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1. Introduction

In what follows, F = [F, will always denote a field with ¢ elements, where ¢ is a

power of a prime rational integer p, and G a finite group of order n.

assume that p /n so the group algebra FG will be semisimple.
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A code C C F™ is a left, right, or simply, a group code if there is a listing
G ={91,92,.-.,9n} of the elements of G such that the image of C under the map

(z1,m2,...,2,) € F" s 191 + x2g2 + -+ + Tugn € FG,

is a left, right or two-sided ideal of FG, respectively. While working in the group
algebra, we shall use indistinctly the terms left, right or simply group code and left,
right or two-sided-ideal as synonyms, respectively.

Essential idempotents were introduced in [3], which they were used to under-
stand relations among the special case of cyclic codes and Abelian codes in general.
In particular, it was shown that minimal Abelian codes are equivalent to cyclic
codes of the same length.

We consider the existence and properties of essential idempotents in finite
semisimple group algebras of nilpotent groups and show that many of the prop-
erties of these idempotents in the Abelian context can be extended, in a natural
way, to the present case.

In 1995, Sabin and Lomonaco [9] showed that every group code in a semisimple
group algebra of a metacyclic group is equivalent, in a sense we will make precise
below, to an Abelian code. In 2009, Bernal et al. [1] provided a criterion to decide
when a linear code is permutation equivalent to a group code and they used this to
show that if a finite group G can be written as a product of two Abelian subgroups,
then every group code in the group algebra of G is permutation equivalent to an
Abelian code. Nebe and Schiéfer generalize in [0, Theorem 1] the criterion of Bernal
et al. to monomial equivalence.

In Sec. Bl we study monomial and permutation equivalence of group codes and
explore this concepts to give other criteria for group codes to be permutation equiv-
alent to Abelian ones and monomial equivalent to cyclic codes.

Finally, in Sec.dl we consider minimal nilpotent codes and show that, in many
cases, these are permutation equivalent to Abelian codes.

2. Essential Idempotents

Let G be a finite group of order n and F = F, a field with ¢ elements, where ¢ is
a power of a prime rational integer p such that p fn. Recall that two idempotents
a, B € FG are said to be orthogonal if af = fa = 0. If a nonzero central idempotent
e € FG satisfies that: e has no decomposition into a + 3, where «, 0 are nonzero
orthogonal idempotents in FG, we say that e is a primitive central idempotent of
FG.

If H # {1} is a subgroup of G such that |H| is invertible in F, then

1
H=—N h,
2

is an idempotent of FG.
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If H is a normal subgroup of G, then H is central and it is a sum of primitive
central idempotents called its constituents.

Definition 2.1. A primitive central idempotent e € FG such that e - H= 0, for
all {1} # H < G, is an essential idempotent. A minimal ideal of FG is called
an essential ideal if it is generated by an essential idempotent and non-essential
otherwise.

We recall some results about essential idempotents in the case G is Abelian.

Proposition 2.2 ([3, Proposition 2.3]). Let e € FG be a primitive central
idempotent. Then e is essential if and only if the map @ : G — Ge, given by
g ge, is a group isomorphism.

As a direct consequence we have the following.

Theorem 2.3 ([3, Corollary 2.4]). If A is an Abelian group and FA contains
an essential idempotent, then A is cyclic.

Corollary 2.4 ([3l, Corollary 2.5]). Let A be an Abelian non-cyclic group. Then,
for any finite field F, all the minimal codes of FA are repetition codes.

We shall show that similar results hold when G is a nilpotent group.
Assume that G is a nilpotent group and let F be the family of all minimal
normal subgroups of G. We define

e(G)= [ 1 -K) eFG.
KeF

Lemma 2.5. With the notation above, e(G) is the sum of all the essential idem-
potents of FG.

Proof. Let e be a minimal central idempotent of FG. If e is essential, we have
e-e(G)= H e(l—f?): H e=ce.
KeF KeF
On the other hand, if e is not essential, there exists a normal subgroup H in G
such that eH = e. If K is a minimal normal subgroup of G contained in H we have
e(l—f?):ef[(l—f?)zeﬁ—eﬁf/{'zeff—eﬁzo.

