Mathematische Zeitschrift

https://doi.org/10.1007/500209-019-02309-6 Mathematische Zeitschrift
()

Check for
updates

Existence of non-contractible periodic orbits
for homeomorphisms of the open annulus

Jonathan Conejeros’ - Fabio Armando Tal’

Received: 26 December 2016 / Accepted: 3 April 2019
© Springer-Verlag GmbH Germany, part of Springer Nature 2019

Abstract

In this article we consider homeomorphisms of the open annulus A = R/Z x R which are
isotopic to the identity and preserve a Borel probability measure of full support, focusing on
the existence of non-contractible periodic orbits. Assume f is such homeomorphism such
that the connected components of the set of fixed points of f are all compact. Further assume
that there exists f alift of f to the universal covering of A such that the set of fixed points of
f is non-empty and that this set projects into an open topological disk of A. We prove that, in
this setting, one of the following two conditions must be satisfied: (1) f has non-contractible
periodic points of arbitrarily large periodic, or (2) for every compact set K of A there exists
a constant M (depending on the compact set) such that, if Z and f "(Z) project on K, then
their projections on the first coordinate have distance less or equal to M.

1 Introduction

H. Poincaré’s rotation number concept for circle homeomorphisms is one of the most cele-
brated and useful tools in dynamical systems theory, one that is familiar to almost all students
and researchers in the field. Such success has lead to the generalization of the idea to several
different contexts, where they have developed into important and useful tools. One of the
first such generalization was the concept of rotation interval for endomorphisms of the circle,
see [29]. Given a continuous degree one map f T! — T!, where T! = R/Z, and a lift
f : R — R, one can define the rotation set of f as follows:

p(f) ::{ma%eR, lim f<f"(2)—2)=p},
n——+o0o n

and it can be shown that such set is always a closed interval.
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As in the case of circle homeomorphlsms it is possible to show that f has periodic pomts
if and only if the rotation interval of f contains a rational point and moreover, if p/q € p( f ),
then there exists some ¢ periodic point z with rotation number p/q, that is, there exists z
lifting z such that f 9(Z) = zZ+ p. Notonly that, it can be shown that f also presents uniformly
bounded deviations from its rotation set, that is, there exists a positive constant M such that,
forall Z € R,n € Z, it holds that d(f" (%) — %, np(f)) < M. 1In particular, there exists
a dichotomy between two different phenomena: A circle endomorphism can either have
uniformly bounded deviations from a rigid rotation, or it must have a sequence of periodic
points with arbitrarily large prime period and distinct rotation numbers.

As expected, there have been a large effort in trying to generalize the concept of rotation
numbers for dynamical systems in dimension higher than one, trying to get suitable extensions
of the 1-dimensional results. But this task is not that simple, even for dimension 2, where the
best attempts are only suitable for homeomorphisms in the homotopy class of the identity. The
best known case here is the notion of rotation set of a torus homeomorphism, as introduced by
M. Misiurewicz and K. Ziemian in [28]. Given a homeomorphism f : T2 — T2 homotopic
to the identity, where T2 = R2/Z2, and a lift f : R — R to its universal covering space
and 7 : R? — T2 the covering projection, one can define the rotation set of f as follows:

< . . | .
p(f) = {U | 3(m)ken C N, IEken € R?, lim  — (f™* () — Z) = U} .
k—+o00 ng

Elements in p( f ) are called rotation vectors for f . Furthermore, if a point z € T? is such
f1@o-2

-—— = v exists, then v is called the rotation

that for some ? € 7! (z), the limit lim,,_, o0
vector of z.

The use of rotation sets as a tool for understanding and describing dynamical behavior
in surfaces started in the 90s (see [9,10,27,28]), and has developed in a very active field in
the last decade, with some significant contributions (see [4,20]). Lately, a couple of aspects
of the subject have been drawing some increased attention. First, there have been several
studies trying to determine how well does the rotation set capture the possible non-linear
displacements. More specifically, under what conditions should one expect to get uniformly
bounded deviations from the rotation set. To be precise, in the case where f is a homeomor-
phism of the 2-torus that is homotopic to the identity, and f is alift to the universal covering,
when does it hold that there exists a positive constant M such that, for all 7 € RZ, n e N, it
holds that d( f "Z) —2zZ,np( f )) < M, as in the case of circle endomorphisms? It is known
that this is not the case when the rotation set of f is a singleton (see [18,21]), even for area-
preserving maps. On the other hand bounded deviations are present when the rotation set of
f has nonempty interior (see [1,8,26]). There has also been a large number of results with a
similar flavor when the rotation set of f is a non-degenerate line-segment, see for instance
[8,17,19].

A second direction, one that has drawn a particular interest due to connections to similar
problems in symplectic dynamics, is to describe sufficient conditions for the existence of
periodic points with distinct rotation numbers. Whenever g is ahomeomorphism of a manifold
M in the isotopy class of the identity and g is a lift to the universal covering space M
commuting with the covering transformations, and 7 : M — M is the covering map, we
say that a periodic point z € M is a contractible periodic point if every 7 € 7 ~(z) is also
periodic, otherwise we call z a non-contractible periodic point. The question on whether a
homeomorphism of T? has periodic points with distinct rotation numbers is often reduced to
the study of the co-existence of contractible and non-contractible periodic points, and recent
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works concerning conditions for the existence of non-contractible periodic points in surface
or symplectic dynamics can be found [12,14,30].

In this work we study how much of the bounded deviation machinery applies to the case
of conservative maps on a non-compact surface. Our main goal is to examine how far the
dichotomy that was present in the study of endomorphlsms of the circle holds in the case of
the open annulus A := T' x R. We will denoted by 7 :A:=R xR — A the universal
covering map of A. Our main result is the following.

Theorem A Let f be a homeomorphism of A which is isotopic to the identity and preserves
a Borel probability measure of full support. Assume that the connected components of the set
of fixed points of f are all compact. Let f be a lift of f to A =R x R. Assume that f has
fixed points and that there exists an open topological disk U C A such that the set of fixed
points of f projects into of U. Then one of the following alternatives must hold:

1. there exists an integer q > 1 such that for every irreducible rational number r/s €
0, 1/q] the map z f“ (2) + (r, 0) has a fixed point or for every irreducible rational
number r/s € (0,1/q] the map 7 fx (2) — (r, 0) has a fixed point. In particular, f
has non-contractible periodic points of arbitrarily large prime periodic.

2. forevery compact set K of A there exists a real constant M > 0 such that for every point
Z and every integer n > 1 such that 7 and f” (2) belong to 7~ (K) one has

(@) - pi@)| <M,

where py : A > Ris the projection on the first coordinate.

In order to prove Theorem A, we prove a recurrence type theorem in the lifted dynamics
of a homeomorphism of A that is isotopic to the identity.

Theorem B Let f be a homeomorphism of A whzch is isotopic to the identity and preserves
a Borel probability measure of full support. Let f be a lift of f to A Suppose that f has
fixed points. Then one of the following alternatives must hold:

1. there exists an integer q > 1 such that for every irreducible rational number r/s €
0, 1/q] the map 7 +— fs (2) + (r, 0) has a fixed point or for every irreducible rational
number r /s € (0, 1/q] the map % — f5(%) — (r, 0) has a fixed point.

2. for every recurrent point z € A there exists an open topological disk V C A containing
z such that: if Visa lift of V and Z Zis the lzft of z contalned in V, then for every integer
n satisfying f"(z) € V we have f"(z) eV.In particular f is non-wandering.

The main technique used in the proofs of Theorems A and B is the Equivariant Brouwer
Theory of P. Le Calvez (see [24,25]) and a recently developed accompanying orbit forcing
theory (see [26]). The paper is organized as follows: the second section introduces the basic
lemmas and results from the above mentioned Equivariant Brouwer Theory and the forcing
results, as well as details the concepts of rotation sets for annulus homeomorphisms and
states some results that are used in the rest of the paper. Section 3 provides the necessary
lemmas and results for obtaining Theorem B, Sect. 4 includes the proof of our main result
and Sect. 5 provides two examples displaying how tight are the hypothesis of Theorem A.

2 Preliminary results

In this section, we state different results and definitions that will be useful in the rest of the
article. The main tool will be the “forcing theory” introduced recently by Le Calvez and the
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second author (see [26] for more details). This theory will be expressed in terms of maximal
isotopies, transverse foliations and transverse trajectories.

2.1 The open annulus

We will denote by T' the quotient space R/Z and by A := T' x R the open annulus. We will
endow A with its usual topology and orientation. We will denote by 7 : A=RxR—> A
the universal covering map of A. We will denote by p; : A — R the projection on the first
coordinate. We note that every nontrivial covering automorphism of 7 is an iterate of the
translation defined by Z > Z + (1, 0). A compact set X C A will be called essential if its
complement has two unbounded connected components, and a general set X C A will be
called essential if it contains an essential compact set.

2.2 Paths, lines, loops

Let M be an oriented surface. A path on M is a continuous map y : J — M defined on an
interval J of R. In absence of ambiguity its image also will be called a path and denote by y.
We will denote y ™' : — J — M the path defined by y~L(t) = y(—1). If X and Y are two
disjoint subsets of M, we will say that a path y : [a, b] — M joins X to Y if y(a) € X and
y(b) € Y. Apath y: J — M is proper if the interval J is open and the preimage of every
compact subset of M is compact. A line on M is an injective and proper path A: J — M, it
inherits a natural orientation induced by the usual orientation of R. A path y : R — M such
that y(t + 1) = y(¢) for every ¢ € R lifts a continuous map I': T! — M. We will say that
" is a loop and y is its natural lift. If n > 1 is an integer, we denote I'” the loop lifted by the
path t — y(nt).

