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Let KG be the group ring of a group G over
a field K, and U its group of hnits. Given a group H, we
shall denote by £ (H) the center of H and by T(H) the set of

all its torsion elements.

The following question appears in [5, p. 231]:
When is Uncﬁ(U), for sbme n? It wés considered by G. CIliff
and S.K. Sehgal in [2], where G is assumed to be a solvable
~group. A complete answer af characteristic zero is given
there. Also they obtain partial results at characteristic

p # 0, with certain restrictions on the exponent n.

In this note, we shall answer the éuegﬁion
at characteristic p.assuming that'G is eithér a solvable
or an Fc-éroup. In fact,nwe sﬁall neéd speéially the follo-
wing property which is. common to both these .familiés of
groups: if H is a finitely generated subgroup of G such that
H/E (H) is torsion, then bdth T(H) and H', the derived group
of H, are finite gréups [1, Lemma 1.5, p. 116 and 2, Lemma

2.1, p. 147].

In § 1, we answer the question for torsion
groups assuming only that G is locally finite (Theorem A) ,
and in § 3 we give the answer for non torsion groups that

are either solvable or FC(Theorem C).



Fifst, we introduce some notation. We will
denote T(G) simply by T,.aﬁd the integer p 2 O will always
denote the characteristic of K. For an element t in a group;'

we shall say that t is-a p-element if o(t), the order of t,
is a power of p, and that t is a p*element if o(t) is not
divisible by p. Similarly, a group H will be called a p-

group if every element of H is a p'-~element.
§ 1. The torsion subgroup of G

LEMMA 1.1: If U"cE(U) for some n and G has a non
central p'-element, then K is finite and the orders of the

_é'—elements of G are bounded.

PROOF: We shall show first thac the crders of the

p'-elements of G are bounded.

It is enough to show that if u is a central
p'-element of G, then o(u) < n. If not, take such an u, with
o(u) > n. Then K<u> = ? K, a direct sum of .fields. For
every i, denote by ni:-K<u> — Ki the_natural ' projection
fthat is, if e; is tﬁe unity element of K;, then L (u) =
@ e;). Clearly, at least one of the m, (u), say wl(u), has
multiplicative order equal to o(u). As a consequence, K,

has more than n elements.

Now, if t is a non_central p'—-element of G,'
we consider K<u,t> = & Ki[t], where Ki[t] denotes the smallest
l .

subalgebra of KG that contains Ki and t.

We claim that K,[t] is not contained in the

1
center of KG. In fact, suppose that Kl[t]' is central and



let e = ey be the unity element of K- Then et is central.
Now take x€G such that xtx_; # t. Then, xetxm1 = extx-1 =

et.

By considering supports in the last equality

we get: ui xtx—1 = ul t, 0 <i,j < of{u), i # j. Hence xtx—l =
wl e,
Again, in the last equality, we obtain
_euj_lt = et, or eul ™t = e. Then, (ew)?™" = e. But eu==wluﬂ,

and hence the multiplicative order of ﬂl(u) divides |j-i|<o(u),

a contradictiqn.

Now, since t is a p'-element,welmwe: Klft] =
? Li, a direct sum of fields which are Galois.extensiéns of
K,. But K, [t] is not.centra;,‘heqce some of the L,, say L, .
is not contained in the center of KG. Let L, be the sub-
field of L, consisting of its central elements, and let ¢#1
be an ﬁl-automorphism of Lye .

o(t)

Since L1_= K(g),- with = =1, we have

that ¢(g) = ;i, for some i.

Now, take an arbitrary element k € il‘ Since

uPc£(U), we get that (z+k)™ € ;. Then, (o(z+k))" = 0(L+))) =
(c+k)n, and ¢(g+k) is a root of X"~ (z+k)™; from this we see
"that ¢(c+k) = alg+k), o = 1, o # 1.

On the other hand, ¢(z+k) =Z* + k, and thus

A4k = a(+k).

) Sclving this equation for - k, we have that
i : . .
k = EE—E—%E . Here, only o depends on k. Since a can take

at most n-1 values, we see that |Lll, the number of elements



of Ly, is at most n-1. But ElzKl, and TK1|>n, a contradic-

tion.