Consequently, e - e(G) = 0.
Since a minimal central idempotent e is a constituent of a central idempotent f
if and only if ef = e, the result follows. |

Theorem 2.6. Let e be a primitive central idempotent of FG. Then, e € FG is an
essential idempotent if and only if e - ¢(G) = e.

Proof. Let ¢ € FG be an essential idempotent. Then, by Lemma 23], it follows
that e - e(G) = e.
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Conversely, assume, by way of contradiction, that we have e - ¢(G) = e but e
is non-essential. Then, there exists a normal subgroup H of G such that eH=¢e
Moreover, for any minimal normal subgroup K; C H we have H (1 - _f(\l) = 0.
Hence, H - e(G) =0 and

a contradiction. O

Theorem 2.7. FG contains essential idempotents if and only if the center of G is
cyclic.
Proof. If G is nilpotent, with cyclic center, of order m = [],_, pi"*, then G is the
product of its Sylow subgroups P;, for all ¢ = 1,...,r, all of which have cyclic
centers. For each index 7 there exists a unique minimal normal subgroup K; of P;.
In this case

() =(1-F)(1-K).
Since K is a minimal normal subgroup of G, we have K; C Z(G), foralli =1,...,r.
Therefore, K; is also cyclic. Denote K; = (a;), where a; is of order p;. Then

1 R 1+a,+---abr—1
e(G)z(l— +ay+---af )---(1— +ar+---ab )

p1 Dr

Note that the coefficient of a; - --a, is (—1)"(1/p1) - - - (1/p,) # 0. We conclude that
e(G) # 0. Therefore, its constituents are essential idempotents in FG.

Conversely, when G is a finite nilpotent group with non-cyclic center, we have,
by [5l Lemma 2.2], that e(G) = 0. Thus, FG contains no essential idempotents. O

Let e € FG be a primitive central idempotent. We define

K.={ge€G:ge=ce}. (1)

Note that K. is the kernel of the group homomorphism 7 : G — Ge, given by
g — ge. Thus

%%Ge.

The next lemma will be needed in what follows.

Lemma 2.8. Let e € FG be a primitive central idempotent and K a normal sub-
group of G. Then e - K = e if and only if K C K. Furthermore, if K ¢ K., then
eK = 0.

Proof. If KCK.,, then for any k € K, we have ek = e, so K =e. Conversely, if
eK = e, then ke = kKe = Ke = e. Finally, it K ¢ K., then e- K #e¢e. Aseis a
primitive central idempotent, it follows that e - K = 0. O

2450060-4



J. Algebra Appl. Downloaded from www.worldscientific.com
by UNIVERSIDADE DE SAO PAULO on 02/28/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

Nilpotent group codes

The same techniques as in [3, Theorem 3.1] also give the following.

Theorem 2.9. Let e # G be a primitive central idempotent of FG and v the
natural projection ¢ : FGK. — F[G/K.], given by gK. — gK. € G/K.. Then, the
element (e) is an essential idempotent of F[G/K.].

Corollary 2.10. Let G be a nilpotent group and e # G a primitive central idem-
potent of FG. Then, the group G/K,. has cyclic center.

3. Equivalence

Let F be a field and n a positive integer. Recall that an F-linear transformation
T :F" — F™ is a monomial transformation if there exists a permutation o € S,
and nonzero elements ki, ko, ..., k, in [F such that

T(:El, T2y ey xn) = (klxa(l), kgxa(g), ey knxa(n)),
for all (z1,x2,...,z,) € F™.

Two linear codes C; and Cy in F™ are monomially equivalent if there exists a
monomial transformation T : F* — F" such that T'(C;) = Cs.

In the particular case when k; = 1, for all 1 < i < n, the codes are said to be
permutation equivalent.

