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Spontaneous symmetry breaking occurs in various equilibrium and nonequilibrium systems, where phase
transitions are typically marked by a single critical point that separates ordered and disordered regimes. We reveal
an innovative phenomenon in which the interplay between different temperatures and driving forces splits the
order-disorder transition into two distinct transition points depending on which ordered state initially dominates.
Crucially, these two emerging phases have distinct scaling behaviors and thermodynamic properties. To study
this, we propose a minimal variant of the Ising model where spins are coupled to two thermal baths and subjected
to two opposite driving forces associated with them. Our findings, robust for both all-to-all interactions (where
exact solutions are possible) and nearest-neighbor couplings on a square lattice, uncover unique nonequilibrium
behaviors and scaling laws for crucial thermodynamic quantities, such as efficiency, dissipation, power and its
fluctuations, that are different between the two ordered phases. We also highlight that one of these emerging
phases enables heat-engine operations that are less dissipative and show reduced fluctuations. In this setup, the
system can also operate near maximum power and maximum efficiency over a wide parameter range. Our results

offer unique insights into the relevance of phase transitions under nonequilibrium conditions.

DOI: 10.1103/hz13-hjnl

Introduction. Phase transitions and universal scaling are
central topics in statistical physics, particularly for systems
that display collective behavior. Examples can be found across
diverse fields, including physics, chemistry, biology, and eco-
nomics. Many of these systems operate out of equilibrium,
where nonzero probability currents and specific symmetries
can lead to unique classes of nonequilibrium phase transitions.
Similar to their equilibrium counterparts, nonequilibrium
phase transitions are often characterized by an order pa-
rameter. However, this approach can obscure the irreversible
dynamics and its impact on the properties of phase transitions.
Increasing attention has been given to entropy production—a
key indicator of system dissipation—and related thermody-
namic quantities as alternative descriptors of nonequilibrium
phase transitions, although many aspects of this topic remain
to be understood [1-4].

Beyond phase transitions and universality classes, systems
exhibiting collective dynamics are of considerable interest for
their potential to enhance the performance of nonequilibrium
heat engines, in both classical [5-12] and quantum thermody-
namics [10,13,14]. A key subset of collective-engine setups
extract work from driving forces, often modeled as biases over
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specific transitions [5-8,15,16]. These biases arise in diverse
systems, such as anomalous mobility in driven active particles
[17,18], chemical potentials fueling kinesin motion [19,20],
light-activated transitions in photoacids [21], thermodynamic
forces in chemical reaction networks [22-24], and ATP-driven
pathways in chaperones and molecular transporters [25,26].
Recent studies highlight a distinct phase transition that sepa-
rates a functional heat-engine regime from a “dud” regime,
where the system is purely dissipative [7,8,15,16]. Despite
its relevance in biophysics and related fields, the interplay
between biased forces and phase transition regimes remains
poorly understood and explored only in a few examples.

In this Letter, we demonstrate that collective effects under
driving forces yield unique phenomena with no analog in
traditional equilibrium or nonequilibrium phase transitions.
The uniqueness lies in the combination of the following fea-
tures: (1) Order-disorder phase transitions occur at separate
points depending on which ordered phase initially dominates;
(2) each order-disorder phase transition may fall into a
different classification, with, for instance, the “down”-spin-
dominated phase transition being critical and continuous,
while the “up”-spin-dominated transition is discontinuous;
and (3) unlike customary “up-down” (Z,) symmetry-breaking
phenomena [2,27], the continuous phase transition we observe
exhibits critical exponents that, in the mean-field limit, differ
from the classical result of 8 = 1/2. Our findings reveal dif-
ferent insights into the properties of the order parameter and
uncover unique behaviors of key thermodynamic quantities,
such as power and energy dissipation. We further show that
the less dissipative ordered phase—characterized by lower
power fluctuations—exhibits heat-engine behavior capable of
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achieving near-optimal efficiency and maximum power. In
contrast to some recent studies [28-30], our results suggest
that these performance improvements arise directly from col-
lective dynamics, without the need for complex strategies.

