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Abstract
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prove that certain properties of free Poisson algebras are true for free GP-algebras as well. In
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elements are equivalentin GP(x, ..., x,). As a corollary, all automorphisms of the free GP-algebra
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Aut P{x,y} = Aut k[x,y].
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1. INTRODUCTION
Many interesting and important results are known about the structure of polynomial algebras, free
associative algebras, and free Lie algebras. Although free Poisson algebras are closely related to
these algebras, they were not studied till recently. The exact construction of a free Poisson algebra
first appeared in [22], where it was used for study of Poisson Jordan superalgebras. Then they were
used in [24, 25], in the proof of the Nagata conjecture on the existence of wild automorphisms in
the polynomial algebra of rank three. A systematic study of free Poisson algebras (over a field k
of characteristic zero) was started in [13], where the following analogue of the famous Bergman
Centralizer Theorem [2] was proved: the centralizer of a nonconstant element of a free Poisson
algebra is a polynomial algebra in single variable. In [12], the automorphisms and derivations of
the free Poisson algebra P(x,y) of rank two were studied, and analogues of classical Jung’s [8]
and Rentschler’s [21] theorems were proved: all automorphisms of P{x, y} are tame and all locally
nilpotent derivations are triangulable; moreover, Aut P{x,y} = Autk(x,y) = Autk[x,y], where
k(x,y) and k[x, y] denote the free associative and polynomial algebras, respectively. Later on, the
automorphisms of the free Poisson field P(x,y) of rank two were studied, and it was proved the
isomorphism Aut P(x,y) = Aut k(x,y), where k(x, y) is the field of rational functions [14]. Observe
that the last group is 1n turn isomorphic to the Cremona group Cr, (k) of birational automorphisms

of the projective plane P,%.

Furthermore, in [11] the Poisson and polynomial dependences were studied in free Poisson algebras
and free Poisson fields. In [15], the Freiheitssatz was proved for free Poisson algebras. Finally, in

[16, 17, 30], the universal enveloping algebras of Poisson algebras were studied.



In this paper, we prove some analogues of the cited above results for free generic Poisson algebras.

A generic Poisson algebra (GP-algebra) is a linear space with two operations:

e associative and commutative product x - y = xy,

e anti-commutative bracket {x, y},

satisfying the Leibniz identity

{x,yz} = {x, ¥}z + {x, 2}y. (1

Contrary to usual Poisson algebras, it is not required here that the bracket {, } were a Lie one. These
algebras were introduced in [23] in the study of speciality and deformations of Malcev-Poisson

algebras.

The variety of GP algebras contains Poisson algebras and some interesting examples of non-
Poisson algebras (Poisson-Malcev algebras [26, 31], Binary-Lie Poisson algebras [1], associated
graded algebras of universal enveloping algebras of Malcev algebras [20], Bol algebras [18], and

Sabinin algebras [19]).

An important example of generic Poisson algebra comes from the following setting. Let A be a

commutative associative algebra with 2n pairwise commuting derivations d;,é;, i,j = 1...,n.



Define on A a new binary operation

{a,b} =Y " (di(@)8;(b) — 8i(a)di(b)),

n=1

then A with this new bracket is known to be a Poisson algebra. If we allow the derivations d;, §; to be

non-commuting then this bracket defines on a commutative algebra A a structure of a GP-algebra.

The free GP-algebras were first considered in [9], where the Freiheitssatz was proved for them.

Here we continue the study of these algebras.

The paper is organized as follow:

e In section 2 we study general properties of generic Poisson modules and of universal multiplica-
tive enveloping algebras.

e In section 3 we determine structure of free GP-algebra and of free GP-field.

e In section 4 we prove an analogue of Makar-Limanov - Shestakov’s Theorem [11] that two
Poisson dependent elements in a free GP-field are polynomial dependent.

e In section 5 we apply the obtained results to the study of automorphisms the free GP-algebra

GP{x,y} of rank 2 and prove that

Aut GP{x,y} = Aut P{x,y} = Aut k(x,y) = Aut k[x, y].

Throughout the paper, k denotes a field of characteristic zero.



2. GENERIC POISSON MODULES AND UNIVERSAL MULTIPLICATIVE
ENVELOPING ALGEBRAS

Following to the general conception due to Eilenberg [6], define a notion of a generic Poisson
module. Let P be a GP-algebra over k. A vector space V over k is called a generic Poisson module

or just a GP-module over P if there are two bilinear maps

PxV -V (pv)—>p-v,

and

PxV — V, (p,V) —> {P,V},

such that the split null extension E = P @ V with the operations

p+v)-(g+tu) = p-q+p-utq-v,

{p+V,C]+I/l} = {p,q}+{p,u} v {C],V},

is a GP-algebra. It is easy to see that this is equivalent to require that the following relations hold:

-y v = x-(y-v),

-yovk = xyv) +y- o),

xyb-v = {ny-vi—y-{xv}

for all x,y e Pandv € V.

Let V be a GP-module over a GP-algebra P. For every x € P we denote by M, and H, the following

operators acting on V: M, (v) = x - v, Hy(v) = {x,v} for any v € V. Then the defining relations for



a GP-module can be written as

My, = MM,, 2)

Hy = M,H+ M,H,, 3)
M.,y = [Hy,M,], 4)
respectively.

A pair of mappings (M,H) : P — EndV; x — M,, x — H, which satisfies identities (2) -
(4) we will call a representation of a GP-algebra P associated to a GP-module V. Clearly, the
notions of a module and of an associated representation define each other. Sometimes we will use
a term “representation’ in more general situation, just for a pair of mappings (M,H) : P — Aof a

GP-algebra P into an associative algebra A which satisfies identities (2) - (4).

