y-a.e. in Q, for every weW. Hence

F=g p-a.e. and Fel_(u,W).

Case 1. F has countable range.

Let {u’; : neN} be the set of distinct nonzero essential values of F.

Defining, for each neN , En = F'l{u’r‘l} , one has that En is u-measurable
and u(En)'>0. Moreover, {En} is a pairwise disjoint sequence in I .

Let the sequences {w’;} in W* and {f.} in Lp(u) be given by

* _ 1/p « - -1/p
W, o= p(En) uy and fn = “(En) XEn s

for neN. Then

~ P - P - 1etP <1glP
ﬁ bk P = ,21 hariP w(E,) = IFID<IFIZ u(a) ,

and, for h eLq(u) =L (p)*,

|
UE 1Pdu>1/p UEn Ih|@ du>1/q}q

=X I Ihlq du<thld , if 1<q <=,
n ‘E q
n
and
sup|<h,fn)| = sup U(E-n)-l |J hdu| <WBhl_ , if q = .
n n En
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Hence

L I<1, if l<g<e,

sup {(Zl(h,fn>|q)1/q : heB
n q

and

sup{sup[(h,fn>| : heBL }<1,if q =,
n 0

so that {w:} and {fn} satisfy (ii) and (iii) of Definition I.1.
Since, for welW ,

(JpoRo@)w = CF(.)w) =

it follows that J _oA.Q eNp(w,Lp(p)

* - *
Cupsw) XEn(.) =z (wn,wH’n s

~— oM
3

i 1/p .
» With J JAQ) < IFI < T) + ¢,
p np( D Q) L, u(Q) s1p( ) + ¢
for HFI_ = lgl_<1.

Then ToS = Bod oAcQoP €N (X,Z) and n (TeS)<(USI + e)(si (T) + ¢). Since

£ is arbitrary, np(ToS)<"5“51p(T)-

Case 2. F does not have necessarily countable range.

Since F is yp-measurable, theré is a sequence {Fn} in Lw(u,w*), each
Fn with countable range, such that Ian-F-IIm -0 [DU-II.1.3].

Defining Rn : WL (u) foreach neN by

Rnw = <Fn(.),w> , for welW,

- - 1/p
one has IIRnII = lanlloo and JpoRneNp(w,Lp(u)), with n (JpoRn)<lanlloou(Q) s

p
- : - - 1/p

from Case 1. Also, Jp°(Rn Rm) sz(w,Lp(u)), with np(Jpc,(Rn Rm))<IIFn leloo u(Q)y™r,

for any n, meN , for the same reason, so that {‘Jp°Rn} is a Cauchy sequence

in Np(w,Lp(u)), thus np-nor‘m convergent to some element in this space of

operators. But {JpoRn} is norm convergent to JpoAOQ and since 1. <np(.),
{JpoRn} converges in norm to JpoAQQ .

W,L and n
S(HsL (1)) )
As before, it foilows that TOSeNp(X,Z) and np(TOS)<l|SIIs1'p(T).

ence, J_oAod €N (Jpohe®) <IFT u(@) /P <si (T) + e

Now let p =« . Given €>0, choose factorizations for S and T
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where W* has RNP, PeL(X,W) ,.Qel(X,Y) , IQI<1 , IPI<ISK + &, (2,Z,u)
is a finite measure space, Ael(Y,L _(u)), IAI<1 , and BeW(L_(u),Z) is
represented by a o-additive vector measure G : ¥ - Z , with
BGh(Q) <si_(T) + € .
As before, the operator R = (A°Q)*IL1(U) is representable by a

function Fel_(u,W*) given by

CF(t),w) = [(AQw] {t), for teQ and wel,
through

f FOE)CF(t) wodn(t) = (f,(AeQ)W) = (RF,w) ,
Q

for every stl(u) and wel.

Again, there are two cases.

Case 1'. F has countable range.