2.3 Lines of the plane

Let A be a line of the plane R?. The complement of A has two connected components, R())
which is on the right of A and L () which is on its left. If X and Y are two disjoint subsets of
R2, we will say that a line A separates X from Y, if X and Y belong to different connected
components of the complement of A. Let us suppose that Ag and A; are two disjoint lines
of R%. We will say that A and A are comparable if their right components are comparable
for the inclusion. Note that Ao and A are not comparable if and only if Ao and (x1)~ ! are
comparable.

Let us consider three lines Ag, A1 and A5 in R2. We will say that A is above A1 relative to
Ao (and A is below A, relative to Ag) if

o the three lines are pairwise disjoint;

e none of the lines separates the two others;

e if y; and y» are two disjoint paths that join z1 = Ao(11), 22 = do(f2) to 2} € A1, 25 € A2
respectively, and that do not meet the three lines but at the ends,

then #, > t;. This notion does not depend on the orientation of A1 and A, but depends of the
orientation of 1¢ (see Fig. 1).
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Fig. 1 Order of lines. A, is above ! \
A1 relative to Aq }Ll { 4 7\,0

z7=h(ty)

2.4 Transverse paths to surface foliations, transverse intersection

Let M be an oriented surface. By an oriented singular foliation F on M we mean a closed
set Sing(F), called the set of singularities of F, together with an oriented foliation 7 on the
complement of Sing(F), called the domain of F denoted by dom(F), i.e. ' is a partition
of dom(F) into connected oriented 1-manifolds (circles or lines) called leaves of F, such
that for every z in dom(F) there exist an open neighborhood W of z, called trivializing
neighborhood and an orientation-preserving homeomorphism called trivialization chart at
z,h: W — (0, 1)? that sends the restricted foliation F |w onto the vertical foliation oriented
downward. If the singular set of F is empty, we will say that the foliation F is non singular.
For every z € dom(F) we will write ¢, for the leaf of F that contains z. Let ¢ be a leaf
of F. Suppose that a point z € ¢ has a trivialization neighborhood such that each leaf of
F contains no more than one leaf of F|w . In this case every point of ¢ satisfies the same
property. If furthermore no closed leaf of F meets W, we will say that ¢ is wandering.

A path y: J — dom(F) is positively transverse' to F if for every to € J, and h
trivialization chart at y (#o) the application ¢ — 1 (h(y(t))), where 71 : (0, D% = (0,1 is
the projection on the first coordinate, is increasing in a neighborhood of 79. We note that if M
is a covering space of M and 77 : M — M the covering projection, then F can be naturally
lifted to a singular foliation F of M such that dom(]—v' ) = 7~ (dom(F)). We will denote by
E(;r_ﬁ(]-' ) the universal covering space of dom(}' ) and F the foliation lifted from F |dom(F)-

We note that F is a non singular foliation of dom(]—' ). Moreover if y: J — dom(F) is
positively transverse to F, every lift )/ J — dom(F) of y is positively transverse to F.
In particular every lift y: J — dom(}' ) of y to the universal covering space dom(]-' ) of
dom(F) is positively transverse to the lifted non singular foliation F.

2.4.1 F-transverse intersection for non singular planar foliations

In this paragraph, we will suppose that  is a non singular foliation on the plane R?. We
recall the following facts (see [15]).

e Every leaf of F is a wandering line;
e the space of leaves of F, denoted by X furnished with the quotient topology, inherits a
structure of connected and simply connected one-dimensional manifold;

! In the whole text “transverse” will mean “positively transverse”.
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Fig.2 The paths y; and y»
intersect F-transversally and
positively at ¢

e X is Hausdorff if and only if the foliation  is trivial, that means that it is the image of
the vertical foliation by a planar homeomorphism, or equivalently if all leaves of F are
comparable.

We will say that two transverse paths y; : J| — R? and y» : J» — R? are F-equivalent
if they satisfy the three following equivalent conditions:

e there exists an increasing homeomorphism % : J; — J> such that for every t € J; we
have ¢y, (1) = by, (1))

e the paths y; and y» meet the same leaves of F;

e the paths y; and y» project onto the same path of X.

Moreover, if J1 = [a1, b1] and Jo = [ay, by] are two compact segments, these conditions
are equivalent to next one:

e One has ¢y, ) = Py(ar) A Py (b)) = Pa(br)-

In that case, note that the leaves met by y; are the leaves ¢ of F such that R(¢y,,)) C
R(¢) C R(¢y,»y))- If the context is clear, we just say that the paths are equivalent and we
omit the dependence on F.

Lety;: J; — R*and y» : J, — R?be two transverse paths such that there are ; € J; and
) € Jp satisfying @y, ) = @y, (1) = ¢. We will say that y; and y; intersect F-transversally
and positively at ¢ if there exist aj, by in Jy satisfying a;j < t; < by, and az, by in Jp
satisfying ay < t» < by, such that

® (1) 1S below ¢y, (q)) relative to ¢; and
® ¢, (b, is above ¢y, ) relative to ¢.

See Fig. 2.

Note that, if y| intersects F-transversally y», if y{ is equivalent to y; and y, is equivalent
to y2, then y/ intersects F-transversally y;. We will say that the equivalence class of y;
intersects transversally the equivalence class of y».

As none of the leaves ¢, ¢y, (), 9y,(ar) Separates the two others, one deduces that

i) C L(@yra)s  Pyat@) € L(Pyia))-
Similarly as none of the leaves ¢, @y, ), @y, (»,) separates the two others, one deduces that
Py C R@Dpen)s Ppen © R(@pen)-

Observe that these properties remain true when ay, a; are replaced by smaller parameters,
b1, by by larger parameters, and ¢ by any another leaf met by y; and y,. Note that y; and y»
have at least one intersection point and that one can find two transverse paths y|, y; equivalent
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to y1, y2 respectively, such that y| and y, have a unique intersection point, located in ¢, with
a topological transverse intersection. Note that, if y; and y» are two paths that meet the same
leaf ¢ of F, then either they intersect F-transversally, or one can find two transverse paths
1> ¥, equivalent to y1, y» respectively, with no intersection point.

2.4.2 F-intersection transverse in the general case

Letusreturn now to the general case, i.e we will suppose that F is an oriented singular foliation
on an oriented surface M. All previous definitions can be extended in the case that every
connected component of M is a plane and F is non singular. We will say that two transverse
paths y; : J; — dom(F) and y; : Jo — dom(F) are F-equivalent if there exist y : J; —
a;)\rg(]-" Yand Yo : o — az)\r;(]—") lift of y; and y» respectively to the universal covering
space Eo\a(}—) of dom(F) that are aé\rﬁ(f)-equivalent. This implies that there exists an
increasing homeomorphism# : Ji — J; suchthatforeveryt € J; wehave ¢y, 1) = @y, (n(r))-
Nevertheless these two conditions are not equivalent (see Fig. 3 from [26]). One can prove
that y; and y» are F-equivalent if and only if, there exists a holonomic homotopy between
y1 and y,, that is, if there exist a continuous transformation H : J; x [0, 1] — dom(F) and
an increasing homeomorphism 4 : J; — J, satisfying:

o H(t,0) =y (1), H(t, 1) = y2(h(t)); and
o forevery t € Jy and every s1, 52 € [0, 1], we have ¢ 5) = PH(,50)-

We will say that a loop ' : T! — dom(F) is positively transverse to F if it is the case for its
natural lift y : R — dom(F). We will say that two loops I'; : J1 — dom(F) and Fz S —
dom(F) are F-equivalent if there exist two lifts 3 : R — dom(]—' Yand o : R — dorn(]-' )
of I'; and I'; respectively to the universal covering space ESE(? ) of dom(F), a covering
automorphism 7" and an orientation preserving homeomorphism 4 : R — R such that for
every t € R we have

e+ D =TH®), R+ D =TH@), ht+ 1D =h®)+1, dnu0) = D5.0)-

We note that for every integer n > 1 the loops I'{ and I'} are F-equivalent if this is the
case for I'; and I',. If two loops I'| and I'; are F-equivalent, then there exists a holonomic
homotopy between them and therefore they are freely homotopic in dom(F). Nevertheless
the converse does not hold (see Fig. 4 from [26]).

Let y1: J1 = M and y,: J, — M be two transverse paths that meet a common leaf
¢ =bpa) = ¢y2([2) We will say that y; and nd y, intersect F-transversally at ¢ if there exist

paths vi:J1 — dom(]—') and Yo : J, — dom(]-') hftmg y1 and Y2, with a common leaf
¢ = D91(11) = 9 (1) that lifts ¢, and intersecting F-transversally at ¢. Here again, we can
give sign to the intersection. As explained in the last subsection, there exist7; € Ji and#} € J»
such that y; (f]) = y2(t}) and such that y| and y; intersect F-transversally at by, ) = by, @)
In this case we will say that y; and y;, intersect F-transversally at y; (ti) =y (té). In the
case where y; = y» we will talk of a F-transverse self-intersection. A transverse path y
has a F-transverse self-intersection if for every lift 7 to the universal covering space of the
domain of the foliation, there exists a non trivial covering automorphism 7 such that 3 and
T () have a F-transverse intersection.

Similarly, let I" be a loop that is transverse to F and y its natural lift. If y intersects
F-transversally a transverse path y’ at a leaf ¢, we will say that I" and y’ intersect JF-
transversally at ¢. Moreover if y' is the natural lift of a transverse loop '/, we will say that
" and I’ intersect F-transversally at ¢. Here again we can talk of self-intersection.
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A transverse path y : R — M will be called F-positively recurrent if for every segment
J of R and every ¢ € R there exists a segment J’ contained in [¢, +00) such that y |, is
F-equivalent to y| . It will be called F-negatively recurrent if for every segment J of R and
every ¢ € R there exists a segment J' contained in (—oo, #] such that y |,/ is F-equivalent
to y|;. It will be called F-bi-recurrent if it is both F-positively and F-negatively recurrent.
We note that, if y: R — M and y': R — M are F-equivalent and if y is F-positively
recurrent (or F-negatively recurrent), then so is y’. We will say that a F-equivalent class is
positively recurrent (negatively recurrent or bi-recurrent) is some representative of the class
is F-positively recurrent (respectively F-negatively recurrent, F-bi-recurrent).

