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Let KG be the .group rlng of a group . G over 

a field K, and u its group of unit~. Given a group H, we 

shall denote by ;(H) the center of .Hand by T(H) the set of 

all its torsion elements. 

'fhe following que·stion appears in [5, p. 231]: 

n When is U c;(U), for some n? It was considered by G. Cliff 

and S.K. Sehgal in [2], where G is assumed to be a solvable 

group. A complete answer at characteristic zero is given 

there. Also they obtain partial . results at characteristic 

p F O, with certain restrictions on the exponent n. 

In this note, we shall answer the 

at characteristic p assuming that G is either a 

question 

solv~ble 

or an FC-group. In fact, we shall need specially the follo­

wing property which is . common to both these £amilies of 

groups: if H is a finitely generated subgroup of G sudl that 

H/~(H) is torsion, then both T(H) and H', the derived group 

of H, are finite groups [1, Lemma 1.5, p. 116 and 2, Lemma 

2.1,· p. 147]. 

In§ 1, we answer the question for torsion 

groups assuming only that G is locally finite (Theorem A) , 

and in§ 3 we give the answer ·for non torsion groups that 

are either solvable or FC(Theorem C). 
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First, we introduce some notation. We will 

denote T(G) simply by T, and the integer P · ~ 0 will always 

denote the characteristic of K. For an element tin a group, 

we shall say that tis a p-element if o(t), the order oft, 

is a power of p, and that tis. a p~element if o(t} is not 

divisible by p. Similarly, a group ·H will be called a ~­

group if every element of His a p'-element. 

§ 1. The to~sion subgroup of G 

LEMMA 1.1: If Uncs{U} for some n and G has a non 

central p'-element, then K is finite and the orders of the 

. p'-elements of Gare bounded. 

· PROOF: We shall show first thac the orders of the 

p'-elements of Gare bounded. 

It is enough to show that if u is a central 

p'-element of G, then o (u) ~ n. If not, tak_e such an u, with 

o(u) > n. Then K<u> = $ K., a direct sum of ,fields. For 
1. 1. 

every i, denote by _TT
1
.: K<u> - K. the natural 

1. . 

(that i~, if ei is the unity element of Ki, then 

projection 

TT (u) = i 

(u e 1 ). Clearly, at least one of the TT1 (u), say TT
1

{u), has 

multiplicative order equal to o{u). As a consequence, . K1 

has more than n elements. 

Now, if tis a non central p'-element of G, 

we consider. K<u,t> = r Ki[t], ~here Ki[t] deno~ the smallest 

subalgebra of KG that contains K1 and t. 

We c~aim that. K
1
[t] is not contained in the 

center of KG. In fact, suppose that K1[t] is . central and 
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let e = e 1 be the unity element ·of K1 . Then et is central. 

-1 -1 -1 
Now take xeG such . that xtx It. · Then, xetx = extx = 

et. 

By considering supports in the last equality 

i 1 ' -1 
we get: u xtx- = uJ t, 0 s. i,j < o(u), i -I j. Hence xtx = 

uj-it. 

Again, in the last equality, we obtain : 

= e. Then, (ell) j-i = e. But eu = TI1 (u), 

and hence the multiplicative order of n1 (u) divides [j-i J<o(u}, 

a contradiction. 
. 

Now, since tis a p'-element,wehave: Kl.[t] = 

e Li, a direct sum of fields which are Galois extensions of 
1 
K1 . But_K1 [t] is not central, ·he~ce some of the Li, say L1 , 

is not contained in the center of KG. Let L1 be the sub­

field of L1 consist.:i,.ng of its central elements, and let ¢il 

be an L1-automorphism- of L1 • . 

Since ~l -= K(z;.), with z:;;
0 

(t) = 1, we have 

i . 
=~ -,for some i. 

-
Now, take an arbitrary element k e L1 • Since 

Unct;(U), we get that (c:;+k)n € L 1 • Then, (<j)(l';+k))n = ¢((.s+kf) = 

• (l;+k)n, and ¢(1',;+k) is a root of Xn-(1:+k)n; from this we see 

that . ¢ ( r,;+k) n 
= a(r,;+k}, a = 1, a f 1. 

On the other hand, ¢ ( z;+k) = Z: i + k, and thus 

· Solving this equation for · k, we 
. 1 · . 

k·=~ -ak . a_ 1 . Here, only a depends on k. Since a 

have 

can 

that 

take 

at most n-1 values, we see that JL1 J, the number of elements 

·, 



of L1 , is at most n-1. But L1
~K1 , and 1·K1 !>n, a contradic­

tion. 

It still remains to prove that K is finite. 

If·not, replace K1 by Kin the proof above. Again, we have 

that K1[t] = K[t] is not central, and we can repeat the ar­

gument to obtain a contradiction. 

LEMMA 1.2: Assume that Unc~(U) for some n. Then, 

there exists a positive integer m, ,which is a power of p, 

such that xm is central in . KG, for every nilpotent ~lement 

x in KG. 

