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Abstract 

This paper considen the functional linear calibration model without reference to any specific 
distributional assumption. Classical and inverse type estimators are proposed. First order 
approximations are obtained for the asymptotic biu and mean squared errors of the estimators 
considered. Simulation studies are presented in order to compare the estimators proposed. 

1. Introduction 

Statistical calibration is an area of practical statistical importance. The calibration model 
consists of two stages. In the first, the calibration experiment, based on a sample of size n, the 
relationship between the variables z and y is estimated. In a second stage a sample of size k 
of the dependent variable JI corresponding to an unknown value of :i:, which we denote by :i:o, 
is observed. The main interest is on estimating the unknown zo. When the values :i:1, . . . , Zn 

are fixed, the problem is called controlled calibration. Otherwise, if they are a sample from a 
random variable, then the problem is called natural calibration. The calibration problem has 
been extensively studied in the literature (Brown, 1993).The linear calibration model can be 
represented by the equations 

(1.1) lli == or + /3:z:, + Ei, 

(1.2) 1,/0; ==or+ /3:i:o + Eo;, 

i = 1, ... , n, i = 1, .. . , k, where, E1, •• • , En, ~1, ••• , E-Oll are independent and identically dis­
tributed. Typically, the errors are normally distributed with zero mean and constant variance. 
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Bayesian and classical estimation procedures abound in the literature. Two main estimators 

are considered in the literature for zo in the ordinary regression model. The clauical, or maxi­

mum likelihood estimator and the inverse estimator, obtained by regressing ~ on JI, A Bayesian 

juetification for the inverse estimator is given in Hoadley (1970). Shukla (1972) derive11 first or­

der approximation to the uymptotic biu and mean squared error of the two estimators, under 

the assumption that 1,81 > O. Comparisom between the asymptotic biaa and mean squared error 

conducted by Shukla {1972) &how that the inverse estimator ia preferable when the observable 

mean f = Er:,1 z;,/n ill cloee to the unknown zo. However, Shukla (1972) concluded that the 

classical estimator seems to present an overall better large sample behavior. 

There are many situations, however, in which the covariate z is observed with error. Mea­

surement errors models are studied in Fuller (1987) and Cheng & Van Ness (1999). H the 

observed value, xi, is auch that 

(1.3) 

where 6i, i = 1, ... , n are independent and identically distributed, the measurement error ia 

additive. Hwang {1986) considers a multiplicative measurement error model where the observed 

value ia given by 

i = 1, ... , n. When the Zi are comidered to be fixed unknown quantities, the functional model 

follows. Otherwise, if Zi, i = 1, ... , n, are random quantities then the structural model results. 

In the functional model with additive measurement errors and under the normality 888UD1ption 

to the errors distribution, Fuller (1987, Section 2.5) discusses properties of the inverse estimator, 

Bolfarine et al. (1997) and (1999) obtain first order approximation to the asymptotic bias and 

mean squared errors of the classical and inverse estimators with the additional auumption that 

>. = ~/a'f and a'f, respectively, are known. Bolfarine et al. (1999) coosider linear calibration in 

the functional multiplicative model. 

This paper extends Bolfarine et al. (1999) result. to a more general clau of distribution. It 

discusses linear calibration in the additive functional model described by equatiom (1.1)-(1.3) 

without the normality assumption. The errors Ei, 6i and ED; are supp08ed to be independent 

with E[e.] = E[eo;] = E[6i] = 0, E[ei) = E[Efi;] = mf and E[c5j] = mf, where m!lJ and m~lJ 

are finite 1 :S l :S .&, i = 1, ... , n, ; = 1, ... , le. Clauical and invene type estimators based on 

the ordinary least squares estimators, which are not consistent under error-in-variablea models 

(Fuller, 1987) and also on consistent estimators are considered. 