Let {u: : neN} be the set of distinct nonzero essential values of F.
Defining, for each neN , Eﬁ = F_l{u:} . one has that {E } is a pairwise
disjoint seAquence in I, with u(En)>0‘ , for nelN.

For welW ,

(BoAoQ)w = J [ (A.Q)w] (t)d6(t) = J CF(t),w)da(t)
Q Q
= ﬁ (uﬁ,w)G(En) ,
and swph ¥l = IFI,<IAQ) <1 .

n.
Since G is o-additive, and {En} is a pairwise disjoint sequence,

swp {Z [(2%,6(E )| : 2% eB} <IGL(Q) <o

n
and
Tim = ](z*,G(Em)>| =0, uniformly in z¥eB.y
n m>n
[DU-1.1.18). Let &§>0 be given and choose 1<n,<n,<... such that

172

L [(Z%,6(E )| <8/ ,k , for keN and ¥ B

z* .
n>nkv

Defining sequence {wX} in W*  and {z} in Z by
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[u* , if 1<n<n, ,
n 1
w¥ =
n 1 -1 .
k u’; , if nk<n<nk+1 , for k=1,
and
J G(E) , if 1<n<n;,
z, = |
| KG(E,) » if n <n<n ., for k>1,
one has TlimlwXl =0 , Supllw:ll <1 , because
n n
(N B if 1<n<n1 s
Tw*l <
n

-1 . .
k HFIIQ° , i1f nk<n<nk+1 , for k=21,

and IFI_<1 ; also, for each z*eBZ,, ,

n n
7! [ Z%,G(E )| + 3 gk+l |¢2*,6(E, )]
=1

Ll¢z*,z )| =
n K n=nk+1

n

<D ZGED] T k(2 [(6(E D
n k n>n.

< IGH(Q) + L ké/ ok = BGI(Q) + 6 .
k
Then {w’r']'} and {zn} satisfy (ii) and (iii) of Definition I.1 and
since (BoAoQ)W = L (u*,w)G(En) = 2 wkwz, for welW , it follows that

n
n n
BoAoQe N_(W,Z) with n_(BoA.Q)<UFI_IGK(Q), since § is arbitrary.

It follows that TS = BvoQoPeNm(X,Z) and
N (ToS)<IPln (BoAsQ) < (ISl + €)(si (T) +€). Since e 1is arbitrary,
n (ToS)<IShsi_(T).

Case 2'. F does not have necessarily countable range.
Again, from [DU.I1.1.3] there is a sequence (F } in L (u,W*), each
Fn with countable range, such that Ian—Fllm - 0. For each neN, define

Rn:w—>2 by

R w =J (F (t),w>dG(t) , for welW ,
n Qq

so that



where Aw =H}L)M),‘mr wel.

From Case 1', for any n, meN , Rng;Nw(w,Z) and Rn-ng:NnGL,Z),
with n (R )<UF I_1GI(Q) and n(R-R )<IF -F I IGI(Q). Then {R} isa
Cauchy sequence in N_(W,Z) that converges in n_-norm to some element
UeN_(W,Z), with n_(U)<IFI_lGI(Q). But {Rn} converges in norm to B,A,Q
and I.I<n_(.), so that U = BoA,Q. Then T,S = BoAoQoPeN (X,Z), with
n_(ToS)<UPIIGI(Q)<(si_(T) + €)(ISl + g). Since e 1is arbitrary,

n (ToS)<IsSlsi (T). O

THEOREM II.4. If X* has RNP, then SIp(X,.) = Np(X,.), for every p,

1<p<wo, with si (.) = ).
p<e, with si () =n(.)

PROOF. Since X* has RNP , IdX is an Asplund operator and the result

follows from Theorem II.3. O

REMARK. When X* is complemented in a Banach lattice, RNP and wRNP coincide
in X¥* and in this case Theorems II.l and II.4 give a complete description
of SIp(X,.) = Np(X,.). Important classes of spaces are included in this
situation, such as C(K)-spaces, Lp—spaces, Lorentz spaces, Orlicz spaces,

Marcinkiewicz spaces, and Banach spaces with unconditional basis.