If P is a unitary GP-algebra with the unit element 1, then we will assume that M| = Idy, thatis, V

is unitary. It is easy to see that in this case also H; = 0.

Following to [7] (see also [30]), define the (unitary) universal multiplicative enveloping algebra
U(P) of a GP-algebra P. Let mp = {m,|a € P} and hp = {h,|a € P} be two copies of the vector
space P endowed with two linear isomorphisms m : P — mp (a +— mg)and h : P — hp (a — hy).

Then U(P) (or P¢ in notation of [30]) is an associative algebra over k, with identity 1, generated



by the direct sum of two linear spaces mp and hp, subject to the relations

My = Ny, %)
hy = myhy + myhy, (0)
Mixyy = hyamy —myhy = [hy, my], (7
m = 1 ®)

for all x,y € P.

In a standard way, the universal multiplicative enveloping algebra is uniquely defined up to

isomorphism by its universal property:

Proposition 2.1. Let P be a GP-algebra. For any representation (M,H) : P — A of P into an
associative algebra A there exists a unique algebra homomophism ¢ : U(P) — A such that

p(my) = My, ¢(hy) = Hy for any x € P.

By the definition of the universal multiplicative enveloping algebra, the notion of a GP-module
over a GP-algebra is equivalent to the notion of a left module over its universal enveloping algebra.

Let V be an arbitrary GP-module over P. Then V becomes a left U(P)-module under the action

my=x-v, hyv = {x,v},

forall x € P and v € V. Conversely, if V is a left U(P)-module then the same formulas turn V to a

GP-module over P. Therefore, we have the following



Proposition 2.2. The category of unitary GP-modules over a unitary GP-algebra P and the

category of (left) unitary modules over the universal enveloping algebra U(P) are equivalent.

The first example of a GP-module over P is the regular module Reg P = P, under the actions x - v

and {x,v}. Since 1 € P and m,1 = x, it follows that the mapping

m:P— UP), x —> my,

is an injection. Therefore we may identify m, with x. After this identification, the essential part of
the defining relations of the U(P) are

hxy = yhy +th, )

{x’y} = hxy_yh = [hx,)’], (10)

for all x,y € P. In particular, it follows from (9) that the mapping / is a derivation of P into the left

P-module U(P). Moreover, if x € P is an invertible element then

het = —x 2hy, by = =X 2he 3 'hy, (11)

Recall the notion of Hopf smash product. Let H be a Hopf algebra. A (left) H-module algebra A

is an algebra which is a (left) module over the algebra H such that
h- lA = E(h)lA and h- (ab) = (h(l) . a)(h(z) : b)

whenevera,b € A,h € H, € is the counit of H, and A(h) = h(1)®h(2) is sumless Sweedler notation

for the coproduct in H.



Now, let H be a Hopf algebra and A be a left Hopf H-module algebra. The smash product algebra

A H is the vector space A ® H with the product

(@a®h)(b®k):=a(hq-b) ® hok,

and we write afth for a ® h in this context.

It is easy to see that A = Afi1l and H = 18 H; moreover, AfH = A ® H as a left A-module.

Besides, A is a left A # H-module under (atth) ® b +— a(h - b).

Observe that the smash product A g H is characterized by the following universal property:

For any associative algebra C and homomorphisms of algebras ¢ : A — C,  : H — C such that

v(We(a) = eha) - a)y(he)  foranya e Ah € H, (12)

there exists a unique homomorphism gy : AgH — C such that (efy)(afly) =

p(a), (piy)(Lath) = ¥.(h).

An important example of smash-product is obtained when a Lie algebra L acts by derivations
on an algebra A. In this case A becomes a Lie module over L and also a left module over the
enveloping algebra U(L). It is well known that this U(L)-module structure is in fact a left Hopf

module structure, and we may construct the smash Hopf product A U(L).

10



In particular, leti : V — Der A be a linear mapping of a vector space V to the algebra of derivations
of an associative algebra A. We can extend i to a homomorphism of the free Lie algebra Lie(V) over
V to Der A. Then, as above, the algebra A has a left Hopf module structure over U(Lie(V)) = k(V),
the free associative algebra (tensor algebra) over the space V, and we may consider the smash Hopf

product A # k(V).

We will often use the following simple fact:

Lemma 2.3. Let A k(V) be a smash Hopf product constructed as above via a linear mapping
i :V — DerA, and let B be an associative algebra. For any algebra homomorphism ¢ : A — B

and a linear mapping v : V — B such that

[ (W), p(@] = @i(v)(a)) = ¢(v-a) . foranyyv eV, a €A, (13)

there exists a unique homomorphism gy : A k(V) — B extending the mappings ¢ and .

Proof. The mapping v is extended to an algebra homomorphism of (V) to B, which we will denote
by ¥ as well. Let us check that the pair (¢, ) satisfies condition (12). Leta € A, u € k(V). It
suffices to consider the case when u is a monomial: u = vy ---v,, v; € V. For n = 1 the condition

holds by (13). If n > 1, we write u = wv, v € V, then

Awm) = AwWAW) = (W(l) X W(z))(l Rv+v1) = Wiy & wo)v + wi)v Q w),

11



and we have by (13) and induction
vwe(a) = YywWrWela) =y w)(e@y @) +ei(v)(a)
= oway - DY we)Y ) +ewa) - (v-a)¥(we)
= owq) - )Y (weyw) +ewa) - (v-a)¥we) = @) - )y uwe).
By the universal property of smash product, there exists a homomorphism @£+ A £k(V) — B

extending ¢ and . [

Theorem 2.4. Let P be a GP-algebra. Then U(P) = (P 8 k(P)) /I, where k{P) is the free associative
algebra over the space P with the canonical Hopf algebra structure and 1 is the ideal of P § k(P)

generated by the set {1(ab) — aftb — bfia | a,b € P, ab is the product in P}.

