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Summary 
In this paper, Dolby's (1976) ultrutructural model with no replirations is investigated 

within the class of the elliptical distributions. General asymptotic miults are proved £or 
the sample covariance matrix S, which are used to study the asymptotic behavior 0£ some 
estimators 0£ the sloJ)f' parameter. In particular, under some ttgularity conditions they are 
shown to be consistent and asymptotically normal. Some asymptotic relative effiriencies 
are also rf'))Ortrd which shows that the gennaliZf'<l least squares And method of moment 
estimators can be highly ineffirif'nt under nonnormality. 

Key Word.,: asymptotic distribution; asymptotir rf'lative efficiency; E-lliptical distribution; 
lmrthosiR parameter; t-distribution 

1. Introduction 

As introduced by Dolby (1976), the ultrastructural model is defined by the linear 
relations 

(1.1) { 

Y; =Yi+ e;, 
X; = :r; +u;, 
Iii = 0 + {J:r;, 

so that only (Y;,X;) can be observed, with u; ~ (O,u •• ), e, ~ (O,u •• ), the measurf'ment 
erros, and x; ~ (µ,.;,O'u), being all independt>nt. Tiu• notation (0,0' •• ), for example, is 
u!IE'C) to clrnot.- a distrihntion (nonspttifiro) with mean O and variancl" a-••• MorNJVer, the 
asymptotit" distribution of t'!ltimators 0£ the slope parameter P dmVl"d in the litnature 
(Fuller, 1!)87; Glt'St'I", 1085; Ch.-ng and Van Ness, 1901), all depend on the asymptotic 
diRtribution of the samplr 2x2 t"ovariant"e matrix, S, of the ranclom variables (Y;,X;), with 
t'Dtrif"S wi.-h M" dt'Dot.- by Syy = E:'.., (Y; - }')2 /n, Sxy = E:',., (X; - X)(Y; - Y)/n 
and Sx x = E:'.., (X; - .f )2 /n. This distribution is M"ll known in the ca.cie where the 
random Vl"<"tors Z; = (Y;, X; )', i = 1, ... , n, art" indept"ndent and itlf'ntically distributed 
having finite fm1rth momPOt. This 11ituation t'mcompa.sses the stmctural ml"aimrement er­
ror in variabll"S model hut not the functional vnsion of the model, which considers that 
the random Vf'Ctors Z, have mean l'i (depending on i), i = 1, ... , n. However, this situa­
tion is t"onsiderro in Gieser (1985) and Cheng and Van Nt'Ss (1991) under the normality 
assumption and morl" rttl"ntly by Liucln and Babu (19!>4 ), assuming that the errors are 
unmffl'latro with null thirdth moments and with finite fourth momt"nts. Moreover, addi­
tional assumptions are considerf'd for the mt"an I' and dispt"rsion matrix S • of µ,, ... , µ,. 
in ordtt to suaranty the asymptotic normality of S. 

In this paper, we first derive the joint asymptotic distribution of the of the mean 
vector Z and the !lalilple covariance matrix S of n indept"ndent p-climensional random 
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vectora Z1 • •• • , Z,. with mean vectors µ 1, • • • , µ,. and common covariance matrix E, under 

the uaumptions that (a) the f; = Z; - µ; are indepedent and identically distributed (iid) 

with distribution having finite fourth moments and (b) there is a pxl vectorµ and a pxp 
disperaion matrix E• such that ,/n(f, - µ) - 0 and ,/n(S• - E•) - 0, where µ and 

s• are the mean vector and dispersion matrix of µ1, ••• , µ,., respectively. It is shown 

that the Z and S are assymptotically independent when the distribution of it; = Z; - µ; 

have null thirdh moments and it is also derived the asymptotic covariance matrix of ,/nS. 
These results are used to obtain the asymptotic distribution of some estimators of /J in the 

ultrutructural model, generalizing the results of Gleaer (1985), Van Ness (1991) and Linder 

and Babu (1994). Finally, the results are illustrated in the context of the t-distribution. 