The following result describes paths with no transverse self-intersection on the two-
dimensional sphere.

Proposition 2.1 [26] Let F be an oriented singular foliation on S* and let y : R — S? be a
F-bi-recurrent transverse path. The following properties are equivalent:

(i) y has no F-transverse self-intersection;
(ii) there exists a transverse simple loop T’ such that y is equivalent to the natural lift y’
of T;
(iii) the set U = J,cp ¢y «) is an open annulus.

2.5 Maximal isotopies, transverse foliations, admissible paths, realizability of
linearly admissible transverse loops

2.5.1 Isotopies, maximal isotopies

Let M be an oriented surface. Let f be a homeomorphism of M. An identity isotopy of f is
a path that joins the identity to f in the space of homeomorphisms of M, furnished with the
CO-topology. We will say that f is isotopic to the identity if the set of identity isotopies of
f is not empty. Let I = (f1),¢[0,17 be an identity isotopy of f. Given z € M we can define
the trajectory of z as the path 1(z) : t — f;(z). More generally, for every integer n > 1 we
define I (z) = [p<gp I(f k(2)) by concatenation. We will also use the following notations

Moy =[]1¢ @), o =]]1¢" ). 1" =]]1( .
keN keN keZ
The last path will be called the whole trajectory of z. One can define the fixed point set of
I as Fix(1) = M;¢po,1) Fix(f;), which is the set of points with trivial whole trajectory. The
complement of Fix(/) will called the domain of I, and it will be denoted by dom(/).

In general, let us say that an identity isotopy of f is a maximal isotopy, if there is no fixed
point of f whose trajectory is contractible relative to the fixed point set of 7. A very recent
result of F. Béguin, S. Crovisier and F. Le Roux (see [2]) asserts that such an isotopy always
exists if f is isotopic to the identity [a slightly weaker result was previously proved by O.
Jaulent (see [16])]. Here we prefer to follow [2], because Jaulent’s Theorem about existence
of maximal isotopies cannot be stated in the following natural form.

Theorem 2.2 [2,16] Let M be an oriented surface. Let f be a homeomorphism of M which
is isotopic to the identity and let I’ be an identity isotopy of f. Then there exists an identity
isotopy I of f such that:

(i) Fix(I") c Fix(I);

(ii) 1 is homotopic to 1’ relative of Fix(1');
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(iii) there is no point z € Fix(f)\ Fix(I) whose trajectory 1(z) is homotopic to zero in
M\ Fix(I).

We will say that an identity isotopy I satisfying the conclusion of Theorem 2.2 is a maximal
isotopy. We note that the last condition of the above theorem can be stated in the following
equivalent form:

>iii”) if 7= ( f,) re[0,1] is the idgntity isotopy that lifts /| Fix(7) to the universal covering
space of M\ Fix(7), then fj is fixed point free.

The typical example of an isotopy [ verifying condition (iii) is the restricted family
I = (ft)ie0,1] of a topological flow (f;);cx on M. Indeed, one can lift the flow
(ft |\ Fix(1))teRr as a flow (ﬁ)teR on the universal covering space of M\ Fix(/). This flow
has no fixed point and consequently no periodic point. So f] is fixed point free, which exactly
means that condition (iii) is fulfilled.

2.5.2 Transversal foliations

Let f be a homeomorphism that preserves the orientation of the plane R2. We will say that
aline A of R? is a Brouwer line of fif f(A) C L(A)and f‘1 (X)) C R(A). If f is fixed point
free the main result to the Brouwer Theory is the Plane Translation Theorem: every point of
the plane lies on a Brouwer line of f (see [5]). Let us recall now the equivariant foliation
version of this theorem due to Le Calvez (see [25]). Suppose that f is a homeomorphism
that is isotopic to the identity on an oriented surface M. Let I be a maximal identity isotopy
of f and let I= (ﬁ)te[m 1 be the identity isotopy that lifts / to the universal covering space
50\6(1 ) of dom(7). We recall that the homeomorphism f = f] is fixed point free. Suppose
that dom(/) is connected, in this C@([ ) is a plane and we have that there exists a non

singular oriented foliation .7?~0n dom([/), invariant by the covering automorphisms, whose
leaves are Brouwer lines of f (see [25]). We have the following result, still true in case that
dom([/) is not connected.

Theorem 2.3 ([25]) Let M be an oriented surface. Let f be a homeomorphism of M which
is isotopic to the identity and let I be a maximal identity isotopy of f. Then there exists an
oriented singular foliation F with dom(F) = dom([), such that for every z € dom([l) the
trajectory 1(z) is homotopic, relative to the endpoints, to a positively transverse path to F
and this path is unique defined up to equivalence.

We will say that a foliation F satisfying the conclusion of Theorem 2.3 is transverse to
1. Observe that if M is a covering space of M and 7 : M — M the covering projection, a
foliation F transverse to a maximal identity isotopy I lifts to a foliation F transverse to the
lifted isotopy I.

Given z € M we will write I (z) for the class of paths that are positively transverse to
F, that join z to f(z) and that are homotopic in dom(F) to I(z), relative to the endpoints.
We will also use the notation /7(z) for every path in this class and we will called it the
transverse trajectory of z. More generally, for every integer n > 1 we can define I’-(z) =
[To<ken I7(f k(z)) by concatenation, that is either a transverse path passing through the

points z, f(2), ..., f"(z), or a set of such paths. We will also use the following notations
i@ =[] 1z(* @), 17 @ =[]1z( @), 1@ =[] 1 @
keN keN kel
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The last path will be called the whole transverse trajectory of z.

If z is a periodic point of f of period ¢, there exists a transverse loop I" whose natural lift
y satisfies yj0,1] = I;-(z). We will say that a transverse loop is associated to z if it is F-
equivalent to I'. We note that this definition does not depend on the choices of the trajectory
1r(f*(z)), with 0 < k < q.

Let us state the following result that will be useful later.

Lemma 2.4 [26] Fix z € dom([), an integer n > 1, and parameterize 1’-(z) by [0, 1]. For
every 0 < a < b < 1, there exists a neighborhood V of 7 such that for every 7' in 'V, the
path 1%(2)|1a,p is equivalent to a subpath of I’-(z). Moreover, there exists a neighborhood
W of z such that for every 7' and 7" in W, the path I'+(z') is equivalent to a subpath of

I";_—+2(f_l (Z//)).

An immediate consequence of the previous lemma is the fact that if z in dom(/) is
positively recurrent, negatively recurrent or bi-recurrent, then the whole transverse trajectory
of z, I JZT(z) is F-positively recurrent, F-negatively recurrent or F-bi-recurrent respectively.

2.5.3 Admissible paths

We will say that a transverse path y : [a, b] — dom([) is admissible of order n (n is
an integer larger than 1) if it is equivalent to a path I’z(z), z in dom(/). It means that if
y:la,b]l — ESI_H(I) is a lift of y, then there exists a point 7 in 5(\)5(1) such that 7 € ¢5(q)
and f"(3) € &5 ), or equivalently, that

T @5@) N o5y # 0.

We note that if f preserves a Borel probability measure of full support, then the set of
bi-recurrent points is dense in M. It follows from Lemma 2.4 that every admissible transverse
path is equivalent to a subpath of a bi-recurrent one.

We will say that a transverse path y : [a, b] — dom([/) is admissible of order < n (n is
an integer larger than 1) if it is a subpath of an admissible path of order n. More generally,
we will say that a transverse path y : / — dom(/) defined on an interval of R is admissible
if for every segment [a, b] C J, there exists an integer n > 1 such that y {4 ;) iS admissible
of order < n. Similarly, we will say that a transverse loop I' is admissible if its natural lift
is admissible. The following lemma follows from Proposition 19 of [26] and states that for
transverse paths with a F-transverse self-intersection there is no difference between being
of order < n and being of order n.

Lemma25 Let y:[a,b] — dom(l) be a transverse path with a F-transverse self-
intersection. If y is admissible of order < n, then y is admissible of order n.

The fundamental proposition (Proposition 20 from [26]) is a result about maximal isotopies
and transverse foliations that permits us to construct new admissible paths from a pair of
admissible paths.

Proposition 2.6 [26] Suppose that y; : a1, by] — M and y» : [az, by] — M are two trans-
verse paths that intersect F-transversally at y1(t1) = y2(tp). If y1 is admissible of order ny
and y» is admissible of order ny, then the paths yi|ia,,1,1V2 162,621 A0 V2l{ay.001 V1 |[11.56,] aTE
admissible of order n1 + n».

One deduces immediately the following result, Corollary 22 of [26].
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Lemma 2.7 ([26]) Let y; : [a;i, bil &> M, 1 < i < r, be a family of r > 2 transverse paths.
We suppose that for every i € {1, ..., r} there exist s; € [a;, b;j] and t; € [a;, b;] such that:

(1) Viltsi.on) and Yixiliai .40 intersect F-transversally and positively at y;i(t;)) =
Yier(Sig) if i <r;
(ii) onehassy =a; <t) <by,ar <s, <t =byanda; <s;i <t <bjifl <i <r;
(iii) y; is admissible of order n;.

Then [ [1<;<, Vilis;.u) is admissible of order 3 ;. n
The following result is a consequence of Proposition 23 from [26].

