





Bayesian and classical estimation procedures abound in the literature. Two main estimators
are considered in the literature for 2g in the ordinary regression model. The classical, or maxi-
mum likelihood estimator and the inverse estimator, obtained by regressing = on y. A Bayesian
justification for the inverse estimator is given in Hoadley (1970). Shukla (1972) derives first or-
der approximation to the asymptotic bias and mean squared error of the two estimators, under
the assumption that |3] > 0. Comparisons between the asymptotic bias and mean squared error
conducted by Shukla (1972) show that the inverse estimator is preferable when the observable
mean # = Y%, zi/n is close to the unknown 29. However, Shukla (1972) concluded that the
classical estimator seems to present an overall better large sample behavior.

There are many situations, however, in which the covariate z is observed with error. Mea-
surement errors models are studied in Fuller (1987) and Cheng & Van Ness (1999). If the
observed value, Xj, is such that

(1.3) X; = o + 6,

where 8;, i = 1,...,n are independent and identically distributed, the measurement error is
additive. Hwang (1986) considers a multiplicative measurement error model where the observed
value is given by
Xi =2,

i=1,...,n. When the z; are considered to be fixed unknown quantities, the functional model
follows. Otherwise, if z;, § = 1,...,n, are random quantities then the structural model results.
In the functional model with additive measurement errors and under the normality assumption
to the errors distribution, Fuller (1987, Section 2.5) discusses properties of the inverse estimator,
Bolfarine et al. (1997) and (1999) obtain first order approximation to the asymptotic bias and
mean squared errors of the classical and inverse estimators with the additional assurnption that
A = 02/o? and o}, respectively, are known. Bolfarine et al. (1999) consider linear calibration in
the functional multiplicative model.

This paper extends Bolfarine et al. (1999) results to a more general class of distribution. It
discusses linear calibration in the additive functional model described by equations (1.1)-(1.3)
without the normality assumption. The errors ¢;, §; and €p; are supposed to be independent
with Ele;] = Eleo;] = E[&i] = 0, E[é}] = E[é};] = m{ and E[§}] = mf, where m{ and m{)
are finite 1 <1< 4,i=1,...,n,j =1,...,k Classical and inverse type estimators based on
the ordinary least squares estimators, which are not consistent under error-in-variables models
{Fuller, 1987) and also on consistent estimators are considered.

The outline of the paper is as follows. Section 2 discusses the functional model without the
normality assumption. Inverse and classical estimators based on consistent and least squares
estimators are considered. Conditions for strong consistency of the estimators considered are
studied. First order approximation for the asymptotic bias and mean squared error of the
estimators considered for zy are obtained. Section 3 is divided in two parts. The first part
presents some large sample comparisons of the estimators of #g considered in Section 2. The
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second part presents a simulation study aimed at verifying the accurateness of the expressions
derived in Section 2 for the asymptotic bias and mean squared error of the estimators considered
and also on the comparisons of the estimators proposed.

2. Estimators and properties

As presented in Section 1, two estimators of zg are usually considered under the linear
calibration model. The first, usually known as classical estimator, is given by & = is;,ﬁ and the
second estimator, obtained considering the model (1.1) written as z; = y +dyi+¢;,i = 1,...,n
where ¢; = —e;b, v = ~a/B, ¢ = 1/B, usually known as inverse estimator, is given by & =
3+ $ijo, where &, B, § and @ are estimators of a, B, v and ¢, respectively, and §p = }:;5:1 yo;i [k.

The least square estimators of &, 3, v and ¢ are defined by &z, = § — X85, AL = Say/Sxx,
qp = X—§é1 and $1 = Sxy/Syy, where j = Ty pi/n, X = T, Xi/n, Spy = Sy (ui—5)2/n,
Sxx = Xk (Xi— X)?/n, Sxy = $81(Xi = X)(yi — §)/n. It can be shown that 3 and ¢y, are
inconsistent estimators of B and ¢, respectively. Assuming that the sequence {2;}:> satisfy the
conditions

n 2
(2.1) Jim Z=p < oo, and limzﬂ=62<oo,

with finite population moments mf = E[Si’] and m§ = E{e;'], 1 € j € 4, then consistent
estimators of a, 8, v and ¢ can be obtained. The next lemma presents consistent estimators of
o and 8.