It still remains to prove that K is finite.
If-not, replace Kl by K in the proof above. Again, we have
that Klft] = K[Lt] is not central, and we can repeat the ar-

gument to obtain a contradiction. A

LEMMA 1.2: Assume that UnCE(U) for some n. Then,
there exists a positive integer m, ‘which is a power of p,
such that x" is central in KG, for every nilpotent element

x in KG.

PROOf: Let X € KG be a nllpotent element | énd let
r be such that xp = 0. Then, l+xis a p—element of U and
by hypothesis (1 + x) e £(U). Wr1t1ng n = p n', with (n',pk=
= 1, it is easy to see that xp is central in KG. AA
LEMMA 1.3: Assume that u"c£(U) for some n, and let -
n.= pt.n', with (n';p) = 1. If G has a p-element of order

. t .
greater than 2p3t, then Gp ct (G).

PROOF: From the proof of Lemma 1.2, we see that
N, = . _
xP  is central for every nilpotent element x € KG. So, set

= pt, and take a p-element h € G such that o(h)>2m3.,
Since h-1 is nilpotent, we have that (h—l)m = h'-1 is cen-

tral, hence h" is central.

Set h'=hm, take %,y € G and consider the nil
potent element y(h'-1l). Again, by Lemma 1.2, we have . that

(y(h'-l))m = ym(h‘m—l) is central. Hence:

ym(h‘m—l)-x,

xym(h'm—l)

xymh'm—xym = ymh'm x-ymx.



Since o(h')>2m2, we know that h'm—l z 0 and
hence we have two elements of G in the support of the above
element. If p # 2, we see immediately that xym = ymx, thus-

'ym € g(6). If p = 2, we may have: ,

XYm = ym h™ X,

™ ™= Tyl

Using the fact that h'" is central and re
placing ymx in the first equation by its value in the second
one, we get that xym = xym nh'™® h'm, or (h')2m =1, which

contradicts the fact that o(h')>2m2. A

LEMMA 1.4: Let m be a power of p. If GmCE(G) and G
contains a normal p-abelian subgroup ¢ such that G/¢ is a fi
nite p-group, then G is nilpotent.

PROOF: It follows as in [5, 6.6, pp. 157-158].- A

LEMMA 1.5: Let S be a commutative ring with identity,
I a nil ideal of S, of bounded exponent, and § a finite group.
Let S(Q,p,0) be a crossed product of Q over S, with an arbi

trary factor system p and ¢ such that ct(I)cI, for every
t € Q. Then, IQ is a nil ideal of S(Q,p,0), of bounded ex-

ponent.

PROOF: It is immediate to.verify that IQ is an ideal

of 5(Q,p,0).

Let Q'= {tl'tz""'tn} and choose m such that

sm = 0, for every s € I.

2 - :
" Take r>m(n+l)” and x = St te..tst an arbi

trary element of IQ, s, €1, 1 < i < n.
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We want to prove that x = 0. It is enough
to show that any product of r elements from the set
{sltl”"fsntn} is zero. Then, let y = Sy t, ...Si t, be

. 1 h r Ir
such a product.

It is easy to see that there exists an in-

dex j such.that‘si ti occurs in y k times, with k>m(n+l$)
J ] :
and we may suppose without loss of generality that S5 ti =
. 3 73
Sl l.

As the products s;t;st; still have the form

st, s€I, teQ, and ts =.ot(sl)t, for every 0€T, we can write

AR

y in the form y = ( z.)Y, with z, € {ct(sl) |t€Q} u{sl}, Yy € IQ.

i=1
Since the above set has at most n+l elements and k>m(n+l),
there must exist an index j such that z4 occurs in y more

than m times. Now, zjeI, therefore zjm=0, and hence y = 0. A

: LﬁMMA l.6: Let G =T, a locally finite group. ‘IF
Uncg(U) for somé n, then KT satisfies a polynomial  identi-
ty. )

PROOF: Let m be as in Lemma 1.2, and consider 2m
érbitrary elements "of KT, . say KyrXypeoerXy o By considering

the subgroup geherated by the éupports of these elements,

we may suppose that T is finite.

