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Theorem 4. Assume that the stationary process (X,) taking values in the finite set A is
Gibbsian and ergodic. Let ¢, S, and 62 be defined as in (2.2), (2.5) and (2.6) respectively.
If * > 0 and assuming (2.4), the random variable

Sn
L (a\/ﬁ) = N(0,1),
when n goes to infinity.
For a proof of this theorem and related bibliography, we refer to Coelho and Parry

(1990).
Let Y, denote the random variable

~AnP{XP=al)e R e V"
Y, = Z 1{X{‘=u{‘}° e? {X{'=al}e™"e )
ol €A

We observe that the leading term in the left hand side of (3.12) is equal to E{Y,}. To
complete the proof of the Theorem we will show that
1 T 2
liminf E{Y,} = limsup E{Y,} = —= ~= 2y, 3.13
i inf E{Ya} = lim sup E{Y, } \/2—7{/’&6 (3.13)

We first derive a lower bound on the liminf. For any fixed 7 > 0, Markov’s inequality
implies
E{Y.}> et ]P{log Y. > — c_”‘/'T} .

‘We recall that (2.4) implies that the constant P in (2.2) is equal to the entropy k. Therefore,
using (2.2), we see that
logY, > ~Axp KeSntuvm (3.14)

Since A1 < Agp < Az, we use (3.14) for n large enough to get
P{log¥, > —e ™V} > P {% < —u-— 2n} :
We now use Theorem 4 to conclude that
liminf E{Y,} > —— / T g, (3.15)

" Vor J-oo
Since this is true for any 5 > 0 we have the following lower bound.

bminf E{¥,} > —— / =gy,

e Vot |-

We now derive a similar upper bound for the lim sup. We have obviously

E{Ya} < e P{log¥ < —¢""} + P{logY, > —e"V7}
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and usmg Theorem 4 as above we conclude that
——'—l i ’lzdl' 3.16
limsup E{Y,} < / L . .
sup { ﬂ} = o € ( )
Since (316) is true for any n > 0 we have

n 4™ &
limsup E{Y,} < — — 2y,
sup E{ }“/2'1?/_«,3

This concludes the proof of the Theorem.
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