Lemma 2.1. Under the calibration model (1.1)-(1.8) with the assumption (2.1), and with m$
and m§, finite 1 < j < 4, it follows that

~ SX”

. e X and a=g-AuX
(2.2) B SXX_mg and &.=§-f

or

. Syy — ASxx) + 1/(Syy ~ ASxx)? + 4A5% -
(2.3) ﬂ,,=( . ) ‘/(25"; X and &, =§-BX
v

with the additional assumption that mg or A = E’i is known, respectively, are sirongly consistent
estimators of a and 8.

Proof. See Appendix B.

We call attention to the fact that these estimadors coincide with the consistent estimators
obtained in Bolfarine et al. (1997 and 1999) under the normality assumption,
Consistent estimators of 7 and ¢ are presented in the next lemma.
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Lemma 2.2. Under the calibration model (1.1)-(1.8) with the assumption (2.1), and mﬁ and
m$, finite 1 < j < 4, it follows that

~ Sx. a _ 7=
(2.4) ¢u=m and 7y, = X — ¢o§
or
n  Sxx—md e o B
(2.5) Fo= XX ond 5= X -Bef
Sxy

with the additional assumption that m§ or mj is known, respectively, are strongly consistent
estimators of ¢ and 7.

The proof is similar to the one in Lemma 2.2 and thus not provided.

Assuming that only m$ is known, the consistent estimators considered are given by (2.2)
and (2.5). Moreover, notice that ¢, = l/ﬁc, 0 that

(2~6) f:: = —T + ==%+ $c170 = X-C!

(- (4
meaning that in this case the classical and inverse estimators coincide. By considering the
estimators of a, 8, v and ¢ defined above the following estimators of z¢ are considered:

~ _ Jo— @& g0 — &y
.’l:c— A z]’,— T
ﬂc ﬂL

and
1 = 31 + dih.

According to (2.6), there is no need to consider . = 7, + $cﬁo because it coincides with Z,.
Notice that £, and Z. are the classical and inverse estimators of 2y combined with the consistent
estimators of («,8) and (v, ¢), respectively. On the other hand, £z and Z; are the classical
and inverse estimators of z9 combined with the least squares estimators of («, ) and (v,4),
respectively. In Lemma 2.3 and 2.4, first order approximations are obtained for the expected
value and variance of the least squares and consistent estimators of 3, respectively.

Lemma 2.3. Under the calibration model (1.1)-(1.3), it follows that

2 _ B 3imj + m{ — 2(mj)’* -2
E(ﬂb)"‘ I+mg (1"" n(l+mg)2 +O(n ))

and

mg 16 (Pm§ — 3U(m)? + (m)® + lm)
n(l 4 m3) n({l +mj)t

Var(B) = o(n™?),



where I = 3.7 i’—';."—i)l

Proof. See Appendix B.

Notice that J; and & are continuous function of (Sxy:Sx x—m$) and (Sxy, Syy) respectively,
80 the proofs of Lemma 2.4 and 2.5 are gimilar to that of Lemma 2.3 and they are not presented.

Lemma 2.4. Under the calibration model (1.1)-(1.3) with the assumption that m$ is known, it
follows that

s §_ §
E@) =8+ B(3im; +;’;; (m))* +0(n?)

and
~ +m 4 2 2'7%2 =
Var(@) =2t o ( e ) +0(m™),

where | is given in Lemma 2.5.
Results about the least square estimator of ¢ are presented next.

Lemma 2.5. Under the calibration model (1.1)-(1.8) it follows that

z[3z-2+ (mg/(m$)?)]

" z -
BG0= szt eeaszr o0
and
~ mé z [z’ —3Z+1+Z (m§/ (m$)?)] -
Var(g1) = Jg(TZ—’T) + A1+ 2) +0(n™),
where

n N2
zi—F
z =ﬁ2"——~——>;’( ) il
nm$§ m§’

The following three theorems present the main results of the section. They provide first
order approximation for the asymptotic bias, variance and mean square error of the estimators
considered for .

Theorem 2.1. Under model (1.1)-(1.3) with the assumptions that m{ and mf,1<i< 4, an
finite with mg known, it follows that
" z9— T m&mé _
E(Z) =20 (_:iﬁT) (mg - 9ptmf + =2 ’) +0(n™?),
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2
Var(s,) = (E—;ﬂ;:ﬁ) + 1% ;:;?ﬁz (3tm§ ~ m + (m3) )+ (kl’ﬂ4 (32+3mf)

+ (z:pﬁz) (18%m] + tm§ + Bm — B2 (ms)? 4 m§m$) + 0(n~?)
and
MSE(Z.) = Var(3.),

where | is given in Lemma 2.9,
Proof. See Appendix B.