Minimal collective model and thermodynamics. To illus-
trate these findings, we propose a minimal model consisting
of N interacting units, where each unit j is represented by
a spin variable s; with values s; € {—1, 0, 1}. Thus, a given
microscopic state is defined by the configuration of individ-
ual spins, s = (s, ..., 8, ..., Sy). The energy of the system
takes the simple Ising-like form

N
€ 2
E(s)zﬂ E sisj—i—Alei, @))]

@) i=

where € < 0 quantifies the interaction energy between two
nearest-neighbor units, and each unit contributes an individual
energy 0 or A. The equilibrium version of this model exhibits
a variety of collective behaviors, including continuous and
discontinuous transitions, as well as tricritical points [31].

The system is coupled simultaneously to two thermal baths
at different inverse temperatures B; and B, and inducing
opposite nonconservative (biased) driving forces [5,7,15,19—
21] acting at the level of individual units. Each step of the
dynamics corresponds to flipping the state of a single unit
(say unit j), under the action of one of the baths (with
equal a priori probability), so that a microstate s is taken to
s = (S], ey S, §j’ Sjtlseees SN), where S:j ;ﬁ §j. For a ﬂlp
induced by bath v € {1, 2}, the associated work performed on
the system by the nonconservative force is

(v) v—
Ws“s e (_1) lds’sF» (2)

where F denotes the driving force strength and dy; equals +1
(=1)if the flip s; — §; follows clockwise (counterclockwise)
the cycle —1 — 0 — +1 — —1. Therefore, taking F to be
positive, the cold thermal bath (v = 1) favors clockwise flips,
while the hot bath (v = 2) favors counterclockwise flips (see
also Fig. S1 in the Supplemental Material [32]). Notice that
we adopt the convention that positive work is performed on
the system, while work performed by the system is negative.
Energy conservation implies that the associated heat is

O = E(s') — E(s) — WY 3)

s's T

The corresponding transition rate is a)E"Y) =Texp
[—(B,/2)Q")], in which T sets the timescale. We should
mention that the proposed dynamics is equivalent to the
fast-switching limit of a “two-box” description [23,33,34] in
which each unit is placed in contact with a single thermal bath
at a time and a switching between thermal baths (while the
unit is kept at the same state) occurs with a rate much greater
than all other relevant rates.

The time evolution of the probability p,(¢) to observe the
system in the microstate s at time ¢ is governed by the master
equation

2
ps) =YY I, )

v=1 §'#s

where J)(1) = ") p (1) — 0 ps(r) is the probability flux

between microstates s and s’ due to the contact with bath v.
We are mainly interested in the nonequilibrium steady-state
(NESS) regime, in which the probability set {p¥'} is time-
independent.

Following Refs. [35,36], the mean heat exchange rate with
each bath and the mean power are written as

(0)=Y000%) and (P)=3 WL, )
(5.8 (s,8")

where sums over (s, s”) involve all possible microstate flips.
The above definitions satisfy the first and second laws of ther-
modynamics, respectively, (P) + (Q1) 4+ (0) = 0 and (o) =
—B1{(01) — B2(0,) > 0, where (o) is the dissipation rate (or
rate of entropy production), both evaluated in the NESS. A
positive steady-state power indicates that, on average, work is
performed on the system. In the opposite case of a negative
steady-state power, the system operates, on average, as an en-
gine, partially converting heat extracted from the hot reservoir
into work.

In the nonequilibrium model, interactions give rise to
collective effects, where phase transitions emerging as pa-
rameters (e.g., € or A) are varied. Similar to the equilibrium
model, two phases exist, denoted as A and B, respectively,
characterized by a predominance of spins —1 and +1. Let-
ting m = —(s;) denote the order parameter, we have m > 0
for phase A and m < 0O for phase B, while m = 0 indicates
independent operation of units. The “quadrupole moment”
g = (s?) distinguishes between phases where units predom-
inantly occupy states £1 (¢ &~ 1) and where they are in state
0(g =0).