We start wi.th some notation and preliminary facts and obtain the asymptotic distribution 

of S in its full generality in Section 2. Asymptotic distributions of some estimatora of /J 
are in~tigated in Section 3 under elliptical structural models, with special attention to 
the functional and structural models. Two ways of identifying the model are investigated: 

known variances ratio ( u •• /" • •) and one of the variances ( " .. ) known. The special case 
of the ultrastructural dependent t-model is investigated in some detail. In particular, it 

is shown that the asymptotic relative dfidency of the generalized least squares estimator 

(Sprent, 1966; Gleser, 1985) and a mt'thod of moments e-stimator (Fuller, 1987) with respect 

to the maximum likelihood estimator can be close to zero. 

2. Aaymptotic propertiea o( S 

The following notation will be used in the sequel. Let A= (a;;] and B = (b;;), be r:u 
and pxq dimensional matrice-s, reptttively, such that 

(i) Vec(A) denotes the vector given by 

Vec{A) = (Ai. , . . . , Ar.)', 

where A;_ denotes the i-th row of A; 

(ii) A® B dmot«-S the Kromttker product of A and B, that is, 

(iii) the notation A • B is mwd to dt"note the rpuq matrix giW'D by 

A• B =[A® B.1, . . . ,A® B.,), 

where B .j denott>~ the j-th rohmm of B. The two lemmas presented in the sequel are used 
in St'ction 3. 

Lemma 2.1. (l\luirhf'ad, l!l82) Let f = (t1, . . . ,tp)' ~ (E[t], Var(t)) = (O,:E), where 

E = (a;;). Suppo,e that E(t;t;t11t1J < co, for all i,j, l: , I = I, .. . ,p. Let E = (Ei;] = tt' 
anti A= Var(Vec(E)J. Then, the matm Ai., obtained by computing 

(2.1) C IE E 1 ijld ilt jl i i jlt 
0V ij, ti = "1111 + "11"11 + "11"11• 
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111/aere ~ -e coefficienu " Jenote tlae cvm.Z.nt., of the di.,tribvtion of the vector t. Particu-1 l ,, C ( ] iijlr iJlr -- · &r 1, IC11 = ov t;,t; = t1;;, ,c1111 = ,c211 , K\'1 = "~ = Var(t;] = tlii, and 10 on. 

Lemma 2.2. (Muirhead, 1982; Fang et al., 1990) Suppo8e that t ~ El,(O, '}; ,n that 
u, tlae p-dimef&6io"al elliptical Ji.,trilndion toitla characterutic fu"ctio" Eleit'•] = ,(t'q,t). 
TAen, unJer tlae lwothuia given'" Lemma !.1, it follow, that 

E(t] = 0, Var(tl = E = (-2c;'(0))q, 

anJ 

(2.2) 

wlaere 

(2.3) 

well kno,on cu tlae kurtlaoau parameter. 

From (2.1) and (2.2) it follows that if t ~ El,(O, q,; ,) has finite fourth order moments 
and V nr(t) = E = la;;] then A = Var(V ec(E)), where E = (E;;] = tf', the entries of which 
are obtained by computing 

(2.4) 

Note that if t ~ El,.(O, IP;~) has a density, then it must b@. of the form 1"'1-112 /(~•-.-.,), 
for some function /(u), u ~ 0. For rxample, if t ~ t,(o, q,; v), the p-variate t-distribution 
with II degrees of freedom, thf'll 

/( ) _r(½(v+p)) •/2{ + }-J.!..tzl >0 u - [1 J f 11 11 u , u _ . r 2 11 ir 

For the above t-m()(lt-1 (Muirhead, 1082), 

11-2 " = -- - 1, v > 4, 11-4 

and for v = oo (normal modd), " = 0. 
In the sequd, some gf'Jlf'l"N a.,iymptotic results are presented for the sample mean vec­

tor and for the sample dispersion matrix of a sample of size n of indE"pE"lldent p-<limensional 
random Vf'("tors. Details of the proof of some of these remits ran be found in Gieser { 1981 ). 

Lemma 2.3. Let V 1, V 2 , ••• , a Jequcncc of mutually indepm,lent p-dimef&-'ional ranJom 
vector, ,11.cla tlaat E(V;] = 0 an,l VRr(V;] =A;< oo, tlaat i.,, toith finite entrieJ. Sv.ppo.,e 
tlaat 

l " 
- L4;-A < 00. 
11 

i•I 
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,::- ~ 
vnV --t V ~ N,(O,A), 

wllere V = V(n) = n-1 L~cl V;. 