Lemma 2.8 ([26]) Let y : [a, b] — M be a transverse path admissible of order n. Then there
exists y': [a, b] — M a transverse path, also admissible of order n, such that y' has no
F-transverse self-intersection and ¢y )y = Py (), Gy b) = Py’ (b)-

2.5.4 Realizability of linearly admissible loops

Let I' be a F-transverse loop and let y : R — M be its natural lift. We will say that '
is linearly admissible of order q (q is an integer larger than 1) if it satisfies the following
property (note that every equivalent loop will satisfy the same property):

(Qy) : there exist two sequences (r)ien and (sg)gen of natural integers satisfying

lim r, = lim s =+oo, limsupry/sy >1/q
k—+o00 k—+o00 k—+00

such that for every integer k > 1, y|[0,r,] is admissible of order < sy.

In [26] the authors proved that in many situations the existence of a transverse loop that
satisfies property (Q,) implies the existence of infinitely many periodic orbit. In our setting
we can state their result as follows.

Proposition 2.9 (Proposition 26 of [26]) Let I be a linearly admissible transverse loop
of order q > 1 that has a F-transverse self-intersection. Then for every rational number
r/s € (0, 1/q], written in an irreducible way, the loop T'" is associated to a periodic orbit
of period s.

The following result will permit to apply the previous proposition.

Lemma 2.10 (Lemma 30 of [26]) Let y1, y2: R — M be two admissible positively recur-
rent paths (possibly equal) with a F-transverse intersection, and let Iy and I be two real
segments. Then there exists a linearly admissible transverse loop I" with a F-transverse
self-intersection, such that y1|1, and y>|1, are equivalent to subpaths of the natural lift of T".

2.6 Rotation set of annular homeomorphisms

In this paragraph, we consider a homeomorphism f of the open annulus A = T' x R
which is isotopy to the identity. Let f be a lift of f to A. We will give the definition of
the rotation set of f due to J. Franks (see [11]). Given a compact set K of A, a number
p € R :=RU {400} U {—0c0} belongs to the rotation set of f relative to K, denoted by
Rotg ( f ) if there exist a sequence of points (Zx )N and a sequence of integers (14 )N Which
goes to 400 such that for every k € N, Z; and f”k (Zx) belong to 7~ (K) and

p = lim *(Pl(fnk(zk))_pl(lk))
k—+00
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The rotation set of f is defined as

Rot(f) := m,
K

where K is a compact set of A and the “closure” is taken in R. We say that a point z € A has
rotation number equal to p if for any lift Z of z, we have that the limit lim, — 4 oo % (pi1( f n())—
p1(2)) exists and it is equal to p. Note that if the limit exists, it is independent of Z € 7 ().

We note that for every p € Z and every g € Z, the map 11+ ( p,0) defined by Z
fq(z) + (p, 0) is a lift of f¢ and we have Rot(fq + (p,0) =¢q Rot(f) + p. We note that
the first author proved that this set is always an interval (see [7]). We recall that this result
has been known for measure-preserving homeomorphisms (for example, see [25], Theorem
9.1 for a proof that uses maximal isotopies and transverse foliations). In this case, we obtain
the following theorem.

Theorem 2.11 [11,25] Let f be a homeomorphism of A whlch is isotopic to the identity and
preserves a Borel probability measure of full support. Let f be a lift of fto A. Then for every
irreducible rational number r /s that belongs to the interior of Rot( f ) there exists a point 7
in A such that G =2+@,0).

2.7 A classical Brouwer theory lemma

In this section, we will prove a general proposition that play a key role in the proof of
the existence of non-contractible periodic point (see subsection 3.6). We will use classical
properties of translations, derived from Brouwer Theory. The following lemma is a direct
consequence of Lemma 3.1 of [6].

Lemma2.12 Let K C R? be an arcwise connected set such that K N (K + (1, 0)) = @. Then
for every j € Z with j # 0, we have that K N (K + (j, 0)) = 0.

The following proposition is Lemma 12 from [13]. We outline here the proof.

Proposition 2.13 ([13]) Let § be a segment such that N (§+(1,0)) = @. Lety : [0, 1] — R2
be a path satisfying y (0) € 6 and y (1) € § + (j, 0) for some j € N. Then

(i) the path y meets y + (1,0), or
(ii) foreveryi € {0, ..., j}, the path y meets § + (i, 0).

Proof Suppose that Assertion (i) does nothold, thatis yN(y+(1, 0)) = @.Fixi € {0, ..., j},
we will prove that y N (§ + (i, 0)) # @. Consider

to:=max {10, 11:y@) e | JE+G—n0)¢.

n>0
ti:=min it €[ty, 1]: y(t) € U(5 + (0 +n0);,
n>1

andletip > Oand jo > 1 beintegerssuchthaty (f9) € 8+(i—ip, 0)and y (1) € §+(i+jo, 0).
Finally, let

=0+ —i0.0) Uy(lto, 1) U 6 + (0 + jo. 0)),
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which is an arcwise connected set. We prove by contradiction that ip = 0 and jo = 1, i.e.
we assume that ip + jo > 1 and we seek a contradiction. Note first that by construction,
the path y ((to, t1)) is disjoint from U,z (8 + (n, 0)). Since § N (§ + (1, 0)) = @, it follows
from Lemma 2.12 that for every non-zero integer n we have 6 N (8 4+ (n, 0)) = @, and so
8 + (i —ip, 0) is disjoint from & + (i + jo, 0) (because ip + jo > 1). Therefore we have that
K is disjoint from K + (1, 0), and so again by Lemma 2.12 we have that for every non-zero
integer n, K is disjoint from K + (n,0). But ip + jo > 1, and clearly K + (ip + jo, 0)
intersects K. This contradiction shows that ip + jo = 1,1i.e. ip = 0 and jo = 1.

Since y(tg) € y N (8 + (i —ip,0)) =y N (S + (i, 0)), we have shown that y intersects
8 + (i, 0), i.e. Assertion (ii) holds. This completes the proof of the proposition. O

2.8 A triple boundary lemma for surface homeomorphisms

In this section we will state a theorem recently proved by A. Koropecki, Le Calvez and the
second author (see [23]). It plays a key role in the proof of Theorem A because simplifies
the first version of its proof. We denote by S? the sphere of dimension 2.

Theorem 2.14 Suppose that f : S* — S? is an orientation-preserving homeomorphism, and
B is a closed topological disk such that f (B) N B = (. If B intersects three pairwise disjoint
open f-invariant topological disks, then f has wandering points.

A point x is called wandering for a homeomorphism f of a topological space X if there
is an open neighbourhood U of x such that the sets f~"(U), n > 0 are pairwise disjoint.

3 Existence of non-contractible periodic points for homeomorphisms
of the open annulus

In order to prove Theorem A, we prove a recurrence type theorem in the lifted dynamics
of a homeomorphism of the open annulus that is isotopic to the identity. Let f be a home-
omorphism of A which is isotopic to the identity and let I’ be an identity isotopy of f. A
periodic point z € A of period g € N is said contractible (with respect to the isotopy I') if the
loop 1'7(z) is homotopically trivial in A, otherwise it is said non-contractible (with respect
to the isotopy 1’). In this section we examine some conditions that ensure the existence of
non-contractible periodic point of arbitrarily high period. We have the following result.

Theorem B Let f be a homeomorphism of A whlch is isotopic to the identity andpreserves
a Borel probability measure of full support. Let f be a lift of f to A Suppose that f has
fixed points. Then one of the following alternatives must hold:

1. there exists an integer q > 1 such that for every irreducible rational number r/s €
(0, 1/q] the map 7 +— st (2) + (r, 0) has a fixed point or for every irreducible rational
number r/s € (0, 1/q) the map % — f*(Z) — (r, 0) has a fixed point.

2. for every recurrent point z. € A there exists an open topologlcal disk V containing z
such that: if Visa lift of V and Z s the llﬁ of z contained in v, then for every integer
n satisfying f"(z) € V we have f" ) e V.In particular f is non-wandering.

Proof of Theorem B Since f is a homeomorphism of A isotopic to the identity, for every lift
g of f to A one can always find an identity isotopy of f that lifts to a path in the space of
homeomorphisms of A joining the identity and g. Therefore, let I’ be an identity isotopy of
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f, such that its lift to A, denoted I, is an identity isotopy of f. By Theorem 2.2 one can
find a maximal identity isotopy I of f larger than I'. It can be lifted to an isotopy I with
d(;m(l ) = 7~} (dom([)). This isotopy is a maximal identity isotopy of f larger than I. By
Theorem 2.3 one can find an oriented singular foliation F which is transverse to /, its lift
to dom(7), denoted by F is transverse to /. Theorem B is a consequence of the following
proposition which will be proved below. O

Proposition 3.1 Suppose that f has contractible fixed points (with respect to 1) and that one
of the following conditions is satisfied:

(i) There existalinearly admissible transverse loop T with a F-transverse self-intersection,
a lift y of the natural lift of T to A and a non-zero integer j such that for everyt € R
we have y(t + 1) = y (¢) + (J, 0).

(ii) There existalinearly admissible transverse loop I with a F-transverse self-intersection,
a lift y of the natural lift of T to A and a non-zero integer j such that y is the natural
lift of a loop Iand T and T + (j,0) have a F-transverse intersection.

(iii) There exist an admissible F-bi-recurrent transverse path y which has no F-transverse
self-intersection, a lift y of y to A a leaf dv) of F and a non-zero integer j such that y
crosses both qzvﬁ and ¢V> + (4, 0).

Then there exists an integer q¢ > 1 such that for every irreducible rational number r/s €
0, 1/q)l the map Z — f5(@Z) + (r,0) or Z = f5(2) — (r, 0) has a fixed point. In particular
f has non-contractible periodic points of arbitrarily high period.

Remark 1 If above condition (ii) holds, we will prove that there exists an integer ¢ > 1 such
that for every irreducible rational number r/s € [—1/q, 1/q] the map Z — f*(2) + (r, 0)
has a fixed point.