Emergence of phase transitions with no equilibrium or
nonequilibrium analogs. The interplay between biased driving
forces and different ordered phases results in unique features
of phase transitions with no equilibrium analog. Each ordered
phase is associated with a distinct transition point, X4 or
Xp (X being either € or A) for m > 0 and m < 0, respec-
tively, and, remarkably, these transitions can have different
orders, with one being continuous and the other discontinuous
[see Fig. 1(a)]. This contrasts with typical phase transitions
characterized by spontaneous symmetry breaking, where the
splitting of a transition point associated with hysteresis in-
volves transitions that are both discontinuous, and that are
related to stability limits of the ordered and disordered phases.
To illustrate these features, we analyze interactions on both
square-lattice arrangements (coordination number k = 4) and
the all-to-all version (k = N — 00), the latter case yielding
exact results that we now describe.

Following previous work [5-8,15], we describe the all-to-
all dynamics via the densities of units in one of the possible
individual states, n; = (N;/N), with i € {—, 0, +}. Here, Ny
represents the number of units in the local states s = £1 and
Ny is the number of units for which s = 0. The dynamics of
{n;} is governed by the master equation

2
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FIG. 1. (a) For all-to-all interactions and A = 0, the figure shows the hysteresis involving the stationary values of the order parameter.
The analysis starts with the system constrained to phase A by a very small magnetic field, at € = ¢y = —1.1. The parameter ¢ is increased
quasistatically up to € = —0.88, past the (continuous) phase transition to the disordered phase occurring at € = ¢4, = —0.978 071. Next, with
the system in the disordered phase, the weak field is reversed, and the system is driven in the “backward” trajectory, in which the parameter
€ is decreased quasistatically down to € = €, with the discontinuous phase transition to phase B occurring at € = €5 = —0.908 883. Finally,
the transition from phase B to phase A is achieved by applying an appropriate magnetic field at € = €. (b) Critical behavior associated with
the ordered phase A, highlighting the difference between the F = 0 and the F # 0 cases. (c) Bistability of the magnetization close to the
transition from the ordered phase B to the disordered phase, for € = —0.9219. Initial conditions are n(0) = 0.8, n_(0) = 0.2 (solid line)
and n.(0) = 0.2, n_(0) = 0.8 (dotted line). The inset shows the basins of attraction of the ordered (yellow area) and disordered (blue area)
phases according to the values of n,(0) and n_(0). (d) Behavior of the order parameter as a function of A at fixed € = —13 for the all-to-all
case. Dotted and dot-dashed lines denote the unstable solutions for the phases A and B, respectively. For phase A (B), initial conditions m(0)
lying above (below) the unstable solution will converge to the ordered solution. Otherwise, the disordered stationary solution will be reached.
(e) Behavior of the order parameter as a function of A at fixed e = —13 for the square-lattice topology. The sudden jump from m = 1 to
m ~ —1 is due to finite-size effects. Unless stated otherwise, parameters are F' = 2, 8; =2, and 8, = 1.

where Ji(;)(t) = a)g}’)n () — a);.‘;)ni (t), with density-dependent
transition rates w(‘;) whose explicit expression is presented
in the Supplemental Material. The order parameter m and
the quadrupole moment ¢ are given by m =n_ —ny and
g = n_ + n.. In the absence of individual energies (A = 0),
and for |B,€| > 1, the steady state of the system corresponds
to one of the two different ordered phases (A or B), depending
on the initial condition. At fixed 8; and f,, by taking X = € as
the control parameter, as € < 0 increases the phase transition
from phase A (B) to the disordered phase occurs at €4 (€p),
with €4 < €g < 0. On the other hand, for € > €5, the system
is in the disordered phase, for which steady-state densities are
equal, n% =n® =ny = 1/3, yielding m =0 and ¢ =2/3.
Finally, in the intermediate case €4 < € < €p, the dynamics
evolves to the disordered phase or to phase B, depending on
the initial condition.