PROOF: Let x € KG be a nilpotent element • and let 

Pr 
r be such that x = o. Then, 1 +xis a p-element of U · and 

by hypothesis (1 -f ~)n ·e · ~(U). Writing n = pt n', with (n',p)= 
- t 

= 1, it is easy to see that xp 1s central in KG. ! 

LEM.MA 1.3: Assume that Unc~(U) for some n, and let 

n = pt.n', with (n',p) = 1. If G has a p-element of order 
3t . t . 

greater than 2p , then Gp ~~(G). 

PROOF: · From the proof of Lemma 1.2, we see that 
. t 
xP is central for every nilpotent element x €KG.So, set 

t . 
·m = p, and take a p-element h € G such that 

Since h-1 is nilpotent, we have that (h-l)m = 

tral, hence hm is central. 

. 3 
o (h) > 2m . . 

hm-1 is cen-

- m 
Set h'=h, take x,y € G and consider the nil 

potent element y(h'-1). Again, by Lemm~ 1.2, we have tpat 

(y(h'-l))m = ym(h'm-1) is central. Hence: 

m. m m xy n' -xy Y
m. ,m m = n x-y x. 
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Since o(h')>2m2 , we know that h'm-1 ~. o and 

hence we have two elements of Gin the support of the above 

m m element. If p ~ 2,· we see immediately that xy = y x, thus · 

ym e t(G). If p = 2, we may have: 

m m h'm xy = y x, 

m h'm · = m xy y x. 

Using the fact that h'm is central and re 

placing m in the first equation by its -value in the second y X 

get that xy m = xym h'm h'm, (h,) 2m = 1, which one, we pr 

contradicts the fact that o (h') > 2m 2 
A . 

LEMMA 1. 4: m Let m be a power of p. If G c~(G) and G 

contains a normal p-abel~an subgroup~ such that G/¢ is a fi 

nite p-group, then G is nilpotent. 

PROOF: It follows as in [5, 6.6, pp . . 157-158].· ! 

LEMMA 1.5: Lets· be a commutative ring with identity, 

I a nil ideal of S, of bounded exponent, and Q a finite group. 

Let S(O,PrO) be a crossed product of Q over S, with an arbi 

trary factor system . p and cr such that crt(I)cI, for every 

t e Q. Then, IQ is a nil ideal of S(Q,p,cr), of bounded ex­

ponent. 

PROOF: It is immediate to .verify that IQ is an ideal 

of S (Q,p,·o). 

' Let Q = {t
1
,t2 , ••. ,tn} and choose· m such that 

,,, 
m s = o, for every s e I. 

2 Take r>m(n+l) and x = s 1t 1+ ••• +sntn an arbi 

trary element of IQ, si € I, l Si~ n. 
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We want to prove that xr = 0. It is enough 

to show that any product of r elements from the set • 

{s_ltl, •.. ,_sntn} is Then, let y 
.. 

zero. = Si t . ... s. t. be 
il l. ir 1 r 

such a product. 

It is easy to see that there exists an in-

dex j such .that s. ti occurs . in y k times, with k>m(n+l) ·, 
J. • • 

J J 
and we may suppose without loss of generality thats. t. = 

J.j J.j 

As the products s.t.s.t. still have the form 
J. 1 J J 

st, s€I, teQ, and ts1 = crt(s
1 )t, for every creT, we can write 

yin the form y = ( ~ z.)y, with z~ e {crt(s1>1te:»u{s1}, y € IQ. 
i=l 1. 

Since the above set has at most n+l elements and k>m(n+l), 

there must exist an 

than m -times. Now, 

index j such that z. occurs in 
- J 

z.€I, therefore z.m=O, and hence 
J J 

y more 

y = 0. A 

LEMMA 1.6: Let G = T, a locally finite group. I:" 

u11 c~ (U) for some n, then KT satisfies a polynomial · .identi­

ty. 

PROOF: Let m be as in Lemma 1.2, and consider 2m 

arbitrary elements'of KT, . say x 1 ,x2 , ••• ,x2m. By considering 

the subgroup generated by the supports of these 

we may suppose that Tis finite. 

elements, 

Denote by _J(KT) the Jacobson radic3.l of KT. 

Then KT/J(KT) = e M {D.), a - direct sum of full matrix rings 
i ni l. 

over division rings D .• 
l. 

· Set x'for the image of an . element x e KT 

through the natural epimorphism KT - KT/J(KT) •. For a·given 

index i, take x. an arbitrary nilpotent element in M (D.), 
i ni i 
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and choose any element yi € KT such that (y1 )' = x
1

• Then y
1 

is nilpotent, provided J.(KT) is_ nilpotent because T is fini-
m . . 

te. By Lemma 1.2, y 1 is central in KT. M::!nce 

is a central nilpotent element of KT/J(KT), so it must be 

zero. 

Now it is easy t~ see that the size of the 

matrices is bounded by m, that ·is, n. s m, for every i. 
l. 