‘Denote by J(KT) the Jacobson radical of KT.
Then KT/J(KT) = & Mn (Di), a direct sum of full matrix rings
l : .

i
over division rings Di’

"Set x’' for the image of an element x € KT
through the natural epimorphism KT -— KT/J(KT). For a-given

index i, take X; an arbitrary nilpotent element in . Mo (Di),
i



and choose any element Y; € KT such that (yi)' = X Then Yy

is nilpotent, provided J.(KT) is nilpotent because T is fini-

te. By Lemma 1.2, yim is central in KT. Jence xim = (yim

)I
is a central nilpotent element of KT/J(KT), so it must be

Zero.

Now it is easy to see that the size of the

matrices is bounded by m, that is, n, < m, for every i.

On the other hand, given i and dizo'in Di' we
can choose u € U such that u’ = di (see [5, Lemma 3.3, p.

n

1791). as u” € £(U), din is central in D; . and hence Di is

a field, by [3, Theorem 3.22, p.79].

| Therefore, KT/J(KT) satisfies SZm(Xl’XZ""’
x2m), the standard polynomiél of degree 2m in the non commu-
ting '§ériables kl’XZ""’XZm‘ Aéain, since J(KT) is nilpo-
tent, we can use Lemma 1.2 to obtain, for every z € KT :
(Spp(Xyreeesxy ™ 2 = 2 (Sy (3 0eeny D™ A
We may now obtain a characterization éf the

fact of Y being of bounded exponent over the center when G

is a locally finite, group.

Theorem A: Let G % T, a locally finite group.
Then, Uncg(U) for some n if and only if.the following condi-
fions hold:

(i) TRCE(U) for some 2.

(ii) T contains a normal p-abelian subgroup of fini-
te index.
(iii) either every p-element of T is central or T

is of bounded exponent and K is finite.



PROOF: Suppose Uncg(U) for some n. Then (i) is
trivial and (ii) follows from Lemma 1.6 and a Theorem by

Passman [1l, Corollary 3.10, p. 197]. .

To prove (iii), assume that not every p'-ele
ment of T is central. By Lemma 1.1, K is finite and tr#l,
for a suitable r and for every p'-element t€T. Now, if n =

pt.n', with (n',p) = 1, and T has a p-element of order grea

3t

t . .
ter than 2p~ ", thenfg)c:E(T) by Lemma 1.3, and hence every

pf—element is central, a contradiction.

So, t® = 1 for a suitable s and for every

p—-element t€T,

Now take x€T and let To be a normal p-abelian

subgroup of index u, as in (ii). Then, x" € T,, and we may

write: x" = Yz, where y,z € T,» ¥ is a p-element and z is a
p'-element. Since TO/Té is abelian, taking (rs)th—powérs ,

we get: x ozy'" z'° (mod TJ) = 1 (mod T)). But T! is fini-

1
te, so we have that xurslTO}

-~

= 1, and (iii) is proved.

Assume now that conditions (i), (ii) and (iii)
hold, and let T0 be" a normal p—abelian subgroup of finite
index in T, as in (ii), and A the set: {teT |t is a p'-ele

ment}.

Suppose first that A is a central subgroup
of T. Then, as T is locally finite, it is easy to see that
T=PxA, where P = {t€T | t is a p-element} is a subgroup of

T.

Considering the subgroup ¢ = Té.A,ji:is-easy

to see that T satisfies the conditions of Lemma 1.4 and



hence it is nilpotent. Furthermore, T contains a normal p-
abelian subgroup ¢ such tha£ T/¢ is a finite p-group, and we
. conclude from [5, Theorem 6.1, p. 155] that KT is Lie m-Engel
‘for a suitable m. Hence, UncE(U) for‘'some n by [5, Lemma

4.3, p. 151].

Suppose now that A is a non central subset.
By (iii), Ts=l,for‘some s, and K is finite. Because To' is a
finite p-group, it is easy to see that P, = {teTO l t is  a

p-element} is a normal subgroup of T.