The proof follows by considering that (see Gieser, 1981) 

../na'V ...!. a'V ~ N(O,a'Aa), 

where"_!,." meam convergence in distribution. 
Now, let Z1,Z2,,,., be a sequence o{ pxl random vectors such that 

(A.l) t; = Z; - µ; ~ (O,E), that is, any distribution with mean vector O and covariance 

matrix E; 

(A.2) there are finite (finite entries) pxl vtttor µ and pxp matrix E• such that 

,/n(µ- ,,) - o, and ,/n(s• - :E•)--+ 0, 

where fJ = E;'.1 µ;/n and s• = E~ .. 1 (1,; - ,,)(µ; - µ)' /n; 

(A.3) Var(Vec{t1t;)) =A< 00, 

that is, the random vectors t, have finite fourth moments; 

which corresponds, for example, to symmetry o{ the distribution o{ t;. It is easy to verify 

that this condition is satisfiNl for PUipticiJ distributions. Moreover, let 

1 ~ - - , 
and S = ;; L)Z; - Z)(Z; - Z) . 

i•I 

Lemma 2.4. Under (A.1) and (A.!) itfollotDJ that 

(i) Z .!:.!. µ and (ii) S .!:.!. :E +I:•. 

Proof. (i) follows basically from the identity 

To prove (ii), WP write 

where 
- l " W=;;EW;, 

·-· 
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with 

and 

(2.5) W; = (Z; - µ)(Z; - µ)' - Wj = t;ti + t;(µ; - µ)' + (µ; - µ)ti, 

with fi = Z; - µ;, i = 1, ... , n. The result follows by noticing that (Z - µ)(Z - p)' _. O, W .... 1:, both almoat surely, and W• - E•. See also Gieser (1981). 

The main result of this section is presented next. 

Theorem 2.1. Uncer (A.l)•(A.J) w,11 A.1111 that 

./n(Z- µ) ..!... N, ~ N,(O,E) 

and 
./n(S- E - :E•) ..!.... N,. ~ N,(O,A + A•), 

where A= Var[Vec(u')] u given in (t.l) and 

(2.6) 

Moreo•er, conaidering ( A.,I} we have that N, 11nd N .. are independent. 

Proof. Let 

( 
fj ) V; = Vec(Wi - E) ' 

where W; is as giwn in (2.5). Thus, (A.l) and (A.3) imply that V 1 , V2,- .. , are indepen­
dent (p + p2)-dimensional random vtttors with E[V;) = 0 and Var(V;) = 4;, which is 
finite, i = 1, 2, .... NotiC'e that 

4; = ( ;i !: ) . 
where T; = Cov(t;, Vec(W;}) and A;= Var[Vec(W;)). With W; M givm in {2.5), (A.l) 
implies that we can write 

T; = E(t1 {Vec(t1 t; )}') + E[ti{Vec{t1(1,; - ,,)'}'} + E(fi{Vu((,,; - ,,)t; )}') 
= T + E[tt{Vec(t1(11; - ,,)')}'] + E[et{Vec((µ; - µ)t; )}'), 

where T = E(fa{Vec(t1 t~)}']. Thus, it follows that 

T =;; t T; = T + E[ti{V,.C'(,1(11 - 11)'}'} + E[ti{Vec((µ - ,,)t;}'J-+ T. 
1st 

Similarly, - have that 
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where 
A= Var(Vec(t1tDJ, 

Au= Var(Vec(1,(µ; - µ)' + (µ; - µ)trn 

and 

A2; = Coo(Vec(t1tD, Vec(11(µ;-µ)'+(µ;-µ)/i))+Coo(Vec(t 1(µ;-µ)'+(µ;-µ)t~), Vec(t1tDJ. 

It is euy to see under the stated assumption.a that 

and 

from where it follows that 

10 that 

Using Lemma 2.3 we haW! that 

from where it follows that 

l " 
-EA2;---tO, 
n i=I 

./ni = ./n(Z - µ) ~ N,,(o, I:) 

and 
✓,i°(S- E - E•) ~Nu~ N,,,(O,A + A•), 

with N, and N,. being iudef)('ndent, sinl."e, under (A.4), Y = 0. Thus, the rt"Sult follows 
after obsPrvin,; that 

-✓,i" ( Vec((Z - ~)(Z - µ)')) ~ ( ;•.)' 
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and using Lemma 2.4 and Slutsky theorem. 