The outline of the paper ia u follows. Section 2 discus&ee the functional model without the 

normality assumption. Inverse and classical estimators baaed on consistent and least squares 

estimator■ are considered. Conditions for strong consistency of the estimators considered are 

studied. First order approximation for the asymptotic bias and mean squared error of the 

estimators considered for zo are obtained. Section 3 is divided in two parts. The first part 

presents some large ■ample comparisons of the estimators of zo considered in Section 2. The 

2 



eecond part presents a simulation study aimed at verifying the accurateneu of the expressions 
derived in Section 2 for the asymptotic biu and mean squared error of the estimators considered 
and also on the comparisons of the estimators proposed. 

2. Estimators and properties 

As presented in Section 1, two estimators of :i:o are urually considered under the linear 
calibration model. The first, usually known as classical estimator, ia given by z = io;;::a and the 

fJ 
second estimator, obtained considering the model (1.1) written aa Zi = 1' + ,py; + £;, i = 1, ... , n 
where e; = -e;4,, ')' = -a/{3, 4i = 1/{3, usually known aa inffl"se estimator, is given by ii: = 
9 + #iii, where a, lJ, 9 and i are estimators of a, {3, 1' and 4i, respectively, and ¥0 = I:}=i 'Jo;/k. 

The least square estimators or a, /3, "( and ef> are defined by OL = ii - x 11 L, 11 L = s.,'11 ts xx, 

9L = X-fiiL and ii = Sx'II/ S1111 , where ii= Ef=t 11i/n, X = Ef:1 Xi/n, S1111 = E?:1(11,-11)2 /n, 
Sxx = E?=t (X; - X)2 /n, Sx'II = ~ 1 (X; - X)(y; - ii)/n. It can be shown that lJL and ii are 
inconsistent estimators of {3 and ef>, respectively. Assuming that the eequencc {:i:i}i>1 satisfy the 
conditions 

(2.1) 1im f = µ < oo, and 
n-+oc 

with finite population moments mf = E[of] and mj = E[~], 1 S j S 4, then consistent 
ettimators of a, {3, 1' and ef> can be obtained. The next lemma present& consistent ettimatora of 
a and /3 . 

Lemma 2,1. Under the calibration model (1.1)-(1.S} with the aa,umption (e.1}, and with mj 
and mj, finite 1 :S j :S 4, it follow, that 

(2.2) 

or 

(2.3) 

with the additional aa,umption that mi or ). = ~ i, known, re,pecti11elr,, are ,trongl11 con,i,tent 
"'i 

utimator, of a and {3. 

Proof. See Appendix B. 

We call attention to the fact that these estimadors coincide with the consistent estimators 
obtained in Bolfarine et al. (1997 and 1999) under the normality asaumption. 

Consistent estimators of 1' and 4' are presented in the next lemma. 
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Lemma 2.2. Under the calibration model (1.1)-(1.9) with the u,umption (!.1), and mj and 

mj, finite 1 :S: j :S: 4, it /ollow11 that 

(2.4) 
.... Sx11 
,Pt,= s C 

w-m2 
and 9., = x-i.,fi 

or 

(2.5) 
.... Sxx-mi 

and 1c = X -icfi ,Pc= S 
X71 

toith the additional uaumption that m; or mi i, kno,on, re,pectively, are ,tron.gly con,iatent 

e,timator, of 4> a.nd -y. 

The proof is similar to the one in Lemma 2.2 and thua not provided. 

Assuming that only mi is known, the consistent estimators considered are given by (2.2) 

and (2.5). Moreover, notice that ic = 1/fic, 10 that 

o Oc iio .... "- -
Ac = - ;,:- + .,._ = 'Ye + 'PcJ/0 = Xe, 

/Jc /Jc 
(2.6) 

meaning that in this cue the classical and inverse estimators coincide. By considering the 
eatimators of a, /3, 7 and t/, defined above the following estimators of zo are considered: 

and 

ZL = 7L + iLfio• 

According to (2.6), there is no need to consider !c = % + iciio because it coincides with Zc­
Notice that Zc and Zc are the classical and inverse estimators of zo combined with the consistent 
estimators of (a,/3) and ('y,t/1), respectively. On the other hand, Z£ and Z£ are the classical 

and inverse estimators of zo combined with the least squares estimators of (a,/3) and h,4>), 
respectively. In Lemma 2.3 and 2.4, first order approximations are obtained for the expected 
value and variance of the least squares and consistent estimators of /3, respectively. 

