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We consider Anderson t-motives M of dimension 2 and rank 4 defined by some simple
explicit equations parameterized by 2 x 2 matrices. We use methods of explicit calcula-
tion of h!'(M) — the dimension of their cohomology group H'(M) (= the dimension of
the lattice of their dual t-motive M) developed in our earlier paper. We calculate h! (M)

for M defined by all matrices of the form (ag alz), and by some matrices of the form

(au aiz
asy
t—motlves. hl of all Anderson t-motives M under consideration satisfy the inequality
hY(M) < 4, while in all known examples we have h'(M) = 0, 1,4. Do there exist M of
this type having h' = 2,3? We do not know, this is a subject of further research.

) These methods permit to make analogous calculations for most (probably all)
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0. General Introduction

Anderson t-motives [4, 5.4.2, 5.4.18, 5.4.16] are the function field analogs of abelian
varieties (more exactly, of abelian varieties with multiplication by an imaginary
quadratic field (of MIQF-type), see, for example, [9]). Nevertheless, this analogy
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is not complete. For example, let M be an Anderson t-motive, respectively, A an
abelian variety. We can associate them a lattice L(M), respectively, L(A). For
abelian varieties, the functor A — L(A) has a good description. For Anderson
t-motives, the situation is much worse, for example, hi(M) — the dimension of
L(M) — can be less than it is expected to be. We started a study of the lattice
map of Anderson ¢-motives in [6l [7]. We proved in [6] that (roughly speaking)
in a system of neighborhoods of a fixed Anderson ¢t-motive the lattice map is an
isomorphism. We developed in [7] a method of calculation of hy (M), as well as of
h'(M) — the dimension of the cohomology group of M, and we gave an example
that not always hi(M) = h'(M) (unlike the case of abelian varieties).

This paper is a continuation of [7]. We apply the method of calculation of h*(M)
of [7] to a larger class of Anderson t-motives. We show that this method can be
applied for most (probably all) t-motives.

The cases considered in this paper form a tiny part of the whole problem of
finding of h'(M) for all M. This whole problem is really enormous. Clearly it can-
not be solved without use of computers. Unfortunately writing of a corresponding
program is not an easy task, because there exists a large diversity of cases. It is
hardly likely that one scientist will be able to solve the problem, it requires a work
of a large team of scientists. The authors hope that the results of this paper will
stimulate further research.

The structure of the paper is the following. Sections [IH4] are introductory.
Section 2] contains definitions on Anderson t-motives, Sec. 3] gives necessary results
of [7], and Sec.d explains general methods of calculation. For the conjectures, prob-
lems of further research and justification of the subject see Problem 1.3; Conjecture
1.5; Problem 1.8 and the end of Sec. [I} Sec. 3.6; Conjecture 3.2; Sec. 4.5. In Secs.
and [6] we consider the case of A of the form B1) (all cases), and in Secs. [ and ]
we consider the case of A of the form (B3.8]) (some cases).

There exists an enlarged arxiv version [3] of this paper where in Sec. 9 we give
some calculations for the cases of A of the form (B8] which are not considered in
Secs. [Ml and Bl They can be useful for future researchers.

1. More Detailed Introduction

Here, we give more details. First, we recall the number field case. For an abelian
variety A of dimension g there exist its homology and cohomology groups H; (A, Z)
and H'(A,Z) (both these groups are isomorphic to Z29), and a Z-perfect pairing
between them:

H,(A,Z) ®z Hl(A7Z) — 7. (1.1)

There is an inclusion v : Hy(A,Z) — C9 such that H;(A,Z) forms a lattice in
CY9. We have A = C9/H,(A,Z). We have the following theorem.

Theorem 1.1. Abelian varieties of dimension g over C are in 1-1 correspondence
with Z-lattices of dimension 2g in C9, satisfying the Riemann condition.
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Finally, for an abelian variety A we can define its dual variety A’. There exist
canonical isomorphisms

H,(A,Z) — HY(A',Z), HYA,Z)— H(A,7). (1.2)

Let us give necessary definitions for the case of Anderson t-motives. Let ¢ be
a power of a prime p, IF, the finite field of order ¢. The function field analog of Z
is the ring of polynomials F[f], where 6 is an abstract variable. The analog of the
archimedean valuation on Q is the valuation at infinity on the fraction field Fy(6) of
[F,[0]; it is denoted by ord, it is uniquely determined by the property ord () = —1.
The completion of an algebraic closure of the completion of F,(¢) with respect the
valuation “ord” is the function field analog of C. It is denoted by C.

Abelian varieties have one discrete invariant — their dimension g. Unlike them,
Anderson t-motives have two invariants: dimension and rank (see 2.1); Anderson
t-motives of dimension n and rank r are analogs of abelian varieties of dimension r
of MIQF-type, of signature (n,r —n).

An Anderson t-motive M has the homology and cohomology groups (see [4]
5.9.11(2), (3)?] and Definition 2.3 of this paper) H;(M,F,[T]) = Hi(M) and
HY(M,F,[T]) = H*(M) which are free F,[T]-modules (here T is an abstract vari-
able, it is one of the generators of the Anderson ring, see Definition 2.1). The ranks
of Hi (M), H'(M) are denoted by hy (M), h*(M), respectively. By analogy with the
number field case we can expect that always hi(M) = h'(M) = r. But unlike the
case of abelian varieties, they can be less than r.

Like for the case of abelian varieties, for an Anderson t-motive M there exists
the dual t-motive M’ (see [5]). Analogs of (1.2) hold for Anderson t-motives (see,
for example [7, Proposition 1.9]): there exist canonical isomorphisms

Hy(M)— HY(M", HYM)— H,(M").

In particular, a method of calculation of h! permits us to calculate the hy as
well: we apply it to the dual t-motive.
Analog of (1.1) is a pairing

m: Hy (M) ®p, i) H (M) — Fy[T). (1.3)

Counterexample of [7] shows that not always hi(M) = h'(M), hence (1.3) is
not always perfect. There is the following theorem:

Theorem 1.2 (Anderson [1; [4, 5.9.14]). h'(M)=1r < hi(M) = r. In this
case m is perfect over Fq[T].

Anderson t-motives M satisfying these conditions are called uniformizable.

2Goss uses a notation Hi(E) instead of Hi(M). This is practically the same: there is a 1-1
correspondence between t-modules E and t-motives M.
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There exists a lattice map
Hy(M) = (F,[o)" 0 & e,

where « is an (abstract) isomorphism defined by the condition «(T") = 6 (it serves
only in order to identify T" and 6) and § is an inclusion of F,[f]-modules, see [4]
Sec. 5.9]. The composition inclusion o « is an analog of the above v for abelian
varieties. The image o o(H1(M)) is denoted by L(M), it is a Fy[]-lattice of rank
hi(M) in C™..

There is a general problem:

Problem 1.3. What is the relation between the set of F,[f]-lattices of rank r
in CZ, up to Cy-isomorphisms of CZ, and the set of uniformizable Anderson

[ooh) [o'eR)

t-motives of rank r and dimension n? Have we some analog of Theorem 1.17

There exists a notion of purity of Anderson t-motives M (see [4, 5.5.2] for the
definition). We can expect that in Problem 1.3 we must consider only pure ¢-motives:
conjecturally, the lattice map M +— L(M) has a fiber of dimension > 1 if we consider
the set of all Anderson t-motives. Taking into consideration the following theorem:

Theorem 1.4 ([8, Theorem 3.2]). The dimension of the moduli space of pure
t-motives of rank r and dimension n is equal to n(r —n)

and the obvious fact that the moduli space of lattices of rank r in CZ, has the
same dimension n(r —n) we can state the following conjecture.

Conjecture 1.5. The image of the lattice map M +— L(M) from the set of pure
uniformizable t-motives to the set of lattices is open, and its fiber at a generic point
is discrete.

The following is known:

Theorem 1.6 (Drinfeld [2]). Allt-motives of dimension 1 (= Drinfeld modules)
are pure and uniformizable. There is a 1-1 correspondence between Drinfeld modules
of rank r over Cy and lattices of rank r in C.

For n = r—1 the duality theory gives us an immediate corollary of Theorem 1.6.

Corollary 1.7 ([5, Corollary 8.4]). All pure t-motives of rank r and dimension
r — 1 over Co, are uniformizable. There is a 1-1 correspondence between their set,
and the set of lattices of rank r in C7J' having dual.®

Not all such lattices have dual, but almost all, i.e. even in this simple case the
correspondence is not strictly 1-1, but only an “almost 1-17.

We see that for pure M the minimal values of r, n for which we can expect
h',hi < r are r = 4, n = 2. We shall consider exactly this case. More generally,

PThere is a notion of duality of lattices, see [5, Definition 2.3 and Sec. B]. We do not need details
here.
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we shall consider a class of t-motives of dimension n and rank r = 2n defined by
Eq. ([Z2). We see that they are defined by a matrix A € M, «,(Cx); the corre-
sponding t-motive is denoted by M (A). All these t-motives are pure, but not all
uniformizable.

Now, we can formulate the results of this paper. We calculate k' for all t-motives
M (A) where A is of the form ([B.7), and for some A of the form ([B.8]).