The proofs of Theorem 2.2 and 2.3 are similar to that of Theorem 2.1 and so they are
presented.

Theorem 2.2. Under mode! (1.1)-(1.8) with the assumptions that m§ and m{, 1 <i < 4, are
finite, it follows that

BE) = s THE72) , @0-3 { (0 = 3lmd + (md)?) +mf | md + md)?

nl (1 +mj) B2z
(31m§ + m§ — 2(m$)?) "
(I +m3) } +0(=™),
] — =2 £ 513
Var(zs) = ﬂng + (zunlsz) (mz(ll;;'lz) +1mf — 31(md)? + (md)? +lmﬁ)
- mi+mi)? (Bm§(l+md) 1 1
2g nkilgz k7T,
e 32m3 I{ms3)12 _ 833 im?
and
5 $ 1+md)? (3ms(l+md) 1 1
s = S e () -
3%mf 4 5l(md)? - 3(m§)® — Im (zo —%)? [ m§(3m$ + (1 + m$)?
{ ni? 2a2
+ (3mg + D(Pmé - 31(m$)? + (m4)® + im) ~ Am3(3lm§ — 2(mf)? + m)
{1+ mj)
i 2
+ ("‘————’(’f""")) +0(n™?),

where | is given in Lemma 2.8,



Theorem 2.3. Under model (1.1)-(1.8) with the assumptions that mi andmé, 1 <i <4, are
finite, it follows that

(20 =2) (20 ~F)Z(3Z ~ 2+ [m§/ (mi)’])

Blen) =a = 5 ] wz+ 1y o
- m$ Z22m§ Z%ms (z0 —7)* [ B2m}
Verles) = S+ @z YRz 0 F n(z+1) { 2
4 Z(Z=3Z 41+ Z[m§/(m5)?) m§
(Z+1) nk(Z +1)

4 3Zm
* W{"‘WZ -1Z41)+ 2*}+o( )

and

s Z2m§ szg mg

sy oo ™
MSE(RL) = 4 mz+ 11 T+ 18 T ek (Z )

—=\2 2.0
P - {mz»(7Z2 -TZ+1)+ 32'"“} 4+ (Zo=2) {ﬂmTz
my 2

nk@2(Z + 1) n(Z +1)

22— 92+ 5+ (7~ LN
(Z ¥ 1)3 (Z + 1)2

+ + O(n"z),

where Z is given in Lemma 2.5.

We call attention to the fact that considering the calibration model (1.1)-(1.3) with the
additional assumption that the errors are independent and normally distributed, the expressions
obtained for the asymptotic bias and mean squared error of the estimators proposed coincide
with the ones given in Bolfarine et al.(1999). Notice also that, if m§= oF = 0, that is, the
covariate z is observed without error and under the normality assumption the results presented
coincides with the corresponding expression given in Shukla (1972). Lwin (1981) reports also
some studies under the same model considered in Shukla (1972) but without the normality
assumption. The errors are considered to be in a class of distribution with finite fourth moment.
However, his asymptotic square error of the inverse estimator (%) is different from the one
obtained in this article. We conclude that the asymptotic mean squared error of the inverse
estimador is not dependent on the skewness coefficient reported in Lwin (1981).

3. Comparing the estimators

In this section, large sample results and a simulation study are used to compare the estimators
considered for zg. The large sample comparisons, which are based on the leading terms of the
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expansions obtained in Theorems 2.1, 2.2 and 2.3, are presented next. The simulation study
is based on the expansions derived, including the first order terms for the asymptotic bias and
mean squared errors obtained in Section 2.

3.1. Large sample comparisons

From Theorems 2.1, 2.2 and 2.3, it follows that

"li_r'%o Bias(Z,.) = 0,

s .t m‘s 20—~ %
Jim, iaa(ay) = ")
and
Em Bias(éy) = - 20" 2,
n—oo Z+4+1

Although all the estimators are biased, the consistent classical estimator is asymptotically
unbiased. Notice that the three estimators are asymptotically unbiased when zo = ¥. Further-
more, as n — co and k — 00, the behavior of the biases are the same.