Lemma 2.3. Under the calibration model {1.1)-(1.9), it follow that 

E(fiL) = /31 (1 + 3l~ + mi- 2(m~)2) + O(n-2), 
l + m~ n(l + m02 

and 
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Proof. See Appendix B. 

Notice that iic and ic are continuous function of (Sx11 , Sxx-m~) and (Sx,, Sw) respectively, 

so the proofs of Lemma 2.4 and 2.5 are similar to that of Lemma 2.3 and they are not presented. 

Lemma 2.4. Under the calibration model {1.1)-(1.9) with the aa,umption that mi i, known, it 

Jollow, that 

and 

V t'l:i) - ,a2m4 + m~ 132 ( mi - (mi)2) + m!mi 0( -2) 
ar\f'-'c - nl + nl2 + n , 

where l i, gitJen in Lemma i.9. 

Results about the least square estimator of ~ are presented next. 

Lemma 2.15. Under the calibnition model (1.1)-(1.S} itfollowa that 

- _ z z [az - 2 + (mV("4)2)] _2 

E(t/>L) - ,8(1 + Z) + n,8(1 + Z)3 + O(n ) 

and 

when: 

The following three theorems present the main results of the aection. They provide first 

order approximation for the asymptotic bias, variance and mean square error of the estimaton 

considered for zo, 

Theorem 2.1. Under model (1.1)-(1.S} with the aanmptiona that m! and mf, 1 :$ i :$ 4, an 

finite with m4 known, it follow, that 

E(zc) = zo + (z~l;t) ( m, - 2,82"4 + m~z~) + O(n-2
), 
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(
.8

2"4 +m!) m~ mi ( 1 6 1 ') (~)
2 

( ') 
Var(zc) = n.82 + k.82 - nlcl2{32 3lm2 - m4 + (m2) + nlcl2/34 3l + 3m2 

+ (:i::;/l!)
2 

(l.B2mi + l~ + ,82m!- ,B2(mi)2 + ~mo + O(n-2
) 

and 

where l i, given in Lemma 1.9. 

Proof. See Appendix B. 

The proofs of Theorem 2.2 and 2.3 are similar to that of Theorem 2.1 and 10 they are presented. 

Theorem :a.i. Under model (1.1)-(1.3} with the 11,.umptiom that m: and mf, 1 ~ i ~ 4, are finite, it follow, that 

E(z£) = ~(zo - ~) (zo - lf) { rr4(l2 
- 31"4 + (rt4)2

) + Im{ m!(l + "4)2 zo + l + nl l(l + mi ) + /3212 

(3Z"4 + m{- 2(mi)2)} _2 - (l +m!) + O(n ), 

and 

MSE(zL) m~ mW+rr4)
2 

(3m~{Z+mi) 1 1) m~ = -;;- + 12,a2 nlcl2f32 + /; +;; - nJcl2f32 x 

(
3l2mi + 5Z(rt4)2 

- 3(m~)' - lm{) (zo - ~)2 
{ ~(3rr4 + l)(l + mi)2 

l + nl2 l2f.fl 
+ (3~ + l)(Z2"4 - 31(~)2 + (mi)3 + Im{) - 2l"4(3lml - 2(m~)2 + m{)} 

l(l + "'2) 
+ ( mi(:i::- ~)) 2 + O(n-2), 

where l i, gi11en in Lemma !.9. 
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Theorem 2.3. Under model (1.1)-(1.3} 1Dith the a,aumption, that mf and mf, 1 Si S 4, are 
finite, it f oll01JJ• that 

E(iL) = zo _ (zo - z) + (zo - z)Z(3Z - 2 + [mV(~)2]) + O( _2) 
Z + 1 n(Z + 1)3 n • 

and 

where Z u given in Lemma 2.5. 