In particular, we describe all uniformizable M (A) where A is of the form (B7).
This is a step to a solution of the Problem 1.3: clearly, we need first to describe
explicitly the set of all uniformizable Anderson ¢-motives. Finding (description) of
their lattices is a subject of further research.

Let us indicate some earlier results to a solution of Problem 1.3, and some
related problems. An explicit description of lattices in CZ is given in terms of their
Siegel matrices S, see for example [6], Definition 1.5 (this definition is completely
analogous to the definition of Siegel matrices of lattices in C9).

The main result of [6] is, roughly speaking, the 1-1 correspondence between the
set of t-motives M (A) defined by (2.2) whose A is in a neighborhood of 0, and the
set of lattices whose S is in a neighborhood of a fixed Siegel matrix Sy (the main
difficulty is to show that we have the same action of some groups on the set of S
and A). In particular, it is shown that if all entries a;; of A satisfy

q
ord (€27 > q?——l (14)
then M (A) is uniformizable [0l end of p. 383 and Proposition 2]. There is a natural
problem to improve this estimate, i.e. to answer the following open problem:

Open Problem 1.8. Let n, ¢ be arbitrary. What is the minimal value of C(n, q)
satisfying the property: If A from (2.2) satisfies Vi,j ord a;; > C(n,q) (version
strict inequality) or ord a;; > C(n,q) (version non-strict inequality) then M (A) is

uniformizable.
The above result means C(n,q) < . Theorem 1.6 implies C(1,q) = —ooc.
2
M, Example 5.9.9] means C(n,q) > — ;L5 for n > 2, see Remark 6.4. If we restrict
ourselves by A of the form (B.Z) then Proposition 6.3 gives C(3.7)(2,q9) = —(1‘1—21,

version strict inequality (here C(37)(2,¢) means the minimal value of the above
C(n, q) for matrices of the form (B1)).

The main result of [7] is finding of an explicit method (solution of an affine
equation, see ([B.2))) for calculation of h'(M) where M belongs to the same set of
M (A), case n = 2. There exist matrices A such that the application of this method
to these A permits to show that not always h'(M) = hq(M).

Methods of [6], [7] are essentially different. In [6], we find explicitly L(M) which
is the kernel of the exponential map of M (see [, Sec. 5.9]) using a method of
successive approximations. This method can be applied to M defined by [22]), case
any n, but only for A sufficiently close to 0. For all these A we have hy(M(A)) =
hY(M(A)) = 2n. In [7], we calculate h' (M) solving explicitly an affine equation (it
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is a system of polynomial equations, see (B.2))). This method can be applied for any
A, but only for n =2 (for n > 2 the calculations seem to be too difficult).

2. Definitions on Anderson t-Motives

Definition 2.1. The Anderson ring C[7, 7] is the ring of non-commutative poly-
nomials in two variables T, 7 over Co satisfying the following relations (here
a € Cu):

Ta=al, Tt=71T, 7a=alr

Subrings of C [T, 7] generated by 7, respectively T', are denoted by Coo{7} (a ring
of non-commutative polynomials in one variable), respectively C[T] (the ordinary
ring of (commutative) polynomials in one variable).

Definition 2.2 ([4, 5.4.2, 5.4.18, 5.4.16]). A t-motive® M is a left Coo [T, 7]-
module which is free and finitely generated as both Coo[T]-, Coo{7}-module and
such that

Im = m(M) such that (T — )™M /rM = 0. (2.1)

We shall consider only ¢-motives for which m = 1.

The dimension of M over Coo{7} (respectively, Coo[T]) is denoted by n (respec-
tively, r), these numbers are called the dimension and rank of M.

Let e, = (e1,...,e,)" (here and below ¢ means transposition) be the vector
column of elements of a basis of M over Coo{7}. To define M, it is sufficient to define
the multiplication by T of ey, . .., e,,. We shall consider M where the multiplication
by T is given by the formula:

Te, = fe, + Ate, + T3¢y, (2.2)

where A € M, +«n(Cx). The Anderson t-motive defined by (22) is denoted by
M(A). Tt is pure of dimension n and rank 2n. We shall consider only the case
n = 2. For this case ([22]) becomes

& & a a & &
7ol B Y e I e R = i (2.3)
€2 €2 a1  a22 €2 €2
ail aiz

s a22> € Msyx2(Cy) is a matrix.

We have M (A) = M(A") (see [7, Lemma 1.10.2]).

Since our purpose is to find h'(M), we repeat a definition of H*(M) here. First,
we denote by Coo{T'} a subring of Coo[[T]] formed by series > o a;T" such that
lim a; =0 (<= ord a; — +0). T acts on Coo{T'} by the formula 7(>°:° a,T%) =
Yooy alT.

=0 "%

where A = (

¢Terminology of Anderson; Goss calls these objects abelian ¢-motives.
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Now, we define
M{T}:=M oo [T] Coo{T}

7 acts on M{T'} by the standard formula of the action of an operator on tensor
product: (o ® ) = 7(a) @ 7(0) (see [4, 5.9.11.1]).

Definition 2.3. H'(M) = M{T}™ (the set of T-stable elements).

This definition should be understood as follows. We denote M[[T] := M ®¢__r
Cw[[T]] with the 7-action on the tensor product. We have M{T}" is M[[T]]” N
M{T},i.e. HY(M) is the set of T-invariant series whose coefficients tend to 0.

3. Affine Equations: Definitions and Results of [7]

For general definitions concerning the affine equations see [, Sec.[2]. Here, we repeat
them for a particular case that we need. Let A = (3! %) be from (2.3) above.
We associate it 9 numbers ay, .. ., ag, b14, b13, b12, bog as follows (see [7), (3.9)], case
e = 0,a21 # 0; if ag; = 0 then there exist analogs of these formulas based on a

symmetry between as; and aq2):

3 2 2 2 2 2
p9 +a al 09 al, 09 01 01 a? al
_ . _ Gqg 22Y" _ 11%22 q .
a4 = ——3; a3 = — + ;G =—+ —m + —5— — ;
q q al a q al 12
ag; g 21 2L ay 21
q q° s
a1 Qo9 1 07 + 0
al = — + —q ’ ao = —’ b14 = —7{12 ; (3.1)
a1 (551 a1 a5y
2
q q
a a 1 1 1
_ 11 22 _ . _
513——7—GT7 512——a——7, b24—?-
(& 21 21 ay (CH

The affine equation corresponding to M(A) is a series of equations with unknowns
X0, T1, X2, . ... The i-th equation (i = 0,1,2,...) of the series has the form (here
o =0 for @ < 0)

4 3 2 4 3
a4zg + agozg + agzg + alozg + agx; + b14z3_1 + blgzg_l
2 4
+ blgl‘;{l + b2433g72 =0. (32)
k
The terms apz! (k =0,...,4) are called the head terms of the equations, other

terms are called the tail terms. Explicitly, for ¢ = 0 the equation is
a4:l:g4 + Clgl’gg + a2z82 +a1xd + apro =0 (3.3)
(only the head terms); for i = 1
a49:(1]4 + ag:L"llB + aga:({z + ar1x? + apz1 + b149:g4 + blgazgg + b12x82 =0, (3.4)
for i =2

q* ¢ 'S q q* 7
a1xy + asrs + asxy + a1xy + apxe + brax] + bisx]

+ 12?4 byazd =0, (3.5)

2250017-7
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fori=3

q* ¢ 'S q q* q°
asxsy +azry + axxrsy + a1xy + agrs 4+ biary + bizxy

2 4
-+ blgllig + b2413[{ = 0, (36)

etc., the i-th equation is analogous to (3.0).

The set of solutions to ([B.3)) is a 4-dimensional Fg-vector space in Co, denoted
by Sp. For any such fixed solution xo the set of x; satisfying ([B4) with the given
xo is an affine space over Sp; the same holds for all subsequent equations. This
explains the terminology (affine equations).

Let xg, 21,2, ... be a solution to (B2). We associate it an element zo + 217 +
22T? + -+ € Coo[[T]]. The set of these elements is a free Fy[[T]]-module of rank 4.
A solution zg, 21, T2, . .. (and the associated element xg+x1T + 2272+ - ) is called

a small solution if limz; = 0 ( <= limord z; = +00). The set of small solutions
is a free F,[T]-module.

Theorem 3.1. h'(M(A)) is the rank of the Fy[T]-module of small solutions
to (3.2).

This follows from the calculations of [7, Sec. B]. Non-formally, the meaning of
this theorem is the following. Any (non-necessarily small) solution to the affine
equation (3.2)) corresponds to an element of (M ®c_ 7] Coo[[T]])7. Condition that
a solution is small is equivalent to the condition that it belongs to H'(M) =
(M ®c.1) Coo{T})"

So, our general problem is to solve (B.2)) and to find h'(A) for all A € Mayx2(Cy).
This is too complicated, see below, so we consider only some particular cases.
Namely, in Sec. Bl we solve this problem completely for A having the form

A= < 0 a”) (3.7)
B as1 0 )

(because the matrix A from [4, Example 5.9.9] having h' = 0 is of this form (after
some Cso-linear change of basis, see Remark 6.4)), and in Sec. [ and B, we start to
solve this problem for the matrices A having the form

a;n a
e where ord a1; = —1 (3.8)
a1 0

(because the matrix A from [7), Sec.d] — giving a counterexample to h' = hy — is
of this form).
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Our purpose is to answer some questions of |7 Sec. 0.3]. As the first step, we
want to find all possible values of h*(A). There are examples h! = 0, 1,4, but until
now there is no examples h! = 2 or 3. Particularly, it turns out that h' of all M (A)
of Sec. Blis equal to 0 or 4.