Proof. Consider the linear mapping t.: P — Der P, t(a)(x) = {a,x}. As above, we may construct
the smash Hopf product P § k(P). For any a,v € P we have by (7)

[hy, mal = mpy.ay = my.q,

which proves that the applications m, h : P — U(P), m : p — my, h : p — h, satisfy identity (13).
By lemma 2.3, there exists a homomorphism mih : P k(P) — U(P) extending homomorphisms
m and h. Clearly, mgh is surjective. By (9), the ideal I is contained in ker(mgh), hence U(P) is a
homomoerphic image of (Pt k(P))/I. Finally, consider the mappings 7, i : P — (P8 k(P))/I, in :
p — pil +1, h p — 1fp + 1. One can easily check that these mappings satisfy relations
(5)—(8), hence there exists a homomorphism ¢ : U(P) — (P#k(P))/I such that ¢ (m(p)) =

m(p), ¢ (h(p)) = h(p) for any p € P. This implies clearly that U(P) = (P # k(P))/I. H

12



Let L be an anticommutative algebra. The anticommutative product [,] on L can be extended
via Leibniz identity (1) toan anticommutative bracket {, } on the (associative and commutative)
symmetric algebra k[L]. In this way, the algebra k[L] is endowed with the structure of a GP-algebra.
If e, en,...,ex,...1s alinear basis of L, then k[L] is the polynomial algebra k[ey, €3, ..+, €k, . .]

on the variables ey, es, ..., ek, . . ..

Theorem 2.5. Let L be an anticommutative algebra and k[L)] be the symmetric algebra over L

equipped with the GP-algebra structure. Then

U(k[L]) = k[L]gk(L),

where k(L) is the free associative algebra over the space L with the canonical Hopf algebra

Structure.

Proof. Consider the linear mapping t : L — Derk[L], t(a)(x) = {a,x}. As above, we may
construct the smash Hopfproduct k[L] # k(L), and a homomorphism v : k[L]# k(L) — U(k[L])

such that vy : afil — mgyh; for any a € k[L], [ € L.

On the other hand, consider the mapping & : L — k[L]gk(L), h : [ — 1glforl € L. By the
propertiesof the symmetric algebra k[L], it is extended uniquely to a derivation H of the algebra
k[L] into the left k[L]-module k[L] g k(L). Let M : a — at 1, then the pair of mappings (M, H) :
k[L] — k[L]tg k(L) evidently satisfies identities (2), (3). To prove that it satisfies (4), consider,

for any a € k[L], the mapping T,, : k[L] — Kk[LI1gk(L), Ty : b — My — [Hp,M,]. It is

13



easy to see that 7, is a derivation of the algebra k[L] into the left k[L]-module k[L] # k(L). For any
l e L, T,(l) =0, which implies that 7, = 0 and the pair (M, H) satisfies (4). By Proposition 2.1,
there exists a homomorphism ¢ : U(k[L]) — k[L] g k(L) such that ¢ (m,) = agl, ¢(h;) = 1glfor

any a € k[L], [ € L. One can easily see that the homomorphisms ¥, ¢ are mutually inverse. O

Corollary 2.6. Let L be an anticommutative algebra with a base ey, . .., ey, . ... The subalgebra
A of U(k[L]) generated by the elements he,, ..., he,, ... is a free associative algebra in variables
he,s...,he,, ... The left k[L]-module U(k[L]) is isomorphic to the left commutative k[L]-module

K[L] ® A.

If L is a Lie algebra then the GP-algebra k[L] is in fact a Lie-Poisson algebra (a P-algebra). Denote
in this case by Uy, (k[L]) its universal multiplicative enveloping algebra as a P-algebra considered

in [16, 17, 30]. Similar to the proof of the theorem, we get the following

Remark 2.7. Let L be a Lie algebra. Then Uy, (k[L]) = k[L]# U(L) where U(L) is the universal
enveloping associative algebra of the Lie algebra L. In particular, for a free P-algebra P(X) we have

ULie(P(X)) = P(X) 8 k(X).

Let P be a GP-algebra and S C P be a multiplicative subset of P. The bracket {., .} can be extended

to the algebra of fractions S~ P via

(s 'a,r b} = (s 2({a, b}st — {a,t}sb — {s,b}at + {s,t}ab), s,t € S, a,b € P.

14



In this way, S™!P also has a structure of a GP-algebra. In particular, the field k(L) of rational
functions on an anticommutative algebra L may be considered as a GP-algebra. As above, we may
construct the smash Hopf product k(L) f k(L) via the linear mapping i : L — Der k(L), i(l)(a) =

{a,l}.

Theorem 2.8. U(k(L)) = k(L) 4 k(L).