3.1 Some conditions that ensure the existence of non-contractible periodic points

In this subsection we examine some conditions that allow us to apply Proposition 3.1, and so
to ensure the existence of non-contractible periodic points of arbitrarily high period. Let F
be an oriented singular foliation on A. We recall some facts about F-bi-recurrent transverse
path on A. Let y: J C R — A be a F-bi-recurrent transverse path. The path y being
bi-recurrent, one can find real numbers a < b such that ¢, ) = ¢, ). Replacing y by an
equivalent transverse path, one can suppose that y(a) = y(b). Let " be the loop naturally
defined by the closed path y|[4,5]. We know that every leaf that meet I" is wandering (see [26]
for more details) and consequently, if 7 and ¢’ are sufficiently close, one has ¢r¢) # ¢rq).
Moreover, because I' is positively transverse to F, one cannot find an increasing sequence
(an)nen and a decreasing sequence (by),en, such that ¢y, 4,) = @y @»,)- So, there exist real
numbers a’, b’ with a < a’ < b" < b such that 1 — ¢, is injective on [d’, b) and
satisfies ¢, oy = ¢, ). Replacing y by an equivalent transverse path, one can suppose
that y(a’) = y(b'). Let T be the loop naturally defined by the closed path y | 4. The
set Ur' = U,e[ar.p) By () is an open annulus and I' is a simple loop. As the path y is a
F-bi-recurrent transverse path we have the following result, whose proof is contained in the
proof of Proposition 2 from [26].

Lemma 3.2 [26] Suppose that there exists t < a’ such that y(t) ¢ Ur.. Then there exists
t' € R with b < t' such that y(t) and y(t') are in the same connected component of the
complement of Urs. Moreover y |;; 11 has a F-transverse self-intersection.
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Proof See the proof of Proposition 2 from [26]. O

In the sequel, we assume, as in the previous subsection, that f is a homeomorphism of A
that is isotopic to the identity and preserves a Borel probability measure of full support, and
that 7 is a maximal identity isotopy of f. We write I for the lifted isotopy of I and f for the
lift of f associated to /. This isotopy is a maximal identity isotopy of f. We suppose that
F is an oriented smgular foliation with dom(_?-' ) = dom(/) which is transverse to I and we
write F for its lift to A, which is transverse to 1.

Lemma3.3 Let V& [a, b] — A be an admissible F-transverse path and let y : [a, b] — A
be a lift of y to A. Suppose that there exists a non-zero integer j such that y and y + (j, 0)
intersect F-transversally. Then condition (i) or (ii) of Proposition 3.1 is satisfied.

Proof By density of bi-recurrent points of f and Lemma 2.4 we can suppose that y is
equivalent to a subpath of the whole transverse trajectory of a bi-recurrent point. Since this
whole transverse trajectory has a F-transverse self-intersection (by hypothesis), by Lemma
2.10 there exists a linearly admissible transverse loop I’ with a F-transverse self-intersection,
such that y is equivalent to subpaths of the natural lift of I'". We note that, if ' is the natural
lift of I and );’ is the lift of 3’ to A, then either );’ is periodic or there exists some non-zero
integer j such that );’(t +1) = );’(t) + (J, 0) for all 7. In the first case, since y is a subpath
of );’ , one deduces that ' satisfies condition (ii) of Proposition 3.1, and in the second case
I/ satisfies condition (i) of Proposition 3.1. ]

From Lemmas 3.2 and 3.3 we deduce the following result.

Lemma3.4 Lety: [a,b] — A be an admissible F-transverse path. Suppose that there are
real numbersa < a’ < b’ < bsuchthaty(a’) = y (') andt — ¢, is injective on [a’, D).
Let Ur be the open annulus associated to the loop naturally defined by the closed path
VY lia' b)- Suppose furthermore that y (a) and y (b) belong to the same connected component
of the complement of Urs. Suppose that y : [a,b] — Aisa lift of y to A that has no
F-transverse self-intersection. Then condition (i) or (ii) of Proposition 3.1 is satisfied.

Proof By density of bi-recurrent points of f and Lemma 2.4 we can suppose that y is
equivalent to a subpath of the whole transverse trajectory of a bi-recurrent point. Since y (a)
and y (b) belong to the same connected component of the complement of U we know, by
Lemma 3.2, that the path y has a F-transverse self-intersection. Since y has no F-transverse
self-intersection, there exists a non-zero integer j such that y and y + (j, 0) intersect F-
transversally. Hence from Lemma 3.3, we know that condition (i) or (ii) of Proposition 3.1
is satisfied. This completes the proof of the lemma. O

Lemma3.5 Let y : [a, b] — A be an admissible F-transverse path and let y : [a, b] — A
be a lift of y. Suppose that there exist a leaf ¢ of F and three distinct integers j;, 1 <i <3,
such that y crosses each ¢ + (ji, 0). Then one of conditions of Proposition 3.1 is satisfied.

Proof By density of the set of bi-recurrent points of f and Lemma 2.4 we can suppose that y
is equivalent to a subpath of ', the whole transverse trajectory of a bi-recurrent point. Since
the lift y’ of ' that contains a subpath equivalent to y crosses each é + (i, 0),1 <i <3,it
is sufficient to considerer the case where y’ has a F-transverse self-intersection. Otherwise
y’ satisfies condition (iii) of Proposition 3.1. Hence by Lemma 2.10 there exists a linearly
admissible transverse loop I'” with a F-transverse self-intersection such that y is equivalent
to subpaths of the natural lift of I'””. Write 3" for the natural lift of I'”” and for y” the lift of y”
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that contains a subpath equivalent to 7. We can suppose that 77" is also a loop ", otherwise
I'” satisfies condition (i) of Proposition 3.1. In this case I is a F-recurrent transverse path
that crosses each q’) + (ji, 0), 1 <i < 3. Hence we can prove that there exist i # i’ such that
I — (ji, 0) and I'"” — (ji, 0) intersect F-transversally (see the proof of Proposition 43 from
[26]). This implies that I and T + (j, 0) intersect f—transversally, where j = j; — jir.
Hence ' satisfies condition (ii) of Proposition 3.1. This completes the proof. O

From the previous lemmas and Proposition 2.13 we deduce the following corollaries.

Corollary 3.6 Lety : [a,b] — A be an admissible F-transverse path and let y : [a, b] — A
be a lift of y. Suppose that there exists an integer j with | j| > 2 such that ¢y gy = ¢y @) +
(J, 0). Then one of conditions of Proposition 3.1 is satisfied.

Proof We will write ¢V> by the leaf ¢);(a) of F. By Lemma 2.8, there exists an admissible
F-transverse path y': [a, b] — A such that y’ has no F-transverse self-intersection and
byra) = q;, by = qvb + (7, 0). We will suppose that j > 2, the other case is proved
similarly. By Lemma 3.5 we can suppose that for every i € {1, ..., j — 1} we have that y’
does not meet ¢; + (i,0). Letus fixi € {1,..., j — 1} and consider

aj = max [t €la,bl:y'(t) € U(¢Z+(i —n,O))] ,
neN

by := min {z € lap.b1:7'(1) € | J@+ (i +n. 0))] ,
neN

and let pj =y’ |[“6’b6]' Note that, as é is disjoint from d; + (1, 0), we can apply Proposition
2.13 with ¢ in place of §, and deduce that Yo meets y; + (1, 0). Therefore there exist a;, <
11 < s1 < by such that ¢y = ¢ys)+(1,0) and since, by construction of a; and by,
$y(;) cannot be equal to é., we have that ay < t; and s; < bj. Hence y; projects onto
an admissible F-transverse path y;; for which there exist real numbers 7y < a; < by < s1
such that y{(aj) = y(by) and t by is injective on lag, by). Let Ury be the open
annulus associated to the loop naturally defined by the closed path Vo|[a” b)- We note that

by construction y (ao) and y (b ) belong to the same leaf (the projection of ¢>) and since

y |(a0! b)) does not intersect the translates of ¢, ¢V0(“0) does not belong to the annulus Ul"(/)/.
We deduce the corollary from Lemma 3.4. O

We need a slightly stronger result than the previous corollary, which does not have restric-
tions on the initial and final points of y.

Corollary 3.7 Lety : [a, b] — A be an admissible F-transverse path and let y : [a, b] — A
be a lift of y. Suppose that there exist a leaf ¢ of F and an integer j with |j| > 2, such that
y crosses both ¢ and ¢ + (j, 0). Then one of conditions of Proposition 3.1 is satisfied.

Proof Since in the proof of Lemma 3.5 we can obtain a linearly admissible transverse loop I'”
with a F-transverse self-intersection such that y is equivalent to subpaths of the natural lift y”
of I'”. Consider real numbers a < a’ < b" < b such that ¢,y = é and by = d+(.0),
and let t; < 1, be such that " |, ,] is equivalent to y |4 . Since I'” has a F-transverse
self-intersection, there exists some #» < 13 < #4 such that y”|[5, 5,] has a F-transverse self-
intersection for every s; < r3 and every sy > 4. Since I'” is admissible, this implies by
Lemma 2.5 that for every s; < 13 < t4 < s there exists n > 1 such that y”|[, s, is
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admissible of order n. Let k be a positive integer sufficiently large such that 7 + k > 14,
and let y” be the lift of y” such that yr@y = ¢- Then there exists an integer r such that
Gy =@+ (. 0)s Py =@+ (r,0) and gpriy ) = 9+ (r + 7, 0). If [r + j| = 2,
we can apply the previous corollary to y” i 1,+4], and if not, then |r — j| > 2 and we can
apply the previous corollary to ¥”|(.1 +k]- |

3.2 Proof of Proposition 3.1

In this subsection, we show Proposition 3.1. In the sequel, we assume that f is a homeomor-
phism of A that is isotopic to the identity and preserves a Borel probability measure of full
support, and that / is a maximal identity isotopy of f. We write I for the lifted isotopy of /
and f for the lift of f associated to I. This isotopy is a maximal identity isotopy of f. We
suppose that F is an oriented smgular foliation with dom(]-' ) = dom(/) which is transverse
to I and we write  for its lift to A, which is transverse to 1.