I11. SPACES Y SUCH THAT SI (..Y) = N (.,Y).

The problem SIp(.,Y) = Np(.,Y) defines completely different situations
for p=1 and p>1. As example [.6 shows, when p>1, wRNP , RNP, reflexive
or even Hilbert spaces can fail to satisfy SIp(.,Y) = Np(.,Y). Moreover,

RNP is not a necessary condition, either, since the space JH* , where

JH is Hagler's space, is not a RNP space, but it has Schur property, so
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that SIp(.,JH*) = Np(.I-JH*) (Theorem I1I.3).
Let us present first a sufficient condition for l<p<eo . For p =0

we will need the following Lemma.

LEMMA TII.1.

(a) N(C(K),.) = K(C(K),.), with n (.) = 10.0 , for every compact
Hausdorff space K ;

(b) NJ(L( )s-) = K(L( )s.), with n_(.) =10U.1 , for every finite

measure space (9,I,u).

PROOF.

(a) It is known that N_(C(K),.)CK(C(K),.), with .0l <n_(.).

For the reverse inclusion and inequality, let TgeK(C(K),Y) be given,
where Y 1is any Banach space . Since C(Kv)* has the approximation property,
there is a sequence {Tn} of finite rank operators from C(K) into Y
such that | Tn-TH + 0. Also, C(K)* has the metric approximation property, so
that for any n, melN, siw(Tn) = nw(Tn) and siw(Tn-Tm) = nw(Tn—Tm)

[ PP-Lemma 11} .

From Example I.5 one has sim(Tn) = nTnﬂ and sim(Tn-Tm) = llTn-Tmﬂ , for
any n, melN. Then {Tn} is a Cauchy sequence in N_(C(K),Y) that converges
in norm to T. Therefore, T is also the limit in n_-norm of {Tn}, SO
that TeN_(C(K),Y) and n (T) = ITI.

(b) It follows from (a) and the identification of any L _(u), for a
finite measure space (9,Z,u), with C(K), for a convenient compact Hausdorff

space K. ;|

THEOREME I11.2. let 1l<p<w. If T SI(X,Y) and SeC(Y,Z), then
SoTe N (X,2), with n (S,T)<ISIsi (T).

PROOF. Let p<e. Given TeSIp(X,Y) and ¢ >0, choose a factorization

of T as
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X ———~——+ Y
)—‘*LIU

where K 1is a compact Hausdorff space, uerca+(g(C('K))), Jp is the inclusion,
AEL(X,C(K))s Bel(L (1),Y), TAl <1 , IBI<1 and sip(Jp)<sip(T) + €.

Hence S.,T has a factorization

y_Sol 5
A l [ S.B
L
C(K)T p(11)

Since S 1is completely continuous and B is weakly compact, S,B is
a compact operator. By the approximation property of Lq(u) = Lp(p)* there
is a sequence {Rn} of finite rank operators in L(Lp(u),Z), with
ﬂRn-SoBﬁ + 0.

Then {Rnodp} is a sequence of strictly p-integral finite rank
operators from C(K) into Z. The metric approximation property of C(K)*
and [PP-Lemma 7] give, for any n, meN,

np(Rnodp)ssip(Rnon)<I|Rnllsip(Jp) R
and

nol (RyRp)edyl <si [ (R =R Jod ] <UR -R It (J))
so that {Rnon} is a Cauchy sequence in np-norm, thus convergent to some
element in Np(C(K),Z).

But {Rnodp} converges in norm to SOB‘,Jp , and 1.I< np( .)s so that

SoBoneNp(C(K),Z), with n (SOBOJp)<IISoBllsip(Jp)<llSlI(sip(T) + €) . Hence

P
SoT=SoBonoAsz(X,Z) and np(SoT)<IlSlis1'p(T),since IAl<1 and ¢ is
arbitrary.