J

In order to analyze these phase transitions, we notice that,
by combining the master equations for n_ and n, it is pos-
sible to derive master equations for m and ¢. In the steady
state, dm/dt = dq/dt = 0, from which an implicit relation
g = q(m) can be obtained.

If there is a continuous phase transition to the disordered
phase, the NESS values (m, ¢g) continuously approach (0, 2/3)
as € < 0 is increased from the ordered phase at fixed B; and
B>. Therefore, it is possible to expand the master equation for
dm/dt in m and, taking into account the implicit relation
g(m), the time evolution of m reads

dm 2 3
E%a(e—eA)m—f—bm +cm’ 4+, @)

where €, is given by

eW/DFB1=PF2) 4 (A/DFB2=P1) 4 o(I/DF(Br+h2) 4 BIF 4 oPoF 4

€p = —

(ePF/2 + efF/2)(By cosh (B1F /2) + B2 cosh (B2F /2))

’

L032049-3



GUSTAVO A. L. FORAO et al.

PHYSICAL REVIEW RESEARCH 7, L032049 (2025)

125
(a) 10° %ms (b)
C . !
Y 195
0% 3 A7 1. -08 -0 -

FIG. 2. (a) Average entropy production as a function of € in phases A (solid lines) and B (dashed lines). (b) Same as panel (a) but for power
fluctuations. The inset provides a close-up of yp near the phase transitions (dashed line indicates phase B). These findings are robust beyond
the all-to-all interaction case, holding also for square-lattice interactions (data marked by x). (c) Log-log plots of the above quantities near the
critical point €4, with slopes consistent with § = 2. (d) Entropy production as a function of A for the same parameters as in Fig. 1 for phases
A (solid line) and B (dashed line). As in Fig. 1(d), discontinuities occur at A4 = 9.73 and Ap = 11.06, respectively.

while
. F
b = sinh (Z(,Bl - /32)>f(,31, B2, F),

with explicit expressions for f(B1, ., F') and the coefficients
a > 0 and c provided in the Supplemental Material.

A few observations about Eq. (7) are in order. First, the
presence of a term proportional to m? for F # 0 and 81 # B
leads to the critical behavior m ~ a(es — €)/b, with a crit-
ical exponent 8 =1 (not to be confused with the inverse
bath temperatures B, and fB,), markedly different from the
standard mean-field behavior in order-disorder phase tran-
sitions |m| ~ J/a(es — €)/c, where B = 1/2, obtained when
F =0 and/or B; = B,. The appearance of a critical expo-
nent B =1, illustrated in Fig. 1(b), is a consequence of
breaking the Z,-“up-down” symmetry that is often present in
equilibrium and nonequilibrium phase transitions for mean-
field systems [2,3]. Two additional distinctions from standard
order-disorder phase transitions are that € # €4 and, for A =
0, the classifications of the corresponding phase transitions
differ. While the transition from m > 0 to the disordered
phase is continuous, the one from m < 0 is discontinuous, as
shown in Fig. 1(a). Unlike a critical transition, the latter case
features a spinodal region where the system may reach two
distinct steady states depending on the initial configuration
[see Fig. 1(c)]. This behavior remains qualitatively the same
as long as F # 0. In the absence of the nonconservative force,
the splitting of the phase transitions disappears.

The existence of two distinct transition points is robust, as
shown in Figs. 1(d) and 1(e), where we fix the values of g,
B2, and € while varying the individual-energy parameter A,
both in the all-to-all case [Fig. 1(d)] and in the square lattice
[Fig. 1(e)], the latter case having been studied by numerical
simulations via the Gillespie algorithm [37]. Notice that now
both transitions are discontinuous, with the jumps in the order
parameter and the spinodal regions being more pronounced
(dotted and dot-dashed lines) than for A = 0. Notably, hints
of a similar scenario have been observed in a simpler two-state
model [7,15], where the m > 0 phase exhibits a discontinuous
phase transition, absent for m < 0.