We call attention to the fact that considering the calibration model (1.1)-(1.3) with the 
additional assumption that the errors are independent and normally distributed, the expressions 
obtained for the asymptotic bias and mean squared error of the estimators proposed coincide 
with the ones given in Bolfarine et al.(1999). Notice also that, if mi= oJ = O, that is, the 
covariate z is observed without error and under the normality assumption the results presented 
coincides with the corresponding expression given in Shukla (1972). Lwin (1981) reports also 
some studies under the same model considered in Shukla (1972) but without the normality 
assumption. The errors are considered to be in a class of distribution with finite fourth moment. 
However, his asymptotic square error of the inverse estimator (iL) is different from the one 
obtained in this article. We conclude that the asymptotic mean squared error of the inverse 
estimador is not dependent on the skewness coefficient reported in Lwin (1981). 

3. Comparing the estimators 

In this section, large sample results and a simulation study are used to compare the estimators 
considered for zo, The large 1&mple comparieona, which are hued on the leading terms of the 
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expansions obtained in Theorems 2.1, 2.2 and 2.3, are pre,ented next. The simulation study 

is based on the expawtlona derived, including the firat order terms for the asymptotic biaa and 

mean squared errors obtained in Section 2. 

3.1. Large sample compariaom 

From Theorems 2.1, 2.2 and 2.3, it follows that 

lim Biaa(ie) = 0, 
n➔cc 

lim B' (~ ) mi(zo - '!') 
n➔oo lGI ZL = l 

and 

Although all the estimators are biaaed, the consistent claasica.l estimator is asymptotically 

unbiased. Notice that the three estimator• Ille asymptotically unbiased when zo = '!'. Further­

more, as n ➔ oo and le ➔ oo, the behavior of the biaeea are the AD1e, 

Comparing the asymptotic mean squared errors of the estimator, considered we can notice 

that 

and 

Thus, u n ➔ oo, 

and 

MSE(ie) - MSE(iL) = ~ ( 1 - (Z ~ l)2 )- \z;; :~:. 
Thwi, for large n, when zo = '!', 
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that is, with respect to the mean squared error the inverse f!lltimator is better than the classical 

consistent estimator and this is better than the classical with mean aqu&red when :i:0 is cloeed 

to z. 
Further, as n ➔ oo and k ➔ oo, it follows that 

lim lim MSE(zc) = 0, 
.1:--+oo n--+oo 

lim lim MSE(iL) = (mi(zo -z)) 2 

k--+oo n-+oo l 

and 

ThUI, 

The above results imply that the classical estimator combined with consistent estimators of 

o and /3 is consistent, while classical and inverse estimator combined with the mean squared 

estimators of a e /3 are not. But all estimatore are consistent when zo = f. Compa.risom 
between ZL and ZL will depend on the model pvameters, and can be 111iudied numerically. If 

0 < l < 1, that is, the values of z are closed, it follows that MSE(iL) < MSE(zL), When 

l > 1, the choose of one of the estimators is not well defined by mean &quared error. 

3.2. A simulation study 

In this section a simulation study is presented to compare the estimators proposed and to 

illustrate the behavior of the asymptotic bias and mean squared error obtained in Section 2. 

The simulation study waa made Uling MATLAB, version 4.0. In the study, 1,000 samples of suse 

n = 10, 20, 30, 50,100 were generated according to the model {1.1) - (1.3) considering o = 1, 

/3 = 5, zo = 10.0 and k = 2. The parameters Zi, i = 1, ... , n, are fixed but independently drawn 

from a U(I0,30). Moreover, the errors were generated from the distributiom normal, t-Student 

and extreme value, as follows. The approximated (including first order term) asymptotic bias 

and mean 11quared error of the estimators zc, ZL, iL given in Theorems 2.1-2.3 are obtained 

for the pvameters given above. For each selected sample, the estimators zc, ZL and ZL were 

computed and their simulated bias and mean squared error evaluated by E(za - zo)/1000 and 