Proof. By Lemma 2.3 again, there exists a homomorphism v : k(L) § k(L) — U(k(L)) such that
Y o agl — mgh; for any a € k(L), [ € L. On the other hand, the mapping [ — 141/, [ € L, is
extended uniquely first to a derivation of the algebra k[L] and then to a derivation H of the field
k(L) into the left vector k(L)-space k(L) f k(L). Let M : a — a1, then, as in the proof of Theorem
2.5, one can verify that the pair of mappings (M, H) : k(L) — k(L) # k(L) satisfies identities (2) -
(4). By Proposition 2.1 again, there exists @ homomorphism ¢ : U(k(L)) — k(L) g k(L) such that
o(my) = atl, ¢(hy)) = 18l forany a € k(L), [ € L. One can easily see that the homomorphisms

V¥, ¢ are mutually inversible. O]

Corollary 2.9. Let L be an anticommutative algebra. Then U(k[L)) as a left k[L]-module is

isomorphic to k[L] ®y k(L). Similarly, U(k(L)) = k(L) ®y k(L) as a left k(L)-vector space.

15



3. FREE GP-ALGEBRAS AND FREE GP-FIELDS
As usually, we call a GP-algebra P on a set of generators X the free GP-algebra with the set of
free generators X, if for any GP-algebra A, any mapping ¢ of X into A is uniquely extended to a
GP-algebra homomorphism ¢* : P — A. From now on, AC(X) and GP(X) will denote the free

anticommutative algebra and the free GP-algebra on the set of free generators X over k.

Lemma 3.1. GP(X) = k[AC(X)].

Proof. Let A be a GP-algebra, and let ¢ : X — A be a mapping. By the universal property of
free algebras, ¢ extends uniquely to an anticommutative algebra homomorphism ¢ : AC(X) —
(A, 4+, {, }). Similarly, by the universal property of symmetric algebras, a linear mapping ¢; extends
uniquely to a homomorphism of associative algebras ¢* : k[AC(X)] — A. Finally, the Leibniz

identity readily implies that ¢* preserve brackets. The lemma is proved. U

The corresponding field of fractions k(AC(X)) we will call the free GP-field on the set of free

generators X and will denote as QGP(X). Theorems 2.5, 2.8 imply

Corollary 3.2. U(GP(X)) = GP(X) t k(AC(X)), U(QGP(X)) = QGP(X) # k(AC(X))

Let U = Agk(V) be, as above, a smash Hopf product induced by a linear mapping V — Der A.

We know that k(V) = @;>0V®', hence U = @;>0A t V®'. Denote U, = &!_,A # V®', then one can

16



easily check that

Afl=UycUC---CU,C--- (14)
is a filtration on U, that is, U;U; C U,y for all i,j > 0 and U;>oU; = U. Put
gU=grUyogrU1® --- g, H---,

where grUp = Af1l and grU; = U;/U;_1 for i > 1. The multiplication on U induces a

multiplication on gr U and the graded vector space gr U becomes a graded algebra.

Proposition 3.3. The graded algebra gr U is isomorphic to A Q@ k(V).

Proof. Every element a € gr Uy may be written in the forma = ) ;a; fv; + Uk—, for some a; €
A, v € V® Define gr(a) = Y_; a;®v;, then it is easy to see that the mapping ¢y : gr Uy — AQVE
is correctly defined and is an isomorphism of left A-modules. Let ¢ = {gi}i>0 : grU — A ®
k(V), o(u) = gr(u) if u € gr U; then evidently ¢ is an isomorphism of A-modules. Furthermore,
forany a,b € A, v € V® u e V¥ consider the product

(aftv)(btu) = ZaV(l)(b)ﬂV(g)u =abivu+ Z avy(b) tvoyu € abtvu + Uiy 1.

v) V)€Y po; VOK
This proves that ((afv + U;i—)(bfu+ Uj—1)) = ab®@vu = (@@ Vv)(b ®u) = ¢(agv +

Ui—1)@(b i u+ Uj_y). Therefore, ¢ is an algebra isomorphism. ]

Associate with filtration (14) the corresponding value function v : (U\{0}) — N; v(u) = n if

ue U,\U,— (see [4]).

17



Theorem 3.4. Let A be a field, then the above smash product U = A #k(V) satisfies the weak

algorithm for the value function v and it is a free ideal ring.

Proof. We consider only the left dependence in U since the right dependence can be treated

similarly. We have to prove that for any finite set of left U-dependent elements s1, 52, . .., S of
U with v(s1) < v(s2) < --+ < v(sg) there existi € {1,--- ,k} and #{,...,7,_1 € U such that
v(s;i — 1181 — - — ti—18i—1) < v(s;) and v(j) + v(s;) < v(s;) forallj e {1,...,7— 1} (see [4]).

For an element u € U with v(u) = n we denote by u = u+ U, its projectionin gr U, = U,,/U,_1.

Assume that ZI;ZI ursy = 0. Put m = max{v(u,) + v(s,) |1 < r < k}. Let rq,...,r; be the set of

indices r with v(u;) + v(s;) = m. Consider
l I k

ZﬁrjE,j = Zurjsrj +Uu_1 = (Z urs,> +Up,_1 =0.
Zl"zhlis equality lizllds in the algebra gr U rglA ® k(V) = A(V) which is a free associative A-algebra
(a tensor algebra) over the space of V. It gives a nontrivial left dependence of the homogeneous
elements s, S, . .., S,. The free algebra A(V) has a natural degree function deg with respect to the
generating space V and satisfies the weak algorithm for it [4]. Therefore, there exist i and elements

tris+ s tm, € U such that

S = I Spy &= 1y Sry

18



and deg(?,j) + deg(sy;) < deg(sy,) forallj € {1,...,i — 1}. Observe that deg(u) = v(u) for any
u € U. Therefore, we have
V(Sr,' - trlsrl -t tr,-,lsr,',l) < V(sr,')

and v(zy,) + v(sy) < v(sy,) forallj < i. O

The proof of the theorem is constructive. Hence the standard algorithms (see, for example [29])

give the next result.