Let us suppose first that there exist a linearly admissible transverse loop T : T' — A with
a F-transverse self-intersection, a lift y of the natural lift of T to A, and a non-zero integer
J such that for every t € R we have y(t + 1) = y(t) + (j, 0). Suppose that I" satisfies the
condition (Qg) for some integer ¢ > 1. By Proposition 2.9 we have that for every rational
number r/s € (0, 1/¢] written in an irreducible way, the loop I'" is associated to a periodic
orbit of period s. In particular, the map 7 +—> fq @+, 0) orz > fq (Z) — (j,0) hasa
fixed point. Since f has fixed points and the rotation set of f is an interval (Theorem 2.11)
the proof of Proposition 3.1 follows in the first case.

Now let us suppose that there exists a linearly admissible transverse loop T': T! — A
with a F-transverse self-intersection, a lift y of the natural lift of T to A and a non-zero
integer j such that y is the natural lift of a loop Uand U and T+ ( J,0) have a F-transverse
self-intersection. Choose an integer L sufficient large, such that y|[o,z] has a F-transverse
intersection with y|j0.z] + (j,0) at y(t) = y(s) + (j,0) with s < ¢. The loop r being
linearly admissible, there exists an integer ¢ > 1 such that y|[_y, 27 is admissible of order
q. Applying Lemma 2.7 with y |1 2] + (i], 0) in place of y; or with y|[—1 21 — (ij, 0) in
place of y; yields that for every integer n > 1, the paths

n—1 n—1

[1@ls—rosr+ G 0) and [T @ li-r.serr— G, 0)),

i=0 i=0

are admissible of order < ng, and both have F-transverse self-intersection as both paths
contain as a subpath y|j,7]. Lemma 2.5 shows that both paths are therefore admissible
of order ng. Therefore the paths y|s—r ;+1] and y|r—L s+1] project onto closed paths of
A and the two loops naturally defined have F-transverse self-intersection and are linearly
admissible. We conclude as in the first case. This completes the proof of Proposition 3.1 in
the second case.

Finally, let us suppose that there exist an admissible F-bi-recurrent path N R — A
which has no F-transverse self- intersection, a llft y of y to A a leaf qb of F and a non-
zero integer j such that y crosses both ¢ and qb + (j, 0). By Proposition 2.1 the path y
is equivalent to the natural lift of a transverse simple loop I', denoted still y. Consider the
set Ur = U;cr@y (1) which is an essential open annulus in A, because y crosses both d; and
b+ (j,0). This implies that " is an essential simple loop, and so y intersects é + (k,0)
for every integer k. Note that either for every 7, y(t + 1) = y(t) + (1, 0) or for every ¢
7@+ 1) = y() — (1,0). We assume the first case holds, the other case being similar.
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Since y is admissible, there exist L, n > 0 such that y|[o, ] intersects qvﬁ, qVS + (1, 0) and
(Z) + (2, 0), and is admissible of order < n. Assume first that there exists x such that the whole
transverse trajectory of x has a F-transverse self-intersection and also contains a subpath
equivalent to ¥ [[o,.]. Then, as in the proof of Lemma 3.5, one deduces that either condition
(i) or (ii) of Proposition 3.1 hold, and we are done. Therefore we can assume that every point
whose whole transverse trajectory contains a subpath equivalent to y |[o,z] does not have a
F-transverse self-intersection. In particular, if such a point is bi-recurrent, then its whole
transverse trajectory is equivalent to y .

Since Ut is an essential annulus, its lift Ur to A is a foliated connected open set, homeo-
morphic to R? and invariant by integer translations. Furthermore, if o is a leaf of F in Up
then ¢0 intersects y and italsoi isa line in Ur As we are assuming that p(t + ) =y@)+(,0)
for every ¢, one deduces that q)o + (k, 0) belongs to the right of qbo in Ur if £ > 0 and it
belongs to the left of ¢0 in Ur if k < 0. Therefore, if g: [0, 1] — Ur is a closed path
positively transversal to F and ,é is alift of B to A, then ,5(1) = ﬁ(O) + (1, 0) with [ a strictly
positive integer.

Let z be a point such that I’z (z) contains a subpath equivalent to y |[0,]. One can find, by
Lemma 2.4, a small open ball W C Ur, with radius r < 1/4 and containing z, such that for
all x in W the whole transverse trajectory of x contains a subpath equivalent to y|[o,7]. Let
us fix W a lift of W to A.

Lemma 3.8 Let x be a bi-recurrent point in W, and let X € W be a lift of x. If i > 0 is such
that f'(x) € W, then there exists k > 0 such that f'(X) belongs to W + (k, 0).

Proof If, by contradiction, fi (X) belongs to W+ (k, 0) for some k < 0 then I;-z(]xq (X))

must contain a subpath that is equivalent to a simple transverse closed curve g : [0, 1] — A
with 8(0) = B(1) + (k, 0). But since the whole transverse trajectory of x is contained in Ur,
this is impossible. o

Since f preserves a Borel probability measure of full support, by the Poincaré’s Recurrence
Theorem one can find a subset B of W with positive measure such that every x in B is bi-
recurrent, and also such that, for every x in B, there exists a strictly increasing sequence ny
of integers with liminfy_, o k/ngy = a > 0 where f"*(x) belongs to W for all k. But this
implies, by the previous lemma and a simple induction argument, that if x belongs to B and
X is a lift x in W, then f"k (X) must belong to W+ (ix, 0) for some integer iy > k. One
deduces that there exists a subsequence ny,, such that

1 ;
lim — (p1(f"% () = p1(®)) = lim 2= p > a
[—o00 ny; —00 Ny

where the limit is taken in R. Therefore the rotation set of f contains both 0 and p > 0.
Since this set is an interval, Proposition 3.1 follows in this case from Theorem 2.11. This
completes the proof of Proposition 3.1.

3.3 End of the proof of Theorem B

End of the proof of Theorem B Suppose that Assertion (i) does not hold. There exists a f-
recurrent point zg € A such that for every neighborhood V of z, V lift of V, and % the lift of
zo contained in V there exists an integern > 1suchthat f"(zp) € V,but f" (Zo) € V+ ,0)
for some non-zero integer j. On the other hand, by Lemma 2.4, we can find a neighborhood
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W of zg such that for every z € W the path [ sz( £~ Y(2)) crosses the leaf ¢ Let W be
a lift of W to A containing Zg. Therefore Corollary 3.7 permits to conclude that for every
neighborhood V C W of % there is an integer n > 1 such that f"(zo9) € V, but f” (Zo)
belongs to either V+ (1,0) or V- (1, 0). Therefore the future orbit of Zy accumulates either
in Zg + (1,0) or in Zg — (1, 0). We assume the former holds, the other case being similar.
Note that, since f commutes with integer translations, the future orbit of Zg + (1, 0) must
accumulate on Zg + (2, 0), and one concludes by continuity that the future orbit of Z also
accumulates on Zg + (2, 0). Therefore there must exists integers 0 < m| < my such that
f”” (Zo) belongs to W +(1,0) and f”” (Zo) belongs to W + (2, 0). Hence the transverse path

ma+ (Zp) crosses each ¢z, + (i,0),0 <i < 2. Therefore Lemma 3.5 permits to conclude
th};u one of conditions of Proposition 3.1 is satisfied. We conclude using Proposition 3.1 that
Assertion (i) of Theorem B holds. This completes the proof of Theorem B. O

4 Proof of Theorem A

In this section we prove Theorem A. Let f be a homeomorphism of A which is isotopic to
the identity. We suppose that f preserves a Borel probability measure of full support, and so
the set of bi-recurrent points is dense in A. Assume that the connected components of the set
of fixed points of f are all compact. Let f bealiftof f to A. Assume that f has fixed points
and that there exists an open topological disk U C A such that the set of fixed points of f
projects into U. We will suppose that Case (2) of Theorem A does not hold, i.e. considering
f~Vinstead of f (if necessary) we will suppose that

(H1) there exist a compact set K¢ of A, a sequence of points (z;);<y in Ko, and a sequence
of integers (n);cny Which goes to 400 such that the sequence (" (z;))eN is in Ko
and

p(f" @) = piE) = My,
where Z; € 77! (z) and the sequence (M;);cy tends to 400 as [ goes to +00.

We will also suppose that Item (2) of Theorem B holds, otherwise Case (1) of Theorem A is
true.

(H3) the set of bi-recurrent points of f is dense in A. In particular f has no wandering
points.

Write I’ for the lifted isotopy and f for the lift of f associated to I'. By Theorem 2.2
one can find a maximal identity isotopy I = (ft):ef0.1] larger than I’. It can be lifted to an
isotopy I = (ﬁ),e[oﬂ with dom(i) = 57~ !(dom([)). This isotopy is a maximal singular
isotopy of f larger than I By Theorem 2.3 one can find an oriented singular foliation F
which is transverse to 7, its lift to dom(i ), denoted by F is transverse to 1.

Remark 2 Under above hypotheses we want to prove that there exist an admissible F-
transverse path y, a leaf  of F and anon-zero integer j with | j| > 2, such that y crosses both
qé and 43 + (j, 0). Therefore Corollary 3.7 permits us to conclude that one of the conditions
of Proposition 3.1 is satisfied, and so Case (1) of Theorem A holds. In fact using Hypothesis
(H>) we can “extend” y to the natural lift of a transverse loop I" such that I" and " + ( Jj, 0
have F-transverse intersection. Therefore we conclude the following (see remark following

Proposition 3.1)

@ Springer



J. Conejeros, F. A. Tal

(17) there exists an integer ¢ > 1 such that for every irreducible rational number r/s €
[—1/q, 1/q] the map the map Z — f*(Z) + (r, 0) has a fixed point.

