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Abstract

A network of coupled dynamical systems is represented by a graph whose ver-
tices represent individual cells and whose edges represent couplings between cells.
Motivated by the impact of synchronization results of the Kuramoto networks,
we introduce the generalized class of Laplacian networks, governed by mappings
whose Jacobian at any point is a symmetric matrix with row entries summing
to zero. By recognizing this matrix with a weighted Laplacian of the associated
graph, we derive the optimal estimates of its positive, null and negative eigenval-
ues directly from the graph topology. Furthermore, we provide a characterization
of the mappings that define Laplacian networks. Lastly, we discuss stability of
equilibria inside synchrony subspaces for two types of Laplacian network on a
ring with some extra couplings.

Keywords. network, admissible mapping, graph Laplacian, singularity, syn-
chrony, stability.
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1 Introduction
About fifty years ago Kuramoto introduced in [15] a system of ordinary differential
equations that has since gained recognition as the simple (or traditional) Kuramoto
model. It has been proposed as a straightforward and solvable framework to compre-
hend mutual synchronization within a cluster of oscillators that are equally coupled to
all other oscillators. Its significance is further underscored by its applications across
various synchronization scenarios in chemical [7], biological [21], social systems and
in neuroscience phenomena [17]. Since then, numerous related articles have emerged
in the literature in distinct contexts of investigation, varying from numerical analysis
and stochastic methods [14] to criteria for the existence and stability of (clusters of)
synchrony [6]. In this paper we introduce a more comprehensive framework for this
particular type of system of coupled identical individual systems, accounting for two
distinct aspects:
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• the coupling may not necessarily be universally applied across all elements;

• the Jacobian of the network vector field is a general Laplacian matrix.

As we shall see, the second requires that being bidirected is a necessary condition for
the associated graphs. Let us observe that throughout this paper the term "bidirected
graph" means a directed graph in which the reverse of every edge is also an edge of
same type. We remark that the second aspect appears naturally in gradient systems of
coupled cell networks with an extra S1-invariance condition on the vector field compo-
nents; see [16], where critical points are investigated for cells coupled in a ring. In fact,
we prove that vector fields with a Laplacian structure are gradient; see Theorem 4.10.

Recall from algebraic graph theory that eigenvalues of a weighted graph Laplacian
matrix hold substantial information of the graph. For instance, it follows directly from
the definition that zero is an eigenvalue, associated with the eigenvector (1, . . . , 1). This
condition is already interesting from the point of view of the local dynamics, as it im-
plies that there are no isolated singularities. Furthermore, in the case of non-negative
weights, it is well known that all the eigenvalues are non-negative and the algebraic
multiplicity of the zero eigenvalue is exactly the number of connected components of
the graph. This result has been extended in [5] to the case of connected graphs al-
lowing negative weights. Since it is expected that the Jacobian matrix of the vector
field has zero entries, recognizing this matrix as the graph Laplacian naturally leads us
to the inherent condition that the graph may be disconnected. With the requirement
to address this condition, we have interpreted the absence of an edge connecting two
vertices as the existence of an edge with zero weight to extend the result to discon-
nected graphs; see Theorem 4.1. The result is the optimal estimate for the number of
negative, null and positive eigenvalues from the number of connected components of
the subgraph determined by positive weights and the subgraph determined by negative
weights.

In the study of local dynamics, specially in bifurcation theory, the starting point is
the analysis of existence and nature of equilibria and periodic orbits. An equilibrium is
a critical point of the vector field expected to lye on subspaces that are invariant under
the dynamics. In equivariant dynamics, these are fixed-point subspaces of subgroups
of the symmetry group; in coupled networks, these are synchrony subspaces deter-
mined from the associated graph. Synchrony subspaces are robust polysynchronous
subspaces; that is, polysynchronous subspaces (determined by a set of equalities of the
vector components – the synchronized components) that are invariant under any vector
field admissible for the graph. For a comprehensive study of the formalism of these
two contexts, we refer to [10] and [12], respectively. We now raise the issue regarding
a connection between synchrony and symmetries of the automorphism group of the
network graph. Not all polysynchronous subspaces are robust; not all robust polysyn-
chronous (synchrony) subspaces are fixed-point subspaces of symmetries. In fact, even
for regular graphs, there are synchronies that do not come from symmetries of the
graph automorphisms, and this has been named exotic synchrony by the authors in [4].
We prove that, for regular networks, all polysynchrony subspaces are generically ro-
bust polysynchronous (Proposition 3.3). Furthermore, we present two classes of regular
graphs for which synchrony and symmetry coincide. One is the class of regular rings
(any number of cells) and the other is the class of the so-called Gn-graphs (5 ≤ n ≤ 9
and n = 11); see Propositions 3.4 and 3.6. Gn is the graph of n cells connected by
edges with nearest and next nearest neighbors. Subsection 5.2 presents the study of
singularities of a Kuramoto network with coupling determined by the graph G6.
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As the first step to extend the simple Kuramoto model, we characterize all vec-
tor fields whose Jacobian at any point is a Laplacian matrix (Theorem 4.6). We also
deduce that these belong to a subset of gradient fields, namely those whose poten-
tial function operates on the differences between variables. In particular, it follows
that the dynamics is completely understood from the study of critical points, from the
LaSalle’s principle of invariance. The results on stability of critical points then follows
from an investigation of signs of the Laplacian matrix eigenvalues that can be deduced
from Theorem 4.1. Yet based on the additive nature of Kuramoto systems, in Subsec-
tion 4.3 we impose an additive structure on the couplings. Under this condition, each
component of the mapping being odd is a necessary condition (Theorem 4.11); for the
Kuramoto network, this is the sine function. As an advantage, this structure provides
a direct way to associate an admissible graph to this mapping, in a unique way, from
the steps given in the formalism of [3]. This, in turn, enables us to use graph topology
tools to study synchronization.