Remark 2.1. Sinoe S is symmetric, the distribution 0£ Nu is singular because A +A• 
is singular. However, considering only the p(p + 1)/2 different entries of S (as in Vec(S)), 
a nonsingular N.,, distribution can he obtained by deleting the corresponding rows and 
columns in A + A•. 

Remark 2.2. In the iid case with µ; = µ, it (ollaws that A• = 0, 110 that the asymptotic 
covariance matrix 0£ y'nS becomes A. 

(3.1) 

3. Ultrutructrural elliptical models 

In this section, we COD11ider the relation 

Z; = a+ Bri, 

where 

(}'j) Zi = X; , 

i = 1, ... , n. Suppose that: 

(S.l) r; ij! El3(r,;, i'; q,), with E(r;) = r,; = (µ,.;,0,0)' and 

Var[ri) =fl= (-2,'(0))i' = diag(u,.,.,u,,,u •• )', 

both finite, where diag( a,, .. . , a,.) denote a diagonal matrix with t11, • .. , a,., as diagonal 
elements; 

(S.2) There are µ,, ancl a;,, ~ 0 surh that as n -+ oo 

.,/n(µ,. - ,,,,) - 0 and .,/n(s;r -u;,,) --o 0, 

(S.3) r1 - r,1 = (r1 - l'.rt. e1, ui)' ~ El3(0, '11; q,) has finite fourth order moments. 

Undtt assumptions (S.l}-(S.3) we have that thf' sequence of random vectors Z1, Z2, ... , 
defined by (3.1) satisfy ronclitions (A.1)-(A.4). In fact, considf'ring wPII known propE"rties 
of elliptical distributions (Fan~ f't al., 1900), it follows that 

(S.1 )• Z; = a+ Br; ~ El2( a+ B11., B'11B'; ~) with E(Z;) = ,,; ancl V nr(Z,) = E, given by 

B (
a+flµr;) 

Jl; = a + 'Ii = . • µ,., 

Here as elsewhere, symmetric matrices are written in upper triangular forms. In particular, 
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with E(t;) = 0 and Var{t;) = E; 

(S.2)· Let p = E:.1 µ; = (a+ {Jµ,,,µ,,)', µ = (a+{Jµ,,,µa:)'' s· = E~ ... 1(µi-µ)(µ; -µ)' = 
S.,.b and :E• = CJ;,.bb', where b = (/J, l)'. Thus, (S.2) implies that 

vn(P- µ) = vn(Pz - µr)b-+ O and vn(s• - E•) = vn(S;" -CJ;,,)bb' - O; 

(5.3)• A= Var(Vec(t1 tj)) = Var(Vec(B(r1 - r,i}(r1 - r,i}'B')] < oo. 

Note that (A.4) is a consequence of the fact that r; is distributed according to an elliptical 

distribution. Thus, being Z and S the sample mean and sample covariance of Z1, ••• , Z,., 

u defined in (3.1), it follows that under (S.1)-(5.3), the results in Lemma 2.4 and Theorem 

2.1 hold for Zand S. The matrix A which is involved in the asymptotic covariance matrix 

of Scan be obtained by using (2.4). To see this, note that 

_ ( (/J(z1 - l'rl) + e1 )2 /3(z1 - l'r1 )2 + (z1 - l'i:1 )(/3u1 + e1) + e1 U1) 

- (z1 - µrl + ui)1 ' 

where the laat equality follows Crom the fact tba.t Et = B(r1 - 11,). Using (2.4) and since 

Var(tJ = E = (CJ;;) we have that 

(3.2) 
( 

Var[E11) Cov[E11 , E12) Cov[E11, E:aiJ Cov[E11, E22)) 

4 = Var[E12J Cov[En,E21 ] Cov[E12,E21 ] 

Var[E21J Cov[E21,E2:a] 
Var(E22] 