Hence, at the moment we are far from a solution of questions of [7, Sec. 0.3],
for example: What are possible triples of numbers {h'(M), h1(M), rank of pairing
7m}? Surprisingly, we have no other nontrivial pairings except the ones that are
covered by Theorem 1.2. Moreover, it seems that for “almost all” matrices A we
have h'(M(A)) = 4. The words “almost all” should be understood as follows. Let
us consider the ordy map from May2(Cs) to (QU +00)?* defined as ord’s of entries
of A:

ords(A) = (ord ay1, ord ajz, ord ag;, ord asy) € (QU +00)™.

Conjecture 3.2. There exists a subset i of (Q U 4+o0)* which is the complement
to a union of countably many (maybe even finitely many — we do not know) linear
subspaces of dimension < 3 such that if ord 4(A) € U4 then h'(M(A)) = 4.

For A of the form (B) this conjecture is confirmed by Proposition 6.2. Moreover,
results of some computer calculations (finding of minimal chains, see Sec. 4.2) made
by the authors also support this conjecture.

4. Method of Calculation

We shall solve consecutively for i = 0,1,2,... eq. 32)) for a given A. A solution
(xo,21,x2,...) will be denoted by {x}; if {x} carries a subscript {zx} then the
corresponding (xg, €1, 2, . . .) will be denoted as (xko, k1, Tr2, - . ). There is a trivial
lemma:

Lemma 4.1 (=[7, Proposition 2.3]). Let {x1},...,{z4} be solutions to (3.2).
This set is a basis of the set of solutions to (3.2) over Fy[[T]] iff x10,...,%a0 s a
basis of Sy over F,. |

To calculate ord x; we use the notion of Newton polygon. Let us give the cor-
responding definitions. Let P = Z?:o c;z* be a polynomial, ¢; € Co,. We associate
it a set of n + 1 points on a plane whose coordinates are (i,ord ¢;), i = 0,...,n.
These points are called the Newton points of P. The Newton polygon of P is the
lower convex hull of its Newton points. The ord’s of the roots of P are the minus
slopes of the segments of its Newton polygon.

Let us apply this notion to an affine equation. The 0-th polynomial of an affine
equation gives us a set of Newton points (1,ord ag), (¢,0rd ai),..., (¢*, ord ay).
If the Newton polygon of the 0-th polynomial consists of 4 segments then their
minus slopes are the ord’s of the four elements of a basis of Sy over F,. According
the above notations, we denote these basis elements by x1g, ..., z4. If the Newton
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polygon of the 0-th polynomial consists of less than 4 segments then some of ord’s
of x19,...,x40 are equal.

Now, let us consider the i-th affine equation. Its unknown is z;, we consider
xo,...,2;—1 as already known (fixed). We denote the ord of the sum of the tail
terms of the i-th equation by g;, hence the Newton points of the i-th equation are
(0,9:), (1,ord ag), (¢q,ord a1),..., (¢* ord a4).

Let us recall a notion of a minimal solution from [7), Definition 2.5]: A solution to
(3.2) {«} = (g, 21, x2,...) is called a minimal solution (generated by x) if Vi > 0
it satisfies the following condition: ord x; corresponds to the leftmost segment of
the Newton polygon of the i-th equation ([B2]) (the i-th formula of the series (33])—
B4)), i.e. ord x; has the maximal possible value amongst ord’s of solutions to the
i-th affine equation for fixed g, x1, T2, ..., Ti—1.

Clearly a minimal solution generated by z is not unique. Moreover, it can
happen that even ord z; of a minimal solution vary (i is fixed, minimal solutions
vary): this can occur if there exists a jump of valuation? of the tail terms.

Conversely, let us formalize the situation when ord’s of tail terms are different.
We repeat [7, Definition 2.4]: A solution {z} = (xg,x1, z2,...) is called simple if for
all i we have: among all tail members of the i-th equation ([B2]) for this {z} (i.e.
obtained while we substitute xg,x1, ..., z;—1) there exists only one term whose ord
is the minimal one.

Clearly if one minimal solution generated by z( is simple then all minimal
solutions generated by x( are also simple, and for any ¢ the ord x; are the same
for all minimal solutions generated by xg. They depend only on ¢ and on ord’s of

ag, . .., a4,b12,b13,b14, baa.

4.1

Further, we can define a sequence of ord’s (called a simple minimal sequence)
as follows. We start from ord x;p for some fixed i, i = 1,...,4. We define §;
as the minimum of the ord’s of the tail terms of ([B4]). We define v; (abbrevi-
ation of “valuation of x;1”) as the minus slope of the leftmost segment of the
convex hull of (0,31), (1,ord ag), (¢,0rd ay),..., (¢*,ord as). Now, we consider
the ord’s of the tail terms of (3.5) where instead of ord x; we substitute v;.
Exactly, we define o := min (ord bz + ¢"vi, k = 2,3,4, and ord bay + gord ).
We define vo as the minus slope of the leftmost segment of the convex hull of
(0,G2), (1,0rd ag), (¢,ord ai),..., (¢*, ord as). Continuing this process, we define
g3 := min (ord bz + ¢*ve, k = 2,3, 4, and ord bay + g*v1), we define v3 etc.

For any minimal solution x;g, x;1, Z;2, . . . generated by x;¢ the following inequal-
ity holds:

VJ ord Lij Z vy

dA jump of valuation is a situation when ord a = ord b and ord a + b > ord a.
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(it is proved immediately by induction by j). In particular, if v; — +oo then
a minimal solution generated by x;9 is a small solution. Moreover, we have the
following proposition.

Proposition 4.2. If ord 19 > --- > ord x40 and the sequence v; for x4 tends to
+o00 then h! = 4. O

4.2

This simple criterion was used in computer calculations. We chose random val-
ues of ord a;;, i,j = 1,2 (i.e. 4 random rational numbers). We assumed that
there were no jumps of valuation in terms of the formulas ([B.1), i.e. we put ord
of ag,...,a4,b12,b13,b14, b24 as the minimum of the ord’s of their terms. Further,
we calculated (according the algorithm described in Sec. 4.1) the values of v; start-
ing from ord x40 (the minimal value, see Proposition [£2]). In all considered cases
we had v; — +o00. This supports Conjecture 3.2.

4.3

It is easy to see that if the structure of the convex hull of Newton points does not
depend on ¢ then the behavior of v; is either linear or exponential:

v; = a+ (i (linear, «, 8 are constants), or

v; = a+ [ -~" (exponential, i, 3,7 > 0 are constants). It can happen 3 > 0 or
0<0,y>1orvy<l1.

4.4

Proofs of all propositions of this paper are similar. We use induction to find the
above «, 3,7 and according the cases v > 1 or v < 1 we get the result. Difficulties
occur if there are different types of complex hulls, or jumps of valuation.

4.5

Further research. The reader will see that in order to solve the problem of cal-
culation of h' completely (for all A) we must use computers. There are following
questions.

4.5.1

Is it true that for any fixed A and for all minimal solutions there exists ig such that
for i > igp the types of convex hulls of the Newton polygons of the i-th equation
B2), i.e. the i-th formula of the series (B3)—([4]), are the same (and hence v;
behave like in Sec. 4.3)7

4.5.2
Does there exist an algorithm of calculation of h!(M(A)) for any fixed A?
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Even if the answer to (4.5.1) is YES, we cannot guarantee existence of such
algorithm, because a linear combination of non-small solutions can give a small
solution, i.e. h'(M(A)) can be bigger than the quantity of independent small min-
imal solutions.

4.5.3

Is the quantity of types of the matrices A (see below for the types) finite or not?
In order to prove or to disprove Conjecture 1.5, we should study the lattices
corresponding to uniformizable t-motives. The first question in this direction is

Problem 4.3. Find (describe) Siegel matrices corresponding to M (A) where A is
of the form (3.7) such that M (A) is uniformizable.

5. Case of A of the Form (3.7)

We use notations v, t where v = ord as; and ¢ := ord as = ord (cm + & a?z)

Since aq2 appears in the formulas (3.1) only once (in az), we get that ag deﬁnes a2
uniquely.

2
Theorem 5.1. Fort > —v, v < —# and for t > —qzv, v > qul, we have

hY(M(A)) =0, for other values of t, v, we have h*(M(A)) = 4.

Remark. The set of points on (v, t)-plane having h! = 0 is the union of interiors
and borders of two angles (denoted by A_, respectively A according the sign of
v) whose intersection is empty.