The authors in [9] show that for the simple Kuramoto network the total synchrony
is an asymptotically stable family of critical points. Here we show that this also holds
for the generalized Laplacian additive networks (Theorem 5.3). As mentioned above,
the authors in [16] describe the critical points on synchrony subspaces for gradient net-
works of identical cells on a ring with the additional condition of S1-invariance in the
coupling function. We notice that these turn out to be a particular case of Laplacian
additive networks; for the details we refer to [16, Section 4]. Here we present the com-
plete list of critical points and their stability estimates for two examples of Laplacian
additive network. As a first example, we consider a network with six identical cells
with couplings determined by the regular network graph G6, with the coupling function
to be the sine function as in the traditional Kuramoto model (Subsection 5.2). In the
second example we consider a homogeneous network with six identical cells and two
types of couplings, namely a combination of the sine and the identity functions.

Let us summarize how this paper is organized. In Section 2 we briefly review the
network formalism introduced in [20]. In Section 3 we review the notions of balanced
relation and robust polysynchrony, also introduced in [20], and we discuss about in-
variant subspaces of a regular graph network dynamics regarding their connection with
synchrony and symmetry. Section 4 is devoted to our two main results on Laplacian
networks, given by Theorems 4.1 and 4.6, where we also discuss the case of additive
structure on the couplings. Finally, in Section 5 we deduce Lyapunov stability for
totally synchronous equilibria in additive Laplacian networks (Theorem 5.3) and for
two particular examples we study the existence and nature of critical points on the
remaining synchrony subspaces.

2 Coupled cell networks
In this section we briefly recall the set up of the network structure of a dynamical
system defined by an autonomous system of ordinary differential equations

ẋ = f(x), x ∈ P, (2.1)

where the state space (or phase space) P is an Euclidean space in n (possibly vector) co-
ordinates, n ≥ 2, and we shall write f(x1, . . . , xn) =

(
f1(x1, . . . , xn), . . . , fn(x1, . . . , xn)

)
.

The network structure appears when a component fc, governing the dynamics of
an individual cell c, depends on a subset of variables, the input variables of cell c, and
is independent of the remaining variables. In this setting, the phase space is a vector
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space of the form P = P1× · · ·×Pn, where xc ∈ Pc may be multidimensional. Here we
assume Pc to be Rk or the torus Tk, for some k ≥ 1, and that the cells are identical,
so Pc are the same for all c. In Subsection 5.2, for example, P is the 6-torus T6.

We say that cell c is interacting with cells associated with its input set of variables.
The network is then represented by a graph, with the set of vertices representing the
set of cells and the edges representing the interactions.

More precisely, a coupled cell network G consists of a finite set of cells C = {1, . . . , n}
and a finite set of arrows (or edges) E ⊂ C×C, both equipped with equivalence relations
∼C and ∼E , satisfying the compatibility condition

(c1, d1) ∼E (c2, d2)⇒ c1 ∼C c2, d1 ∼C d2.

For simplicity we assume that there is no arrow of the form (c, c). Distinct interactions
in a coupled cell network define distinct ∼E -classes of edges, so to each class ξ ∈ E/∼E
there corresponds an adjacency matrix Aξ,

(Aξ)ij =

{
1, if (j, i) ∈ ξ
0, if (j, i) 6∈ ξ (2.2)

If the model requires, we similarly associate a weighted graph to the network, in which
case

(Aξ)ij = wij, (2.3)
where wij denotes the weight of (the class of) the edge (j, i). In the present paper, the
interest lies on bidirected graphs; that is, (i, j) is an edge if, and only if (j, i) is an edge
of the same type; see the remark after Definition 4.4. Hence, the adjacency matrices
are symmetric.

We now establish the algebraic set up of a coupled cell network. Let

I(c) = {e ∈ E : e = (d, c)}

denote the input set of a cell c. Another equivalence relation among cells is given
by an identification of input sets: c and d are said input equivalent if there exists an
arrow-type preserving bijection

β : I(c)→ I(d),

that is, β(e) ∼E e, for all e ∈ I(c). Let B(c, d) denote the set of all bijections as above.

We end with the two main definitions for the forthcoming sections.

Definition 2.1. A network graph G is homogeneous if all cells are I-equivalent, in
which case B(c, d) 6= ∅, for all c, d ∈ C. A network graph is regular if it is homogeneous
with one type of edge.

If I(c) = {i1, . . . , iv}, let us denote xI(c) = (xi1 , . . . , xiν ). Then:

Definition 2.2. A map f : P → P is G-admissible if:

(a) (Domain condition) For every c ∈ C, the component fc depends only on xc and
on the variables associated with I(c). That is, there exists f̂c : Pc × PI(c) → Pc
such that

fc(x) = f̂c(xc, xI(c)).

(b) (Pullback condition) For every input equivalent pair c, d ∈ C and every β ∈
B(c, d),

f̂d(xd, xI(d)) = f̂c(xd, xIβ(c)
).

We denote the vector space of admissible maps byM(G, P ), or justM(G) when P is
clear from the context.
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3 Invariant subspaces in regular networks
Subspaces that remain unchanged under the dynamics hold significance. This section
focuses on synchrony patterns, as they constitute subspaces of dynamics invariance in
the network context. We initiate by briefly revisiting the fundamental concepts.

In broad terms, synchrony is a natural concept in network dynamics related to a
partition of the cells into subsets (often called clusters) such that all cells in the same
cluster are synchronous. If synchrony occurs in the network system (2.1), then two or
more cells of a solution x(t) behave identically, that is, if c and d are any two of these
cells, then

xc(t) = xd(t), ∀t ∈ D,

where D is a domain in R for which x(t) exists. The authors in [11, 20] characterize
occurrence of synchrony in a network dynamics from the graph architecture. This is
given as follows.