(3ic + 2)CJyyay x (3,c + 2)ayyCJy x 

(i. + l)ayyCJx x + c2 (ic + 1 )ayyux x + c2 

(ic + l)uyyuxx + c2 

when• c, = 2(ic + l)a~x, c2 = (2,- + l)u}x, o- 11 = uyy = Vari¥;) = (l2un + u •• , 

an = CJyx = Cov[Y;,X;] = {1urr, a 22 = uxx = Var[X;) =a,,,.+ u •• , and ,c is the 

kurthosis COf'ffirirnt rldim•cl in (2.3). MorPOVPr, since I:• = u;"bb', b = (/J, l)', we have 

from (2.6) that 

A•=r,• uyy a-vx/J 
( 

<Tyy {32 O'yy /J ny X /J2 

"" (1 rr/J2 

/12uy X 

{Jayx 
{J20'.YX 
iJux x 

/Jayy 
O'yy 

/Ja-y X 

"YX 

/Juyx) ( fJ2uyy 
ayx • 2 

11 + a,,., {J uyx 
µ'7XX /JtTyy 
uxx 
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2/Jt1yy + 2/12 t1y X 2/1t1yy + 2/J2 t1y X 

<1yy + 2/Jt1yx + /12 t1xx ayy + 2/Jayx + /J 2t1x x 
ayy + 2/Jayx + fJ2axx 

4/Jayx ) 
2t1yx + 2Paxx 
2avx + 2/Jaxx · 

4axx 

Notice that A + A• ia singular since S is symmetric. To obtain a nonsingular distribution 
corresponding to the p(_p + 1)/2 = 3 distinct elements of S, namely, (Syy, Syx,Sxx), it 
sufficies to delete the second (or tbirdth) row and column of A+ A•, so that we obtain 

( 

(3,c + 2)a}y (3,c + 2)ayytTy x ICtTyytT xx + 2(" + 1 )a} x) 
A+A•= (11:+l)ayyo-xx+(2ic+l)o-}x (311:+2)ayxaxx 

(3ic + 2)al-x 

Remark 3.1 We call attention to the fact that the above results are iudepenclent of the 
£act that the ultraatructural model considered in this section is not icll'ntifiahle. As is well 
known, to make the ultraatructural model identifiable and the estimation of /J feasible, 
IIOJDe additional assumptions are required. We rewrite exp~11ion (3.3) by considering the 
reparametrization where .>.. = ace/a-.. , >., = t1u/a .. and .>.; = a;,,Jt1 ... This implies 
that ayy = t1 .. (fJ2 >.,, + .>.,), ayx = /Ja .. >.,, and t1xx = u .. (>.,., + 1). Ont- assumption 
rommonly ronsidrred in the literature to make the modd identifiable is to consider .>., 
known. Considerin,; O'aa (or a-u) known is another typical 11S11umption that makes the 
model idmtifiahle. Both caiws will bf' considered in the next section. With the above 
parametrization, the nonsingular asymptotic covariance matrix of .jnS follows from (3.3} 
and can be written as 

A+ A•= 

= (T

2 ( (3,c + 2}(P2 .>.,, + >.. )2 (3,c + 2)(P2 .>.,, + "· )11>.,, ,;.(/J2 >.,., + >., )(,,\,., + l) + C1) 
•• (11: + l)(P2.>.,., + .>.,)(A.r + 1) + C2 (3,;. + 2)/J.>. .. (.>.,, + 1) 

(311: + 2)(,,\ .. + 1)2 

( 

4p2(p2 >.,, + >.,) 2P(/J2 .>.,, + >.,) 4p2 ..\,, ) 
+>.:a!. /J2 (4>.. + 1) + .>., 2/1(2.>.., + 1) , 

4(.>..+1) 

with c1 and c2 given in (3.2). Thus, we have two special cases: 

The structural model: By takin,; l'ri = ,,.,, i = 1, ... , n, so that a;,, = 0, we have 
that A• = 0 and the structural moclC"J follows (Fuller, 1987). Tims, tht- (nonsingular) 
asymptotic <'ovarian<"e matrix of ✓,i"S undn normality (K = 0) bttomes 
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The functional Model: The ultrastructural model reduces to the functional model when 
..\., = 0, l'ri = x;, µ., = lim,._co z and u:., = lim,.-co E:=l (x; - z)2 /n. In this case, it 
£ollow11 that 

Moreover, under normality, 

(3.4) 

Notit"e that expression (3.4) coincides with a corresponding result given in Gieser (1985), 
with the notation u •• = 9, "'• = )., ).., = 11, u:., = v. and J.; = 811, and the observation 
that the matrix A in equation (9) of that paper should have 2r2 - v? replaced by 2( r 2 -v~) 
(see also Cheng and Van Ness, 1991). 