On the other hand, given i and d.~o in D., we 
1. . l. 

can choose u e U such that u' ·= d. (see [5, Lemma 3.3, p. . l. 

i79 ].) • As un e ~ (U), ·din is central in Di, and hence Di is 

a field, by [3, Theorem 3.22, p.79] •. 

Therefore, KT/J(KT) satisfies s 2m(x 1 ,x2 , .•. , 

x2m)' the standard polynomial of degree 2m in the non commu-. 
ting · variables x1 ,x2 , ••• ,x2m. Again, since J{KT) is nilpo-

tent, we can use Lemma 1.2 to obtain, for every z e KT 
· . m · · m 

. ( S 2m ( X 1, • • • , X 2m} ) Z = Z { S 2m ( X l , • • • ~m) ) • 

We may now obtain a characterization of the 

fact of U being of bounded exponent over the center when G 

is a locally finite.group. 

Theorem A: Let G = T, a locally finite group. 

Then, Unc,(U) for some n if and only if the following condi­

~ions hold·: 

(ii) T contains a normal p-abelian subgroup of fini­

te index. 

(iii) either every p-element of Tis ·central or T 

is of bounded exponent and K -is finite. 
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PROOF: Suppose Unc~(U) for some n. Then (i)• is 

trivial and (ii) follows £rorn Lemma 1.6 and a Theorem by 

Passman [1, Corollary 3.'lo, p. 197]. 

To prove (iii) , assume that not every p'-ele 

ment of Tis central. By Lemma 1.1, K is finite and 
r 

t =l, 

for a suitable r and for every p'-element teT. Now, if n = 

pt.n', with (n',p) = 1, and T has a p-element of order grea 
3 t. . -

ter than 2p t, then ~ c c; ( T) by Lemma 1. 3, and hence every _ 

p'-element is central, a contradiction. 

p-element t€T. 

So, t 8 = 1 for a suitable sand for every 

Now take xeT and let T be a normal p-abelian 
0 

subgroup of index u, as in (ii). Then, xu e T
0

, and we may 
. ·u 

write: x = yz, where y,z e T
0

, y is a p-element and z is a 

pi-element. Since T /T' is abelian, taking (rs) th-powe·rs , 
0 0 

urs_ rs rs -· we get: x =Y z (mod T
0
') - 1 (mod T'). But T' is fini-o 0 

te, so we have that xurs!T~f = 1, and (iii) is proved. 

Assume now that conditions (i), (ii) and (iii) 

ho1d, and 1et T be• a normal p-abelian subgroup of finite _· 
0 

index in T, as in (ii), and A the -set: {teT It is a p'-el~ 

ment}. 

Suppose.first that A is a central subgroup 

of T. Then, as Tis locally finite, it is easy to see that 

T=PxA, where P = {teT I tis a p-element} is a subgroup of 

Considering the subgroup ¢ = T
O 

.A, it is -easy 

to see that T satisfies the conditions of Lemma 1 •. 4 _and 
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hence it is nilpotent. Furthermore, T contains a normal p­

abelian subgroup~- such tpat T/¢ is a finite p-group, and we 

conclude fr~m [5, Theorem 6.1, p. 155] that KT is Liem-Engel 

for a suitable m. Hence, Unc E; (U) for •some n by [s, Lemma 

4.3, p. 151]. 

Suppose now that A is a non central subset. 
s . By (iii), T =l,for some s, and K is finite. Be·cause T ' 

0 
is a 

finite p-group, it is easy to see that P
0

_ = {t€T
0 

I t is . a 

p-element} is a normal subgroup of T. 

We claim that 6(T,P
0
), the kernel of the natu-

-ral epimorphism KT - KT/P
0

, is nil of bounded 

Indeed, -~ (T
0

/T~ , P 
0

/T~) .is nil of bou1.ded exponent 

exponent. 

because 

T
0

/T~ is abelian and P
0

/T~ is . of bounded exponent. Setting 

S = KT
0
/T~, Q = (T/T~)/(T

0
/T~) z T/T

0 
, we see that KT(T~ is 

the crossed product S(Q,p,a), with p and o as usual. If 

I= 6(T /T' , P /T') , by Lernna 1.s·we cxnclu:le that IQ= 6(T/I'' , Po/T~) 00 00 . . Q .J 

is nil of bounded exponent. Since T' is a finite p-group, · we 
0 

see that 6(T ,T') is nilpotent and herice it is easy to see 0 0 

that ~(T,P
0

) is nil of bounded exponent by considering the 

natural epimorphism KT - KT/T' 
0 

Now, T /P 
0 0 

is a normal subgroup of 

finite index, say, r. By [1, Lemma 1.10, p. 176], we get that 

KT/P c M ( KT /P ) • o r · o o 

Pick now u e.u. Considering the subgroup gene­

rated by the support _of u, we may suppose that T is finite. 