Comparing the asymptotic mean squared errors of the estimators considered we can notice
that mé

Jim MSE(Z) = 125,

e =\ 2
Jim MSE(z;) = ”‘2(; :'ﬁ';'g)’ . (m%(zg - a:))

and

Z%m§ (z0 —%)?
Bzt vt

lim MSE(%L) =
Thus, as n — oo,

MSE(Z.) < MSE(31)

and

MSE(&.) - MSE(&1) = ;,’%iz' (1 7 ) (20 — 7)?

T@Z+y?) (Z+)
Thus, for large n, when zg = %,

MSE(3,) < MSE(Z.) < MSE(Z1),
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that is, with respect to the mean squared error the inverse estimator is better than the classical
consistent estimator and this is better than the classical with mean squared when zj is closed
to Z.
Further, as n = oo and k = o0, it follows that
lim lim MSE(Z.) =

k—o0 n—+00

lim lim MSE(&;)= (”‘2(”" ’))

k—co n—o0 I
and
(20 —%)* _ (m§)*(z0 — %)
Jim, i MSE(EL) =7 0ye = (Gt mgp
Thus,

2
MSE(21) - MSE(3s) = g 505 desglmd) (B 4 mi)? - F(m)?]

The above results imply that the classical estimator combined with consistent estimators of
o« and B is consistent, while classical and inverse estimator combined with the mean squared
estimators of & ¢ B are not. But all estimators are consistent when zy = #. Comparisons
between Z;, and #p will depend on the model parameters, and can be studied numerically. If
0 < I < 1, that is, the values of z are closed, it follows that MSE(Z;) < MSE(Z;). When
! > 1, the choose of one of the estimators is not well defined by mean squared error.

3.2. A simulation study

In this section a simulation study is presented to compare the estimators proposed and to
llustrate the behavior of the asymptotic bias and mean squared error obtained in Section 2.
The simulation study was made using MATLAB, version 4.0, In the study, 1,000 samples of size
n = 10,20, 30, 50, 100 were generated according to the model (1.1) - (1.3) considering a = 1,
B =5, zp = 10.0 and k = 2. The parameters z;, 1 = 1,...,n, are fixed but independently drawn
from a U(10, 30). Moreover, the errors were generated from the distributions normal, t-Student
and extreme value, as follows. The approximated (including first order term) asymptotic bias
and mean squared error of the estimators Z., Ty, #1 given in Theorems 2.1-2.3 are obtained
for the parameters given above. For each selected sample, the estimators &, Z;, and Z[ were
computed and their simulated bias and mean squared error evaluated by 3 (2¢ — 20)/1000 and
(£ ~ z0)? /1000, respectively, where Z¢ is any one of the above estimators and 3 is extended
to the 1,000 generated samples.



Model with t-Student Error Distribution

The errors € = (€1, ..y £ny EOnt1s ws Eon+k) Were generated according to the t-Student distri-
bution with v = 5 and 7 degrees of freedom that correspond to m§ = 5/3 e 7/5, respectively. The
errors 81, ..., 8, were also generated from the t-Student, supposing that m$ = 5/3. The approx-
imated and empirical bias and mean squared errors for each estimator proposed are presented
in Tables 3.1 and 3.2.

Table 3.1. Bias of £ with m§ = 5/3

Bias (z.) Bias (1) | Bias (1)
[ n | EMPIR. | APPROX. | EMPIR. | APPROX. | EMPIR. | APPROX.
10 0.244 0.169 -0.626 -0.701 0.012 0.024
20 0.100 0.073 -0.648 -0.675 0.031 0.025
v=5| 30 0.060 0.035 -0.479 -0.503 0.034 0.019
50 0.035 0.019 -0.450 -0.465 0.030 0.018
100 | 0.018 0.009 -0.439 -0.448 0.023 0.018
10 | 0243 | 0169 | -0627 | 0701 | 0007 | 0.020
30 | 0.102 0073 | -0646 | 0675 | 0.027 0.021
v="T| 30 0.060 0.035 -0.479 -0.503 0.031 0.016
80 0.034 0.019 -0.451 0.465 0.026 0.015
100 0.020 0.009 -0.437 -0.450 0.023 0.015