Proof. It will consist of Propositions 5.3, 5.4, 5.6. Formulas (3.1) for the present
case give us

ord ag = —¢*v — ¢ —¢* a3 =0; ord az =t; a1 =0; ord ag = —v;

ord biy = —¢?v — ¢3; b1z =0; ord bjg = —6v where § = 1 for v < 0, 6 = ¢? for
v >0, and ord bip > 0 for v = 0; ord byy = —¢>v.
We denote vertices of the angles A_, respectively A4 by V_, respectively V...
We have
2¢° ¢ +q°
v —
?+1 @?+17

t<— (5.1)

is the condition that the Newton polygon of ([B3]) consists of two segments, their
vertices are (1, —v), (¢2,1), (¢*, —¢*v — ¢ — ¢?).

5.1a.

We have: the straight line t = — gilv — 2“

passes through V_, V.
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If (51 holds then the ord’s of xj, are

ord T10 — ord To0 = 7q2——1t - q2—_11), (52)
d d P S (5.3)
ord w39 = ord x40 = v . .
30 40 P 21 —1
Case 5.2. t < — %3_1 q32'i_'~_q12 and ¢t > —dév. [ETal implies that the set of (v,t)

satisfying these conditions is the union of two angles (denoted by A;_,.414) such
that A, C A_, A1 C A, their vertices are V_, respectively V, and they have
common rays with A_, respectively A, . Let us prove that in this case h' = 0. We
use notations of Sec. @t xg,x1,x9,... is any solution to the affine equation (B.2]),

4 3 2 4
and for any fixed i > 0 let g; := ord (braz] | + bigz] | + biox! | + bogz] 5).

Proposition 5.3. For Case 5.2 for any solution xg,x1,xs,..., we have
o1 1 1 1 .
Vi q—27)+qi—1§07”d sz_QQ—flt_QQ—flv Zf’U<07 (54)
1 1 1 .
Vi ordx; < ord xi_1. (5.6)

Proof. First, we check that conditions of Case 5.2 imply

—v+ < - t— T if v <0, (5.7)

< — t— if 0. 5.8
—1- ¢£-1 qulv o> (5.8)

Case v < 0: (E:ﬂ) is 2" =204l g —1 > t. Because of (B1)), it is sufficient to prove

2 2
that % —-1> - QHU - qq;:ql . This is equivalent v < ——, ie. (B1)

holds. Case v > O. BER) is t < —v — g — 1, this holds for Case 5.2, v > 0.

Now, we use induction by 7. Let ¢ = 0. Condition t < - g‘flv - q32++q12 implies
that ord zg = — =<t — v or ord 7y = i 2t+ = 1v+ L see (5.2), B3).
Both these values satisfy (.4 and (E0)), if the conditions of Case 5.2 hold.

Now, we assume that (54)—(E0) hold for a fixed value of ¢ (where for ¢ = 0

condition (5.0 is omitted), and prove that they hold for i + 1. First, let us prove

that (E4)—(E0) imply that

4 2 4
Vi ord byaz! > ord bigz! < ord bogx? .

This is immediate. For v < 0, we have ord b149:q4 > ord blgl’ 7 is equivalent to
ord x; > 21) + 7T , which holds because of ([G.4). For v > 0 we have ord biaz! >

ord blgl‘i is equivalent to ord z; > ﬁ’ which holds because of (&.3]).
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Further, we have
4
ord b24:v3_1 = fqzv + q40rd Ti1 > —qQU + q40rd T;
2 2
> —dv + ¢°ord x; = ord byax!

the inner inequality because of ord x; > Lv for v < 0, ord z; > 0 for v > 0).
q

Hence, we have g;11 = ord b12z32 = —0v + ¢?ord z;. (B4), (B3] imply

2 2 2
q q 297 — 1
q_1§9i+1§*q2_1t* q2_1v (case v < 0),
7 q*
qz—q20§gi+1§—q27lt—q27lv (case v > 0).

The line defined by the points (¢2,t), (¢*, —¢?v — ¢ — ¢°) (the second segment of
the Newton polygon) crosses the t-axis at the point

2 2 2

q q q
t .

<0,q2_1 +q2_1v+q_1> (5.9)

and the line defined by points (1,—v), (¢?,t) (the first segment of the Newton
polygon) crosses the t-axis at the point

1 2
0, ————t— T_4).
?-1 ¢-1

The fact that for (¢,v) defined by the conditions of Case 5.2, we have the inequalities

1 q2 q2 2q2—1
7q2f1t7q2flvziq271ti q2711} (case v < 0),
1 2 2 4
q > q q

_q271t—q27lv_—q271t—q27lv (case v > 0),

implies that the convex hull of the point (0, ¢;11) and the Newton polygon of the
head of the Eq. (B2) consists of the points

2 2 2
. q
(0,9i11), (¢, 1), (¢*, —¢°v — ¢* = ¢°) if gir1 > g t+ v+

2 2 2
. q
(0,9i41), (¢*, v — ¢* = ¢%) if gip1 < P i v+

2 2 2
; q q q .
Hence, if g;11 > q2_1t + 2TV + 1 then there are two values of ord x;41:

1 ) 1 1 1

ord x;411 = ord x; — —t——=v and ord z;112 = T
' q q ' q° —

where ord z; 1,1 > ord ziy1 2.
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If giy1 < 2 lt + v + 4 then there is one value of ord z;1:
1 -0 1
0rdmi+1:—20rdxi+q T v—&—qt .
q q q
In all cases, we have (B4)—(&0) for ¢ imply (E4)-(&6) for ¢ + 1: This is checked
immediately. O

Proposition 5.3 implies that for the domain ¢ < fqg‘i_l q;t_qf and t > —ov,
we have h! = 0.

Proposition 5.4. Ift < — v — t < —dv then h' = 4.

2+1 2+1 bl

Proof. We consider a minlmal Chaln generated by x40, see Proposition 4.2. V\ie
abbreviate 2 := = + q 7 (& from (5.9)) and « := min (ord bysxf,,

ord b12x40) A where ord Za0 18 from (IBBI) Condition ¢ < —dv implies a > 0. We
shall prove by induction that for all 4

gi > A+ ai, (5.10)
ord x4; > ord x40 + %i. (5.11)
q

Inequality (BIT)) holds for ¢ = 0 and (EI0) holds for ¢ = 1. Further, truth of
(GIQ) for i implies truth of (E.IT]) for i (if the convex hull of (0, g;); (1, —v); (¢2,t)
is the segment (0, g;); (¢%,¢) and g; = A + i then in (5.I1]) for i we have equality;
if not then ord xy4; is higher).

So, we should prove that truth of (EI1J) for ¢ implies truth of (EI0) for ¢ 4 1.
We have: truth of (5I0) for ¢ + 1 is equivalent to

ord b14x?1: > A+ ali+1),
ord blgl’Z: > A+ i+ 1),

ord b24x?1171 > A+ ali+1).

All these inequalities follow immediately from (G.I1]) for ¢ and the conditions of
the proposition.

Finally, (5.11]) shows that x ;o generates a small solution for j = 3,4. For j = 1,2
the same inequalities (EI0]), (EIT) also hold, hence the proposition (also, we can
use Proposition 4.2). O

Case 5.5.1 > — 2+1 2+1 This is a condition that the Newton polygon of the
head of the equation consists of one segment, its vertices are (1, —v), (q ,—q v —
¢ —¢%), and

7}—

1 q?

F+1" T G-D@+ D (12)

V] ord Tjo =
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2
Proposition 5.6. For Case 5.5, we have h* =0 ifv> - v < —L_ and h' =4
) q—1° q—1°
otherwise.

Proof. Induction. We consider five cases; the proofs for all these cases are simi-
lar. The following equalities (cases (a)—(d)) and inequalities (case (e)) hold for all
solutions of ([B2]), not necessarily for minimal solutions.

(a) Case v > —1=: We have
q

1 1 1
-V + — o
@+  q—1 (¢?+1)(qg—1)¢*
Really, for ¢ = 0 this is (512]); this argument will be also valid for the below cases
(b)—(e). The induction step from i to i + 1: we have

(5.13)

Vj, i ord Tji =

dbpat — (— L ¢ ¢ 5.14
ottt = \@ g )Tl @D -0 (5.14)
2 2 2
> q ) q q
d byoz? = _ 5.15
ore P12t ((q2 T ! ) T @ DD (5.15)

6
dbyat = (=L - - (51
e <<q2+1>q21 L R RV (V7

5.2a.

The below arguments hold for all cases (a)—(d), and they are slightly modified for
the case (e).
For v of the present case, we have

; C < ord b24mg,4i_1 (here i >1). (5.1)

q

4
4 <ord biaz? ord bigz?

ord bisx i i
We get that for v of the present case the Newton polygon of the equation for
Zjit+1 1s a segment (0, ord blgl‘?i ), (g%, —q?v — ¢ — ¢%), hence, we get the induction
proposition.