Hence T /P is a finite ·abelian p ·'-group, - such that (T /P )5
=1 O O O 0 
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Therefore, KT
0
/P

0
= f Ki' a direct sum of 

fields, all of then contained in K(~), with ~5 =1. Hence, 

Mr(KT0 /P 0 )= Mr(f Ki) = f Mr(Ki) , _and we have that 

K'l'/P c: e Mr(Fi), with F. = K(z;), for.every i. Set s for 0 1 l. 

$ M (F.) 
i r J. 

and u' for the image of u by the composition map 

of the natural epimorphism f: KT ~ KT/P
0 

followed by the 

inclusion g: KT/P0 - S. As K is finite, the group of non-

singular matrices of Mr(K(z;}) is finite, s _ay of order q, 

depending on rands only. So, u'q = 1 and we get: 

uq = 1 + 0, 0 €!J.(T,P 0 ). 

As 6(T,P
0

} is nil of bounded exponent, we 

m · can take m a power of p such that x = O for all x e ll (T ,P0 ) • 

Now we . can conclude that uqm = 1 + om -= 1 e , (U) . .! 

COROLLARY; Let G = T, a locally finite group, and 

assume that the set · of all p-elements_ of T is· not of 1:x>unded 

exponent. · Then the following ~onditions are equivalent: 

{i) Un c t (U) . for some n. · 

(ii) KT is Liem-Engel for some m. 

PROOF: Pirst . suppose that Un c ~ (TT) for some n. By 

the preceeding theorem, we get that (i), (ii} and (iii) hole.. 

Furthermore, every p'-elernent of Tis cen-

tral by I,,ernrna 1. 3. Follow now the "only if" - part of the • 

proof of .the theorem to conclude that KT is Liem-Engel for 

some m. 

By [5, Lemma 4.3, p. 151], the converse is 

obvious. A 
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§ 2. · A certain nil ideal of KG 

In this section, G will be either a solvable 

or an FC-group. As we mentioned in the introduction, if 

G/t(G)is torsion, than we can conclude that Tis a locally 

finite subgroup of G and G' is· contained in T. 

We shall denote by A the set of all p '-elerrents 

of G and by P the set of all pLelements of G. 

. . n 
LEMMA 2.1: Suppose that U . c ~{U) for some n and 

G has an element of infinite order . . Then, every idempotent 

of KG is central. ! 

PROOF: See [2, Lemma 2.4, p. 148]. 

LEMMA 2.2: Suppose that Un c ~(U} for some ·n and 

·G has an element of infinite order. Then: 

(i) A is an abelian subgroup of G. 

(ii) If A is non. central, then K is -finite and for 

every xeG and every -t€A there exists ah inte 

ger r such that xtx-l 

· (iii) Pis a subgroup of G. 

(IV) T = PxA. 

Pr 
t , and ( K : IF ) I r . 

F 

PROOF: ·For the proof of (i) see [2, Coroli~ry 

2.5, p. 148]. 

To prove (ii) we notice that if A is non cen 

tral, then K is finite by Lemma 1.1. 

-1 
Now, take xeG and t e A such that xtx ~ t. 

We ·have. that K <t> = m K1 , a direct sum of fields such that 

at least one of them; say K1 , is of the form Ki= K(~), where 



12· 

......... 1i,l'.J'l _..:,.,...;, _ 

t is ·a root of uriity whose order · is equal to the order of 

t, and the natural pr_ojection K<t> ~ K1 maps t on z;. 

Since, by Lemma 2.1, every idempotent is cen-

tral, we · must have -1 ti for i (this be xtx = som,e can seen 

by considering the idempotent 
. -1 

e = (o(t)} (l+t+ .•• +to(t)-1). Hen 

ce, conjugation by x defines an automorphism$ of K1 . By the 

above, ¢(z;) = z; 1 • 

a power of 

F(k) = kp 

the 

for 

On the other hand, since 

Frobenius automorphism of 

all k e Kl. If (j> = Fr,· we 

K · 1 is finite, <I> is 

Kl' F, given by: 

have that <I> ( z;) = 
pr , 

t = z; 1 , from which we conclude that o(t) divides 

pr-i. Then, pr= i (mod o(t}}, and xtx-l = t 1 = 

Furthermore, as every element of K is fixed 
r 

by <1>, we h~v~ that kp = k for every k€K, and hence K is con 

· tained in a field with pr elements, that is: (K:lFP) Ir. 

For (iii),· we observe first that every p-

element commutes with every p'-element. If not, then by 

Lemma 1.1 K is finite. Now taken€ P and t€A such that 

ntn -l;iet and proceed like in [ 2, 3. 2-, p. l-52] to ccnclude that this 

implies the existence of a non central idempotent, which con 

tradicts Lemma · 2 .1. · 

As Tis locally finite, the proof of (iv) is 

now trivial. , 

LEMMA 2.3: Let A1 be an abelian p'-subgroup . of G, 

and K a finite field. If, for every t e A1 and every x € G , 
r 

there. exists an integer r such . that xtx - i = tp , ard (K:~· ) Jr, p . 

then every idempotent of KA1 is central in KG. 
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PROOF-: Let e e KA1 be an idempotent, and let xeG. 