E(za - z0) 2 /1000, respectively, where za is any one of the above estimators and Eis extended 

to the 1,000 generated samples. 
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Model with t-Student Error Distribution 

The errors I!= (e1, ••• ,£,.,£0n+l,···•l!On+At) were generated according to the t-Student distri­
bution with 11 = 5 and 7 degrees of freedom that correspond tom~ = 5/3 e 7 /5, respectively. The 
errors 61, ... 1611 were also generated from the t-Student, supposing that~= 5/3. The approx­
imated and empirical bi.as and mean squared errors for each estimator proposed are presented 
in Tables 3.1 and 3.2. 

Table 3.1. Bias of io with m~ = 5/3 

B ia.a (ic) Bia.a (iL) Biaa (iL ) 
I! " EMPIR. APPROX. EMPffi. APPROX. EMPffi. APPROX. 

10 0.244 0.169 -0.626 -0.701 0.012 0.024 
20 0.100 0.073 -0.648 -0.675 0.031 0.025 

v=5 30 0.060 0.035 -0.479 -0.503 0.034 0.019 
50 0.035 0.019 -0.450 -0.465 0.030 0.018 
100 0.018 0.009 -0.439 -0.448 0.023 0.018 

10 0.243 0.169 -0.627 -0.701 0.007 0.020 
20 0.102 0.073 -0.646 -0.675 0.027 0.021 

v=7 30 0.060 0.035 -0.479 -0.503 0.031 0.016 
50 0.034 0.019 -0.451 0.465 0.026 0.015 

100 0.020 0.009 -0.437 -0.450 0.023 0.015 

Table 3.2. Mean Squared Error of za with mi = 5/3 

MSE (icl MSE (iL) MSE (iL) 
I! n EMPffi. APPROX. EMPffi. APPROX. EMPffi. APPROX. 

10 1.720 1.662 1.892 2.000 1.315 1.064 
20 0.742 0.737 1.096 1.142 0.607 0.514 

v=5 30 0.366 0.354 0.570 0.592 0.322 0.277 
50 0.227 0.201 0.418 0.412 0.212 0.163 

100 0.075 0.110 0.268 0.311 0.069 0.094 
10 1.700 1.650 1.871 1.985 1.301 1.052 
20 0.729 0.728 1.080 1.132 0.595 0.505 

v=7 30 0.363 0.347 0.567 0.584 0.318 0.270 
50 0.218 0.194 0.410 0.405 0.203 0.157 

100 0.071 0.105 0.262 0.304 0.066 0.088 

With the above specifications, and from the results reported in Theorem, 2.1, 2.2 and 2.3, it 
follows that the asymptotic bias and mean squared error of the estimators considered, aa n ➔ oo 
and v = 5, are such that 

Biaa(ic) ➔ 0 

Bia.a (iL) ➔ -0.125 

Biaa (:i!i) ➔ 0.005 

and 

and 

and 
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and when n ➔ oo and v = 7, are 

Biaa(ic) ➔ 0 

Biaa (iL) ➔ -0.125 

Biaa (iL) ➔ 0.004 

and 

and 

and 

MSE (Zc) ➔ 0.028, 

MSE(iL) ➔ 0.044, 

MSE(iL) ➔ 0.028. 

Model with Extreme Value Error Distribution 

The errors e = (e1, ... ,en,EOn+i, ... 1 e0n+1i) were generated from a extreme value distribution 
with zero mean and variance m; = 1.64493¢,2, where ¢, = 1 and 2. The errors J1, ... , bn were also 
generated from a extreme value distribution with zero mean and supposing variance m~ = 5/3. 
Tables 3.3 and 3.4 present, respectively, the approximated and empirical bias and mean squared 
error of all the estimators proposed. 

Table 3.3. Bias of ia with ~ = 5/3 

Biaa (zc) Biaa (id Biaa (iL) 
e n EMPIR. APPROX. EMPIR. APPROX. EMPffi. APPROX. 