Now let p =« . For given TeSI (X,Y) and €>0, choose a factorization

X—->Y

A\ /B
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where K is a compact Hausdorff space, AeL(X,C(K)), 1Al <1 , and B eW(C(K),Y)
is given by Bf = J fdG , with Bl = IGI(K)<si (T) + ¢ .
Since B is xéak]y compact and S 1is completely continuous,
SoB e K(C(K),Z). From Lemma III.1, ScBeN (C(K),Z) and
n_(SoB) = 1SBI<ISI(si_(T) + €).
Hence SoT = SoBoAeN (X,Z) with n (SoT)<IUSlIsi (T), since

BAl <1 and € 1is arbitrary. O

A moment of reflection about the precedint proof shows that the
essential hypothesis was the compactness of S.B. When p =« , a L_(u)-space
could have been used instead of a C(K)-espace. These remarks lead us to the

following theorem.

THEOREM- IIT.3.

(a) Let l<p<ew., If L(Lp(u),Y) = K(Lp(u),Y) for every finite measure

space (Q,Z,u), then SIp(.,Y) = Np(.,Y), wi th sip(.) = np(.).
(b) If W(C(K),Y) = K(C(K),Y) for every compact Hausdorff space K
or W(L_(u),Y) = K(L_(u),Y) for every finite measure space (Q,Z,u), then

SI_(.,Y) = N_(.,Y), with si_(.) =n_(.).

PROOF. It follows as in Theorem III.Z2. O

The next theorem gives a necessary condition to SIp(.,Y)c:K(.,Y) and,
in particular, to SIp(.,Y) = Np(.,Y), since p-nuclear operators are compact.
THEOREM II1.4. If for some r, l<r<o, SIr(.,Y)CiK(.,Y), then
L(Lp(u),Y) = K(L (u),Y), for every p, 2<p<w, and every finite measure space

p
(2,Z,u).

PROOF. Let (Q,XZ,u) be a finite measure space and p, 2<p<=, be a fixed
index.
Suppose that there is a non-compact operator T : Lp(u) + Y. Then

there is a bounded sequence {fn} in Lp(u) such that {Tfn} has no
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norm convergent subsequence. Taking subsequence, translating and/or
normalizing, one can assume that

(i) {fn} is weakly convergent to zero, since Lp(u) is reflexive ;

(i1) there is an so:>0 such that Ufnﬂpzaeo , for every neN, condition
that holds for some subsequence of {fn}, otherwise anu +0 and Tfn >0 ;
(ii1) anup =1, for neN , otherwise consider g ° fn/ufnﬂp » SO
that "gn“p =1, for nelN, and still gn-ﬂ 0.

By Bessaga-Pelczynski Selection Principle [ DI-page 42], there is a
subsequence of {fn} » which can still be called {fn}, that is a basic
sequence, ie, it is a basis for the subspace it generates. Let Z be this
(1) Z = 1f].

If p=2, 72 1is isomorphic to 22, because Z 1is a separable Hilbert

subspace of L

space. Moreover, the isomorhism takes the canonical basis of L, into the
basis of Z.

If 2 <p<ew, Z contains a subspaces that is isomorphis to 22 or
zp [ KP-Corollary 6], and the isomorhism takes the canonical basis of 22 or

lp into a sequence {fn } , still a basic sequence. Although Kadec and
k
Pelczynski work only with Lp[O,l], they remark that their results hold for any

measure space [KP-page 1672] .

In any case, there is an isomorphism R: Ly = Lp(u) or R : zp > Lp(u)
such that Rek = f , forany keN , where {e } 1is the basis of &, or 2.
Ny kK 2 P
Defining an operator S : 21 Y by S = ToRoip » one has, for
l<r<e, that S sSIr(Ql,Y), since ip sSIr(ll,Qp), for p=>2. But S is
not a compact operator, because {Sek} = {Tfn } and no subsequence of {Tfn}
k
is norm convergent.