By considering the subgroup generated by the support of e, 

we may suppose tha·t A1 is finite. 

Let A1 = ~t1>x •• ~x<tJ>, a direct product of 

cyclic groups~ It is easy to see that we may choose an inte 
r 

ger r such that xt.x-l = t.P, for 'every i. 
l. 1 . 

is a polynomial in the commuting variables X " 1' · · · ' ""s ' 
with 

coeficients in K. Conjugating by · x, we have: -1 
X e X = 

pr pr 
f (t

1 
, ••• , t ) • But by . hypothesis every element k€K satis­r s 

fies kp = k, therefore this is true for the coeficients of 
r r pr 1 Pr 

f. Hence f(ti , •.• ,t~) = (f(t
1

, .•. ,t
1

)) and xex- =e =e , 

as we wished to prove. 

We can now give a partial characterization of 

the fact of u being of bounded expon~nt over · the 

when G is non torsion. 

cen·ter , 

Theorem B: Suppose that G has an element of 

infinite order. Then, u11 c s (U) for some n if and only if the 

following conditions hold:· 

(i) GR, c E; (G) for some R.. 

(ii) A is an abelian subgr·oup of G and, if 

· A is non central, then K is finite ·. A is of bounded exponent · 

and for every te.A and every x€G there exists an integer r 
r · -1 .P such that xtx = t'. , where (-K: lFP) I r. 

(iii) Pis~ subgroup of G contained in the 

centralizer of A. 

(iv) -There exists are integer m, whiqh is a 



power of p, such that xm is central in KG, for every 

x e tdG,P). 

PROOF: Suppose first that Un, c F; (U) for some n. { i) 

is trivial, (ii) follows from Lemma 1.1 and Lemma 2.2, and 

(iii) follows :trom Lemma 2.2. 

To prove (iv), let~ e a(G,P). We may suppo-

se that G is finitely generated and hence P is a finite 

normal subgroup of G. Therefore, xis nilpotent and we can 

apply Lemma 1.2 to obtain the thesis • 

. Suppose now conditions (i) to (iv) hold, and· 

pick u ~ U. Again we may suppose that G is finitely genera­

ted ·and hence Tis finite. 

We observe that if KA= 

of fields, then K(AxP) = e KiP. 
. . i 

direct SUitl 

Consider now the natural epimorphism KG '-KG/P, 

with kernel a(G,P). 

$etting S' for the image of a subset S of KG 

through this epimorphism, we have: ·(K(AxP) )' = EB K.' · where 
l. 

~ach K{ is a field. Furthermore, T(G/PJ = (AxP)/P, and hence 

KT (G/P) = T K{ . 

Since, by condition (ii) and Lemma 2.3, every 

idempotent of KA is central in KG, and G' c T, we may apply 

[S, Lemma 3.22, p. 194], and u can be written in the form: 

Now we consider both -cases separately. 

Suppose. first that A is central. Taking the ·· 
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th" . 
(1) - power• in 1 t i I I ( * ) , we have: u = i . fi gi + o , o e ti (G,P) • 

t . .e. 
Now, i fi gi is central,_ and it is sufficient to apply con 

di tion Ci v) • 

Suppose now that K • is. finite and A is of 

bounded exponents. Then, K. C K(t;), with t;s=l, for all i. l. 

Computing th · 
in ( *) , obtain: ( t) - powers we 

1: f. 
i l. 

I 

g.t + o', 
1. 

f.' 
1. 

Since K. c K(l;;), ·for all .i, we have that 
1. 

f~r = 1 for every f~ ~ 0 and a suitable r which depends on 

Kand sonly. 

Taking ( r) th - powers above, we have: u 1r = 
1: tr 

O
,, 11 

i gi . + , o € 6(G,P). 

· tr 
Now, f g1 is central and it · suffices to 

use condition (iv). 

COROLLARY: Suppose that the ·set of all p-elements 

of G is not of bounded exponent. Then the foliowing ·condi­

tions are equivalent:_ 

(i) u° c ~(U) for some n. 

(ii) KG is Lie t-Engel for some t. 

PROOF: Suppose first Un c ~(U) for some n. By the · 

corollary to theorem A, KT is Liem-Engel for some m 

hence Tis nilpotent. . . 

and · 

As G'c T, we can conclude that G is solvable 
. 

(even if it were an FC-Group). 

t 
By Lenuna · l.3, Gp ·c ~(G} for some t and by 
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[2, Lemma 2.2, p. 148] G' is a p-group. Hence, as we 
·before, 6(G,G') is a nil ideal. 

l6 

noted 

Given x,y e KG, xy-yx e 6(G,G'), By (iv) of 
Theorem B, for every z e KG we have' that (xy-yx)m z = z 
(xy-yx)m. 

Hence, KG satisfies a polynomial identity. 
By Passman's theorem [4, Theorem 1.1, p. 142]., setting <P 

for the FC-subgrou~ of G, we naye: IG/~ [ <~, I~• !< 00 • 

Furthermore, it is easy to see that both are 
p-groups. By Lemma 1.4, G is nilpotent. we conclude 

[5, Theorem 6.1, p. 155] that KG is Lie £-Engel for 
R,. 