These findings are also reflected in peculiar thermody-
namic properties of this class of systems. In the following,
we analyze the average power (P) and the power fluctua-
tions yp = (P?) — (P)?, the efficiency n = —(P)/(QZ), and

the dissipation (o). We use the superscripts (A) and (B) to dis-
tinguish between quantities associated with phases A (m > 0)
and B (m < 0).

In the all-to-all limit, by expanding (0 ™) and y,5" in terms
of the order parameter near €4, we arrive at the following
expressions:

(™) ~ (00) + com® + -+,

7/¢()A) ~ )/;)C) +Cvm2 4o

where  (0.) = 2F[B sinh(B,F/2) + B, sinh(B,F/2)] and
¥y = 2F2[cosh(B1F/2) + cosh(B2F /2)], respectively,

denote entropy production and power variance for € > €4. The
coefficients ¢, and c, are provided in the Supplemental Mate-
rial. This dependence on the order parameter implies another
scaling behavior, i.e., (W) — (0.) ~ acs (€4 — €)°/b and
v — v ~ ac,(es — €)’ /b, with § =28 =2. Average
entropy production and power fluctuations as functions of €
are shown in Figs. 2(a) and 2(b).

The system’s performance, particularly its efficiency 7,
also has a scaling behavior characterizing phase A. To ex-
amine this, we expand (QEA)) around ¢4, yielding (Ql(.A)) ~
(') + cym? + - -+, where (Q)) = —2F sinh(8;F/2) and
the coefficients ¢, and c,, are listed in the Supplemental
Material. Using the expressions for (0%") and (PW), we
derive an asymptotic form of the efficiency n),

4(c)
W~ + .1(6) (c,,1 - cd% >>(€A —e),

(05”) (0y7)
where (¢ =14 sinh(B,F/2)/sinh(B,F/2) and § = 28.
Thus, the efficiency exhibits the same critical exponent as en-
tropy production, power, and power fluctuations, as illustrated
in Fig. 2(c). Although closed-form expressions are unavailable
near €p, Fig. 2(b) (dashed line in the inset) shows that the
discontinuity in the order parameter can be equally found in
power fluctuations yp. Moreover, when analyzing the system
in the ordered phases, we notice that phase A (m > 0) exhibits
notably lower dissipation and power fluctuations than phase B

(m < 0), as shown in Figs. 2(a) and 2(b).

To gain more intuition on the system’s behavior, we de-
velop a phenomenological model valid when |m| ~ 1, using
an approach analogous to that introduced in Ref. [7]. Under
this condition, the state densities are approximately given
by n. =1 (- =0) and ny =0 (ny = 1) for phase A (B).
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FIG. 3. (a) Average power (P) as a function of € in phases A (solid line) and B (dashed line) for the same parameters as in Fig. 1.
Symbols indicate the square-lattice case. (b) nump (Symbols x) and nug (symbols o) versus f; for € = —20 and F = 5. For comparison, the
continuous black and red curves represent the corresponding Carnot . and the Curzon-Ahlborn efficiency nca, respectively. The inset shows
the corresponding maximum power values, Pyp. (¢) The convergence of Ayp and Ayg to Ay is shown, as a function of B, for the same
parameters as in panel (b). Dashed curves here separate the heat-engine (HE) and dud (D) regimes from the heat pump behavior (gray area).

In all cases, 8, = 1.

Applying the spanning-tree method [38], we derive approx-
imate steady-state solutions, depending only on model pa-
rameters (details in the Supplemental Material). For |8, (e +
A)| > 1, the effective expressions for the entropy production
are given by

(o)~ —eVDBATTIE (B 4 ) + (b1 — B2)(A + €)]
and

(0B ~ e B/BHFHOLE (B, 4 By) — (B) — Bo)(A + €)]

for phases A and B, respectively. Notice that 0 < (aéé)) <
(ae(fl?). Similarly, expressions for the power fluctuations yp
are obtained via the large-deviation method [39,40], with lead-
ing terms given by y;f” A AR [eB1/2ERE) 4 o(B2/2)(€=F)] and

y;)B ) a2 4F2eB/DEHE) for phases A and B, respectively. Here

again, y;)A) < y(f,()B), consistent with phase A exhibiting lower

power fluctuations than phase B. These results are also valid
in the square-lattice topology [see data marked by the symbols
x in Figs. 2(a) and 2(b)].