Given a network graph G, for an edge e ∈ E , let T (e) denote the vertex given by
the tail of e. Let ./ be an equivalence relation on C. Then

• ./ is said to be balanced if c ./ d implies that there exists β ∈ B(c, d) such that
T (e) ./ T (β(e)), ∀e ∈ I(c);

• ./ is robustly polysynchronous if for any choice of total phase space P we have
f(∆./) ⊆ ∆./, for all f ∈M(G), where

∆./ = {x ∈ P |xc = xd ⇔ c ./ d}.

We notice that the first of the notions above is associated with the graph G, whereas
the second is related to the vector spaceM(G), but it turns out that both notions are
equivalent, as established in [11, Theorem 4.3]. Moreover, the authors prove that these
are also equivalent to

AξG(∆./) ⊆ ∆./, ∀ξ ∈ E/∼E , when P = Rn, (3.1)

that is, synchrony subspaces of Rn are those left invariant under all adjacency matrices
of G.

Definition 3.1. When ./ is balanced, ∆./ is called a synchrony subspace.

The practical way to express the resulting ./-classes of a synchrony pattern is col-
oring vertices: cells in the same class have the same color and ‘receive from edges’
vertices of the same color.

Remark 3.2. Based on (3.1), the authors in [1] develop, for a given network graph, an
algorithm whose output is the set of synchrony subspaces. This is done through poly-
diagonal invariant subspaces from the eigenvectors of the Jordan decomposition of the
adjacency matrices. As they show, it suffices to implement the algorithm for the case
of regular graph, because all the lattice of synchrony subspaces can be associated with
a regular network through the notion they introduce of minimal synchrony subspaces
that are sum-irreducible. Following this approach, we have recently implemented this
algorithm with a code using the software Mathematica. The code has been useful to
compute the synchrony patterns presented in [3] as well as all the synchrony patterns
in the present work.
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3.1 Invariant subspaces from synchronies

In this subsection we relate synchrony subspaces of a network graph G to invariant
subspaces under the dynamics of (2.1) for f ∈ M(G). As we have pointed out in [3],
even for regular graphs a coupled dynamical system may admit invariant polydiagonal
subspaces that are not patterns of synchrony. However, the next result shows that
generically those are in fact synchrony patterns.

Proposition 3.3. For any regular network graph G on any phase space P , if a poly-
diagonal subspace of P is invariant under an admissible map, then it is a synchrony
subspace.

Proof. Based on (3.1) we assume, without loss of generality, that each cell phase space
is one dimensional, so P = Rn, where n is the number of cells. Let ∆ be an invariant
subpsace under an admissible map f . Since G is regular, the Jacobian of f at any point
of total synchrony ν = (t, . . . , t) ∈ Rn is

Jf(ν) = α(ν)I + β(ν)A, (3.2)

where A is the adjacency matrix of G. The result now follows observing that ν ∈ ∆
and taking the generic condition as β(ν) 6= 0 for some ν.

In Subsection 5.2 we investigate existence and nature of singularities inside syn-
chrony subspaces. For the ODE (5.3), it is straightforward that β(ν) = 1, for any
ν ∈ Tn, so the singularities we find are in fact all the possible equilibria inside invari-
ant subspaces, by Proposition 3.3.

3.2 Synchrony and symmetry in regular networks

Existence of symmetries and synchronies force existence of invariant subspaces, be-
cause of their fixed-point sets and robustly polysynchronous subspaces, respectively.
These are related notions and we now turn to the issue of synchronies with respect to
symmetries of a network graph.

A symmetry of G, or an automorphism of G, is a permutation γC : C → C such that

(c, d) ∼E (γC(c), γC(d)),

which also induces a permutation on E . The group Aut(G) of all such automorphisms
is the symmetry group of G.

It is well known that symmetries of a network graph determine synchronies, for
every subgroup Σ < Aut(G) defines a balanced equivalence relation on G ([4, Proposi-
tion 3.3]):

c ./Σ d⇔ ∃γ ∈ Σ : γ(c) = d.

This is the same as saying that the synchrony subspace ∆./Σ
is the fixed-point subspace

of Σ,
Fix(Σ) = {x ∈ P : σx = x, ∀σ ∈ Σ}.

As it is also well known, the converse does not hold in general; that is, not all syn-
chrony subspaces are fixed-point subspaces. Such synchrony has been named an exotic
synchrony after [4]. A balanced relation ./ is called exotic if there is no subgroup
Σ < Aut(G) for which ./=./Σ.

Exotic patterns can appear in homogeneous graphs and even in the most simple
cases of regular graphs. The first example in the literature (see [13]) is Gn for n = 12,
where Gn denotes the graph with n cells with nearest and next nearest neighbor edges.
Exotic synchronies also appear in [3] in the classification of admissible homogeneous
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graphs of a class of vector fields on R6 (see [3, Table 2]). Figure 3.1 illustrates an
exotic pattern of the graph G which is number 6 in [3, Table 2]). Disregard the colors
in Fig. 3.1 for the picture of G. We have that Aut(G) is the group Z2 =< (12)(36)(45) >
and the synchrony pattern is {x1 = x4, x2 = x5, x3 = x6}, which is clearly exotic.

Figure 3.1: A homogeneous graph with six identical cells and two types of edges. The
coloring shows an exotic synchrony.

There are however classes of network graphs for which all synchronies are deter-
mined by the symmetries of Aut(G). For example, the regular network graph G6 of
six cells with nearest and next nearest neighbor coupling of Subsection 5.2, which falls
in the set of graphs given in Proposition 3.6. The next proposition states that this is
also the case for the regular ring of n cells with nearest neighbor coupling, for which
Aut(G) = Dn. Although the result is not surprising, the proof is not straightforward
and, to our knowledge, it has not been found in the literature, so it is included here.

Proposition 3.4. There are no exotic pattern of synchrony for the regular ring of n
cells, with nearest neighbor coupling, for n ≥ 3.