Corollary 3.5. Let A be a field and U = A 1 k(V) the above smash product. Then

(1) The left ideal membership problem for U is algorithmically decidable;

(i1) The left dependence of a finite system of elements of U is algorithmically recognizable.

Taking in account Corollary 3.2, we have

Corollary 3.6.

(1) The two problems from the previous corollary have positive solution in the universal multi-

plicative enveloping algebra U(QGP(X)) of the free GP-field QGP(X);

19



(i1) The left dependence of a finite system of elements is also algorithmically recognizable in the

universal multiplicative enveloping algebra U(GP(X)) of the free GP-algebra U(GP(X)).

Proof. It suffices only to prove (ii). Since U(GP(X)) C U(QGP(X)), for any finite system
St,...,8k € U(GP(X)) we may recognize whether it is left dependent in U(QGP(X)). If it is
left independent in U(QGP(X)) then clearly it is so in U(GP(X)). Assume now that the system
S1,...,S 1s left dependent in U(QGP(X)); then there exist uy,...,uxy € U(QGP(X)) such that
Zle u;si = 0. The algebras U(QGP(X)) and U(GP(X)) are isomorphic, as left GP(X)-modules,
to OGP (X) ®k(AC(X)) and GP(X) ®k(AC(X)), respectively. Therefore, there exist 0 # g € GP(X)
such that gu; € U(GP(X)) forall i = 1,...,k, and we have 0= g(3%_, wis) = %, (gui)si,

which gives left dependence of s1, ..., sx over U(GP(X)). ]

4. POISSON DEPENDENCE OF TWO ELEMENTS
Let S be an arbirtary GP-algebra over k. Elements ay, a», . . ., a,, of S are called Poisson dependent
if there exists a non-zero element p(x1, x2, . . . , X;;,) in a free GP-algebra GP(x1, X2, . . ., X;,) such that
plai,as,...,a,) = 0inS; otherwise ay, as, . . ., ay, are called Poisson free or Poisson independent.
If a1, ao,...,a, are Poisson free then the Poisson subalgebra of S generated by these elements is

a free GP-algebra in these variables.

Similarly, elements ay,as,...,a, are called polynomially dependent if there exist a non-zero

polynomial f(xy, x2,...,Xx,) € k[x1,x2,...,%,] such that f(ay,as,...,a,) =0.
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It was proved in [11] that in a free Poisson field any two Poisson dependent elements are

polynomially dependent. In this section we will prove that the same fact is true in a free GP-field.

A family of polynomial weight degree functions can be defined on k[y1, y2, . . .] by giving arbitrary

real weight w; = w(y;) to the generators and extending it on monomials M = y’l1 )/22 ... by

w(M) =Y jiw(y;). Then for f € k[y1,y2,...] degree can be defined as D(f) = max{w(M)|M € f},
i

i.e. maximum by all monomials contained in f with non-zero coefficients. Of course not all of

these functions make sense for GP as a generic Poisson algebra. We say that a weight degree

function D on GP is compatible with the generic Poisson structures if it satisfies the following

natural condition:

for any two monomials M{,M> € GP (as a polynomial algebra) the bracket {My,M>} is D-

homogeneous.

For example, the weight which is defined on an anticommutative monomial y as the number of
appearances of a free generator x; in y defines a compatible degree function d,, . It is easy to check
(see [11] ) that in order to define a compatible degree function the weight should be given on an

anticommutative monomial by

W) =Y (wlx) — o)y, (y) + <.

where w(x;) and c are arbitrary real numbers.

21



Examples of compatible degree function are dy, defined above and the Poisson degree which
corresponds to w(x;) = ... = w(x,) = 1, ¢ = 0. Total polynomial degree deg is also compatible

and corresponds to w(xy) = ... =w(x,) =c = 1.

Observe that deg({f, g}) = deg(f) + deg(g) — 1 for homogeneous f and g if {f, g} # 0. Similar

relation is true for any compatible weight degree function:

D({f.¢}) = D(f) + D(g) — ¢

if {f, g} # 0 and f and g are D-homogeneous.

We will consider only weight functions for which all parameters are integers.

Below P and Q denote the free GP-algebra GP(X) and the free GP-field QGP(X) on a set of free

generators X = {x1,x3...}.

Lemma 4.1. If f,g € Q are Poisson dependent and r(x1,x3), r2(x1,x2) € k(x1,xp) are rational

functions then r1(f,8), r2(f,g) € Q are also Poisson dependent.

Proof. We modify the proof for free Poisson algebras in [11, Lemma 1]. Elements f,g
are Poisson dependent if the basic anticommutative monomials of f,g are algebraically
dependent. Denote by yi,...,Yn@ the set of all basic anticommutative monomials in two

variables with d(y;) < a. Consider the smallest A for which y(f,g),y2(f,8),....ynva)(f, &)
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are algebraically dependent. It is easy to check using induction on a@; = d(yi(x1,x2)) that
yi(ri(f,8),rn(f,8) € k(f,e)y3(f,8),-..,YNw)(f,&)]. Hence there is an algebraic dependence

between yl(rl (f’ g), rZ(f’ g))’ o ,)’N(A)(i’l (f’ g)’ rz(f’ g)) [

For f € Q denote by supp (f) the minimal set of polynomial variables on which f depends.