Also, in Fig. 2(d), we show the behavior of (o) in the
square lattice as A varies. Again, (c®) (solid lines) remains
smaller than (o®)) (dashed lines). The entropy production,
like the order parameter, captures again the phase transitions
occurring at two distinct values of A, Ay # Ag.

Phase transitions and heat engines operating on the verge of
maximum power and maximum efficiency. Systems operating
collectively can offer significant advantages, such as reduc-
ing dissipated work [12,41] and optimizing efficiency and/or
power through tailored internal structures [7,11,15]. Here, we
notice a crucial difference in behavior emerging from the exis-
tence of the two phases. Indeed, assuming F' > 0, the system
may only operate as a heat engine for m > 0 (phase A) and
not for m < 0 (phase B), as illustrated in Fig. 3(a). The engine
regime occurs deep in the ordered phase with m ~ 1, in which
case the majority of units are in the state s; = —1. Due to the
values of the transition amplitudes, only rarely a unit flips,
mostly to s; = 0, under the action of the hot bath, flipping
back to s; = —1 under the action of the cold bath. Both flips
involve performing work on the surroundings. On the other
hand, if m &~ —1, the most common excitation involves flips
from the state s; = +1 to s; = 0 under the action of the hot
bath, flipping back to s; = +1 under the action of the cold

bath. Both flips now involve work performed on the system.
(If F < 0, the roles of the A and B phases are interchanged.)

The phenomenological description employed above allows
the quantification of this effect via expressions for () and 7.
When |8,(e + A)| > 1 and B, is sufficiently different from
B> so that the system can operate as a heat engine, these
quantities read

2F(e%l31(A+e+F) — erfabte=F))

1 ®)
BB A+OTFBi—p) | |

and

2F 1 _
i) = — (e PrHpIATOFB—F) | 1) (9)

for phase A. Similar expressions for phase B show that
(Péﬁ)) > 0 and néﬁ) < 0, so that, in this phase, the system
never operates as a heat engine. On the other hand, for suf-
ficiently distinct values of 8; and B,, there is a range of values
of B in which the system, in phase A, operates as a heat
engine close to maximum power and maximum efficiency, as
shown in Fig. 3(b) and in the Supplemental Material. While
the second law of thermodynamics prevents ideal efficiency
at finite power, the interactions and individual-energy distri-
butions allow for the maximization of power and efficiency at
values of A denoted by Ayp and Ay, respectively, with the
other parameters held fixed. These values are close to each
other, enabling near-ideal performance (i.e., near maximum
power and efficiency). They converge toward the ideal effi-
ciency n. = 1 — B,/B1 as B increases. These findings hold
not only for all-to-all interactions but also in square-lattice
configurations [marked by x symbols in Fig. 3(a)], without
requiring specialized optimization procedures, such as reward
functions that balance power and efficiency.

Finally, we address the link between optimization and
phase transitions. Although Ayp and Apg do not necessarily
coincide, both converge to the discontinuous transition value
A = Ay as By increases [see Fig. 3(c)], revealing a connection
between ideal operational conditions and phase transitions.

Conclusions. Our results reveal a class of collective be-
haviors under driven forces, with a unique phase transition
characterized by two distinct transition points. These find-
ings highlight the emergence of ordered phases with
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contrasting behaviors, where phase A, the less dissipa-
tive phase, exhibits weaker power fluctuations and supports
nearly ideal performance under optimal energy settings. Our
work opens avenues for a deeper understanding of sheer
nonequilibrium phenomena driving collective operation and
instantiating efficient heat engines at the nanoscale. Fu-
ture investigations could explore more complex systems,
such as those with energetic frustration, which frequently
appear in nature and could yield further insights into this field.
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