Proof. If ./ is a balanced equivalence relation, we prove that ./ = ./Σ for some subgroup
Σ < Dn.

The following is a necessary condition for the equivalence relation ./ to be balanced
for this network graph:

c ./ d ⇒


(c− 1 ./ d− 1, c+ 1 ./ d+ 1)

or
(c− 1 ./ d+ 1, c+ 1 ./ d− 1).

(3.3)

First, suppose that there are three consecutive ./-equivalent cells. By (3.3), all cells
must be ./-equivalent, and so ./ = ./Dn .

We now suppose c ./ d such that

c− 1 ./ d− 1, c+ 1 ./ d+ 1. (3.4)

We need to identify ∆./ as a fixed-point subspace of a subgroup Σ < Dn, that is, find
a rotation multiple of 2π/n or a line reflection generating Σ.

We can assume that d− c > 0 is minimal with respect to (3.4). There is a sequence
of ./-classes with length d− c that repeats inside the ring. In fact, by (3.3),

c ./ d, c+ 1 ./ d+ 1⇒ c+ 2 ./ d+ 2⇒ . . .⇒ c+ (d− c) = d ./ d+ (d− c).

Hence, d− c divides n and then a rotation of 2(d− c)π/n is a generator of Σ.
Finally, suppose that there are two cells c′ ./ d′ such that c < c′ < d′ < d and by

minimality of d− c > 0 we have that c′− 1 ./ d′+ 1, c′+ 1 ./ d′− 1. The line reflection
that takes c′ into d′ also takes c′− 1 into d′+ 1, c′+ 1 into d′− 1 and so on. Then, this
reflection is a generator of Σ.
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Remark 3.5. A study of a gradient network of identical oscillators on a ring is carried
out in [16].

We notice that in the description given in [16, Table 1] a symmetry in one type of
critical points in that table is missing. In fact, inside their list of critical points with
trivial isotropy, there is a subclass with nontrivial isotropy, namely Z2 < Dn, which
is supported by Proposition 3.4 above. Nonetheless, we point out that this does not
affect the list of all possible critical points presented in that table, which is in fact
complete.

The following result gives another set of regular network graphs for which all syn-
chronies are symmetries:

Proposition 3.6. There are no exotic pattern of synchrony for the network graph Gn,
for 5 ≤ n ≤ 9 and n = 11.

Proof. This follows by an extensive use of the Mathematica code; see Remark 3.2.

The list of exotic patterns of G10 is given in [4, Section 7], which we have confirmed
with our code. The network graph G12 presents an exotic pattern, as already mentioned
above. Due to the computational complexity, we have not investigated existence of
exotic patterns in Gn for n ≥ 13 yet. Some attempts suggest that there may be a
general procedure to answer the question for bigger n and we intend to go in this
direction soon.

4 Laplacian networks
This section is devoted to the main object of this paper, namely the class of networks
whose admissible maps are attached to the associated graph not only through its ar-
chitecture but also through the Laplacian matrix of the graph. As mentioned in the
introduction, these generalize the traditional Kuramoto model.

In Subsection 4.1 we recall the graph Laplacian matrix and present a result from
algebraic graph theory for Laplacian matrices. Subsection 4.2 is dedicated to present
the general algebraic expression of an admissible map of a Laplacian network. Finally,
the extra admissible additive structure behind the Kuramoto networks is dealt with in
Subsection 4.3.

4.1 Graph Laplacian matrix

For a bidirected graph G with n vertices, recall that the Laplacian matrix is

L = D − A,

where D is the diagonal matrix of the valencies of the vertices and A is the adjacency
matrix. The ii-entry of D is the degree of the vertex i if G is unweighted, and

∑n
j=1 wij

if G is a weighted graph. A is, as usual, the sum of the adjacency matrices (2.2) (for
unweighted edge classes) or (2.3) (for weighted edge classes).

It is direct from the definition that 0 is an eigenvalue of L with eigenvector (1, . . . , 1).
For weighted connected graphs with possibly negative weights, the authors in [5, The-
orem 2.10] give the best possible bounds on the numbers of positive, negative and zero
eigenvalues. The next result generalizes their result for disconnected graph, which is
used in the next sections.

Let G+ (resp. G−) denote the subgraph with the same vertex set as G together with
the edges of positive (resp. negative) weights. Let n0, n− and n+ denote the numbers
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of zero, negative and positive eigenvalues of the Laplacian L, and let c(G) denote the
number of connected components of G.

Theorem 4.1. If G is a (possibly disconnected) graph, then

c(G+)− c(G) ≤ n+(L) ≤ n− c(G−)

c(G−)− c(G) ≤ n−(L) ≤ n− c(G+) (4.1)
c(G) ≤ n0(L) ≤ n+ 2c(G)− c(G+)− c(G−).

Proof. If G has k connected components, for i = 1, . . . k, let Gi denote the connected
components with ni vertices, so n1 + . . .+ nk = n. Reorder the rows and columns of L
if necessary to assume that L is a block diagonal matrix

L = diag(L1, . . . , Lk).

By the estimates in [5], for each i = 1, . . . , k we have c(Gi+)−1 ≤ n+(Li) ≤ ni−c(Gi−),
so

c(G1+) + . . .+ c(Gk+)− k ≤ n+(L1) + . . .+ n+(Lk) ≤ (4.2)
≤ n1 + . . .+ nk − (c(G1−) + . . .+ c(Gk−)),

so the first estimate follows. The other inequalities follow similarly.

If the graph G is connected, then c(G) = 1 and (4.1) are the bounds given in [5].

We notice that this result involves only topological information about the graph,
namely the connectivity of the graph and the sign information on the edge weights. In
particular, it follows that, for a graph with n vertices, the difference between the upper
and lower bounds in (4.1) is an integer that can vary between 0 and n− 1.