Table 3.2. Mean Squared Error of Zg with m§ = 5/3

MSE (5.) MSE (51) MSE (51)
¢ | n | EMPIR. | APPROX. | EMPIR. | APPROX. | EMPIR. | APPROX.
10 | 1.720 1.662 1.892 2.000 1.315 1.064
20 | 0.742 0.737 1.096 1.142 0.607 0.514
v=5| 30 | 0.366 0.354 0.570 0.592 0.322 0.277
50 | 0.227 0.201 0.418 0.412 0.212 0.163
100 | 0.075 0.110 0.268 0.311 0.069 0.094
10 | 1.700 1.650 1.871 1.085 1.301 1.052
20 | 0.729 0.728 1.080 1.132 0.595 0.505
v=7[30 | 0.363 0.347 0.567 0.584 0.318 0.270
50 0.218 0.194 0.410 0.403 0.203 0.157
100 | 0.071 0.105 0.262 0.304 0.066 0.088

With the above specifications, and from the results reported in Theorems 2.1, 2.2 and 2.3, it
follows that the asymptotic bias and mean squared error of the estimators considered, as n — oo
and v = 5, are such that

Bias(Z:) 30 and MSE (2.) — 0.033,
Bias (1) — ~0.125 and MSE (&) — 0.050,
Bias (%) — 0.005 and MSE (21) - 0.033,
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and when n = co and v = 7, are

Bias(Z:) = 0 and MSE (Z.) —+ 0.028,
Bias (1) -+ —0.125 and MSE (1) = 0.044,
Bias (£1) — 0.004 and MSE (51) - 0.028.

Model with Extreme Value Error Distribution

The errors € = (€1, ..., €n) €0n+11 -y Eon+k) Were generated from a extreme value distribution
with gero mean and variance m§ = 1.64493¢%, where ¢ = 1 and 2. The errors 4y, ..., ,, were also
generated from a extreme value distribution with zero mean and supposing variance mj = 5/3.
Tables 3.3 and 3.4 present, respectively, the approximated and empirical bias and mean squared
error of all the estimators proposed.

Table 3.3. Bias of g with m{ = 5/3

Bias (Z,) Bias (21) Bias (%p)

€ n | EMPIR. | APPROX. | EMPIR. | APPROX. | EMPIR. | APPROX.
10 | 0.168 0.169 -0.700 -0.701 0.018 0.024

20 | 0.061 0.073 -0.638 -0.675 0.012 0.025
¢=1[30 003 0.035 -0.509 -0.503 0.031 0.020
50 | 0.021 0.019 -0.463 -0.465 0.023 0.018

[ 100 | 0.011 | 0.009 -0.447 -0.448 0.022 0.018
10 [ 0164 | 0.158 -0.706 -0.713 0.094 0.094

20 | 0.053 0.068 -0.697 -0.680 0.082 0.099
l¢=2[30 | 0.030 0.033 -0.500 20.505 0.088 0.076
‘ 50 | 0.023 0.018 -0.461 -0.467 0.079 0.071
100 | 0.007 0.008 -0.451 -0.449 0.070 0.069

Table 3.4. Mean Squared Error of £ with m$ = 5/3

MSE (z.) MSE (31) MSE (27
¢ | n | EMPIR | APPROX. | EMPIR. | APPROX. | EMPIR. | APPROX,
10 | 1165 1.394 1.490 1.732 1.067 1.062
20 | 0.486 0.636 0.914 1.041 0.494 0.513
¢=1|30 | 0.264 0.319 0.507 0.557 0.274 0.276
50 | 0.152 0.183 0.361 0.394 0.151 0.163
100 | 0.089 0.102 0.288 0.303 0.091 0.093
10 | 1.360 1.617 1.733 2.018 1.267 1.272
20 | 0.642 0.792 1.107 1.220 0.646 0.669
¢=2 30 | 0381 0.446 0.630 0.700 0.394 0.407
50 | 0.267 0.297 0.486 0.521 0.268 0.278
100 | 0.187 | 0.208 | 0.400 0420 | 0.190 0.201
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From the results reported in Theorems 2.1-2.3 and with the above specifications, it follows
that the asymptotic bias and mean squared error of the estimators considered, as n = oo and
¢ =1, are such that

Bias (2;) 0 and MSE (&,) -+ 0.033,
Bias (21) - —0.125 and MSE (51) - 0.049,
Bias (1) — 0.005 and MSE (#1) -+ 0.033,

and when n = oo, and ¢ = 2, are

Bias(z.) >0 and MSE (z.) -+ 0.132,
Bias(81) - —0.125 and MSE (8g) - 0.151,
Bias (%) —+ 0.020 and MSE (2.) — 0.132.