(b) Case v < qu_—zl. Analogs of (E13)—-(EI4) are

vt ordasi= (qi? (¢ +1q2)q2i> ot qi 1 (¢~ 1)(161 e 02
ord bz = - (¢® +q21)q2iv i qq3 L (2 1)%2 —1g*” 53

ord bmx?: T (e +11)q21 qq2 1 (¢ + 1)%2 — 1)g*’ (5:4)

ord bty = - (¢® +q41)q2iv i qQ4 L (2 1)%2 — 1)g*" 55

Arguments [5.2al are the same.
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¢) Case 0 < v < —. Analogs of - are
qg—1

q2 2i q2 2
it ot = (1 ) v+ i >0
6 6
@ _ (a4 2 4 2i g 9 o3
ord biszf; = (q q 7 11 >v+ e 1)q q°, (5.7)
4 4
2 q i q i
Ord le,ﬁE;I»i = 7q2 + 1q2 v + mq2 5 (58)
dbouz? = [g*— g2 - L g2 SR S—- .
Ore Dt (q CoEat) " -0t 8

Arguments [£.2al are the same.
2
(d) Case — -5 < v < 0. Analogs of (B.I3)-(G.I6) are

1 . q2 .
Vi, i ordzy = 2y + 2 5.10
I = et Ut Erne- ! (510)
4 6
4 q 2i 2 q 2i 3
ord bzl = — v+ ——"77—q¢"—q°, 5.11
2 4
ord blgoz‘f = < P 1) v+ q—q%7 (5.12)
*o\g+1 (> +1)(g—1)
2 4
4 q 2i 2 q 2i
ord bogz?. |, = — vt ————q~. 5.13
24 7yi—1 <q2 + lq q ) (q2 + 1)((] IR 1)q ( )

Arguments [0.2al are the same; in order to prove (G.II) for this case it is sufficient
to check these inequalities for the values v = 0 and v = qu_zl; truth of (&1 for
intermediate values of v holds by linearity.

(e) Case v = 0. It is slightly different from the above cases because we have

ord b1z > 0 and equalities (BI3)—(E10), (B2)—-(I3) are replaced by inequalities:

2

o q 2i
Vi, v ordxzy > ——"———q", 5.14
" PG o1
ord bysz?, > Lq% Sy (5.15)

14 Jir = (q2+1)((I71) P} .
4
2 q .
d bzt > ——F — g% 5.16
ord 012%;; = @+ 1)(q - 1)(1 ) ( )
4 .

ord bpgz?, | > ——d g% (5.17)

P (2 D)(g - 1)
Formulas (&) are modified as follows:

4 4
4 q ; 4 q i
4 >__ 1 0000 2. ord b gjq > 21_
PEE A “ !

ord bysx —_—
a P @ D)
All other arguments are the same.
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We get that for the cases (c)—(e), we have ord xj; — +00 as ¢ — oo, while for

the cases (a), (b) ord z;; is bounded. This proves the proposition. |
Propositions 5.3, 5.4, 5.6 cover the whole plane (v, t), hence we get Theorem 5.1.
O

6. Description of the sets h! = 4, h! = 0 in terms of a2, a2
Let w = ord ajs and v = ord as; as above. Here, we find the sets of h! = 4,

h' =0 on (u,v)-plane. This will give us an improved estimate (1.4) for the matrices
A= (agl “12), see Proposition 6.3.

Further, we verify that the symmetry with respect to a;2 «— ao; really takes
place. Although the ¢t-motives M (A), M(A)" are isomorphic (a matrix (? (1)) gives a
change of basis between M(A) and M(A?)), the equality h'(M(A)) = ht(M(A"))
is not seen beforehand, because formulas (3]) are not symmetric with respect to
the transposition of A.

6.1

We have t = ord ag = ord (% + % — ai,). There are 3 domains on the (u,v)-
(l

coordinate plane, according the mlmmahty of ord’s of the 3 summands of as. Let
us describe them. There are 3 rays (half-lines) Ry, R2, R3 having the same initial

point (U,’U) = (7#113 7#)
The ray R; has the equation v = —%7 u > —%;
The ray Ro has the equation v = —qu —¢q, u > — q+1’
The ray R3 has the equation v = fqu —1u<— q+1’

The open domain between the rays R; and R; is denoted by D;;.

2
In Domain D15, we have ord 22 < ord & 2, ord L <ord a,, ie. t=—-v—q.
a
Theray t = —v—q, v < —qf’l on the (v,t)—coordlnate plane is entirely in the
domain h' = 4 (see Theorem 5. 1)
2
In Domain D13, we have ord &5 < ord 92 ord &5 < ord aly ie. t = —qg®v—¢>.
a21 a21

The ray t = —q¢*v — ¢*, v > fq%l on the (v,t)—coordmate plane is entirely in the

domain h' = 4 (see Theorem 5.1).

In Domain Dy3, we have ord af, < ord 2 “, ord afy < ord — ie. t = qu. The
image of Do under the map (u,v) — (¢,v) deﬁned by (u,v) +— (qu v), is the open
interior of the angle formed by the rays t = —v — ¢, v < — 5 and t = —q¢%v — ¢,
v > — 5. It is entirely in the domain h' = 4 (see Theorem 5.1).

In particular, we get that Conjecture 3.2 holds for the case under consideration.

Proposition 6.2. The set of points on (u,v)-plane such that M(A) can be non-
uniformizable is of dimension less than 2 (i.e. “almost all’ M(A), A of the form
(3.7), are uniformizable). m|
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R

q+1’

Theorem 5.1, all these points have h' = 4. Moreover, Theorem 5.1 shows that
2

if -5 <wv< ﬁ then h! = 4. This means that the only points on (u,v)-

coordinate plane where it can happen h' = 0 are subrays Ry, respectively Rz of

For the points of the ray R;, we have v = t can vary. According

R,, respectively R3 having initial points

u=-—7, v=_—7 for R,

for Rs.

Remark. (1) We see that Ry, Rz are symmetric with respect to the symmetry
u «— v as it must be.

(2) Clearly not for all aj2,as such that their ord’s belong to Ry, Ry we have
ht =0.

Further, we get the following proposition.

Proposition 6.3. Let A = (agl ‘%2). If ord a2, ord az; > —qul then M(A) is

uniformizable. |

Remark 6.4. Example [4, 5.9.9] shows that this estimate is exact. Really, we have
(cis of [d; r of [] is g of this paper®) ord ¢ = 1. After a change of the basis with

1+q+q?

the matrix (C 0 ) the equation of [4, 5.9.9] becomes (2.3) of this paper,
0

c1-d?

with ord ao = ﬁ, ord ag = 7qu21' We see that the example [4, 5.9.9] belongs to
the initial point of the ray Rs.

Second proof of the equality h!(M(A)) = ht(M(A’)) for A of the form (3.7).
We consider a subset U (described below) of A on the (v, t)-coordinate plane,
and we give a direct proof (without using Theorem 1.2) of the following proposition.

Proposition 6.5. Let a12,a21 be such that their (v,t) belong to U, and let A be of
the form (3.7). In this case, we have h'(M(A)) = h'(M(A")).

Remark. The restriction (v,t) € U is not essential, the same methods will give us
a proof for any values of (v, ).

Proof. Conditions ord as; = v, ord as = ¢t mean that 3 z,y € C, such that
ord x = ord y = 0 and such that

a1 = e—vx7 a2 = G_t%

°The equation of [4] 5.9.9] contains a misprint: The (2,1)-term of the first matrix is 1 — ¢"*! and
not 1 — ¢" as it is printed.
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we have

Q=
N

a @
a12 = o + 0—2 —ay| =0Ty 4 T G_éty .
@21 ag
For (v,t) € Ay, we have 7(1+%v) > —(qu+q) < %t, hence u = ord a1 = —(qu+q).
We have (v,t) € Ay = (u,v) € Rs.
We denote objects for the dual t-motive by prime, i.e. ajy = ag1, ab; = a1z, etc.
We have!

2 2
q q a_ q' 1" q
,_ 0 + 0 o a 07 — ayy ay + 0
o= T ¢ %2 = o s
21 Ay 21 Az
1 2
g(—at vt a Jr g—av— quq 94
B al /g2
21 ab;

We consider only the case t < —v — ¢q. We denote Ay N{t < —v — ¢} by U. For
(v,t) € U, we have

1 1 1 1
ord 077" alxlys < ord §TIT VT

hence
91wty 1
t" = ord a3 = ord %y =2qu+ —t+q
a1 q
qu
(because ord s > ord “M)
21

We get that for (v,t) € U the numbers v', ' are given by the formulas

v =—qu—q,

tl

1
2qv + at—&-q.

The easiest way to find the image of U under this linear transformation is to find
images of some points P, on borders of U. We have

Pi: v=gq, t=—¢ (side of both U, A,). Its image: v/ = —¢* — q, t' = ¢*> + q (side
of A_)

Py v = qi—l t = qu_—zl (vertex of both U, Ay). Its image: v/ = qu_—21, t = qq%
( ertex fAL).