4.2 Laplacian mappings

In this subsection we use the idea of inserting weights on an unweighted graph G
to adapt the algebraic graph theory for weighted graphs to the associated Laplacian
network graph G. Let us explain: for a given unweighted graph G, we associate an
admissible coupled system (2.1). For our case of interest, the Jacobian Jf(x) of the
governing vector field is, at any point x, a Laplacian matrix. The idea is to look at it as
a weighted Laplacian of G, considering G as a weighted graph. Under this approach,
we use Theorem 4.1.

We start with three definitions:

Definition 4.2. A matrix L = (lij) of order n is a Laplacian matrix if it is symmetric
with lii = −

∑
j 6=i lij, for i = 1, . . . , n.

Our interest here is to deduce an algebraic expression of a map f : P → P on a
real vector space P , so for simplicity we assume P = Rn.

Definition 4.3. A map f : Rn → Rn of class C1 is a Laplacian map if its Jacobian
Jf(x) at any x ∈ Rn is a linear map whose matrix is a Laplacian matrix.

The set of Laplacian maps shall be denoted by LS(Rn).

It follows from the two definitions above that being bidirected is a necessary as-
sumption in this context. We have:
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Definition 4.4. For a bidirected graph, an associated network G is a Laplacian network
if the admissible map is a Laplacian map.

For the main result, we need:

Lemma 4.5. If h : Rn → R is such that
n∑
i=1

∂h

∂xi
(x) = 0. (4.3)

then
h(x1, . . . , xn) = α(x1 − xn, . . . , xn−1 − xn), (4.4)

for some α : Rn−1 → R.

Proof. Consider the change of coordinates ti = xi − xn, i = 1 . . . , n − 1, tn = xn. We
then have

h(x1, . . . , xn) = h(t1 + tn, . . . , tn−1 + tn, tn) = α̃(t1, . . . , tn).

But
∂α̃

∂tn
=
∑
i

∂h

∂xi
= 0.

Hence, α̃(t1, . . . , tn) = α(t1, . . . , tn−1), and the result follows.

We now present the characterization of the general form of a Laplacian mapping:

Theorem 4.6. f = (f1, . . . , fn) ∈ LS(Rn) if, and only if,

fi(x1, . . . , xn) =
∂g

∂ti
(x1 − xn, . . . , xn−1 − xn), i = 1, . . . , n− 1,

fn = −f1 − . . .− fn−1 + k.

for some g ∈ C2(Rn−1) and some constant k ∈ R.

Proof. From Lemma 4.5, we have

fi(x1, . . . , xn) = αi(x1 − xn, . . . , xn−1 − xn), i = 1, . . . , n.

The Jacobian Jf(x) is symmetric, so

∂αi
∂tj

=
∂αj
∂ti

, i, j = 1, . . . , n− 1, i 6= j, (4.5)

∂αn
∂ti

= −∂αi
∂t1
− . . .− ∂αi

∂tn−1

i = 1, . . . , n− 1, (4.6)

which imply that

∂αn
∂ti

= −∂α1

∂ti
− . . .− ∂αn−1

∂ti
=

∂

∂ti
(−α1 − . . .− αn−1), i = 1, . . . , n− 1. (4.7)

Hence, αn = −
∑n−1

i=1 αi + k, for some constant k.

Finally, given any function g : Rn−1 → R of class C2, we can take αi =
∂g

∂ti
, i =

1, . . . , n − 1. Conversely, any map α = (α1, . . . , αn−1) of class C1 satisfying (4.5) is a
gradient mapping. In fact, just set

g(t1, . . . , tn−1) =
n−1∑
i=1

∫ ti

0

αi(0, . . . , 0, s, ti+1, . . . , tn−1)ds.
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The example below is a simple illustration of Theorem 4.6.

Example 4.7. For n = 3, consider g(y, z) =
y2z2

2
. The following are the coordinate

functions of a Laplacian mapping f : R3 → R3:

f1(x1, x2, x3) = (x1 − x3)(x2 − x3)2

f2(x1, x2, x3) = (x1 − x3)2(x2 − x3)

f3(x1, x2, x3) = −(x1 − x3)(x2 − x3)2 − (x1 − x3)2(x2 − x3).

The next two corollaries follow straightforwardly:

Corollary 4.8. The following linear isomorphism holds:

LS(Rn) ' (C2(Rn−1)/R)⊕ R.

Corollary 4.9. If f = (f1, . . . , fn) ∈ LS(Rn), then
∑n

i=1 fi is constant.

We end with the characterization of the Laplacian maps, which is also direct from
Theorem 4.6:

Theorem 4.10. f = (f1, . . . , fn) ∈ LS(Rn) if, and only if, f is a gradient map f = ∇ḡ,
where ḡ(x1, . . . , xn) = g(x1 − xn, . . . , xn−1 − xn) + kxn.

4.3 Laplacian networks with additive structure

Here we consider Laplacian admissible maps f ∈ LS(Rn) with the extra condition that
each component fc of cell c has an additive input structure, namely

fc(x) =
∑
d6=c

φcd(xc, xd). (4.8)

It is worth mentioning that this structure provides the simplest way to associate an ad-
missible graph following the formalism in [3]: for such a map, we consider the following
coupling rule:

(a, b) ∼E (c, d) ⇔ φba = φdc. (4.9)

The question of realization of admissible graphs for a given map has been answered
in [3], and the notion of the optimized admissible graph for this map is given. In this
setting, we point out that, in the present context, the condition (4.9) realizes a unique
optimized admissible graph for the map as in (4.8); see [3, Remark 3.1 b].