All ideals in a semisimple group algebra FG are permutation equivalent to
Abelian codes whenever G has an Abelian decomposition, i.e., when G = AB,
where A and B are Abelian subgroups of G (see [I]). On the other hand, it was
shown in [6] that there exists a nilpotent code which is not monomially equivalent
(and thus also not permutation equivalent) to an Abelian code. In what follows, we
give other conditions for group codes (not necessarily nilpotent) to be permutation
equivalent to Abelian codes and, in the next section, we explore some consequences.

For a permutation o € S,, and an element o = E?’Zl z;9; € FG we denote

o(a) = Zﬂ?wa(i)-
i=1
Given an ideal I in a group algebra FG, define
PAw(I)={o€ S, |o(a) eI, Vae I},

Let H and K be two subgroups of G. Recall that, G is said to be a semidirect

product of H by K, denoted by G = H x K, if we have
(i) G=HK =KH,

(i) HNK = {1},
(iii) H normal in G.
Also, recall that T'C G is a left (or right) transversal of H in G if T' is a complete

set of representatives of left (or right) cosets of the subgroup H.

Theorem 3.1. Let e be an idempotent of FG and H = {g € G| eg = e} a subgroup
of G of order m. If G = HXT is a semidirect product, then C = FGe is permutation
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equivalent to a left group code over T' x Cy,, where C,, denotes the cyclic group of
order m.

Proof. Let t = |T'|. We can choose a listing of G such that T' = {g1 =
1, Im+1, 92m+1s - - - 7g(t—1)m+1} and

H = {gla92a93a e 7gm}7
ngrlH = {gm+1agm+2agm+3a .. '792m}a

Gom+1H = {g2m+1, 92m+2, 92m+3, - - -, G3m

It—Dym+1H = {90—1ym+15 9(t—1)ym+25 (t—1)ym+3s - - - » Gt }

are the left cosets of H in G. Denote It = {1,m+1,2m+1,...,(t —1)m + 1} the
set of indices of T.

Note that eH = e, so we have C = FGe C FGH. As we know that
{ﬁ,gmﬂﬁ,ggmﬂﬁ, .. ,g(t,l)mﬂﬁ} is a basis of FGH over F (see [§]), if we

choose a basis {v1,va,...,v4} of C over F, we can write
V; = E Clijng,
JEIT

with a;; € F, for all 1 <¢<dand j € I7.

Set 0 = (1,2,3,...,m)(m+1,....2m)...(m(t — 1)+ 1,...,mt) € S,. Since
o(v;) = vy, for all 1 <14 < d, it follows that o € PAut(C) and it has order m.

Note that for every € {1,2,3,...,n} there are unique j € It and 0 < ¢ <m
such that x = j + ¢. For each g; € T and z = j + ¢ with j € I and 0 < ¢ < m, we
compute g;g; = gr and define a permutation o; € S, by

oi(x) =k+¢.
Since C is a left ideal of FG and T = {oi]i € Ir} is a group, we have T is a
subgroup of PAut(C).

We claim first that G = T(a) is a direct product. For each j € IT and 0 < £ < m,
we have
oi(j+L+1), ifl<m-—1 E+0+1 ife<m-—1,
oio(j+10) = =
oi(9), ifl=m-—1 k ifl=m-—1,
whenever g;g; = gi. On the other hand,

k+¢4+1, ife<m-—1,
ooi(j+L0)=0c(k+1L)=
k, ifl=m—1.
It follows that oo; = g;0 for any i € Ip.

2450060-6
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If v € TN (o), then v = 0; = o* for some integer 0 < p < m. However
ot(1) € {1,2,3,...,m} and 04(1) = i € Ir. We conclude that i = 1 which implies
that o; = ~ is the identity. Then G = T x (o) is a direct product. As T 2 T and
(o) is cyclic of order m, we have |G| = tm = n.