As we noted before, the converse is 

diate by [5~ Lemma 4.3, p. 151]. 

§ 3. Augmentation ideals ot bounded exponent 

from 

some 

inuri.e-

We shall now discuss condition. (iv) of Theo-
rem B. 

In all this section, except in Theorem c, G 
will be either a s9lvable or an FC-group, such that Tis a 
locally finit~ subgroup of G, and G'c T. 

Furthermore, we shall assume that T has the 
form: T ·= PxA, where A= {teGjt is a p'-element} is an abe­
lian subg~oup of G µnd P = {teGI~ is a p-element} is a sub 
group of G, of bounded exponent. 

We introduce some notation. Given a group H, 
~.(H) will denote the Fe-subgroup of H. The group ·~ (G) · will 
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be denoted simply by¢. 

LEMMA 3.1: Suppose that there exists an integer , m, .. 
which is a -power of p, such· that xm is central in KG for 

all x e 6.(G,P). Then G contains a normal subgroup H, of fini­

te index, containing¢, such that H'f\P is finite. 

PROOF: By Passman [4, Theorem 1.1, p. 142], if KG 

satisfies a polynomial i'denti ty, then I G/¢ I <00 , I¢' I <00 • Since 

G'cPxA, and (¢.A)/Acq,(G/A), it is en~ugh to prove that K(G/A) 

s_atisfies a polynomial identi·ty. 

In the group ring K ( G/A) , the ideal D. (G/A, (PxA) /A ) 

is the image of D. (G,P) by the natural epimorphism KG -+ K (G/A} 

and hence it also satisfies . the hypothesis. 

As (G/A)'c (PxA) /A, we have that 6. (G/A, (G/A)' )c D. (G/A, (PxA) /A) 

and it fol_lows easily, as in the proof of the corollary to 

Theorem B, that K(WA> satisfies the polynani.al (XY-YZ}mz - z (XY-YX}m. _. 

In the following lemmas, H will be a normal sub­

group of G, of finite · index, containing¢, as in the previous 

lemma, P will be H'np (hence a finite group) and P · will be 
0 .. 1 

LEMMA 3. 2: Suppose . th~t ther·e exists a positive inte 

germ, which is _a powe~ of p, such that xm is central in KG, 

for all x in 6(G,P); Then, D.(G,P) is nil of bounded exponent. 

P ROOF: We observe first that it is enough to ·prove 

that 6. (H,P
1

) is nil of bounded exponent. In fact, suppose 

that this were proved. Given € 6. (G,P), then m is cen X X a 

tral element~ But every central element of l::i. (G,P°) is contai 

ned in l::i.(G,P)nK~, which is contained in l::i.(H,P 1). Then 6.(G,P) 
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is nil of bounded exponent. · . . 

Let us prove now that ~(H,~ 1) is nil of boun­

ded exponent. As Pis finite, ~(H,P) is nilpotent and hence 0 . 0 

it suffices to prove that ~(H/P ,P1/P) is nil of bounded 0 0 

exponent. 

We have that (H/P 
1
)' is a p'-group, P 

1
/P

0 
is a 

central subgroup of H/P
0

, and for all x e ~ (H/P
0

, P
1
/P

0
), xm is 

central in KH/P
0 

• FurtherID9re, . all hypothesis on G 

to HfP
0 

• Therefore, in order to prove that ~ (H/P
0 

, 

nil of bounded exponent, we may replace H/P
0 

by H 

carry on 

and p /P , 1 o 
by P

1 and assume in addition that H' is a p'-group and P
1 is 

central. 

Now, we shall see which is the form of a cen­

tral element of KH that belongs to ~(H,P 1). 

ving that T(H) 

is easy to see 

Let S'be a transversal of T(H) in H. Obser­

= PlXAl, where Al= {tEH j t is a p'-element}, it 

that S = { ab I aeA
1 , _bes'} is a transversal of 

• 
Now, let X € <l> (H) , -y e H, X = hab, h e pl ' 

-1 -1 · ab es. Since . y(ab)y . (ab) e _H' c A
1 

· and P
1 

is central, 
-1 -1 yxy has t;he form: yxy = ha'b, a' e A1 . So denoting by 

y (x) the sum of the elements _of the conjugacy class of x, 

we have r . 

Tnere~ore, we may write every central element z e KH in the 

form: 

(1) 
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where a.i € KT(H), a.i bi is central in KH for all i, and the 

bi are distinct elements .of S'. 

We claim that a, b. = b. a., for all i. · In 1 . 1 1 l. 

fact, as a. b. is central, we have that a. b. 1 1 · l. 1 
-1 = b.(a. b.)b. = 

1 1 1 1 

If in addition z e L\-(H,Pl), then ()1 € fi(T(H) ,Pi), 

for all i. In fact, denote by x' the image ·of an element 

x e KH by the natural epinorphisrn KH - KH;P
1

. Since z € 6 (H,P
1
), 

z' = r ai' b.'= O. But the b.' are distinct -elements of a i 1 1 . 

basis of the K(T(H)/P 1)-rnodule KH/P 1 . Hence a.i' = 0, for all 

i, which means that ai e 6tH,P 1 ) 0 KT(H) - = 6.(T(H) ,P 1). 