We claim that A(T,Po), the kernel of the natu-
-ral epimorphism KT — KT/PO, is nil of bounded exponent.
Indeed, A(T /T , P /T;) is nil of bou.ded exponent because
To/Té is abelian and Po/Té is of bounded exponent. Setting
8§ = KTO/Té.,.Q = (T/Té)/(To/Té) = T/To , we see that KT{TS is

the croésed produét S(Q,p,s), with p and o as usual. If
I=AT T, B /T , by Lemna 1.5 we conclude that IQ = A(T/T) , P /T))
is nil of bounded exponent. Since Té is a finite p-group, we
see that A(T _,T)) is nilpotent and hence it is easy to see
that A(T;Po) is nil of bouﬁded exponent by conéidering the

natural epimorphism KT — KT/T& .

Now, To/Po is a normal subgroup of T/P

o of

finite index, say, r. By [1, Lemma 1.10, p. 176], we get that

KT/P0 c Mr(KTO/Po).

Pick now u € U. Considering the subgroup gene-
rated by the support of u, we may suppose that T is finite.

Hence T07P°'is a finite abelian p'-group, such that (Tb/ﬁQSEl
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Therefore, KTO/P'O'= ? Kir a direct sum of
fields, all of then contained in K(E), with cs=1. Hence,

Mr(KTO/PO)= Mr(? Ki) = ? Mr(Ki), and we have that

'KT/PO c? Mr(Fi), with Fi = K(z), forfevery i. Set s for

? Mr(Fi) and u’ for the image of u by the composition map
of the natural epimorphism f: KT —f4 KT/R)followed by the
inclusion g: KT/RD——+ S. As K is finite, the group of non-
sinqular matrices of Mr(K(;)) is finite, say of order g,

depending on r and s only. So, u'd = 1 and we get:

ud =1+¢, 6 €al(r,py).

As A(T,P,) is nil of bounded exponent, we

-can take m a power of p such that x" = 0 for all x € A(T,Pg) .

Now we. can conclude that_uqm =1 + Gm =1 €e E(U). A

COROLLARY; Let G = T, a locally finite group, and
assume that the set of all p-elements of T is not of bounded
exponent. Then the following conditions are equivalent:

n

(i) U ¢ E(Uf_for some n.

(ii) KT is Lie m-Engel for some m.

PROOF: First suppose that U" ¢ g(1) for some n. By

the preceeding theorem, we get that (i), (ii) and (iii) hol&.

Furthermore, every p'-element of T is cen-
tral by Lemma 1.3. Follow now the “only if" - part of the.
proof of the theorem to conclude that KT is Lie m-Engel for

some m.

By [5, Lemma 4.3, p. 151], the converse is

obvious. _ ) A
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§ 2. A certain nil ideal of KG

Iﬁ_this section, G will be either a solvable
. or an FC-group. As we mentioned in the introduction, if,

G/ £E(G)is torsion, than we can conclude that T is a locally

finite subgroup of G and G' is contained in T.

We shall denote by A the set of all p'-elements

of G and by P the set of all p-elements of G.

LEMMA 2.1: .Suppose thaE Un-c £E(U) for some n and
G has an element of infinite order. Then, every idempotent

of'KG is central. . A
PROOF: See [2, Lemma 2.4, p. 148].

LEMMA 2.2: Suppbse that Un c £(U) fér some ﬁ and

G has an element of infinite order. Then:

- {1) A is an abelian subgroup of G.

(ii) If A is non central, then K is finite ana for
every x€G and every t€A there exists an intg
ger r such that xtx-_1 = tpr{ and-(K:E%)|r.

*(iii) P is a subgroup of G.

(IV) T = PxA.

PROOF: For the proof of (i) see [2, Corollary

2.5, p. 148].

To prove (ii) we notice that if A is non cen

tral, then K is finite by Lemma 1.1l.

Now, take xX€G and t € A such that xtx-1 z t.
We have that K <t> = @ Ky, a direct sum of fields such that

a£ least one of them, say Kl, is of the -form’Ki = K(g), where

A}
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)

§ is-a root of unity whose order is equal to the order of

t, and the natural projection K<t> — K, maps t on g.