Note from the tables that the bias and MSE of all the estimators tend toward the limiting val-
ues presented above. The tables also show that, in general, the approximations are satisfactory,
that is, the approximated and empirical values are closer, even for small samples sizes.

Notice that independent of the distribution considered to the errors (t-Student, extreme
value), the behavior of the bias and mean squared error of the estimators of 29, are, in general,
gimilar. For large values of n, note that the approximated and empirical bias of the estimator z,
are less than the ones for the other estimators, and for small values of n, the inverse estimator
seems to performs best. With respect to the mean squared error we can note that,

MSE(31) < MSE(8.) < MSE(Z1),

that is, the least mean squared error is given by the inverse estimator, that is better than
the classical with consistent estimator and this is better than the classical with least squared
estimator. When the sample size increase, the difference between MSE of &; and Z. is reduced,
that is, the MSE of both estimators are closer. In accordance with the comparisons (Section 2},
the behavior of £z is worse than the others estimators, only for n = 20 it seems to be similar.
It shows that the bias and mean squared error of the estimators of 29 do not depend on the
skewness of the distribution, as we comment in Section 2.

The study conducted by the authors includes considering &€ = (€1,..sEn) E0nt1y -y EOntk)
generated from a t-student distribution and a extreme value distribution and the errors 6y, ..., 6n
generated from a Normal distribution N (0,1). The overall conclusions seem to be similar to
the ones shown in Table 3.1 - 3.4 and thus are not reported.
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Appendix A

It can be show that

E(lel) =ﬁll
'} mg s 1
E(SXX)=‘+m2—'—n‘=l+m1+O(n‘ )

£
E(Syy) = %+ m§ = T8 = -+ m§ + O(n™),

n2

2,3 €
Var(Sx,) = g2 +'m2 + mzmz - (ﬂ = mz) + mz: +0(n"?),

$ 2 mé )2 812 5
Vdr(Sxx) = 41_1_11_2 _ LmL) 4+ —2 4 2m4 + 4(m2) + 5(m2) my 6(m2)
n n n n2 n2
[ & __ I3}
= QT—?— + (__m4 (mz) ) +0(n—2)’
n n

= agy™i mi_ (i) i T(m)?  m§  6(m§)’
Var(Sy) 441 n + n ﬂ2 n? + nd nd
4ﬂ21_"§ 4 (m5)? +0(n7?)
n n n }

8
E(SxySxx) = Bl (t +mf + %) =gl (1 +mf) +0(n7"),
m6
E(Sxy(Sxx —m3)) = Al (l + ;’-) = pi* + O(n™),
E(SxySyy) = Bl (ﬁ’z +m§+ ’"75) = Bl (B% + m3) + O(n™?),
Cov(Sxy, Syy) = ZﬂImT;,

s
Cov(Sxy, Sxx) = 2/31’—:?,
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where
2 2
2 (zi—7)
_i=1 )

l=
n

Appendix B

Proof of Lemma 2.1. Notice that Xjy1,X2y3,... are independent random variables with
E(X;y:) = az; + Bz} and Var(Xiy) = mi(a® + 208z + FPz? + m§) + z2m§, i = 1,2,...,
STy o . h . . X Var(XaY, .
which is finite according to the assumption and implies that Ex ——(,—.;’1—"1 < oo. By using the
Kolmogorov's strong law of large numbers it follows that
o~ Xii _ % gy T e
E n a E - B8 z — 0.

=1 =1 =1

Assumption (2.1) implies that

n 13
3 _X;y, 2% ap + B8t

=1

Similarly, it can be shown that

Sxx 25 8 +mj — i, Sy 5 B8 — ) +ms,

and

Sxy 25 B(8% - 42).

Since the estimators ﬁ.,, ﬁ.,, &y and &, are continuous function of the sample moments
X,¥,Sxx,Sxy and Syy, except when Sxy, =0 and Sxx = m$, which has probability zero, it is
easy to show that

lim 8. =, nl;llblgoﬂ":ﬁ nli—?go&c=a and nli_{%cav=a)

n—oo

with probability one, concluding the strong consistency of these estimators.