Lemma4.2 ([11, Lemma 2]). Letf, g € Q be elements which are algebraically independent. Then
for a given polynomial weight degree function D there exists an element h € k[f, g] such that the

leading form fp, hp are algebraically independent.

Lemma 4.3 ([11, Lemma 3]). Let f,g € O be elements which are Poisson dependent but not
algebraically dependent. Then there exists a pair of elements which are homogeneous relative to

any compatible weight degree function D with the same property.

We call elements which are homogeneous relative to all compatible degree functions completely

homogeneous.

Lemma 4.4. Letf,g € Q be a Poisson dependent pair and x be the smallest element in supp (f).

Write f = x"fx + ---, g = x"gx + - - -, where fy, gx do not contain x and dots stand for terms with

smaller (polynomial) degrees in x. Then the pair fy, g« is Poisson dependent as well.
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Proof. Consider the Poisson polynomial P(x1,x2) for which P(f, g) = 0; it is a sum of monomials

of the type
k1 k
u= y11y22 .. .y{;‘v,

where y; are anticommutative monomials in xp, x;. We have

.8y =x""{f gt + -,

Vilf:8) = XVyi(fe g2) 4 - -+ L Ni = ndy, () + mdy, (),

u(f,g) = N Oufe,g) + - N =Y kiNi,

where again dots means terms of smaller degree in x. Observe that x cannot appear in {fy, g,} or in

vi(fy, &) when d(y;) > 1 since for any y € supp (f),z € supp (g) we have {y, z} > y > x. Therefore

O:P(f’g):Q(fx’gx))gv‘i‘"' )

where N = max{N(u)| u monomial in P(x;,x2)}, O(x1,x2) = ZN(M)ZN u(xy,x). Since all
monomials u in P(x,xp) are linearly independent, we have Q(x1,x2) # 0 and hence f, g, are

Poisson dependent. O

Lemma 4.5. In the conditions of Lemma 4.4, assume that f, = 1,f = x"+ax" '+ .. deg(gy) # 0.

Then the pair nx + o, g, is Poisson dependent.
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Proof. We modify the proof for free Poisson algebras in [11, Lemma 5]. Let us check by induction

on the Poisson degree that

vilf, g) = Nyi(nx 4+ a, g0) + - --

for any anticommutative monomial y;(x1,x2) # x1, where N; = (n — 1)dy, (yi) + mdy,(y;) and
dots stand for the terms of smaller degree in x (recall that deg,(g) = m). The base of induction
for y>(f,g) = g is clear. An anticommutative monomial yx(f, g) with k > 2 can be presented as
{vi(f,8),yi(f, &}, where y;, y; are monomials with a smaller Poisson degree and [ < j. If k = 3,
then/=1,j =2 and
(g = g =g + T Ma g o= T o g

= Xy 4o, g)

If k > 3 then by induction

yi(f.8) = fo'yj(nx +a,g) + -

and either / = 1 and y;(f,g) =f,or/ > 1 and
i(fs8) =y + @ g+ -

In both cases, the similar computations verify the claim. It is essential that x is the smallest element
in supp (f) because supp ({y, z}) does not contain x if y > x and no additional powers of x may

appear as results of Poisson brackets.
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Therefore, for u = ylflygz .Y the leading form of u(f, g) relative to x is

x”k‘+N”y2(nx +a, gx)k2 o ys(nx +a, gX)kx’

where
Nu= (n—Ddy OF Y5 +md, 65 ... %),

Hence different monomials of P(f,g) cannot cancel in the x-leading form of P(f,g) and the

elements nx + «, g, are Poisson dependent. [

Consider now a pair of algebraically independent elements f,g € Q. By Shirshov Theorem a
subalgebra of a free anticommutative algebra is a free anticommutative algebra (see [27, 28]) so
the elements of supp (f) U supp (g) generate a free anticommutative algebra A with the free basis
which contains two smallest elements x, y of supp (f) U supp (g). Elements x and y are different
since otherwise supp (f) Usupp (g) = x and f, g are algebraically dependent. If P is the free generic
Poisson algebra which correspond to A and Q is the field of fraction of P then f, g € Q. Though

f, g are possibly written through different generators, the size of supp (f) Usupp (g) did not change.

Assume that there exist a pair of algebraically independent Poisson dependent elements in a free
generic Poisson field Q. Then we can find a pair which is minimal in the following sense: the size
If, g| of supp (f) U supp (g) is minimal possible, Q is generated by supp (f) U supp (g), elements f

and g are completely homogeneous.
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As we observed |f, g| does not change when we replace the original generic Poisson field with
the minimal one. The elements may stop being completely homogeneous but by Lemma 4.3 we
can produce a completely homogeneous pair which belongs to k[f, g], hence the union of supports
of these two elements belongs to the union of supports of the original elements. Since |f, g| is
minimal it implies that the size cannot become smaller, so the union of supports of a completely

homogeneous pair is the same as for the original pair.

Recall (see [2]) that if two homogeneous polynomials f, g € k[X] are algebraically dependent then
there exist a homogeneous polynomial 4 € k[X] such that f/ = ah¥,g = Bh! for some o, B € k
and natural numbers k, /. Similar statement is true for two algebraically dependent homogeneous

rational functions f, g € k(X) if one of them, say f, has a non-zero degree (see [11]).

Lemma 4.6. Let f,g € Q be a minimal pair. If x is the smallest element in supp (f) U supp (g),

then there exists a minimal pair7 = x+ fi,g where x ¢ supp (fi) U supp (2).