3.1. Known variances ratio 

Let Z; =a+ Br;, where Z; = (Y;,X;)', r; = (z;,e;,u;)', i = l, ... ,n a= (o,O)' 
and B = [b,l2J, with b = (P, l)' and 12 the 2-dimensional identity matrix. A11&um­
ing that r1, ... , rn are random vtttors with E(r;J = 'Ii = (11.,;, 0, 0)1 and Var(r;) :o: 

u •• diag(J..,, J.., 1), Gl-.r (1085) 11how that £or ..\8 known, the genf'ralized least square 
error estimator of {J which is obtained by minimizing the function 

n 

Qa(o,P,11~,)..,,u .. ) = :L>~E-1
t;, 

i•l 

with ,; = Z; - 11; = B( r; - 'Ii), l'i = a + B'I;, E = BOB' and I'• = (µ.,1, ... , µu)', is 
givf'n by 

(3.5) 

where 

(3.6) U,. = U(S) = $yy - J.,Sxx. 
Syx 

If the SN)ttf'ncf' ,,,.,, ,,.,2 , ••• , satisfy ronclition (2.2) then from Lemma 2.4, (i), S - E+E•, 
almost surf'!y, M n -+ oo, whPrf' 
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since U(S) is (almost surely) a continuous function of S. This implies that 

In the sequel we show that if the sequence Z; = a+ Br;, i = 1, . .. , n, satisfy conditions 
(A.1)-(A.3) then PoLs is uymptotically normally distributed. As seen in Section 2, (A.2) 
bolds aa long u the sequence µrt,µd,• ·· · satisfy condition (S.2). Moreover, (A.1) and 
(A.3) hold u Jong u assumptions (S.l) and (S.3) are satisfied by the random vectors 
r1, r2, ••. , which is the cue for the elliptical family of distributions. 

Theorem 3.1. Coruitler the wtrutructurd model defined in (3.1} and Juppo.te that ..\ 0 a., 
ho-••' that u,11mptio,u (S.1)-(S.3) are Jatufietl.. If au+ a;r =a .. ..\.,+ a..,..\; > 0 
then we A&ve that 

(3.7) '- • II vu(PGLs-P) - N(0,a1111), 

111Aere 
tT = (,c + l),82 tTyytTxx - oJx + .B2 tT;.,(uyy + ,82

axx - 2/j<Tyx) 
1111 (ayx+tTyx)2 (ayx+ayx)2 

(,c + l)(,82,\ ... + ,\,,\., + ..\,) +(,82 + ..\,),\: 
= 

Proof. Since Z; =•+Br;, i = 1,2, .. . , satisfy conditions (A.1)-(A.3), then Theorem 2.1 
and the dt>lta method applies for thr sequence Un = U(S) defined in (3.6), leading to 

✓,i(U(S) - U(I: + I:•)) ~ N(O, d' Ad+ d' A "d), 

where d = {1/(tTyx +ayx)Hl,-u,-,\,)', uyx = {J<1 .. ..\.,, uyx = Pu .. ,\; and u = 
U(I: + I:•) = (,82 - 'A,)/ p. Note that 

and 
d'A•d = (112 + o,t;z<uyy + 132tTx: -22/lay :,d' 

(<1yx +uy_y) 

where u2 + 4'A, = (,82 + ..\, )2 / ,82. Using again the delta method to obtain the asymptotic 
distribution of Pois = g(U.) = g(U(S)), where g(t) = {t + (t2 + 4..\0 )

112 }/2, it follows 
that 

11 



The prooHollows by noticing that g'(t) = {1 +t(t2 +4~.>-112}/2, so that g'(u) = {J2/({J2 + 
~.). 

Remark 3.2. Note that according to Theorem 2.1, Pais is asymptotically independent 
of Z since condition (A.4) is satisfied under elliptical models. 