P v = = Lt = % (vertex of U, side of A,). Its image: v/ = fq‘i—zl,

t = % (side of A_).
Py: v =q,t = —2q (side of U, interior of A, ). Its image: v = —¢®>—q, t' = 2¢*+q—2
(interior of A_).

fThe reader can see that in this elementary calculation some terms cancel, just as teeth of a gear
fit into one another. This is quite typical for mathematics; this cancelation exposes a symmetry
of the present construction, not seen in (3.9), (3.10) of [7].
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We see that the image of U under this linear transformation is in A_, as it
must be. |

7. Case of A of the Form (3.8])

For simplicity, we consider the case ¢ = 2. We use notations v = ord a2, v =
ord ag; as in Sec. Since ass = 0 the value of ao for the present case is the
same as in Sec. [0l hence we have the same R;, D;; (1,7 = 1,2,3) as in (6.1). We
have: ord ay = —4v — 12; ord ag = —4v — 8; ord as > min (—4v — 4; —v — 2; 2u);
ord a; = —v—1; ord ag = —wv. The tail coefficients are: ord b1y = —4v—8, ord b13 =
—4v — 4, ord b1o = —4v for v > 0, ord bys = —v for v < 0, ord b1 > 0 for v = 0,
ord boy = —4wv.

Case of Domain D;3.

For (u,v) € Di3, we have ord ag = —4v — 4. If v > —% then the Newton polygon
of B3)) has vertices (1, —v), (4, —4v — 4), (8, —4v — 8), (16, —4v — 12) and ord xjo

are respectively v + %7 v+ %7 1, %

If v < —3 then the Newton polygon of B3) has vertices (1,—v), (2,—v — 1),
(8, —4v — 8), (16, —4v — 12) and ord w;, are respectively 1, $v + %7 v+ L, 3.
Proposition 7.1. For the subdomain (u,v) € {Domain D13, v > 0}, we have
h' = 4.

Proof. Let 2 be a solution to (B3). We consider its minimal solution zg, 21, xa, . . ..
We shall prove by induction that ord x; > %z + %; this implies the proposition. For

1 = 0 this is true: ord o > % Let us prove that if this is true for some ¢ then this
is true for 7 + 1. First, we consider the case i = 0. Ord’s of the tail terms are:

ord 6149:(1)6 > —4v; ord blgl’g > —4v; ord blgl’% > —4v+2,

hence g1 > —4v. The Newton polygon has a point (4, —4v — 4), hence we get
ord x; > 1, the induction supposition is true for ¢ = 1. So, now we consider the
case ¢ > 0. For this case ord’s of the tail terms are

ord b14x}6 > —4v + 8i;
ord byzz$ > —4v + 4i;
ord blgl’? > —4v+ 2+ 21,
ord b24x}§1 > —4v+ &

hence g;y1 > —4v + 2 4 2i. Again, joining the points (0, —4v + 2 4 2i) and
(4, —4v — 4) we get ord x;41 > (i + 1) + 3 — the induction supposition for i + 1.
O
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Proposition 7.2. For the subdomain (u,v) € {Domain D13, —% < v < 0}, we
have h* = 4.

Proof. Similar to the proof of Proposition 7.1, we use the same notations. As above
we have ord zg > % Let us evaluate ord z1. We have

ord b14x(1)6 > —4w;
ord blgl’g > —4v;
ord blgl’% > —v+ 2.

If —% < v <0 then —4v < —v 4+ 2, hence g1 > —4v. As in Proposition 7.1, we
getord xy > 1 (ifv < —% then the point (4, —4v—4) is above the Newton polygon.
In this case ord z; > 1 also holds).

Now, the induction supposition is the following: ord x; > 4°~'. This is true for
1 = 1. For a fixed i, we have

ord bygzi® > —4v — 8 + 47+
ord blgl’? > —4u—442-4%
ord blgl’? > —v+ 4%

ord bogx}8, > —4v + 4%

For i > 1 all these numbers are > —v + 4%. Joining the points (0, —v + 4%) and
(1, —v) we get ord ;1 > 4% O

Propositions 7.1, 7.2 show that for all (u,v) € D13 we have h! = 4.

Now, we consider the case of Domain Dis. For (u,v) € D1y we have ord as =
4

—v — 2. First, we consider the case v > —3

Proposition 7.3. If (u,v) € D13 and v > —% then ht = 4.

Proof. If (u,v) € D12 and v > —3 then the Newton polygon of (3.3) has vertices
(1,-v), (2,—v—1), (8, —4v—38), (16, —4v —12) and ord ;o are respectively 1, %v+
71 71
62V t6 3

We consider consecutively minimal solutions generated by zjo for all j =
4.

—_

geeey

Lemma 7.3.1. All minimal solutions generated by x19 are small.
Proof. Since ord z19 = 1, we have ord b1471 = —4v + 8, ord bizzf, = —4v + 4,
ord blgz‘llo = —v+4 and

ord (b1axi§ + b132f, + biaz},) = min {—4v + 8, —4dv + 4, —v + 4} = —v + 4.
Hence, g1 = —v+4 and ord z1; = v + (—v + 4) = 4. By induction, continuing this
calculation we get a small solution x1;, ¢ € N, with ord x1 ;41 =4 - ord z1;. Really,
for i« = 0 we just showed that ord 19 = 1 and ord z1; = 4.
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Induction step ¢ = ¢+ 1: The free term in the Newton polygon for ord 1 ;41
has the form ord b14m}? + b13$§i + blgx‘lli + b24m}?i_1. Therefore its order is

min {—4v—8+16-ord z1;, —4v—4+8-ord z1;, —v+4-ord x1;, —4v+16-ord 1,1}
(because there exists only one minimal value, see below).

By induction, the assumption v < —% and the fact ord z1; > 0, this is equal
min {—4v—8+16-ord z1;, —4v—4+8-ord xy;, —v+4-ord x1;, —dv+4-ord x1;} =
—v + 4 - ord z1; (the only minimal value).

The leftmost segment of the Newton polygon gives us a solution ;1 with

ord 21,41 = v+ (—v+4-ord z1;) =4 - ord x1;. O
Lemma 7.3.2. All minimal solutions generated by xjo, j = 2,3, are small.

Proof. Since ord zjo = v + £ (here and below j = 2,3) we have ord buuzjy =
41)—&—%, ord blgl‘?O = 13—67 ord blgx% = v—|—13—4 hence g1 = v—&—%. The leftmost segment
of the Newton polygon gives us a solution x;; with ord ;1 = v+ (v+ 13—4) =2v+ %
which is again 4 - ord 0.

As earlier, by induction, continuing this calculation we get small solutions x;;,
i € N, with ord z; ;41 = 4-ord zj;. Really, for i = 0 we just showed that ord x;; =
4 - ord Z50-

Induction step ¢ == i+ 1: The free term in the Newton polygon for ord z; ;41
has the form ord b14m}? + b13l‘§i + blgm;ﬂ- + b24m}’6i71. Therefore its order is

min {—4v—8+16-ord z;, —4dv—4+48-ord xj;, —v+4-ord z;;, —4v+16-ord x; 1}
(because there exists only one minimal value, see below).

By induction, the assumption —% <uv < —% and the fact ord x; > 0, this is
equal min {—4v — 8 + 16 - ord zj;, —4v — 4 + 8 -ord xj;, —v + 4 - ord xj;, —4v + 4 -
ord z;;} = —v+4-ord z;; (the only minimal value).

The leftmost segment of the Newton polygon gives us a solution x; ;41 with
ord zj i1 =v+ (—v+4-ord z;;) =4 ord xj;. O

Lemma 7.3.3. All minimal solutions generated by x49 are small.

Proof. It is completely analogous to the proofs of the above lemmas. Since
1

ord x40 = 5 we have ord brawil = —dv, ord byzal, = —4v, ord biaxjy = —v + 2.

Hence g1 = —v + 2, because —v + 2 < —4v if and only if v < —%. The leftmost
segment of the Newton polygon gives us a solution x41 with ord z41 = v+(—v+2) =
2 which is as before 4 - ord x49.

As earlier, by induction, continuing this calculation we get small solutions x4;,
1 € N, with ord x4 ;41 = 4-ord z4,. Really, for ¢ = 0 we just showed that ord x4 =
4 -ord wyg.

Induction step ¢ = i+ 1: The free term in the Newton polygon for ord x4 ;1
has the form ord biyzf? + bisz§; + bioxd; + basziS_,. Therefore its order is

min {—4v—8+16-ord x4;, —4v—4+8-ord z4;, —v+4-ord z4;, —4v+16-ord 4,1}
(because there exists only one minimal value, see below).
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By induction, the assumption —% < v < —2 and the fact ord z4; > %, this is

equal min {—4v — 8 + 16 - ord x4;, —4v — 4 + 8 ~30rd Tai, —v +4-ord x4, —4v+ 4 -
ord x4;} = —v+4-ord z4; (the only minimal value).

The leftmost segment of the Newton polygon gives us a solution 4 ;1 with
ord 24,41 =v+ (—v+4-ord x4;) =4 - ord x4;. O

These three lemmas show that there are 4 linearly independent small solutions,
ie hl=4. O

Proposition 7.4. If (u,v) € D12 and v < —% then h' = 4.

Proof. If (u,v) € D12 and v < —% then the Newton polygon of (3.3) has vertices
(1,-v), (2,—v—1), (4, —v—2), (16, —4v—12) and ord z,( are respectively 1, %7 %v—i—
5 1 5
61V T 5

For j = 1, respectively 2, we have the same values of ord z;; (minimal solutions)
as in Lemma 7.3.1, respectively 7.3.2, i.e. these minimal solutions are small.