Proof. Write f = x"'fy +---,g = x"g, + ---, where f;, g« do not contain x and dots stand for
terms with smaller (polynomial) degrees in x. Then the pair f;, g is Poisson dependent by Lemma
4.4 and is algebraically dependent since |fy, gx| < |f,gl|- If D(fy) = O for any compatible degree
function consider the second smallest element y € supp (f) U supp (g) and present f' = y"'f, + - - -
where f, does not contain y and dots stand for terms with smaller degrees in y. If D(f,) = 0 for any
compatible degree function then D(x") = D(y"*") for any compatible degree. But x, y are elements

of a free basis, so the Poisson degrees d, and d, are compatible degree functions and either x =y
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which is impossible or n = n; = 0. Similar considerations for g show that either D(gy) or D(gy) is
not identically zero orm = mj = 0.If n = m = 0 consider polynomial dependence g between fy, g
and a minimal pair f, g1 = ¢(f, g). Then g; = x*g1, + - - - where k < 0. So either D(g1) or D(g1y)
is not identically zero. Since x, y are elements of a free basis we can reorder them as well as f, g1 and
assume that D(f) # 0 for some compatible degree function. Then by above there exist acompletely
homogeneous element 2 € Q such that f, = c1h%, g« = coh? where ¢, ¢ € k\{0}, D(h) # O for
some compatible degree function, and a # 0. Without loss of generality we may assume that
ci =cy = 1.Hencef = x"h%+---, g = x™h’ + - ... The pair fg¢,f € Q is Poisson dependent
by Lemma 4.1. We can write f?g™¢ = x"=@" 4 gxP"—em=1 1 .. "Hence by Lemma 4.5 the
pair (bn — am)x + «,h® is Poisson dependent. Recall that x ¢ supp (o) U supp (k). Therefore
(bn — am)x + « and h are algebraically independent if bn —am # 0. So if bn — am # 0 we proved

the lemma.

If bn — am = 0 then algebraically independent rational functions f, g have algebraically dependent
leading forms relative to polynomial deg, . According to lemma 4.2 ring k[f, g] contains an element
g’ such that deg,-leading forms of f and g’ are algebraically independent. Since supp (g') C

supp (f) U supp (g) the pair f, ¢’ is minimal and we can use it to prove the lemma. [

Theorem 4.7. Every two Poisson dependent elements in free generic Poisson field Q are alge-

braically dependent.
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Proof. Assume that the theorem is not true. Then by the previous lemmas there exist a completely
homogeneous Poisson dependent algebraically independent pair f = x + fi, ¢ € O, where the
size |f, g| is minimal possible, x is the minimal element in supp (f) U supp (g) and x ¢ supp (f;) U

supp (g), and x is an element of the basis of P.

Consider the smallest element y € supp (g) and write f = y"f, +---, g = y"g, + --- where
y ¢ supp (fy) U supp (gy). Elements f, and g, should be Poisson dependent by Lemma 4.4 and

algebraically dependent since |fy, gy| < |f, gl

If n = O then f, = x + fi, and g, are algebraically dependent and d,(f,) = 1. Hence g, = cfyb and
b = 0 since otherwise x € supp (gy). If furthemore m = 0 then g = ¢ + --- where ¢ € F and
we will replace g by ¥ = g — c. Then § = y"g, + .- where i < 0. Furthemore, f, = x + fi,
and g, are Poisson and algebraically dependent, which as above is possible only if g, € k. Since
y is an anticommutative monomial and y # x, there exist an element z # x in the free basis for
which d,(y) # 0 and d,(g) = md.(y) # 0. But D(g) = 0 for any compatible weight degree
function (since g is completely homogeneous and D(g) = D(g) = D(c) = 0). Therefore g, ¢
k, gy = cfyb where b is a non-zero integer, and x € supp (g,), a contradiction. We can conclude
that m # 0 and that f,, my + B are Poisson dependent by Lemma 4.5. Since f, = x + fi,, where all
elements of supp (f1,) are larger than x and all elements of supp (B) are larger than y, we can see
that y; (x + f1y, y + m~!B) = y;(x,y) + - - - for any anticommutative monomials y; where dots stand
for anticommutative monomials larger than y;(x, y). Hence these elements are Poisson independent

and n = 0 is impossible.

29



The condition n # 0 implies that x ¢ supp (f); otherwise 1 = f, = y"g; where y ¢ supp (g1) which
is impossible. Since x is an element of the free basis, it follows from the complete homogeneity that
0 = d,(x) = d,(y"fy). Therefore d,(fy) = —nd,(y) # 0 and f, ¢ k. Elements f, g, are algebraically
dependent, hence f, = c1h%, g, = coh? for some element i where a # 0 and we may assume that

cir=c=1.

If b = 0andm # Othen g = y"+- - - and by Lemma 4.5 f, and my+ B are Poisson dependent. They
are algebraically independent since y ¢ supp (fy), y € supp (my-+). Butx ¢ supp (f,) Usupp (gy),
and we have a contradiction with the minimality of the pair f, g. If m = 0, considerg = g — 1.
Then'g = y’%gy + -+ wherem # 0and g, = 1P because fy = h* where a # 0. Now,

di(f) = de(x) =1 =d:("fy) = dx(y)"h") = ndx(y) + ady(h),

d(f) = d;(x) =0=d.('fy) = d;(y"h") = nd;(y) + ad (h),

d® = d(1) =0= (") = indy () + bd.(h).

d.G) = d.(1) =0=d("H) = fid,(y) + bd.(h).