10 0.168 0.169 -0.700 -0.701 0.018 0.024 
20 0.061 0.073 -0.688 -0.675 0.012 0.025 

if>= 1 30 0.030 0.035 -0.509 -0.503 0.031 0.020 
50 0.021 0.019 -0.463 -0.465 0.023 0.018 

100 0.011 0.009 -0.447 -0.448 0.022 0.018 
10 0.164 0.158 -0.706 -0.713 0.094 0.094 
20 0.053 0.068 -0.697 -0.680 0.082 0.099 

¢,=2 30 0.030 0.033 -0.509 -0.505 0.088 0.076 
50 0.023 0.018 -0.461 -0.467 0.079 0.071 

100 0.007 0.008 -0.451 -0.449 0.070 0.069 

Table 3.4. Mean Squared Error of ia with ~ = 5/3 

MSE (ic:) MSE (iL ) MSE (iL ) 
e n EMPIR. APPROX. EMPIR. APPROX. EMPIR. APPROX. 

10 1.165 1.394 1.490 1.732 1.067 1.062 
20 0.486 0.636 0.914 1.041 0.494 0.513 

¢, = 1 30 0.264 0.319 0.507 0.557 0.274 0.276 
50 0.152 0.183 0.361 0.394 0.151 0.163 
100 0.089 0.102 0.288 0.303 0.091 0.093 
10 1.360 1.617 1.733 2.018 1.267 1.272 
20 0.642 0.792 1.107 1.229 0.646 0.669 

t/>=2 30 0.381 0.446 0.639 0.700 0.394 0.407 
50 0.267 0.297 0.486 0.521 0.268 0.278 
100 0.187 0.208 0.400 0.420 0.190 0.201 
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From the results reported in Theorem• 2.1-2.3 and with the above 1pecification1, it follow1 

that the aaymptotic biaa and mean aqua.red error of the estimators considered, u n ➔ oo and 

,p = 1, are mch that 

Bia.a(zc) ➔ 0 

Bia, ($L) ➔ -0.125 

Bia.a (iL) ➔ 0.005 

and when n ➔ oo I and ef, = 2, are 

Bia., (zc) ➔ 0 

Bia.a ($L) -+ -0.125 

Bia., (iL)-+ 0.020 

and 

and 

and 

and 

and 

and 

MSE ($0 ) ➔ 0.033, 

MSE($£) ➔ 0.049, 

MSE(iL) ➔ 0.033, 

MSE (zc) ➔ 0.132, 

MSE($£) ➔ 0.151, 

MSE(iL) ➔ 0.132. 

Note from the tablea that the biaa and MSE of all the catimators tend toward the limiting val­

ues preaented above. The tables also ahow that, in general, the approximations are 1&tisfactory, 

that ia, the approximated and empirical values are closer, even for small 1&1J1ples sizes. 

Notice that independent of the diatribution considered to the errors (t-Student, extreme 

value), the behavior of the bias and mean squared error of the estimators of :2:0, are, in general, 

similar. For large values of n, note that the approximated and empirical bias of the estimator $0 

are lea than the ones for the other estimators, and for Bmall values of n, the inverse estimator 

seems to performs best. With respect to the mean squared error we can note that, 

that is, the leaat mean squared error is given by the inverse estimator, that ie better than 

the classical with consistent estimator and this ia better than the classical with leaat ,quarcd 

estimator. When the sample size increase, the difference ~ MSE of Z£ and Zc ia reduced, 

that is, the MSE of both estimators are closer. In accordance with the comparisons (Section 2), 

the behavior of $ £ is worse than the othen estimators, only for n = 20 it seems to be similar. 

It shOWll that the biaa and mean squared error of the estimators of zo do not depend on the 

skewneM of the distribution, u we comment in Section 2. 