We start recalling that from our suppositions, the set of fixed points of f is not empty and
it projects into an open topological disk U of A. We have the following result.

Lemma4.1 Let U be a connected component of 7~ YU). Let A be an essennal compact
annulus of A and let A be the lift of A to A. Then the diameter of the set UNnAn Smg(]:)
is bounded.

Proof Suppose by contradiction that it is unbounded, i.e. there exists a sequence ()?”)neN of
singularities of 7 in UNA such that the sequence ( p1 ()E,,))nEN isunbounded. By compactness
of Sing(F)N.A we can suppose that the sequence (fr ()En))n <y converges to x in Sing(F) N.A.
Since the open disk U contains all singularities of F we have that x is in U. Let X be the
lift of x contained in U. Since U is an open disk in A, we can find a small bounded ball D
contained in U and containing X. Therefore there are a non-zero integer j and a large enough
integer n such that X,, + (j, 0) isin D C U. This implies that X,, is in (lv] —((,0)N U with
j # 0. Since U is arcwise-connected this contradicts the fact that U = ﬁ(l? ) is an open
topological disk in the open annulus A. This completes the proof of the lemma. O

Proposition 4.2 Let A be an essential compact annulus QfA and let A be the lift of A to A
Then there exists a constant M 4 > 0 such that if 7 and f"(Z) belong to A and

PI(f @) = pi1(3)] = Ma
then one of the following must hold:

(a) there exist aleaf (13 of F and three distinct integers ji, 1 <i <3, suchthat the transverse
path I;_(E) crosses each ¢ + (j;, 0), or

(b) there existsm € {1, ...,n — 1} such that f’” (%) does not lie in A.

Proof From the previous lemma, one can find an open neighborhood V' C U of Sing(F)
such that if V is a lift of V to A, the diameter of V N AN Sing(f ) is bounded and such
that for every point € #~!(V), the points ¥ and f() belong to the same connected
component of 7 ~! (/). One knows that for every point z € A\V, there exists a small open
disk O C dom(F) containing z such that for every z’ € O the path [ ]2_-( f —1()) crosses the
leaf ¢,. By compactness of A\ V, one can cover this set by a finite family (O;)1<;<, and so

one can construct a partition (X;)1<;<, of A\V such that for every i € {1, ..., r} we have
X; C O;. We have a unique partition (X4)yeca of A such that, either X, is contained in a
connected component of 7! (U) and projects onto V, or there exists i € {1,...,r} such

that )V(a is contained in a connected component of 7-10;), and projects onto X;. We write
a(2) = «a, if Z € X4. Let us define

MY =max |pi(f() - p1(?)| and M} = maxdiam(p;(Xa)).
e A a€eA
Let assume Assertion (b) of the proposition does not hold, and let Z € A, andn > lan integer

such that Z, f(i), R f" (Z) are contained in A and define a sequence ng < ny < ... < nHg
in the following inductive way:

no =0, n1 = 1+suplk € {nr,....n = Ba(f4@) = a(f" @)}, n; =n.
We have the following facts:
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(i) forevery /! € {1,...,s — 1} at least one the sets X and X does not
projecton V N A,

(i1)) we have that

a(f"l @) a( M+ ()

P11 = pr (7 @ = M+ M
If
P17 @) = @) = @ + DY + MYy

then by above Property (ii), s >= 6r 4 1 and so, by above Property (i), there exist at least 3r
sets X G 3 that do not project on AN V. This implies that Assertion (a) holds, completing
the proof of the proposition. O

Let Ao be an essential compact annulus containing the compact set Ko provided by
Hypothesis (Hj). Since from our suppositions, the connected components of the set of fixed
points of f are all compact, we deduce that the union of Ay with all connected components of
the fixed point set intersecting .4y is also compact. Hence we can consider two essential simple
loops yn and ys in A which do not contain fixed points of f, such that the essential compact
annulus A’ limited by the paths yy and ys contains Ag. Let B = f~1(A4) U A U f(A),
and note that any fixed point for f that lies in B must also lie in .A’, and since yy and yg are
fixed point free, it must lie in the interior of A’.

In the following, we assume that for each point Z in A, each integer j > 2 and each leaf
¢V> of ]-' the trajectory 7% Z (Z) does not cross both qb and qb + (j, 0), otherwise Theorem A
follows from Corollary 3F7 We deduce the following proposition.

Proposition 4.3 [f Theorem A does not hold, then there exist points a and b that are not fixed
by the lift f a sequence (d)l)leN, two sequences of integers (p;);en and (q1);en Such that
lim py = lim ¢ =400, lim W =a, lim (f@;) — (p1,0)) =b.
=400 l—+o0 [—+00 =400
Proof We note that from previous propos1t10n we can suppose that for every large integer
[, some element of the set {7, .. f’” (Z7)} does not lie in A As 3 Z] and f”’(z;) belongs
to fl’ there exist an integer i; such that for every i € {0,...,i; — 1}, f ) belongs to A/
but f i1(z;) does not belong to A’ and an integer j; such that for every j € {i+1,...,m},
f/ D) belongs to A’ but f” (Z;) does not belong to A Let W = f” (Z;) and q; = j; —ij, so
f"l (wy) = f/’ (Z1). Since both the image and pre-image of A’ lie in B, we deduce that w; and
f4 (i) lie in B\ Int A’. Moreover if A is a compact annulus containing B, from previous
proposition we have that

|P1G) = pr(n| < Maand [pi (7 G) = p1(F7 )| < Ma,
and so
(NG — pi(iy) = My —2M 4.

The proposition follows from the compactness of B\ Int A’ which has no fixed point of f. O

We denote by ¢, the leaf of F that contains a, and by D’ the set of all point w whose
whole transverse trajectory crosses the leaf ¢, .

Lemma 4.4 Theset D' isan f -invariant connected open set which is horizontally unbounded,
that is diam(p;(D’)) = +oo0.
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Fig.3 Set D and its translations

Proof Note that the set D’ is f-invariant (by definition) and open by Lemma 2.4. Therefore
for every large integer [ the point /4 () belongs to D’, and so D’ is horizontally unbounded.

It remains to prove that D’ is connected Indeed, let 7 : dom(}v' ) — dom(]vf ) the universal
covering map of dom(F) and let qba be a lift of ¢, to the universal covering to dom(f)
We consider D’ the set of all point i whose whole transverse trajectory crosses the leaf ¢, .
Recall that qba is a Brouwer line, and if O is the connected component of the complement of
d)a U f (¢a) whose closure contalns qba U f (qba) then D’ = Unez f ”(0) It follows that D’ is
a connected set, and as D' = n(D/ ) we conclude that D’ is a connected set. ]

Note that if D’ intersects D’ + (j, 0), where j is an integer with | j| > 2 then there exists
a point w whose whole F-transverse trajectory crosses both leaves ¢, and ¢, + (j, 0). It
follows from Corollary 3.7 that Case (1) of Theorem A holds (see Remark 2) and we are
done. Suppose now that D’ and D’ + (j, 0) are disjoint for all integer j with |j| > 2. We
claim that this cannot be possible. Indeed, let D be the union of D’ and all bounded connected
components of the complement of D’. It follows, using the previous lemma, that D is an f -
invariant horizontally unbounded open disk such that D and D +(j, 0) are disjoint if | j| > 2.
Moreover as f commute with each integer translation we have that D + (j, 0) is also an
f -invariant open disk. As b is not fixed by f , we can consider a closed topological disk B
containing b such that f(B) N B = . As the sequence (f‘” (w;) — (p1, 0))en converge
to b, we have that for all sufficiently large /, f‘” (wy) — (pr1, 0) belongs to both D — (py, 0)
and B. As a consequence, B intersects D — (p;, 0) for at least three different p; (see Fig.
3). Therefore B intersects three pairwise disjoints f -invariant topological open disk, so by
Theorem 2.14 f must have wandering points. This contradicts Hypothesis (H>) completing
the proof of Theorem A.

5 Examples

Let us call a homeomorphism f: A — A irrotational if its rotation set is reduced to an
integer number. In this case, f has a lift fto A satisfying Rot( f) = {0}, which we call the
irrotational lift of f.

From Theorem A we know that, given an area-preserving irrotational homeomorphism f
of the open annulus A such that the connected components of the set of fixed point of f are
all compact and such that the set of fixed points of the irrotational lift, f ,of fto A projects
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into an open topological disk of A, then for every compact set K of A there exists a real
constant M > 0 such that for every 7 € A and every integer n > 1 such that Z and 1)
belong to 77 ~1(K) one has

(@) - pi@)| < M.

We will describe (in the following proposition) an example to show that in general one
may not expect this bound to be independent of the compact set.

Proposition 5.1 There exists an irrotational homeomorphism fpouna of A which preserves a
Borel probability measure of full support satisfying:

1. the set of fixed points of the irrotational lift fbo,md of frouna projects into an open
topological disk of A;

2. the connected components of the set of fixed points of fpouna are all compact;

3. for every real number n > 0 and every integer j > 1 there exist a point 7 € A and an
integer n > 1 such that

0, x[j,j+1 and f 0@ €lj,j+nxlj,j+1l

4. the homeomorphism frouna of A extends continuously to the semi-closed annulus
At = T! x (=00, 400] as the identity on the circle T! x {4+00}.

The example from previous proposition will allow us to describe another example showing
that the hypothesis “the connected components of the set of fixed point of f are all compact”
is essential in the conclusion of Theorem A. In the following example none of the Cases of
Theorem A holds.