Remark 3.3. In the case of the structural model, the asymptotic variance of ./n/Jais 
can be written as 

tTfJfJ = (,c + l),82(1-t~x)' 
Pyx 

where pyx= Corr(Y;,X;) = /J~,.{({J2 ~,. + ~.)(~,. + 1)}-1/ 2 • 

Remark 3.4. Gieser (1985) shows that in the ultrastructural normal model with ~. 
known, PGLS also is the maximum likelihood l"Stimator of /3. In the special case of the 
structural model with 17,.; = 17,., i = 1, ... , n, (µ,.; = ,,,., i = 1, ... , n and~: = 0), Arellano­
Valle and Bolfarine (1994) (see also Anderson et al., 1986) show that fJaLS is the maximum 
likelihood estimator of /J under the structural dependent elliptical model which asll\lJJJe8 
that Z = (Z;, ...• Z~) ~ EL2,.(l,. ® 11,l,. ® V; ,), with df'Ilsity ~ven by 

n 

1v1-"'2 /(})Z; - ,,)'V- 1(Z; - ,,n. 
i=I 

whrre ,, = a+Br1 and V = B'l'B'. Sincf', in !Inch case PoLs(aZ) = .Bais(Z), for any real a, 

it follows (Fang f't al., 1990) that PoLs(Z) ~ PaLS(ZN) where ZN ~ N2 11(l,. ®µ,I,.® V) 

and Y ~ X means that X and Y are identically distributed. Thus, if fJ. and PN are 
the maximum likelihood estimators under the elliptical dependent and normal models, 
resptttivf'ly, then iJ. = PN = Pais and from (3.6} with ,c = 0, 

r. . ' . ' 1 - p}~ vn(fJ. -P) = ../ii(PN - /3) - N(O,/j2( ,· )). 
Pyx 

Remark 3.5. It is worth remarking that in the case of elliptical independent structural 
models (tht" C'ase consirlE"red in this paptt) the maximum likelihood estimator of /3 does 
not nttf'flsarily coincidf'fl with tht> gf'nttalizPcl IP&.'lt sqn11.re11 PStimator PaLs given in (3.5). 
This i11 thf' C'ase whf'n Z1, ... , Z,.. are inclf'J)t"nclent with Z; ~ t2(µ, V; 11), 0 < 11 < oo, 
whereµ= E(Z,) and E = Var(Z;) = (11/(11 - 2))V, for 11 > 2. In such case the maximum 
likelihood E'Stimator has no l"lO!lf'fl form ancl ha.'I to ht! obtained iteratively. HoWl"Ver, as 
illustrated in Lan,;e f't 111. (1989), for finite values of II the t-model ass'llie!I robust (outliers 
re!li!ltant) l'litimation of /J. In this raiw, Arrllano-Valle IUlcl Bolfarine (1994) shows that the 
a.'lymptotil" distribution of tht" maximum likdihood e!ltimator of 8, which we denote by /J, 
is sul"h that 

(3.8) 
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Thus, comparing results (3.6) and (3.7) where ,c + 1 = (11 - 2)/(11 -4), 11 > 4, we have that 
the asymptotic relative efficiency of Pais with respect to the estimator /J1 is given by 

11-4 11+4 
e;a,_.,;, = ( 11-2)(,, + 2), 

11 > 4. For 11 = 4.5, e;a_,,,;, = 0.26 and as v - 00(4), e;
0
,,,;, - 1(0). Finding the 

asymptotic distribution ot tbe maximum likelihood estimator under the elliptical functional 
model still is an open problem. 

Remark 3.8. Linder and Babu (1994) obtain the asymptotic distribution of Pais for the 
special case of the functional model assuming that the erron e; and u; are uncorrelated 
and have null thirdth momenta (a kind of symmetry property). However, in the context 
of elliptical distributions, these uaumptiona imply that the errors are independent and 
normally distributed (Fang et al., 1990). 