Now we claim that G is a regular subgroup of S,. Let z € {1,2,3,...,n} and
veG. Ify= oo (i € Ir, p <m) and & = j + ¢, with j and ¢ as before, then

' oi(j+0+p), ifl+pu<m,
Y(@) = 0i(c"(j +£)) =
Ui(j—’—r)v 1f€+ﬂ2m,

where 7 is the remainder when ¢ + p is divided by m. This implies that

k+0+p, ifl+pu<m,
V(z) =
k4, ifl+p>m,
where ¢g;9; = gi. If y(x) = @ then either j+¢ = k+£+4p, if {4+p < mor j+ = k+r,
if £+ p > m. Since j, k € Ir are indices of the transversal T' of H in G, we conclude
that j = k implying that ~ is the identity. In the second case, as above j = k, so
j+{€=j4r with £+ p > m. Using the division algorithm, we have £+ =m +r,
which implies m = pu, a contradiction.
Finally, as T x C,, is isomorphic to a regular subgroup G of PAut(C), by
[IL Theorem 2.1], we conclude that C is equivalent to a left group code over
T x Cy,. O

Example 3.2. The group
G = (a,b,cla® =b" =c* =1,ab=ba,ac = ca,= 1,cbc™' = b*),

is metacyclic, and so is metabelian since every metacyclic group is metabelian.
Olteanu and Van Gelder, in [7, Example 5.2], considered the group algebra FyG
and exibited a best [105, 3, 60]-code in the group above, and stated “it is unclear
whether this code can be realized as an Abelian code or not.”

By [7, Theorem 3.1] and the algorithm exhibited, the idempotent that generates
the ideal considered is

e=(1+b+b%+b%a0).

The subgroup 7' = (b) is a left transversal of H = {g € G|eg = ¢} = (a,¢) in G.
By Theorem [B.I] we conclude that this group code over G is also a group code over
C105 which implies that this code is, in particular, Abelian.

The example above suggests the following result.

Corollary 3.3. Let e be an idempotent of FG and H = {g € G| eg = e} a subgroup
of G of order m. If G = H X 1 is a semidirect product with T Abelian, then C = FGe
s permutation equivalent to an Abelian code.

2450060-7
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It was shown in [3] that every minimal Abelian code is permutation equivalent
to a minimal cyclic code. In what follows, we give a condition for ideals of an
arbitrary finite semisimple group algebra to be monomially equivalent to cyclic
codes. We need some technical results.

Lemma 3.4. Let I be an ideal of the group algebra FG of dimension t. If I contains
a basis {u;}!_, whose elements have disjoint supports, then there exist elements
91550t € G and some 1 < i <t such that {gius,...,gu1} is also a basis of I
and its elements have disjoint supports.

Proof. We may assume, without loss of generality, that the basis has been ordered
in such a way so that supp(uq) has a minimal number of elements.

Also, since for every g € G, the set {gui,...,gu;} is a basis of I, and clearly its
elements have disjoint supports, we may also assume that 1 € supp(u1).

Set g1 = 1, and choose an element g; € supp(u;), where 2 < i < t. Since g;u; € I
we can write

t
giulzz:ajuj, 1§z§t
j=1

As the elements of the basis have disjoint supports, for each index i, we have

supp(giu1) = U supp(u;).

a; 70
But |supp(giu1)| = [supp(u1)| is minimal and g; € supp(ui) N supp(u;); so
supp(gi1u1) = supp(u;), and thus g;u; = a;u;.
Consequently, it follows immediately that {giui,...,gru1} is a basis of I and
clearly its elements have disjoint supports. O

For an element o € S,, we consider the permutation matrix [o] = (0y;) € M, (F)
defined by

1, ifj=o0()
045 =
0, otherwise.
The proof of the next result is a straightforward computation.
Lemma 3.5. Let \y,...,\, €F and 7w € S,,. Then
[T(] . Diag(/\l, ceey /\n) = Diag(/\ﬂ(l), ceey )\w(n)) . [T(]

Theorem 3.6. Let G be a finite group of order n and let F be a finite field such
that char(F) }|G|. Suppose that I # (0) is a code in FG with a basis whose elements
have disjoint supports. Then I is monomially equivalent to a cyclic code.