This contradicts the hypothesis that there is r, l<r<e , such

that SIr(.,Y)CZK(.,Y), so that there is no non-compact operator

(M)»Y) = K(L (u),Y). O

T : )
Lo(k) > ¥, or L(L ;

p
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REMARK. Other necessary conditions to SIp( YY) = Np( .,Y), for any p,
l<p<w, are that ngco and Y@zr , r=2, shown by Example 1.6, and that

YJLl[O,ll , because J, 1is strictly p-integral for any p, 1<p<wo, but it

1
is not compact.

We have the following characterization of the spaces Y such that
SIp(.,Y) = Np(.,Y), when p=2.
THEOREM III.5.

I. The following conditions on Y are equivalent :

(1) for every p, 2<p<o, SIp(.,Y) =N (.,Y), with sip(.) =n(.) s

Y Y
(2) there exists p, 2<p<e, such that SIp(.,Y) = Np(.,Y), with
i (.) =n(.)
sig(.) = n ()
3) for every p, 2<p<w, SIp(.,Y) = Np(.,Y) ;
4) there exists p, 2<p<wo, such that SIp(.,Y) = Np(.,Y) H

for every p, l<p<w, SIp(.,Y)CK(.,Y) 5

(o]
—

there exists p, l1<p<wo, such that SIp(.,Y)CK(.,Y) 3

~J
S~

L(2,,Y) = K(2,,Y) 3

~—

L(Lz(u),Y) = K(Lz(u),Y), for every finite measure space (R,Z,u) ;

($a]
~—

O
~

for every p, 2<p<w, L(Lp(u),Y) = K(Lp(u),Y), for every finite
measure space (Q,Z,u) ;
(10) there exists p, 2<p<«, such that L(Lp(u),Y) = K(Lp(u),Y),

for every finite measure space (Q,Z,u).

II. If Y =7 for some space Z , the conditions (1) to (10) imply
(11) for every q , 1<q<2 , L(Z,Lq(u)) = K(Z,Lq(u)), for every finite
measure space (02,Z,u)
(12) there exists q, 1<q<2, such that L(Z,Lq(u)) = K(Z,Lq(u)),
for every finite measure space (Q,Z,u) ;

(13) L(Z,%,) = K(Z,,).
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III. If Y 1is a reflexive space, conditions (1) to (13) are equivalent,

where, in (11) to (13), Z = Y* .

PROOF .

I. The chains (1) = (2) = (4) = (6) and (1) = (3) = (4) = (6) and
the implications (5) = (6) and (9) = (10) are trivial.

(6) = (9) This is Theorem III.4.

(10) = (7) From Theorem III.3 it follows that, for such a p,
SIp(.,Y)CZK(;,Y). The result follows then from Theorem III.4, applied to
L2[0,1], which is isomorphic to 22.

(7) = (8) If there is a finite measure space (Q,Z,u) and a non-compact
operator T : Lz(u) -~ Y , the same argument of Theorem III.4 says that
there is a normalized weakly convergent basic sequence {fn} in Lz(u)
sucn that {Tfn} has no norm convergent subsequence and, moreover, Z = [fn]
is isomorphic to 22. Hence the operator S : 22 +~Y givenby S = TIZ is
not compact, which contradicts the hypothesis.

(8) = (5) From Theorem I1I.3 SL(.,Y) CK(.,Y). If l<p<2,

SIp(.,Y)CK(.,Y), since SIpCSI . On the other hand, for 2<p<«, it follows

2

that L(Lp(u),Y) = K(L_(u),Y), from Theorem III.4 . Hence SIp(.,Y)CK(.,Y),

P
2<p<=[Theorem III.3].
It remains to show that (6) = (1). But (6) is equivalent to (9), that

implies (1), as seen in Theorem III.4.