Proposition 5.2 There is an irrotational homeomorphism fyone of A which preserves a Borel
probability measure of full support satisfying:

1. the set of fixed points of the irrotational lift f,,(me of fnone projects into an open topo-
logical disk of A;

2. there exists a compact set Kg of A such that for every real number M > 0, there exist
a point Z € A and an integer n > 1 such that Z and f” (2) belong to 7 Y(Kyp), and

P1 e @) = P1D)| = M.
To obtain the example from Proposition 5.1, it suffices to prove the following proposition.

Proposition 5.3 Let xo, x, and x1, x| be four points in T! and lete > 0 be a real number. Then
there exists a real number 6 > 0 such that, given a positive integer j and two irrotational
diffeomorphisms go, g1 : T' — T which are different from the identity, 8-close to the identity
in the C'-topology and such that x; and xlf are fixed points of g;, i € {0, 1}, there is an area-
preserving irrotational homeomorphism f : T! x [0, 1] — T! x [0, 1] which is isotopic to
the identity and satisfies:

(a) f coincides with go (resp. g1) on the boundary component T' x {0} (resp. T! x {1});
(b-1) there exists a path that joins T! x {0} to T' x {1}, it is contained in the interior of
T' x [0, 1], but the endpoints, and it does not intersect the set of fixed points of f;
(b-2) there exists a loop in the interior of T' x [0, 1] which is not homotopic to zero, and it
does not intersect the set of fixed points of f;
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(c) For every real number n > 0 there exist a point Z € R x [0, 1] and an integer n > 1
such that

2e[0,nx (0,11 and f"Z) €lj,j+nlxI[0,1].

(d) f is e-close to the identity in the C-topology.

This proposition will be proved at the end of this section. In what follows, we will prove
Propositions 5.1 and 5.2 assuming Proposition 5.3.

5.1 Proof of Propositions 5.1 and 5.2

Proof of Proposition 5.1 For every n € Z let z, := (0, n) and z,, := (1/2, n) be points in A.
Let us fix a sequence of positive real numbers (€,),c7 Which converges to 0 as n to +00
and consider the sequence of positive real numbers (§,),c7 such that §, < ¢, given by
Proposition 5.3. Let us consider a sequence (g,),,cz, of diffeomorphisms of the circle T! as
in Proposition 5.3 (g, fixes only 0 and 1/2) which are §,,-close to the identity to the identity
in the C'-topology, and a sequence of positive integers (j,), 7 Which goes to +00 as 1 to
~+o00. For every integer n we can define an area-preserving irrotational homeomorphism f;,
on the closed annulus A, = T! x [n,n + 1] C A which satisfies the properties formulated
in Proposition 5.3 and that the restriction of f, to T! x {n} is g, and the restriction of f,,
to T! x {n + 1} is gn+1. Let us define the homeomorphism fp,,,q of the open annulus
A which coincides with f, on A, C A. We note that this homeomorphism preserves a
Borel probability measure of full support. Moreover Properties (1) and (2) in Proposition 5.1
follows of Properties (b-1) and (b-2) in Proposition 5.3 respectively. Moreover, Properties
(3) and (4) in Proposition 5.1 follows of Property (c) in Proposition 5.3 and Property (d)
in Proposition 5.3 and the chosen of the sequence (€,), <7 respectively. This completes the
proof of the proposition. O

Proof of Propositions 5.2 Let us define the following equivalence relation on the semi-closed
annulus A 1= T! x (=00, +00].

x=x"andy =y,

x,y) ~ (x',y") if and only if
(6 )~ ) Y y=y =+4o00, x e[—1/4,1/4]and x' =1 — x.

Let A’Jroo = A/ ~bethe quotient space of A ;. For (x, y) € A o0, we write [(x, y)] the
equivalence class of (x, y). One has that AQFOO is homeomorphic to A, o, and let ¢ : Aﬁroo —
A4~ be such a homeomorphism which acts as the identity on a neighborhood of the set
{[(1/2,y)] : y € RU {4o00}}, and such that the image by ¢ of {[x,00] : 0 < x < 1/4}is
the segment {(0,¢) : 0 <t < 400}. Now, as fpouna 1s the identity on the circle T! x {400}
(Property (4) in Proposition 5.1), it induces a homeomorphism f;, ., on A’ which acts
as the identity on the segment L = {[(x, +00)] : x € [0, 1/4]}. We denote by fone
the restriction to A of the homeomorphism ¢ f/ .. ¢! defined on the semi-closed annulus
A4 oo. We note that f;,,,. is isotopic to the identity of A. Let K¢ be a closed topological disk
in A} that does not intersect the boundary of the semi-closed annulus and that contains
¢([(0, +00)]) € ¢(L+o) in its interior. We note that there exist an integer no and a real
number 7o > 0 such that

e({[(x, Y)]: (x,y) € [ng, +00] x [—n0, nol}) C Ko.
(see Fig. 4).
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Fig.4 The set K

Hence Property (2) in Proposition 5.2 follows of Property (3) in Proposition 5.1. Moreover
as ¢ acts as the identity on a neighborhood of {1/2} x R Property (1) in Proposition 5.2 follows
of Property (1) in Proposition 5.1. This completes the proof of Proposition 5.2. O

5.2 Proof of Proposition 5.3

We use the following lemma (see [22]). It can be obtained by a straightforward adaptation
of the proof of Proposition 2.2 from [3].

Lemma 5.4 For every real number € > 0 there exists a real number 6 > 0 such that, if
g: T — T is a diffeomorphism of the circle which is 8-close to the identity in the C'-
topology, then there exists an area-preserving diffeomorphism f : T' x [0, 1] — T' x [0, 1]
of the closed annulus which is e-close to the identity in the C'-topology satisfying f (x, 1) =
(g(x), D)y and f(x,0) = (x,0) for every x € T

We deduce the following corollary.

Corollary 5.5 For every real number € > 0 there exists a real number § > 0 such that, if
g: S' — Sl is a diffeomorphism of the unit circle of the plane which is 8-close to the identity
in the C'-topology, then there exists an area-preserving homeomorphism f:D — D of
the closed unit disk which is e-close to the identity in the C'-topology satisfying f st = &
Moreover if zg and 71 are not fixed points of g, then there exists a path « in the interior of D,
but the endpoints, that does not contain fixed points and that joins zo to z;.

Proof 1f g: S' — S! is a diffeomorphism which is 8-close to the identity, then applying the
above lemma one can conclude that there exists an area-preserving diffeomorphism f” as the
above lemma. Furthermore, by performing an arbitrarily small area-preserving perturbation,
we may assume that f has finitely many fixed points in T! x (0, 1). Collapsing the boundary
component T' x {0} to a point, we obtain an area-preserving homeomorphism f of the closed
unit disk I of R? which is e-close to the identity such that f ls5 = g- Since f has finitely
many fixed points in the interior of I, the existence of the path o follows. O

Proof of Proposition 5.3 Our proof is an adaptation of the proof of the last claim from [22].
Let consider a topological flow (¢;);cr on the closed annulus lifting to a flow (¢;);er of
R x [0, 1] such that:
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e ¢, is area-preserving for every ¢t € R;

e the square Do :=1(0,1/2) x (0, 1) is (j;,—invariant forevery t € R;

e there are finitely many singularities and no essential closed “connections”;
e there are not singularities on the boundary of 130 but the vertices.

We note that by construction for each ¢ € R there is a circle $;-invariant, close enough of
the boundary of Dy such that the restriction of ¢, on this circle is transitive. Given an integer
j =1, let us consider the homeomorphism H : R x [0, 1] — R x [0, 1] defined as

H(x,y) =, y) + ((j + Dsin@2ry), 0).

We write T : (X,y) — (X + 1, y). Note that TH = HT and that the projection of the
topological disk D = H (Dy) onto the first coordinate has diameter greater than j. For every
t € R, consider

fo:=HéH "

It is easy to check that Tf, = f,T, fvt ([V)) = D, and that for every integer n, f," = qubt” H™L
Moreover given a real number 1 > 0, both sets

Int H~'([0, 7] x [0,1]) and Int H™'([j, j +n] x [0, 1])

contain points in the boundary of D. Therefore, for every t € R one can find as above a
¢;-invariant and transitive circle intersecting both sets. This implies that there exists a point
Z and an integer n > 1 such that

€0, x[0,1] and f"(Z)elj,j+nlxI[0, 1]

Fori € {—1,0, 1},let A; = T' x [i,i + 1]. Given xo, x{, x; and x| four points in T" let
71 = (x0, =1), 2" = (x5, =13 20 = (0,0), z5 = (1/2,0); z1 = (0, 1), 2} = (1/2, 1);
22 = (x1,2), 25 = (x],2). Foreach i € {—1, 1} consider two disjoint segments ¢; and ]
joining z; to z;41 and z} and z] 41 respectively, where both segments are contained in the
interior of A; but for the endpoints. These two segments divide the interior of the closed
annulus A; in two open topological disks D; and D] whose closure are closed disks. Given
a real number € > 0, by Corollary 5.5 applied on each closed disk D;, le ,ie{—1,1} we
obtain a real number 0 < § < €. Define f on Ag as f = f;, where ¢ is chosen small enough
50 as to guarantee that f; is 8-close to the identity in the C'-topology. For eachi € {—1, 1}
let us choose two diffeomorphisms gq, : @; — «; and g, : @] — o] without fixed point but
the endpoints close enough to the identity such that the diffeomorphisms induced on 9 D;
and 3D by go, &1, f, &, and g(;i (and their inverses) are §-close to the identity. We can
apply Corollary 5.5 on each disk D; and D{ to obtain an area-preserving homeomorphism
fi and flf of D; and le respectively which are e-close to the identity. We consider now the
homeomorphism of T' x [—1, 2] which coincides with f on A and with f; and f/ on D; and
Dj,i € {—1, 1}, respectively. Rescaling the annulus vertically we obtain a homeomorphism
which satisfies the conditions of Proposition 5.3. This completes the proof of the proposition.
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