Proof. Let {u;}!_; be a basis of I whose elements have disjoint supports. By
Lemma B4] the code I contains a basis of the form {giu1, ..., gru1}.

2450060-8
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Since I # (0) there exists 0 # « € I. Also, for any arbitrary element g €
supp(a) we have h € supp(hg~'a), for all h € G. Since hg~'a € I, it follows that
G = Ul_;supp(giu1).

So, the subsets supp(g;u1), for all 1 <1 < ¢, form a partition of G, since they
are disjoint, and clearly all these sets have cardinality n/¢. Then we enumerate the
elements of G so that we can write

Supp(glul) = {917 gt+1, 92t+1, ceey g(m—l)t+1}7
supp(gau1) = {g2, ge+2, G2ut2, .-, 9(m71)t+2}7
supp(gtul) = {gm g2ty  93t, -, gmt}

and thus g;u; = Z;n:_ol ajt+19ji+i, with a; € F.
As we did before, we can define an action of S,, on G' by 7(g;) = g,(;), for all
7 € Sy, and extend it linearly to FG. Take the n-cycle o = (1,2,...,n) € S,. Set

a;blalo() 0
0 10 0
0 00 1
ay a3 0 0 0
0 10 0
M = Lo
0 00 1
=T
G _1am 0 0 0
0 10 0
0 00 1

As M is a diagonal matrix, we can identify M - [0] € GL, (F) with the element
(A1, .-+, Am).0 in the group (F)"™ x S,,, where (A1,...,\;,) is the diagonal of M.

Since (M - [0]7Y)giu1 = gir1u1, where 1 <i <t —1, and (M - [o] 1) gru1 = ua,
we have M - [0]7(I) = I which implies that M - [o] € MAut([).

We claim that M - [¢]~! has order n. Note that if M = Diag(\y,...,\,), then
by Lemma B35l we have

[0]™" - M = Diag(A-1(1),- -, Ao-1(m)) - [0] "

2450060-9



J. Algebra Appl. Downloaded from www.worldscientific.com
by UNIVERSIDADE DE SAO PAULO on 02/28/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

A. Duarte, A. Pereira € C. Polcino Milies

Now, (M[o]~H)" = HZ;; Diag(Ao—k(1), -+ s Ao—k(n))[0] 7" and the ij-entry is

n—1

11 2+, ifi=3,
k=0

0, otherwise.

Since HZ;& Ao—k (i) = (a;tar)(aytas) -+ (a,t yam,) =1 for all 1 <i < n, it follows
that (M[o]™1)™ is the identity matrix. As n is the order of [¢], we conclude that
M[o]~! has order n.

Let H=(M-0) C MAut(C) and ¢ : (F)* % S,, — S,,, where ¢(A-7) = 7. Since
every n-cycle generates a transitive group, we get ¢(H) = (o) is a regular subgroup
of S,,. By [6, Theorem 1], we conclude that I is monomially equivalent to a cyclic
code. |

In what follows, we shall denote by G; and G5 two groups of the same order
and by K; and K3 normal subgroups of them, such that G1/K; = Gy/K5. Hence

F[G1/K1] 2 F[Gy/ K]
and
FG, - K1 2 F[G1 /K1) = F[Ga/ K, 2 FG, K.

Denote by p : F[G1/K1] — F[G2/ K] the linear extension of the isomorphism
G1/K1 2 Gy/Ks and by 0 : FG; - K1 — FG2 K5 isomorphism above.

Let 71 = {g1,...,9¢} be a transversal of K; in G;. Choose any 7; € G2 such
that n; Ko = u(g;K1). Then 7o = {ny,...,n:} is a transversal of K5 in G5. Suppose
that f : K1 — Ks is a bijection map. We can define a map n : G; — G5 by
n(gik) = ni f(k), for all g; € T3 and k € K;.