Therefore every central element z of 6{H,P 1 ) 

has the form ( 1) , and furthermore ai e 6 (T (H) , P 
1

) ' . for all 

i. 

Calls the exponent of· P
1 . Since T(H) is abe-

. th · . · · lian, computing the (s) -power of z in (1) we have that: 

zs = I:1.. (a.1.- b.)s · = I: a..s b.s = 0 . . 
1 - i l.: 1 

. s · We have proved that z = 0, for a fixed s 
and every central element z of ~(H,P

1
). As every x e 6{H,P

1
) 

is such that xm is _central, we can conclude that 6(H,P 1 ) is 

. nil of bounded exponent. 

LEMMA 3.3: If 6(H,P 1 ) is nil of bounded exponent, · 

theh eithei_P1 is fi~ite or H contains a characteristic p­

abelian subgroup of finite index. 

PROOF: Suppose that P 1 is infinite. By Passman [1, 
Corollary 3._10, p. 197], it is enough to prove that KH sati"s 

fies a polynomial identity. Since 6(H,P) is nilpotent it 0 
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suff~ces to p~ove that KH/P
0 

satisfies a polynomial identi­
ty. 

We observe that all the hypothesis of the 
lemma ·carry on to KH/P • In fact, 6 (Pl/P , P

1
/P ) 0 · 0 0 

is nil of 
bounded exponent and P 

1
/P

0 

te) • Furthermore, (H/P j ' 

is infinite (because P is fini­o 

0 
is a p' -group and P 1/Po is rentral 

Therefore, to prove that KH/~ satisfies a 
polynomial identity we may replace · H/P

0 
by H and assume in 

addition that H' is a p'-group and P{ is a central subgroup 
of H. 

n Now, pick n>O such that ~ =O for all x € 6(H,P1). 
We want to show that ther-e exist elements x

1 , x
2

, ••• , xn · in 
tdP 

1 ) = fl (P.
1 ,r 

1 ) such that x/ =O, for all i, but Xi x
2 •.• xrf O . 

·In fact, _as P
1 

is ab~lian of bounded e_xponent, · it is a di­
. rect product of cyclic groups f 4, Theorem lL 2, p. 4 4] • P 1 is infinite and hence the number of . cyclic groups is ·infi-
nite. Choose h

1 , ... ,_hn generat?rs in d~fferent cyclic sub­
groups and set m.=o(hi)-1. The elements x.=(hi-l)mi are . i . 

i 
easily verified to satisfy the required conditions. 

H, and elements g
1 , ••. , gn e S. Then_, the element 

n g 1x1+ ... +gnxn belongs to /l(H,P), he~ce a. =O. 

a = 

2 . Since the x. are .central and x. =O, cxmputing 1. 1. 
an we get: o.n · = F(g

1
, ••• ,gn) ?C1x 2 ... xn, where F(X

1 , ••• Xn) is a 
polynomial in the non-commuting variables x 1 ,x2 , ... ,Xn, na­
mely_: F(Xi,• .• ,Xn) _= I: _xa(l} ... XO'(n), the sum .running over 
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all a€ S , the symmetric group on n elements. n .. 

We want·to show that F(g~ 1 ••• ,gn) = O. 

First we make some observations. If 

90(1) go(2)·••9a(n) = gt(l) gt(2)"··9-r(n) (modPl) for cr, 

-r€Sn, then ga{l) go(2)"•·go{n) = a gt(l) gt{2) 00 ·g-r(n)' for 

some a€ P1 . 

On the other other hand, since g. g.=a(i,j)c. g., 
l. J _ -J l. 

where a(i,j) € H', we can write the . product g
0 

(l)gc( 2 ) ••• g: ~n) 

in the form b gt(l) gt( 2 ) ••• g T(n) for some b € _ H'. 

Therefore, we obtain: a= b, with a e P1 and 

b € H', . which is a p'-group. Thus a= b = l; 

'--

We have shown that ga(l) g
0

( 2 i ••. ga(n) 

gt(l) _g'T( 2 ) ••• gt(n) (mod P 1 ) if and only if g 0 (l)go{ 2 ) ... c;:(n)= 

9 -r(l) - gt (2) ••• g t(n). 