Let us consider the case j = 3,4, i.e. ord ;0 = %v+ %. ‘We have ord b14;z;}8 = 13_67
ord blglE?O = —2v+ %, ord blgx% = %. Since v < 732) the minimum of these three
values is % and we have g; = %,

Therefore, there are three cases of the Newton polygon:

(a) If v+ % > 1 equivalently v > 7% or ord xjo > i, then the Newton polygon
for z;j; has the first two vertices (0,22) and (1,—v) and the order of the small
solution xj; is v + 13—0 =4- Or(}ozjo-

(b)If1 > 11+13—0 and UH% > %, equivalently f% >0 > f% or % > ord xjo >
0, then the Newton polygon for z;; has the first two vertices (0, %) and (2, —v—1)
and the order olf0 the small solution x;1 is 3(v+ ) = $(4 - ord z0) + 1.

(c) If UH% < %, equivalently v < —% or ord z;o < 0, then the Newton
polygon for ;1 has the first two vertices (0,42) and (4, —v — 2) and the order of

3 )
the small solution x;1 is 7 (v+ %) + 5 = 7(4-ord zj0) + 5 = ord zj0 + 3.

Lemma 7.4.1. If there exists i € N such that ord xj; = 4 - ord xj;—1 > 1 then
ord xj ;41 =4 - ord xj;.

Proof. By hypothesis, we have ord x;; = 4 - ord x; ;1. Under this condition the
ord’s of the tail terms:

—4v -8+ 16 -ord xj;, —4v —4+8-ord xj;, —v+4-ord xj, —4v +4-ord xy;
are different, and conditions v < f% and ord xj; > 1 imply that their minimum is
—v+4-ord zj;. Since —v — (—v+4 - ord zj;) < —1 then the Newton polygon for
xj+1 has the first two vertices (0,—v + 4 - ord z;;) and (1, —v) and the order of
the minimal solution x; ;11 is 4 - ord xj;. O

Lemma 7.4.2. If there exists i € N such that ord x;; = 2-ord x; ;1 +% > %, then
ord xj ;41 =4 - ord x;; > 2.
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Proof. The ord’s of the tail terms are the following:

—4v—-8+16-ord xj;, —4v—4+8-ord zj;, —v+4-ord x;;, —4v+16-ord x; ;1.
By hypothesis, we have —4v — 4 + 8 - ord j; = —4v + 16 - ord z;;—1 and with
ord x;; > % we get —4v—4+8-ord x;; < —4v—8416-ord x;;. Because of v < —%
and ord zj; > 0 we have —v +4-ord x;; < —4v —4 + 8- ord ;. We get

min {—4v — 8+ 16 - ord zj;, —4v — 4+ 8- ord xj;, —v+4-ord xj;, —4v + 16 -
ord x;;—1} = —v+4-ord zj; (the only minimal value). Since —v—(—v+4-ord xj;) <
—2 then the Newton polygon for x; ;11 has the first two vertices (0, —v+4-ord ;)
and (1, —v) and the order of the minimal solution x; ;11 is 4 - ord z;; which is > 2.

O

Lemma 7.4.3. If ord x;; = ord xj,;_1 +% < % and if ord xj; = %erc where ¢ > %
then

1
4-ord xj; if ord xj > T
1 1
ord xji41 =1 2-ord xj; + 3 if 0<ordzj < 1
1
ord x;; + 3 if ord x;; < 0.

Proof. The ord’s of the tail terms are the following:

—4v—-8+16-ord xj;, —4v—4+8-ord zj;, —v+4-ord x;;, —4v+16-ord x; ;1.
By hypothesis, we have —4v — 8 + 16 - ord z;; = —4v + 16 - ord z;,—1 and with
ord zj; < § we get —4v — 4+ 8- ord zj; > —4v — 8 + 16 - ord zj;. Because of
ord zj; = +v+c we have —4v—8+16-ord z;; = —8+16c and —v+4-ord z;; = 4c.

Condition ¢ > 2 implies —4v — 8 4+ 16 - ord zj; > —v + 4 - ord x;;. Therefore
min {—4v — 8 + 16 - ord x;;, —4v — 4 + 8 - ord xj;, —v + 4 - ord z;;, —4v + 16 -
ord x;;—1} = —v+4-ord z;; (the only minimal value). If —v—(—v+4-ord xj;) < —1,
equivalently ord x; > %, then the Newton polygon for x;;,; has the first two
vertices (0, —v + 4 - ord zj;) and (1,—v) and the order of the minimal solution
Tji41 is 4 -ord Zji which is Z 2.

If —v—(—v+4-ordzj;) > —1 and 7U717(7U2+4'0rd i) < -1,
0 <ordzj < i, then the Newton polygon for z; ;41 has the first two vertices
(0, —v+4-ord z;;) and (2,—v — 1) and the order of the minimal solution x; ;11 is
74-0rd2xji+1 =2 OI‘d :ZJ]'Z' + %

If (—v—1—(—v+4-ord z;;))/2 > —%, equivalently 0 > ord zj;, then the Newton
polygon for x; ;11 has the first two vertices (0, —v+4-ord z;;) and (4, —v—2) and
the order of the minimal solution z; ;41 is (4 - ord zj; +2)/4 = ord xj; + % O

equivalently

Now, we can finish the proof. We have ord z;o = %v + %, j = 3,4. Condition
v < 7% implies ord x;o < % Lemma 7.4.3 implies: If ord z;0 > % then ord z;; =
4 -ord zjo > 1. Lemma 7.4.1 shows that the corresponding minimal solution is
small, it satisfies ord xj; = 4° - ord ;.
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If0 <ord zj0 < 7 then ord zj; = 2-ord x]o—&— > . Applying Lemma 7.4.2, we
get ord xjo =4 - ord x;1 > 2. Lemma 7.4.1 shows that the corresponding minimal
solution is small, it satisfies ord zj; = 4°=! - ord z;;.

If ord zjo < 0 then ord x;; = ord xjo—l—%. There exists a number k£ € N such that
0<ord zjo+ k- % < % By Lemma 7.4.3, we have ord x;, = ord x; ;—1 + % Also,
by Lemma 7.4.3 if ord zj;, < 1 then ord ;11 = 2-ord xj, + 3 L l and therefore
ord m] ko = 4-ord x5 41 > 1 Hence, We get a small solutlon Wlth ord x4+ =
41 . ord xjk+1- Otherwise, if ord xjp > 3 L then ord ZTjgpt1 =4-ord ;> 1 and
therefore we get a small solution with ord Tj ki = 4% . ord T k- O

These propositions show that for all (u,v) € D1 we have h! = 4.

Remark 7.4.4. End of the proof of Proposition 7.4 (case of Lemma 7.4.3 and the
very end of the proof) shows that two types of the Newton polygon and respectively
two types of the growth of ord z; can occur: linear for small ¢, ¢ < k and exponential
for ¢ > k.

Now, we consider the case (u,v) € Das. We get a result only for a subset of
Ds3 denoted in [3, Sec. 9] by Dy31.1.2. It is defined by the inequalities v < 7%7
—2u—4>v>—2u—3.

Proposition 7.5. For all (u,v) € Da31.1.2, we have h' = 4.

Proof. We have (see [3| Sec. 9]: If v < —3 then the convex hull of the points (1, —v),
(2,—v —1), (8, —4v — 8), (16, —4v — 12) consists of the points (1, —v), (2, —v — 1),
(16, —4v — 12) (case Dysl). If v < —3, 2u < —v — 3 the Newton polygon of (3.3)
has vertices (1, —v), (4,2u), (16, —4v — 12) (case D231.1 of [3] Sec. 9]).

. ; 1 1 1 1 21y 2,1
We have ord z;o are respectively, gu+zv+1, gu+gv+1, —3u—gv, —3u—30.

We prove by induction by ¢ that for all (u,v) € Da3l1.1.2, for all solutions {x},
for all i > 0 we have ord z; > (% — i)u+ (3 — i)v + 1. This is true for i = 0.
Using the induction assumption for i, we get

ord byax!® > (8 = 8i)u+ (3 — 4i)v + 8,

ord bygaf > (3 — 4i)u+ (—3 — 2i)v + 4,

ord bisa! > (2 — 2i)u+ (3 —i)v +4,
ord bogx!®) > (32 — 8i)u+ (1 — 4i)v + 16.

For all (u,v) € D931.1.2, for all i > 0 a minimal of these four numbers is the
third one (for ¢ = 0 the fourth number is not considered, and the first number is
equal to the third one). This means that g, is > (3 — 2i)u+ (3 —i)v +4. Further,
for all (u,v) € Da31.1.2, for all i > 0 we have (2 —2i)u+ (2 —i)v+4 > Su+ Fv+4,
hence ord x;41 > the minus slope of the segment (0, (2 —2i)u+ (3 —i)v+4); (4, 2u)
which is equal (3 — (i +1))u + (3 — (i + 1))v + 1. This implies the induction
supposition.
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Finally, we have V (u,v) € D331.1.2 ( — i)u+ (3 — 2i)v +1 tends to +oo as i
tends to 400, hence any x( generates a small solution, hence all Anderson t-motives
in Dy31.1.2 are uniformizable. O

8. Case of Jump of Valuation of the Terms of a

Here, we continue to study the case of A of the form [BX]), but now we consider
the case when there exists a jump of valuation of the terms of as, i.e. ord’s of some
of the terms of as are equal. This can occur if (u,v) € Ry U Ry U R3, where R; are
from Sec.[6l As in Sec. Bl we denote t := ord as.