If « € FG1 - K4, then we can write

-1
o= E ;g K1,
i=0

implying that

t t t
— 1 1
o = Yo = S (e ¥ ) = S (X0 500).
i=1 i=1 2l ek, = kEK,
By comparing the expressions for a and 0(«), we see that the linear extension
7 : FG; — FG4 of 1 coincides with 6 in FG1.K;.

Theorem 3.7. Let Ky and Ky and G1 and Gs, be as above. If ey is an idempotent
of FG1 where e; € FG1 K1, then FGiey is permutation equivalent to FGaeq, with
es = 0(eq).

Proof. Since FGie; C IE‘Glf/(\l, we have
Q(FGl '61) = H(FGlf/{\l)@(el) = FGgf{\Q -eg = FGy - es. O

2450060-10
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4. Minimal Nilpotent Codes

In this section, we shall prove that every primitive central idempotent which is
not essential generates a code which is permutation equivalent to an Abelian code.
Then we shall determine a condition on nilpotent groups so that every minimal
nilpotent code is permutation equivalent to an Abelian code.

It was proved in [3] that every minimal Abelian code is permutation equivalent
to a cyclic code. The idea of the proof is as follows. For a primitive idempotent e
of the Abelian group algebra FA, consider a cyclic group C' of the same order as A
and a subgroup H of C such that G/K, = C/H.

To use a similar argument in the case of nilpotent groups, we would need that,
for any primitive central idempotent e € FG, there should exist a nilpotent group
N, with cyclic center, and a subgroup of H of N such that G/K,. = N/H. However,
as shown in the next example, this is not always the case.

Example 4.1. Consider the group G = Cy x Cy with presentation
G=(a,bla*=b*=1,bab™' =a™ ")

and center Z(G) = {1,a? b, a?b?}. The element e = 2 + 5b% + 5a% + 24%b* € F;G
is a central idempotent. Notice that

CLimonbjrnone’ le,j:O,].,
6aimod2pimod2,if j — 0,1 and j = 2,3,
6aimod2pimod2eif j —92 3 and j = 0,1,

aimed2pimed2e ifj j =23

a't’e =

Then, F;G is generated by the set B = {e, ae, be, abe} as an F-vector space. Since
e,ae, be and abe have disjoint supports, we have 3 as a basis of F7G. Due to

(ae)(be) = 2ab + 5a®b + 5ab® + 2a>b® # 2 4 5a® + 50 + 2a°b = (be)(ae)

it follows that F7rGe = My(F7) implying that e is a primitive central idempotent.
Note that K. = {g € G|ge = e} = {1,a?*h?} and G/K. = Qg the quaternion group
of order 8. By [2] there exist six groups of order 16 with cyclic center:
Ci6 = (9);
={(a,b|a® =0b*=1,bab=a"");
Q16 = (a,b|a® =1,b> = a* bab™' = a™');
SDig = (a,b|a® = b* = 1,bab = a®);
My(2) = (
(

Cyo Dy = {a,b,cla* = c* =1,b> = a?,ab = ba, ac = ca, cbc = a*b).

a,b|a® =b* = 1,bab = a®);
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It follows from [§, Corollary 1.5.19] that there exists a unique minimal normal sub-
group in each of these subgroups. The correspondent factor groups are isomorphic
to

087 D47 D4) D4) 02 X 047 023)

respectively. Then, it is not possible to find a group IV of order 16 with cyclic center
and a subgroup H for which G/K, = N/H. However, since the elements of 5 have
disjoint supports of the same cardinality, by Theorem B.6] we can conclude that
FGe is monomially equivalent to a cyclic code.

As the example above suggests, it is of interest to determine when minimal
nilpotent codes are equivalent to Abelian codes. The following result gives an answer
to this question.

Theorem 4.2. Let e € FG be a primitive central idempotent which is not essential.
If G = H x A, where H = {g € G|eg = e} and A is Abelian, then FGe is
permutation equivalent to an Abelian code.

Proof. Since e is non-essential, it follows that K. # {1}. As e is central, we have
H = K,.. By Theorem B we get FGe is permutation equivalent to an Abelian
code. |

As an immediate consequence, we have the following.