We notice that, by Lemma 4.5,

fn(x1, . . . , xn) = αn(x1 − xn, . . . , xn−1 − xn) (4.10)

and from (4.8),

∂2αn
∂ti∂tj

=
∂2fn
∂xi∂xj

= 0, i 6= j < n. (4.11)

Hence, αn ‘splits the variables’ xi and xj, i 6= j < n; more precisely,

fn(x1, . . . , xn) =
∑
d<n

φnd(xn − xd).
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By the same reasoning, the same condition holds for other components, and so

fc(x) =
∑
d 6=c

φcd(xc − xd), ∀c = 1, . . . , n.

Since the graph is bidirected, we have (a, b) ∼E (b, a), and so φba = φab. Further-
more, by the Laplacian condition,

φ′ab(xa − xb) = −∂fa
∂xb

(x) = − ∂fb
∂xa

(x) = φ′ba(xb − xa).

Therefore,
φ′ab(xa − xb) = φ′ab(−(xa − xb)),

that is, all coupling functions must be odd. We have just proved:

Theorem 4.11. Let G be a bidirected graph network. If f is a G-admissible map, then
f ∈ LS(Rn) has an additive structure if, and only if, each component of f is of the
form

fc(x) = k[c] +
∑
d∈I(c)

φ[(c,d)](xd − xc), (4.12)

where φ[(c,d)] is an odd function that depends only on the [(c, d)]-class of the edge (c, d)
and k[c] is a constant that depends only on the I-class [c] of c.

The two theorems above imply the following:

Corollary 4.12. Let G be a bidirected graph network. Let f be a G-admissible map.
Then f ∈ LS(Rn) has an additive structure if, and only if, f is a gradient mapping
f = −∇g, where

g(x) =
∑

(c,d)∈E

ψ[(c,d)](xd − xc) +
∑
c∈C

k[c]xc,

ψ[(c,d)] is an even function that depends only on the [(c, d)]-class of the edge (c, d) and
k[c] is a constant determined by the I-class of c.

The example below illustrates the theorem above. This is a nonhomogeneous net-
work graph with six cells, with two I-classes {1, 2, 4, 5} and {3, 6}, given in Fig. 4.1.

Figure 4.1: A nonhomogeneous bidirected graph with six identical cells and two types
of edges.

Example 4.13. For a bidirected graph with six identical cells and two types of edges
as given in Fig. 4.1, a Laplacian network G on R6 with additive structure is given by

ẋ = f(x),
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where f = (f1, . . . , f6) : R6 → R6,

f1(x) = κ+ θ(x1 − x2) + θ(x1 − x5) + φ(x1 − x6)

f2(x) = κ+ θ(x2 − x1) + θ(x2 − x4) + φ(x2 − x3)

f3(x) = `+ φ(x3 − x2) + φ(x3 − x4)

f4(x) = κ+ θ(x4 − x2) + θ(x4 − x3) + φ(x4 − x5)

f5(x) = κ+ θ(x5 − x1) + θ(x5 − x4) + φ(x5 − x6)

f6(x) = `+ φ(x6 − x1) + φ(x6 − x5),

for θ, φ any odd functions of class C1 and κ, ` constant.

5 Critical points on synchrony subspaces of additive
Laplacian networks

The starting point in the study of a dynamical behaviour of a system, or bifurcations
with variations of possible external parameters, is the analysis of existence and stability
of equilibrium points. Here we proceed in this direction.

In Subsection 5.1 we prove that, for any homogeneous additive Laplacian network,
Lyapunov stability holds generically for totally synchronyous critical points. In the last
two subsections we choose two examples to search for critical points with the remaining
possible synchrony.

The following result ensures that the investigation of trajectory stability in Lapla-
cian networks is based on the eigenvalues of the Jacobian evaluated at equilibrium
points.

Lemma 5.1. Let f ∈ LS(Rn). The α-limit and ω-limit of any trajectory are equilib-
rium points.

Proof. From Theorem 4.10, f ∈ LS(Rn) is gradient, so the result follows from LaSalle’s
invariance principle (see for example [19, Section 8.3]).

In Subsection 5.2 we consider the homogeneous Kuramoto network of six cells with
coupling G6 (identical edges connecting nearest and next nearest neighbors). We list
the critical points inside the remaining synchrony subspaces. For each case, we give the
estimate for the degree of linear instability through the range of the number of positive
eigenvalues. We end with Subsection 5.3 doing the same analysis for a homogeneous
coupled network of six cells with two types of couplings.

5.1 Total synchrony subspace

Let G be a connected homogeneous graph with n cells. Let f be an admissible vector
field as in (4.12) . We search for critical points, so k = 0.

Suppose that there exists ε > 0 such that

αφ[(c,d)](α) > 0, ∀α ∈ (−ε, ε), α 6= 0. (5.1)

Notice that this holds if, in particular, φ′[(c,d)](0) > 0, for all (c, d) ∈ E , which can be
the case if the primitive of φ[(c,d)] has a local minimum at zero.

Let Ω be the biggest open hipercilinder around of the total synchrony subspace
∆ such that x ∈ Ω implies that |xd − xc| < ε, for all (c, d) ∈ E . We then have the
following:
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Lemma 5.2. (i) Ω is a flow invariant set.

(ii) for x ∈ Ω, we have f(x) = 0 if, and only if, x ∈ ∆.

Before proving this lemma, we state the following theorem, which is an immediate
consequence of this Lemma, since f is gradient (see Corollary 4.12).

Theorem 5.3. Let G be a connected homogeneous graph. Let f be an admissible vector
field as in (4.12) such that (5.1) holds. The total synchrony subspace is asymptotically
stable on Ω in the sense of Lyapunov.