Proof of Lemma 2.3. Notice that the estimator 3y is a continuous function of (Sxy» Sxx).
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A Taylor series expansion of By, at a = (E(Sxy), E(Sxx)), leads, up to first order terms,to

3, = Al (Sxy — E(Sxy)) 1 -1
BL = l+mg_2{+ 5 l+”;£+0(n )

n

Sxx — E(S ! -
+ (Sxx 1!( xx)) (_(l +ﬁmg)2+0(n 1))

Sxx — E(S. 2 / _
(Sxx 2!( xx)) ((szng)a’“o(" 1)>

+ (Sxy — E(Sxy)}(Sxx — E(Sxx)) (—m—lr;;;); + O(ﬂ")) +0,(n"?).

Teking the expectation and the variance of this expansion, it follows that

A Bl Bl _ Cov(Sxy, Sxx) -
E(Br) = T mg N 2“;. + 0+ mg)a Var(Sxx) _—(I_+n$§)1_ +Ofn 2)

+

and ‘
Var(Sxy) + e ol 2ﬂlCov(Sxy,5xx)
(+m3)? "~ (1 +mdy (I +mi)®

The results follow by replacing the expressions for variances and covariances of the sample
moments obtained in Appendix A.

Var(ﬁL) =

Var(Sxx) —

+0(n7%).

Proof of Theorem 2.1. Notice that we can write

go=B % _x,Bm-2ta-¢
ﬁc ﬁc
" w4k
zti i £o0i

where £= =~ and % = =% —. The mean and variance of Z. are given by

(B.1) E(2.) = E(X) + B(zo ~ 2)E [73{-]

<

and

Var(z:) = Var(X)+8%(zp - z)*Var [ﬂi} +Var [%] + Var [E—]

c <
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"B
+ 2000 (;_)f) 2Cw(ﬂ<za f),g)_zcw(za,z_).
B. 8

< <

+ 2Cov ( Blzo - 7) ) +2Cov (X, i") —2Cov (7 f—)

Tt can be shown that the covariances are all zero, so

(B.2) Var(z,) = Var(X) + 54(zo = z):Var [g—] + Var [%2] +Var [é} 5

The mean and variance depend on i, which can be written, after a Taylor series expansion,

1 1 Be- E(ﬁc)) (B - E(B))? -2
B. -—=—=—— = Op(n
e ATE@ mAE *omar o)
A Taylor series expanding of — E(ﬁe) [E(ﬂ.,)]’ [E(ﬂc)]' ———— at a = (3, leads
1__ 1 Bias(f) S SR
(3'4) E(Ec) - B ﬂz +O( ) B a O( ):
1 _L_ZBias(ﬂc) n?) = -
(B.5) m =7 B +0(n" %)= + omn™%)
and
1 1 _3Bias(B.) SN SpYa
. EBEF - F T B oI torT):

where Bias (ﬁc =E (ﬁc) —B+0(n~2).
Replacing (B.4) — (B.6) in (B.3) and taking the mean and the variance it follows that

(B.7) E (7’}) =5- B‘“gfﬁc) V“;f,ﬁ“) +0(n7?)
and
(B.8) Var (}-’i-) = %‘ﬁ) +0@m).
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Similarly, it can be shown that

(B.9) Var (3’7:) s Va;"(!l'o) + 3Var(E(;3):’ar(ﬁc) _ 2Var(E[zaBias(Ec) +0(n2)
and

or 5 - Var(E) _a
(B.10) v ( ﬁc) s TO00™)

where Var(%) = %i and Var(g) = "7:;
Replacing (B.7) - (B.10) in (B.1) and (B.2) it follows that

E(Z;) =20+ (20 - %) (Var(ﬁc) Bia;(ﬁc) ) +0(n~?
and
~ Var(B.
Var(g,) = —= + ? + + (z0 — %)2 “;(ﬁ )
N 3'"2:';:@:)_ . 2m5€;a(ﬁc) oY),

The results follow replacing E(f.) and Var(3,) given in Lemma 2.4.

The asymptotic mean squared error of the estimators can be obtained by adding the asymp-
totic variance of the estimator to the square of the asymptotic bias. Because the asymptotic
bias of the estimator %, is of the order n~!, the asymptotic mean squared error of the estimator
coincides with its asymptotic variance.
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