Proposition 8.1. If (v,t) satisfy 0 < v < 2, t > ——v - = (thzs is a subset of
D233.3 of [3, Sec. 9]) then h' = 4.

Proof. Conditionv > — 1 ,t > —7117 % means that the vertices of the convex hull
of the Newton polygon of (3.3) are (1,—v), (8, —4v — 8), (16, —4v — 12) and ord’s
of o are %, %v +% (three times). In particular, Vi =1,...,4 we have ord x;0 > %
Before starting induction, we evaluate ord x;;, ord x;2. We have

ord b149310 > —4v,

ord b13$i0 > —4wv,

ord blgx?o > —4v + 2 (because v > 0), hence g; > —4v. Joining the vertices
(0,91) and (8, —4v — 8) we get ord x;1 > 1.

Further, we have
ord b14x > —4v+ 8,

ord b13l‘i1 > —4v+4,
ord blgx?l > —4v+4,
ord b24x}06 > —4v + 8. By the same reason, we get ord x;o > §.

The first induction supposition is: ord x;; > 2 — 2J s—. This is true for j = 1, 2.
We assume that this is true for j — 1, j, and prove that this is true for j + 1. We
have ord @; j;1 > min ((ord biyz;) — (—4v — 8))/8, (ord bizzy; — (—4v —8))/8,

(ord bioxy; — (—4v —8))/8, (ord basz;§ | — (—4v —8))/8). These four numbers
satisfy inequalities

(ord biyziy — (—4v —8))/8 > 2(2 — 51)s
(ord b139:?j —(—4v—-38))/8>2— 2%1 +1
(ord brah, — (~4v—8))/8 2 2~

(ord bosw;§_ | — (—4v—8))/8 > 5~ . The minimal is the third number; this
implies the induction supposition.

Now, we consider the segment of the Newton polygon (0,¢;) — (1,—v). We
denote € = 2 — v. There exists jo such that ord z; j,—1 > 2 — %. Let us evaluate
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ord x; j,+1, ord x; j,+2: For them the point (1,—v) belongs to the convex hull of
the Newton polygon for these z;;. Really,

min (ord 171495}’6]»07 ord blgl‘ijo, ord blgac?’j07 ord b24x}’6j0_1) = ord blgxﬁjo

(because ord z; j,—1 > %)7 and the slope of the segment of the Newton polygon
(0,9;) — (1,—v) is > 2+ 2¢, i.e. ord @; jo4+1 > 2 + 2¢. Analogously, ord x; jo+2 >
2 + 2¢ (we use the above arguments for jo + 1 instead of jy).

The second induction supposition is: ord z; j,1+; > 2 + 2771 (j > 0). Really,
this is true for j = 1,2. We assume that this is true for j — 1, j, and prove that this
is true for j + 1. We have

ord b14x1’6jo+j —(~v) > —3v+24+ 2771 . 16e > 2 + 27,

7

ord bygaf ;4 ; — (—v) > =30+ 1242771 . 8¢ > 2+ 27,
ord b12I?7j0+j —(—v) > -3v+8+2"1 . 4e > 2+ 27

ord bogi8 i — (—v) > —3v+32+2772 .16 > 2+ 27

7

This proves the induction supposition, and hence the proposition. O

Proposition 8.2. If (v,t) satisfy v > 2, t > —%v - % (this is a subset of D233.3)
then h' = 0.

Proof. First, we consider the maximal value of ord xy and their minimal solution

;. We denote «; := ord x; —2. We have ag = %v—g > 0. The induction supposition

is aj11 = /2. Let us prove it. We have
ord b14x}6 = —4v + 16, + 24,
ord byzz$ = —4v + 8a; + 12,
ord blgx? = —4v + 4a; + 8,
ord b24x}§1 = —4v + 32«¢; + 16.

According the induction supposition, we have a; > 0, hence the above numbers
are different and g;11 = —4v+4a;+8. The convex hull of (0, g;+1), (1, —v), (2, —v—
1), (4,t), (8, —4v — 8),(16,—4v — 12) consists of the points (0,gi+1), (8, —4dv —
8), (16, —4v — 12) — this follows immediately from %v - g > a; > 0and v > 2.
Hence, the maximal value of ord x;11 is 2 + «; /2, hence the supposition.

This means that these minimal solutions are not small.

Let us consider the case of ord zg = % and its minimal solution. We have in this

case

ord b14x(1)6 = —4uv,
ord byzzd = —4v,
ord biaxry = —4v + 2, i.e. a jump can occur. Hence, we have to consider one

. . . 16, 24 .
more term in an approximation. We denote co := a0~ 7Y~ 7, i.e. ord co > 0. The

1/2
first approximation to xq is zg = a% (it is obtained if we consider only the first
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1/2

two terms of (B3))). Hence, we let Ag := 29 — ae ie. xg=ANg+ 1L Substltutmg
this value to B3), we get

a4A(1)6 + agAg + agAé + alAg + aoAO

2 1/2
970742 oy ) o 8.2.1
’ < et a1 02 T a6 ( )

1/2
we have ord 9%”_%61%1 co > which is always less than ord - 92, ord Z;e,
hence ord of the free term of (8.2.1) is > M. Comparing with a Newton point
(8, —4v — 8) we get that ord Ag > % > %7 because v > 2.

Now, we substitute the obtained value of z¢ to ([4]). The sum of the tail terms

08104 <E +A(1)6> 4+ 4 aZﬁ (a% +A8>
a5, 0

1 1 a%l 4>
N +A 8.2.2
(a21 21> ( 4 ( )

Taking into consideration that ord Ag > 2 we get that the term aT0—4 of (8.2.2)
has the minimal ord = —4v + 2, all other terms of (8.2.2) have the higher ord’s.
This means that g1 = —4v 4+ 2 and ord x; = %.

The continuation is simpler because there will be no more jumps of valuation.

—16v—10
7

is

The induction supposition is: for ¢ > 1 we have ord z; = 2 — 21“ This is true for
i = 1. Let us assume that this is true for some 7, and prove that this is true for
i+ 1. We have

ord bz = —4v + 24 — 21 -

ord byzzf = —4v 412 — 725,

ord blgl';l = —4v+8— ﬁ

ord b249:(1)6 =—4v+8fori=1, ord b24:z:1 1= —4v+ 24+ 21 s~ for ¢ > 1.

For 7 > 1 the minimal of the above four numbers is —4v+8 — 21 s=. The leftmost
segment of the convex hull of (0, —4v+8 — 2+, (1, —v), (2, —v—1), (8, —4v —8),
(16, —4v — 12) is [(0, —4v+ 8 — 527), (8, —4v — 8)], hence ord z;11 =2 — 2 — the
induction supposition is proved. We see that a minimal solution is not small.

Let us prove that there are no small solutions at all (in principle, it can happen
that a linear combination of non-small solutions is small). The proof is exactly the
same as the proof of [7 Lemma 4.6], so we repeat it here. Namely, we denote by
{9:]} ( j = 1,2, 3) linearly independent minimal solutions corresponding toord xjo =

v+ =, and by {z4} a minimal solution correspondmg to ord x40 = 5. Let us assume
that 3C4,...,C4 € Fo[T]] such that Z 1 Ci{x;} is a small solutlon. We consider

3 _ i _
5123 = Zj:l Cj{l‘j}, we denote 5123 = Zzo l‘l,gﬁg;iTl, We have ord £1,2,3;1 > 2,
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because Vi elements Z; 2 3.; are linear combinations of x;;, for j = 1,2,3, k < ¢ with
coefficients in Fs.

Further, we denote Sy := Cy{x4} = Z;’io Z4;T%. The above considerations show
that V 7 ord x4; are different and % < ord z4; < 2, hence V i we have % <ord Ty <

2. This means that Z?Zl Ci{z;} = S123 + S4 cannot be a small solution. O
Proposition 8.3. If (v,t) satisfy conditions —% <wv < —%, t > —4v — 6 then
hl = 4.

Remark. The conditions —% <v < —%, t > —4v — 6 correspond to the types

D232a.37 .D232b.27 .D232b.37 D232.5 of [BL Sec. 9]
Proof. For all these cases, we have ord x;9 > % First, we evaluate ord z;;. We
have

ord b1493115’ > —4u,

—4v

Y

8
ord blgl’io

)

ord blgx?o > —v + 2, hence ord x;; > min (—3v,2) = 1. Induction supposition
for any j: ord z;; > 297, This is true for j = 0,1; let us prove that it holds for
j + 1. We have

ord byaxjf > 5 —8+16-2771,

-
ord byzaf; > 4 _448.271,
ord bigxf; > § +4-2771

ord b24x}’6j_1 > % +16-2772.

To prove the induction supposition, we must prove that for j > 1 we have
min (3 —8416-2071, 2 —44+8.2771 L 4+4.2771 24+16-2772) — 3 > 27, This is
straightforward. |
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