Corollary 4.3. If G is a finite nilpotent group which has a non-cyclic center and
G = K. x A, where A, is Abelian, for all primitive central idempotent e € FG,
then every minimal code in FG is permutation equivalent to an Abelian code.

We shall see that, at least under some restrictive hypotheses, all nilpotent codes
are permutation equivalent to cyclic codes.

For an element g € G we denote by Cy its conjugacy class and by C’;’ the sum
of all elements in the class Cy. Moreover, for an element g € G we denote by g™
the sum of all distinct powers of g.

We need the following.

Lemma 4.4 ([5, Lemma 2.3]). Let G be a finite group and g € G. If g7'Cy N
Z(G) # {1}, then G contains a central element z of prime order so that Cf = CfZ.

Let G be a finite nilpotent group and let e € FG be a primitive central idempo-
tent. Let H be the subgroup of G such that H/K, = Z(G/K.). We already know,
from Corollary 210 that H/K, is cyclic.

Lemma 4.5. With e € FG as above, if G/K, is nilpotent of class ¢ < 2, then
supp(e) C H.

Proof. If ¢ = 1, then G/ K. is cyclic and we are done. Now, assume that ¢ = 2. Let
C be a full set of representatives of the conjugacy classes of G/K, and v : FG —

2450060-12
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F(G/K.), the linear extension of the natural projection G — G/K.. Denote by €
the image of e by .

Theorem shows that € is an essential idempotent and thus, in particular, a
primitive central idempotent. Since H/K, = Z(G/K.), we can write

S o Bag+ D, BCF

geEH/ K. geC\(H/K.)

where Cj denotes the conjugacy class of g € G/K. and 8, € F for g € C.

Again, as H/K, = Z2(G/K.) # G/K., we have, for any § € C\(H/K.), an
element 7 € G/K,. such that 1 # [g,7] € g7'C; N Z(G/K.). So, by Lemma 4],
there exists wy € Z(G/K,) of prime order such that C’; C’;’ - Wq. Then, we can
rewrite € as

Z Bgg + Z 6903@

gEH/K, GEC\(H/K.)

Since € € F(G/K,) is an essential idempotent, it follows from Theorem that
e-e(G/K.) = e. As every minimal normal subgroup of G/K, is central, we have
e(G/K.) e F(H/K.). Then

e=ce-e(G/K)= > Beg-e(G/E)+ > B,CIw, e(G/K,)

geEH/K, geC\(H/K.)

= Y B.g-e(G/K.),

JgeEH/K.

because w, - ¢(G/K.) = 0, for all g € C\(H/K.). By the last formula we conclude
that e € ]F(H/K ). We can write e = o + 3, where supp(«) C H and supp(8) C

G\H. Then, € = @ + (3, which implies, by comparlng supports, that = 0. As
the kernel of ¢ : FG — F(G/K.) is FG(1 — e), we get 3 € FG(1 — e) and
hence BK = 0. Since eK = e, it follows that a 4+ g = aK € FH. Consequently,
3=0. O

We are now ready to prove the following.

Theorem 4.6. Let G be a finite nilpotent group of order n and e € FG be a
primitive central idempotent such that G/K. is of class ¢ < 2. Then every code
C = FGe is permutation equivalent to a cyclic code C' in FC,,.

Proof. By Lemma 5] we have supp(e) C H. Then e € FH and H/K, is cyclic.
By Theorem 37 we have FHe is permutation equivalent to a code in FC,,e’, where
m = |H| and ¢’ is an idempotent.

Let ¢ : FHe — FC),e’ be a permutation equivalence and 7 = {¢1,...,9:} a
transversal of H in G. Let C,, be a cyclic group of order n = |G| and C,, be its
unique subgroup of order m. Set 72 = {hq,...,h} a transversal of C,, in C,.
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We can now define a permutation equivalence ¢ : FGe — FCye’ by

P(ga) = hip(ha),
for all g = g;h, h € H, o € FHe. |
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