Since (7, b) # (0,0), we have (n,a) = A(ii, b) for some A € k and then nd,(y) + ad,(h) = 0, a

contradiction. Therefore b # 0.

Replace now gby 3 = g~%f?. Then g = y* + y*=13; + .. .. The case k = 0 could be brought to a

contradiction just as the case b = m = 0 above. Therefore k£ # 0.
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Elements ky + g1, f, are algebraically independent since y ¢ supp (f;) and k # 0. Since supp (ky +
g1)Usupp (fy) < supp (f)Usupp (g), we should have supp (ky+g1)Usupp (f,) = supp (f)Usupp (g)
by the minimality condition, and thus x € supp (g1). Recall that 3 = g~%f” and therefore x €
supp (g1) only if n = 1,i.e.if f = yh® + (x+8) + - - - where dots stand for the terms with negative

powers in y. Hence

Gh' + (x+8) +---)P B o
(;)mhb+eym—1+...)a :yk—l—[b(x—l—(S)h 4 — aeh b]yk LR

g =

and 3| = b(x + 8)h™* — aeh™.

The elements (ky + g1)fy, f, are Poisson dependent by Lemma 4.1. Hence
[ky + b(x + 8)h™% — ach™"1h" = b(x + 8) = aeh® " + kyh*

and h“ are Poisson dependent.

It is clear that supp (h“) is a proper subset of supp (g). So we may apply induction on the size of
supp (g) to prove the theorem. The base of induction when |g| = 1 corresponds to g = y"',m # 0.
As we have seen above in order to avoid a contradiction we should have f = y"f, + --- where

n#0,f, ¢ k,and g, ¢ k, But g, = 1 and we have a contradiction which proves the theorem. []

Corollary 4.8. Letf,g € Q, {f,g} # 0. Then f, g generate a free anticommutative algebra with

respect to the bracket {, }, and they generate a free generic Poisson subalgebra in Q in complete

analogy to the case of free associative algebras [3].
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Proof. It suffices to notice that f, g are algebraically independent. In fact, let F(x,y) # O be a
polynomial of minimal degree such that F(f,g) = 0. Then 0 = {F(f, g), g} = Fr(f,@)1{f, g} and

Fr(f,g) = 0, a contradiction. O

Remark 4.9. Observe that the theorem is evidently not true for more than two elements: the
elements xp,xp, {x1,x} are Poisson dependent but are algebraically independent. It is not true
as well if char(k) = p > 0; the elements xl,x’; are algebraically independent but {xl,x’;} =

ng_l{xl,xz} = 0.
S. APPLICATION TO AUTOMORPHISMS
In this section we prove the following analogue of Makar-Limanov - Turusbekova - Umirbaev’s

Theorem [12]) for ordinary Poisson algebras:

Theorem 5.1. Automorphisms of the free generic Poisson algebra GP(x,y) of rank two over a field

k of characteristic O are tame.

Proof. The proof repeats the proof given for ordinary Poisson algebras in [11]. We will give it for

the sake of complicity.

Let o be an automorphism of P, = GP(x, y). Since any (tame) automorphism of k[x, y] can be lifted

to a (tame) automorphism of P,, we can assume without loss of generality that the abelianization
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of « (that is, its homomorphic image under the natural epimorphism Aut (P2) — Aut (k[x,y])) is

the identity automorphism of k[x, y]. It remains to show that then « is the identity automorphism

Leta(x) =f, a(y) = g. Assume that either f # x or g # y. If we take weights w(x) = p,w(y) =1
where p > Othenf = xand g = y where f and g are the lowest Poisson forms of f and g with
respect to w. If we start now to decrees p then for some non-positive value of p either f # x or
g # y for the corresponding f and g . Let us take the largest p with this property. Then f and g
are Poisson w-homogeneous, d,,(f) = p, dyw(g ) =1, f =x+f1, g =y+ g1, where at least one
of f1, g1 is non-zero and their abelianizations in k[x, y] are both zero. Clearly, f and g are Poisson

independent.

Let x = X(f, g) for some Poisson polynomial X(x1,x;), then x = (X(f,g)) = X (f,g ) since f
and g are Poisson independent. Similarly, y belongs to the Poisson subalgebra generated by f and

g . Therefore, the w-homogeneous Poisson forms f', g generate P;.

Consider now the Poisson leading forms (’F ) and C;) of f and g with respect to the Poisson degree,
when d(x) = d(y) = 1. If they were Poisson independent, then as above they would generate P».
But this is impossible since otherwise their abelianizations, the images under the epimorphism

P> — klx, y], would generate k[x, y], while at least one of them is 0.
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Next we can use Theorem 4.7 and conclude that (,F ) and C;) are algebraically dependent. Therefore
up to scalars they are 4%, h” for a certain Poisson-homogeneous element & € P, and non-negative

integers a, b. Then we have ad,,(h) = p, bd,,(h) = 1 where p < 0, which is impossible. ]

From this theorem and the previous results [5, 10, 12], we have

Corollary 5.2. Let k be a field of characteristic zero. Then

Aut GP{x,y} = Aut P{x,y} = Autk(x,y) = Aut k[x, y],

where k[x,y] is the polynomial algebra; k(x,y) is the free associative algebra; P{x,y} is the free
Poisson algebra, and GP{x, y} is the free generic Poisson algebra, respectively, on variables x,y.

We will finish with the following open question:

Let GP(x,y) be the free generic Poisson field on two generators. Is it true that Aut GP(x,y) =
Aut P(x,y)? Observe that by [14], the last group is isomorphic to the Cremona Group Cry(k) =

Aut k(x,y).
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