II. Assume Y = 7*.
To show (9) = (11), let q, 1<q<2, a finite measure space (Q,I,u)
and TeL(Z,Lq(u)) be given. Then T*eK(Lp( 4),Y), by hypothesis, because

p » the conjugate exponent of q , is such that 2<p<e~. Hence T 1is compact.

The same argument shows that (7) implies (13), and the implication

(11) = (12) is obvious.

III. Assume that Y 1is reflexive.

From II, it follows that the equivaient conditions (1) to (10) imply
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(11) to (13), with Z =Y*.

To show that (12) implies (10), let a finite measure space (Q,Z.,u) be
given and p be the conjugate exponent of the index q, 1<q<2, that
exists by nypothesis. If Tel(L (u),Y), then T*E:L(Y*,Lq(u)), so that T*
is compact. Hence T EK(Lp(p),Y).

The implication (13) = (7) follows the same pattern and it is

obvious that (11) = (12). O

REMARKS . Conditions (9) and (10) in Theorem III.5 can not be extended to
1<p<2. Indeed, for these indices p, we do have L(22,2p) = K(zz,zp), but
L(L[0,]1,2 K 0,1 ,2 ), si i 1 in LJ[O,1
(p[ ] p)# (Lp[ ]Zp) since £, s comp emented in p[ ]
and the corresponding projection can not be compact.
When 1l<p<2, we do not know a necessary and sufficient condition

f SI (.,Y) = .s .

or p( ) Np( Y) yet

For p =« , we have the following result.

THEOREM 1II.6.
I. The following conditions on Y are equivalent :
(1) SI_(.,Y)
(2) SI_(.,Y) = N_(.,Y) s
(3) SI_(.,Y)CK(.,Y) ;

N (.,Y), with si (.) =n_(.);

(4) L(C(K),Y) = K(C(K),Y), for every compact Hausdorff space K ;
(5) W(C(K),Y)
(6) L(L,(1),Y)
(7) W(L,(u),Y)

II. If Y =7* for some space Z, the conditions (1) to (7) imply

K(C(K),Y), for every compact Hausdorff space K ;

i

K(L_(u),Y), for every finite measure space (Q,I,u) ;

]

K(L_(u),Y), for every finite measure space (Q,Z,u).

(8) L(Z,Ll(u)) = K(Z,Ll(u)), for every finite measure space (Q,I,u) ;

(9) W(ZoLy(w))

ITIT. If Y s reflexive, conditions (1) to (9) are equivalent, where,

1]

K(Z,Ll(u)), for every finite measure space (Q,Z,u).

in (8) and (9), Z = Y*.
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PROOF .

I. The chain (1) = (2) = (3) and the implications (4) = (5) and
(6) = (7) are trivial.

(3) = (4) Let X = C(K) 1in the hypothesis to get the inclusion
W(C(K),Y) CK(C(K),Y), since SI_(C(K),Y) = W(C(K),Y), as seen in Example I.5.
Moreover, Yébco » by the remark before Theorem III.5, so that
L{C(K),Y) = W(C(K),Y) [DU-VI.2.1.5].

(3) = (6) Use the preceding argument with X =L_(u).

(5) = (7) It follows from the identification of L_(u) with C(K), for
a convenient compact Hausdorff space K.

(7) = (1) This is Jjust Theorem III.3.

II. Assume Y = Z*.
(8) = (9) It is trivial.

(6) = (9) Let a finite measure space - (Q,I,u) be given. If Tel(Z,L,(n)),
then T* eL(L_(n),Y) = K(L_(1),Y), by hypothesis. Hence T is compact. '

ITI. Assume Y reflexive.
From II, the quivalent conditions (1) to (7) imply (8) and (9) and
(8) = (9), with Z =Y~ .
To show that (9) implies (5), let a compact Hausdorff space K and
TeW(C(K),Y) be given. Then T*'aL(Y*,Ll(u)), for some finite measure space

(Q,Z,u). By hypothesis, T™ 1is compact and so is T. O
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