The study conducted by the authors includes considering E: = (t1, ... ,E:n,E:On+1,···•E:On+Ao) 

generated from at-student distribution and a extreme value distribution and the errors 61, ... , On 

generated from a Normal distribution N (0, 1). The overall conclUBiom seem to be similar to 

the ones shown in Table 3.1 - 3.4 and thus are not reported. 
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Appendix A 

It can be show that 

E(Sx11 ) =Pl, 

Var(Sxx) 

E(Sx,Sxx) = Pl (1 + m~ + ~) = {31 (1 + m~) + O(n-1
), 

E(Sx,(Sxx - m~)) = {31 (1 + :t) = {312 + O(n-1
), 

E(Sx,Sw) = /31 ~ 21 + m~ + :~) = {31 V32l +mi)+ O(n-1
), 

m~ 
Cov(Sx,, S1111 ) = 2(31--1, 

n 

m6 
Cov(Sx,,Sxx) = 2131--1, 

n 
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where 

n 

Appendix B 

Proof of Lemma 2.1. Notice that X1i,1, X2112, ••• are independent random variables with 

E(X;y;) = az. + /3z1 and Var(X;Jli) = mi(a2 + 2a/3z; + /32zf + mU + z1mi, i = 1, 2, ... , 
which is finite according to the assumption and implies that E Var(;.,.Y,.) < oo. By using the 

n=l 
Kolmogorov's strong law of large numbers it follows that 

A118UIDption (2.1) implies that 

Similarly, it can be shown that 

n 

u=E~~a+/3µ, 
i=l n 

n x2 
E_j_~i2+m~, 
i=l n 

and 

X ~xi q.c = LJ- ...:....+ µ, 
i=J n 

Sx, ~ /3(62 - µ2). 

Since the estimators fie, f}.,, a., and 6,, are continuoUB function of the sample moments 

X,y,Sxx,Sx11 and S1111 , except when Sx,, = 0 and Sxx = mt which has probability zero, it is 
easy to show that 

lim fie = /3, lim fj., = /3 lim Oe = a and lim 6., = a, 
n➔oo n➔oo n➔oo n.➔00 

with probability one, concluding the strong collllistency of these estimators. 

Proof of Lemma 2.3. Notice that the estimator fiL is a continuoUB function of (Sx11 , Sxx ). 
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A Taylor aeries exparuiion of fiL, at a= (E(Sx,),E(Sxx)), leads, up to first order terms,to 

Taking the expectation and the variance of this expansion, it follows that 

~ fJl f3l Cov(Sxv, Sxx) _2 E(/3L) = + (l 6)3 Var(Sxx) - (l g)2 + O(n ) l+m~-~ +m2 +m2 

and 

V ta ) _ Var(Sx,) + /32
l
2 

V (S ) 2{3lCov(Sxy-Sxx) + O( _2) arv,,L - (l + "4)2 (l + mi)• ar xx - (l + ~)S n . 

The results follow by replacing the expressions for variances and covariances of the sample 
moments obtained in Appendix A. 

Proof of Theorem 2.1. Notice that we can write 

ti':; "f l':o; 

where ? = i=! and lo = ~- The mean and variance of Zc are given by 

(B.l) 

and 
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+ 2C011 (x, /3(z~: z)) + 2CD11 ( X, 1)- 2Cov ( X, 1c) 
+ 2Cov (/3(zo - z), :°)- 2Cov (P(zo -z), !-)- 2Cov (;_!., !-) . 

Pc Pc Pc /3c Pc /Jc 

It can be shown that the covariances are all zero, so 

The mean and variance depend on t"• which can be written, after a Taylor aeries expansion, 

(B.3) 

A Taylor aeries expanding of B~)' [B~)]' e [E~)]a at a = /3, leads 

(B.4) 

(B.5) 1 _ 1 _ 2Biaa(/i.,) 0( _2) _ __!__ 0( _1) 

[E(P.,)]2 - {if pa + n - p2 + n 

and 

(B.6) 
1 1 3Biaa(/i,,) -2 1 -1 

{E(P.,)]' = P' - /34 + O{n ) = /fl + O(n ), 

where Biaa (,8,,) = E (,8.,) - p + 0{n-2). 