3.2. One of the error variances known 

In this section, we consider that the error variance u .. is known. As pointed out by 
Fuller (1987), a reasonable value for u .. can be determined by making a large number 
of independent repeated measurements of the independent variable. Let Z, = (Y;,X;}', 
B, a and r;, i = 1, ... , n, as in Section 3.1. In the sequel, we assume that the sequence 
1-'s1tl-'d,••·, satisi(y condition (A.2) and that the sequence r1,r2 , ... , satisfy conditions 
(S.1)-(S.3), 110 that Z1, Z2, ... , satisfy (A.l) and (A.3) in the context of elliptical distribu­
tions. The main result of this section is stated next. It presents asymptotic propreties of 
the estimator 

• Syx /J M = _ ____:...:..:..._ • 
Syx -u •• 

which is a consistent estimator under the assumption that r; is normally distributed, 
i = 1, ... , n. Asymptotic properties of PM under normality ue invt"Stigatf'<I by Chang and 
Van Ness (1991). 

Theorem 3.2. Con.,ider tlu: ultnub,,ctunil model model defined by (3.1) a.nd .suppo.sed 
t/aa.t a •• i., hioum a.nd that cu.sumption., (S.1)-(S.3} a.re .sa.ti.sfied. If O-z:r + o-;z > 0 then 

(3.9) 

,oh.ere 

= 

• ,I. 
../n(fJM - /J) - N(O, t:i.,., ), 

+ o-;z<fJ2o-xx - 280-xy + ayy) 

(o-.u + a;.Y 
(,c + l)(P2 A.r +..\,As+ ..\t) + (3,c + 2)/3l + (P1 + .\, ),\; 

P.r + .\;)2 
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Proof. Considering p,., = Sxy/(Sxx - a-.. )= g(S), where g(z,y,z) = y/(z - a-•• ), it 
follows easily that 

p,., .!:.!+ /J. 

Now, using the delta method to obtain the asymptotic distribution of PM= g(S), it follows 
that 

v'n(PM - fJ) ...!. N(O, d'(A + A ·)d), 

where 
d = 1/(o-x x + <Txx - a-•• )(0, 1, -/J)'. 

Thus, since a-xx = a-:,. and t1xx - a-.. = a,.,., it follows that 

Remark 3.6. Under normality, that is, IC= 0, it follows that 

whirh coinc-icles with the corrP11poncling result given in Cheng and Van Ness (1091). 

Remark 3. 7. In the ra.c;e of the t>lliptical strudural model, the asymptotic variance of 
,/iid can ht' written as 

6
,., _ (,c + l)(11xxa-yy -o-~y ) + (311: + 2)(/Jo-xx -a-.w)2 

- ~ .. 

=(IC+ l)P2( l -/~-") + (31C + 2)~:, 
Pyx "" 

where~ .. = u:ufu ••. Under normality, IC= 0 and the asymptotic variance reduces to 

= 82( 1- P~x) + ?.132 

Ph· -~!' 
whil-h coinrif!t"ll with the corrt"Sponcling asymptotic variance givPn in Fuller (1987). 

Remark 3.8. In the Rfl"Cial case of the independent stnictural model with Z1 , ••• , Z,. 
inclepend«-nt and Z; ~ t2(J1.,, V; v), 0 < 11 < oo, as in Remark 3.5, the maximum likelihood 
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estimator, iJ,. baa no dosed form and baa to he obtained iteratively by using, for example, 
the EM algorithm. However, after lengthy algebraic manipulation, it can he shown that 

(3.10) ../n(/J, - /j) ..!... N(O, 6 1), 

where 
~. = ("+"><" + l/(Pt1xx -t1xy)

3 + ~(t1xxt1yy - "iv) 
11+2 II ~z 

= (" + ")(" + 1 ){2/J: + _ v_ /J3( 1-/l-x )}. 
11+2 11 ~. 11+1 Pyx 

Since under the t distribution with II degrees of freedom ,- + 1 = (v - 2)/(11 - 4), v > 4, it 
follows from (3.9) that 

(3.11) 

Thus, by comparing (3.11) and (3.10), it follows that the asymptotic relative efficiency of 
/Ju with respect to /J, is given by 

_ (v - 4)(v + 4)(v + 1) { 1 + ( ~ )( ;:h )3 ay x} 
eiJu./1,- v(v-l)(v+2) l+(::_2/)ayx ' 

where ayx = (1- P}x)/~!P}x, It follows that eilu,iJ, :5 1, for all 11 > 4, since 

11 > 4. Morever, a., 11 - 00(4), e;,11 ,iJ, --+ 1(0). 
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