Proof of Lemma 5.2. (i) From Corollary 4.9, f(x) · (1, . . . , 1) = 0 for any x. Also, f is
constant along the lines parallel to ∆. So it suffices to show that Ω∩π is flow invariant,
where π is the hiperplane x · (1, . . . , 1) = 0. To see this, as Ω ∩ π is a hipersphere, we
just need to show that f(x) · x < 0 for all x ∈ Ω ∩ π\{0}. In fact,

f(x) · x =
∑
c∈C

∑
d∈I(c)

xcφ[(c,d)](xd − xc)

=
∑

(c,d)∈E

(xc − xd)φ[(c,d)](xd − xc) ≤ 0, (5.2)

where at least one portion is strictly less than zero. As G is connect, (5.2) also shows
(ii).

We finally mention that if all the functions φ[(c,d)] are periodic with a comum period,
we can restrict the analysis of critical points on the n-torus.

5.2 Kuramoto network with G6 coupling

We consider the Kuramoto network system with six cells and coupling G6 (Fig. 5.1):

ẋi =
2∑

j=−2

sin(xi−j − xi), i = 1, . . . , 6. (5.3)

Figure 5.1: G6

We search for the critical points inside synchrony subspaces. It follows from Propo-
sition 3.6 that these are all fixed-point subspaces of subgroups of the automorphism
group Aut(G6), which is the octahedral group. We consider the representation given
by permutations,

Aut(G6) = 〈D6, (14), (25)〉

(see [4, Lemma 2.1]).
The computation has been carried out starting with the smallest subgroups Σ of

Aut(G6) up to conjugacy, for these will have the largest fixed-point subspaces; and
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we then continue refining from there. More precisely, we consider the diagram (5.4)
with the lattice of fixed-point subspaces, where the arrows represent the refinement
by inclusion. The total synchrony has been omitted in this diagram and, apart from
it, this is the complete lattice up to conjugacy. Based on this diagram, we start by
considering the subgroups Σ such that Fix(Σ) correspond to patterns 1 and 3.

Pattern 8

Fix〈(14)(25)(36)〉 //
Pattern 4

Fix〈(14)(25)〉 //
Pattern 1

Fix〈(14)〉

Pattern 5

Fix〈(1245)(36)〉 //

OO

��

Pattern 2

Fix〈(1245)〉

88OO

��

Pattern 7

Fix〈(12)(36)(45)〉 //
Pattern 3

Fix〈(12)(45)〉

Pattern 6

Fix〈(123)(456)〉

77

(5.4)

Without loss of generality, for all cases we assume that a critical point x = (x1, . . . , x6)
satisfies x1 = 0.

For Σ = 〈(14)〉, we search for critical points of the form (0, a, b, 0, c, d) for a, b, c, d ∈
R mod 2π:

2 sin(−a) + sin(b− a) + sin(d− a) = 0

2 sin(−b) + sin(a− b) + sin(c− b) = 0

2 sin(−c) + sin(b− c) + sin(d− c) = 0

2 sin(−d) + sin(a− d) + sin(c− d) = 0,

which can be rewritten as

2

[
sin a
sin c

]
= (sin b+ sin d)

[
cos a
cos c

]
− (cos b+ cos d)

[
sin a
sin c

]
(5.5)

2

[
sin b
sin d

]
= (sin a+ sin c)

[
cos b
cos d

]
− (cos a+ cos c)

[
sin b
sin d

]
(5.6)

Case 1: If (sin a, sin c), (cos a, cos c) are linearly independent, then (5.5) implies that
cos b + cos d = −2, and so b = d = π. Using that in (5.6), we get sin a = − sin c, and
so c = −a or a = c+ π. These give the following two families of critical points:

(0, a, π, 0,−a, π), (0, a, π, 0, a+ π, π).

If (sin b, sin d), (cos b, cos d) are linearly independent, then analogously we get the other
two families

(0, π, b, 0, π,−b), (0, π, b, 0, π, b+ π).

Case 2: If both pairs of the previous case are linearly dependent, then each pair form
a matrix with zero determinant, and so sin(c−a) = 0 and sin(d− b) = 0. Hence, c = a
or c = a+ π and b = d or b = d+ π.

• If c = a and d = b, then sin a = sin(b− a) and sin b = sin(a− b). So the critical
points are

(0, π, 0, 0, π, 0), (0,
4π

3
,
2π

3
, 0,

4π

3
,
2π

3
, 0).
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• If c = a and d = b+ π, then the critical points are

(0, 0, π, 0, 0, 0), (0, π, b, 0, π, b+ π).

For Σ = 〈(12)(45)〉, we search for critical points of the form (0, 0, a, b, b, c), for
a, b, c ∈ R mod 2π:

2 sin(−a) + 2 sin(b− a) = 0

sin(−b) + sin(a− b) + sin(c− b) = 0

2 sin(−c) + 2 sin(b− c) = 0.

These give the following two families of critical points:

(0, 0, a, π, π,−a), (0, 0, a, π, π, a+ π).

In [3] we have listed the eight patterns of synchrony of G6 that are distinct from
the total synchrony pattern; see [3, Table1]. Here we follow that order to present in
Table 1 the compilation of all (families of) equilibrium points inside the corresponding
synchrony pattern.

We then apply Theorem 4.1 to the Jacobian matrix Jf(x), at every critical point
x, thought of as a weighted Laplacian of the graph. We refer to the beginning of
Subsection 4.2 for the explanation.

For the critical point x = (0, 0, π/2, π, π, 3π/2), the Jacobian is

Jf(x) =


0 +1 0 0 −1 0

+1 0 0 −1 0 0
0 0 0 0 0 0
0 −1 0 0 +1 0
−1 0 0 +1 0 0

0 0 0 0 0 0

 .

Thought of as a graph Laplacian, the graph is as given in Fig. 5.2. We then have
c(G) = 3, c(G+) = 4, c(G−) = 4, which gives 1 ≤ n+ ≤ 2. This is one of the possible
cases of pattern number 3 of Table 1.

Figure 5.2: The disconnected graph obtained from G6 by assigning Jf(x) as the
weighted Laplacian, for x = (0, 0, π/2, π, π, 3π/2).