We now define an equivalent relation -~ in Sn 

setting: for a, -t € _Sn, a - t if and only if ga(l) •.. g a(n) = 

gT(l)·· ··g-r(n}" We denote by _s 1 ,s 2 , ••. ,St the equ:iyalence 

classes of thi_s relation. Choos;i.ng, for each i, an element 

a1 € Si, i ~ fol_low_s from the above .tha_t we may write: 

Now, since g 0 _(1)'""ga.(n) i 9 0 .(1)····ga.(n) 
l. . J. J . J 

(mod P
1

) if i # j, from F(g1 , ... ,gn)_x 1 x 2 ••• xn = O, we get: 

g 
O 

i (1 ) ••• g 
01 

( n ) [ s i [ ,_ x 2 • • • xn = 0 , for a 11 i . _ 

. 
B t g J.• s i· nvertible and 

u goi(l)""' _oi(n) 

x1x2 ~ .. xn # 0; hence this can happen only if J s1 1 = 0, for 

all t (tha~ is, Pl [ s1 I, for all i). 
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Therefore, F _(g1 , ••. ,gn) = 0, for 

elements g
1

, ••• ,g · es. 
arbitrary 

n . 

Now, KH -is a left module over · the central 

subalgebra KP having Sas a basis, and F(X1 , ... ,Xn) is a 

multilineal polynomial. By [1, Lerrana 1.2, p. 171], F is a 

polynomial identity for KH . . 

COROLLARY: If !J.(G,P) is nil of bounded exponent , 

then either Pis finite or G contains a normal p-abelian 

subgroup of finite index. 

PROOF: Suppose that Pis infinite, and take H as 

in Lemma 3 .1. Since I G/H I <00 , we have that I PH/H ! <00 and hence 

JP/P 1 1<00 • Therefore, P 1 ~ust be infini~e. By Lemma ~-3, H 

contains a characteristic• p-abelian subgroup of finite in­

dex, and thus the thesis follows. 

LEMMA 3.4: If G contains a normal p-abelian sub-

group of finite index,_ then /J. (G,P) is nil of bounded expo­

nent. 

PROOF: Let L be such a subgroup of G. We have 

that L/L' is abeli:an; hence /J. (L/L' ,PL/L') is nil of boun-

ded exponent. 

Setting S = KL/L', Q = (G/L' )/(L/L') -

we see that K(G/L') is the crossed product S(Q,p,a), with P 

and a as usual. 

If I= /J.(L/L' ,PL/L' ), applying Lemma 1.5 we 

conclude that IQ= /J.(G/L' ,(PnL)/L') is nil of bounded expo­

n~nt. Since· L' is a fi~ite p-group, /J. (G,L'. ) is nilpotent and 

hence ~{G,PnL) is nil of bounded exponent. 
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. . - ----------. -

Now, let us consider the natural epimorphism 

t: KG-+ K(G/(p{)L). We have that .~(ti(G,P)) = ti(G/(PnL),P/(POL)). 

But P/(POL) = PL/L, and PL/Lis a finite p-group since it is 

c9ntained in G/L. Therefore, there exists an integer in such 

that t:. (G,P) n ct:. (G,POL) . Since w~ have shown that this ideal 

is nil of bounded exponent, the Lemma is proved. A 

We can now give a complete answer to the ini-

tial question. 

Theorem C: Suppose that G is non-torsion a~d 

either solvable or FC. Then, unc ~(U) for some n if and only 

if either KG is Lie rn-Engel for some m or the foll9wing condi 

tions hold: 

(i) G
9
' c~(G) for some R.. 

(ii) A is an. abelian: su~gi-oup of G and, if A 

is non central, then K is finite, A is of bounded exponent · 
. 

and for every x € G and every teA there exists an integer r 
1 r 

such that xtx - =tp , where (K: IF ) Ir. p 

(iii) P is a subgrou~ of G of bounded_ expo-

nent, contained in the centralizer of A and, if P is not 

"finite, then G contains a normal p-abelian subgroup of finite 

.index. 

PROOF: Suppose that Unc ~(U) for some n and 

KG is not Liem-Engel. 

that 

By theorem B, the conditions (i) . and (ii) 

hold, and by (iii) of theorem B, Pis a subgroup of G con-

_ j:ained in the centralizer of A. If P is not of · bounded : ex-
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ponent, by the corollary to Theorem B, KG is Lie m-Engel, 

for some m, a contradiction. Hence, Pis of bounded 

nent. 

exp£ 

Also, since condition (iv) of theorem B 

holds, we have that 6(G,P) is nil of bounded exponent by 

lemma 3.2. By the corollary to lemma 3.3, the remainder of 
condition (iii) holds. 

Suppose now KG is Lie m-E11gel for some r.-t. 

Then, as we have noted before, Un c ~(U) for a 

n [ see 5 , Lemma 4 • 3 , p. 151 J . -
suitable 

Finally, suppose that conditions (1•) , (ii) 

and (iii) hold. If P is _finite, then 6 (G,P) is · nilpotent and 

condition {iv) of theorem B holds. If G contains a nor~al 

p-abelian subgroup of finite index, the-, using lemma 3.4, 
. ,• again condition (iv) of theorem B holds. Since conditions (i), ·. · 

(ii) and (iii) of this theorem are verified, then there exists 

an n such that . Un -c: ; (U.). 

The author is grateful to Prof. S.K. 

for suggesting this problem . 

. -

Sehgal · 
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