Replacing (B.4) - (B.6) in (B.3) and taking the mean and the variance it follows that 

(B.7) E ( 1) = .!_ _ Biaa(P.,) Var@c) O( _2) IP p2 +p3+n 

and 

(B.8) V (
.!.) _ Var(/i.,) 0( _2) 

ar - - .Q4 + n . p,, ,.,-

16 



Similarly, it can be shown that 

(B.9) V (lo) _ Var(?o) 3Var(lo)Var(,8.,) 2Var(lo)Bia,{13c) ( _2) 
ar Pc -~ + 13" - f33 +o" 

and 

(B.10) V ( 
? ) _ Var(l) O( _2) ar-::i:---Q2 +n, 

/3,, ~ 

where Var(?o) = 1 and Var(?) = ~-
Replacing (B.7) - (B.10) in (B.l) and (B.2) it follows that 

and 

Var(zc) = mi+ m~ + m~ + (:i:o _ ?1:)2 Var(.Bc) 
n lc/32 n/32 132 

+ 3fn4Var(Pc) _ 2~Bia,(Pc) 0( -2) 
lc/34 lc{33 + n · 

The results follow replacing E(Pc) and V ar(Pc) given in Lemma 2.4. 

The asymptotic mean squared error of the estimatoni can be obtained by adding the asymp­
totic variance of the estimator to the square of the asymptotic bias. Because the asymptotic 
bias of the estimator Zc is of the order n-1, the asymptotic mean squared error of the estimator 
coincides with its asymptotic variance. 

Acknowledgements 

The authors acknowledge partial financial support from CNPq Brasil. 

References 

Bolfarine, H.; Lima, C.R.O.P. and Sandoval, M.C. (1997). Linear calibration in functional 
regression models. Communication, m Statiatic, - Theory and Method,, 26. 

Bolfarine, H.; Lima, C.R.O.P. and Sandoval, M.C. (1999). Linear calibration in functional 
regression models with one of the variances known. South African Statiat. J., 33, 95-116. 

Brown, P. J. (1993). Meuurement, ~rea.sion 11nd calibrution. Oxford Uni~ty Pre,a. Oxford. 

17 



Cheng, C.L. and Van Neu, J.W. {1999). Stati,tical regru,ion 1lnth meaauremmt error. New 

York: John Wiley. 

Jiuller, W.A. (1987). Meaaurement error model.. Wiley. New York. 

Hoadley, B. (1970). A Bayesian look at inverse linear regression. Joumal of the American 

Stati,tical Auociation, 65, 356-369. 

Hwang, J.T. (1986). Multiplicative error-in-variables modela with applications to recent data 

released by U.S. Department of Energy. Joumal of the American Statiatical Aa,ociation, 81, 

680-688. 

Lwin, T. (1981). Discussion of Hunter and Lamboy's. Teclmometric,, 23, 339-341. 

Shukla, G.K. (1972). On the problem of calibration. Technometric,, 14, 547-553. 

18 



ULTIMOS RELATORIOS TECNICOS PUBLICADOS 

2001-01 KOTTAS, A., BRANCO, M.D., 
Nonparametric bayesian modeling approach 
dosimetry. 2001. 19p. (RT-MAE-2001-01) 

GELFAND, A.E., A 
for cytogenetic 

2001-02 - AOKI, R., BOLFARINE, H., SINGER, J.M., Null Intercept 
measurement error regression models. 2001. lBp. (RT-MAE-2001-02) 

2001-03 - AOKI, R., BOLFARINE, H., SINGER, J.M., Asymptotic 
Efficiency of null intercept measurement error regression 
models. 2001. llp. (RT-MAE-2001-03). 

The complete list of "Relat6rios do Departamento de 
Estatistica", IME-USP, will be sent upon request . 

.Departamento de Estatistica 
IME-USP 

Cai.za Postal 66. 281 
05315-970 - Sao Paulo, Brasil 