It follows that for all cases in Table 1 we have n+ ≥ 1. Therefore, all equilibria are
unstable, and asymptotic stability occurs only for the total synchrony subspace in the
sense of Lyapunov as given in the previous subsection.
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] Pattern Critical point c(G+) c(G−) c(G) n+(L)
of synchrony representative

1 - - - - -

2 (0, 0, π, 0, 0, 0) 2 2 1 1 ≤ n+ ≤ 4

3
(0, 0, α, π, π,−α)
(0, 0, α, π, π, α + π)
α 6= 0, π,±π

2

2 1 1 1 ≤ n+ ≤ 5

(0, 0,±π
2
, π, π,∓π

2
)

(0, 0,±π
2
, π, π,±π

2
+π)

4 4 3 1 ≤ n+ ≤ 2

4
(0, π, α, 0, π,−α)
(0, π, α, 0, π, α + π)
α 6= 0, π,±π

2

2 1 1 1 ≤ n+ ≤ 5

(0, π,±π
2
, 0, π,∓π

2
)

(0, π,±π
2
, 0, π,±π

2
+π)

6 3 3 3 ≤ n+ ≤ 3

(0, π, π, 0, π, 0) 2 2 1 1 ≤ n+ ≤ 4

5 (0, π, 0, 0, π, 0) 3 1 1 2 ≤ n+ ≤ 5

6 (0, 0, 0, π, π, π) 2 1 1 1 ≤ n+ ≤ 5

7 (0, 0, 0, π, π, 0) 2 1 1 1 ≤ n+ ≤ 5

8 (0, 4π
3
, 2π

3
, 0, 4π

3
, 2π

3
) 6 1 1 5 ≤ n+ ≤ 5

Table 1: The first column shows the synchrony patterns extracted from [3, Table 1]; the
corresponding class of critical points is given in the second column by a representative
up to the symmetries of Aut(G6); the last column gives the number n+ of positive
eigenvalues of the Jacobian at the corresponding critical point; the remaining three
columns are the data used to apply Theorem 4.1.
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5.3 A homogeneous network G̃6 with two types of couplings

The aim of this example is to illustrate that there are stable equilibria from a ‘modifi-
cation’ of G6. We consider a network system with six cells and coupling defined from
the graph G̃6 given in Fig. 5.3. The symmetry group of this graph is

Aut(G̃6) = Z1
2 × Z2

2 × Z3,

where Z1
2 = 〈(15)(24)〉 and Z2

2 = 〈(12)(36)(45)〉, which are not conjugate, and Z3 =
〈(156)(234)〉.

We choose the coupling functions φ(θ) = sin θ, which is represented by the contin-
uous arrow type in Fig. 5.3, and ψ(θ) = θ, represented by the dashed arrow type, so
the network system is

ẋ1 = sin(x2 − x1) + sin(x3 − x1) + x5 + x6 − 2x1

ẋ2 = sin(x1 − x2) + sin(x6 − x2) + x3 + x4 − 2x2

ẋ3 = sin(x1 − x3) + sin(x5 − x3) + x2 + x4 − 2x3

ẋ4 = sin(x5 − x4) + sin(x6 − x4) + x2 + x3 − 2x4

ẋ5 = sin(x3 − x5) + sin(x4 − x5) + x1 + x6 − 2x5

ẋ6 = sin(x2 − x6) + sin(x4 − x6) + x1 + x5 − 2x6

Figure 5.3: A homogeneous G̃6

By direct investigation from the output of our code (Remark 3.2), there are no
exotic synchrony patterns in this network graph.

The analysis follows analogously as in the previous subsection, so we shall just
present a summary with the results. The diagram in (5.7) is the lattice of non-trivial
synchrony subspace up to conjugacy.

Fix〈(156)(234)〉 // Fix〈(15)(24)〉

Fix〈(12)(36)(45), (15)(24)〉 //

44

**

Fix〈(12)(36)(45)〉

Fix〈(14)(25)(36)〉

(5.7)

For Σ = 〈(15)(24)〉, we search for critical points of the form (0, a, b, a, 0, c), for
a, b, c,∈ R:

sin(−a) + sin(c− a) + (b− a) = 0

2(a− b) + 2 sin(−b) = 0

−2c+ sin(a− c) = 0,
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which imply that
sin b+ b = a = c+ arcsin c,

Since t 7→ sin(t) + t is injective, then c = sin b. Together with the first equality, this
gives sin a = −2 sin b, and so sin(b+ sin b) + 2 sin b = 0. Hence, b = kπ, k ∈ Z, and also
a = b. Therefore, the critical points are

(0, kπ, kπ, kπ, 0, 0), k ∈ Z.

For Σ = 〈(14)(25)(36)〉, we search for critical points of the form (0, a, b, 0, a, b),
a, b ∈ R:

sin a+ sin b+ a+ b = 0

sin(b− a) + sin(−a)− 2b+ a = 0,

which imply that sin a+ a = sin(−b)− b, and then a = −b. Together with the second
equality, this gives sin(2a) + 2a = sin(−a) − a, and then a = b = 0. This gives the
total synchrony, which has already been considered.

For Σ = 〈(12)(36)(45)〉, we search for critical points of the form (a, a, 0, b, b, 0),
a, b ∈ R:

b = 2a+ sin a

a = 2b+ sin b,

which also imply a = b = 0. It follows from the computation of n+ and n− by The-
orem 4.1 that (0, kπ, kπ, kπ, 0, 0) is a one paramenter family of stable equilibria for k
even and unstable if k is odd.

Data availability. The data that support the synchrony computation code are openly
available at the links below:
https://drive.google.com/file/d/1-ogTHwezqxY4PCLgXQ12ZbBBqISQTERi/view?usp=sharing
and
https://drive.google.com/file/d/1RUUYSppXsWaUT-VnhbHZPZepqtmUjopl/view?usp=sharing
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