Since, by Lemma 2.1, every idempotent is cen; -

tral, we must have xtx + = ti for some i (this can be seen
by considering the idempotent e==(o(U)-l U&t+”.+t°“j_l). Hen
ce, conjugation by x defines an automorphism ¢ of K By the

1°
above, ¢(z) = ci-

On the other hand, since Kl is finite, ¢ is
a power of the Frobenius automorphism of Kl, F, given by:
F(k) = kP for all k € Ky- If ¢ = FY', we have that ¢(z) =

r L
Cp = ¢*, from which we conclude that o(t)

OfC) divides
_ r
,pr—i. Then,pF'E:i(mod o(t)), and xtx 1. ti = tP .,

Furthermore, as every element of K is fixed
by ¢, we have that kp =k for every k€K, and hence K is con

“tained in a field with p* elements, that is: (K.Eb)lr.

For (iii), we observe first that every p-
element commutes with every p'-element. If not, then by
Lemma 1.1 K is finite. Now take m € P and téA such that

ntn—l=t and proceed like in [2, 3.2, p. 152] to conclude that this
implies the existence of a non central idempotent, which con

tradicts Lemma ‘2.1.

As T is locally finite, the proof of (iv) is

now trivial. _ A

LEMMA 2.3: Let A4 be an abelian p'-subgroup. of G,

and K a finite field. If, for every t € A; and every x€G,
r

there exists an integer r such that xtx 1 _¢P ' and(Kdﬁd]r,

then every idempotent.of Ka, is central in KG.
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PROOF: Let e € KAl be an idempotent, and 1let x€G.
By considering the subgroup generated by the support of e,

we may suppose that A, is finite.

Let Al = <tl>x...x<ts>, a direct product of
cyclic groups. It is easy to see that we may choose an inte

r
ger r such that xtix 1. tip , for every i.

We have that e = f(tl,...,ts),,wmmxaf(xl,“.,xs),
is a polynomial in the commuting variables xl,...,xs, with
coeficients in K. Conjugating by x, we have: X e x_l =

r x
f(tg ,...,tg). But by hypothesis every element k€K satis-

r

fies kp = k, therefore this is true for the coeficients of
r r r r

f. Hence f(tp ,...,tP ) = (f(t,,...,t ))p and xex l=ep =e ,
1l s 1 1

as we wished to prove. - ' A

We can now give a partial characterization of
the fact of U being of bounded exponent over = the center ,

when G is non torsion.

Theorem B: Suppose that G has an element of
infinite order. Then, Ut < £E(U) for some n if and only if the
following conditions hold:

(i) ¢« £(G) for some 2.

(1i) A is an abelian subgroup of G and, if
A is non central, then K is finite, A is of bounded exponent
and for every t€A and every x€G there exists an integer r

o r
such that xtx L = & , where (K:E%,)Ir.

(iii) P is & subgroup of G contained in the

centralizer of A,

(iv) -There exists are integer m, which is a
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power of p, such that x™ is central in KG, for every

x € A(G,P).

PROOF: Suppose first that o ¢ £ (U) fdr some n. (i)
is trivial, (ii) follows from Lemma 1.1 and Lemma 2.2, and

(11i) follows trom Lemma 2.2.

To prove (iv), let x € A(G,P). We may suppo-
se that G is finitely generated and hence P is a finite
normal subgroup of G. Therefore, x is nilpotent and we can

apply Lemma 1.2 to obtain the thesis.

_ Suppose now conditions (i) to (iv) hold, and
pick u € U, Again we may suppose that G is finitely genera-

ted and hence T is finite.

We observe that iﬂ KA = ? Ki' a direct sum .

of fields, then K(AxP) = ? X,.P.

i
Consider now the natural epimorphisnxKG¥—&«yP;

with kernel A(G,P).

Setting S’ for the image of a subset S of KGC
through this epimorphism, we have: (K(AxP)) = @ K{ " where
gach Kf is a field. Furthermore, T(G/P) = (AxP)/P, and hence

-— 14
KT (G/P) = ? Ki .

Since, by condition (1i) and Lemma 2.3, every
idempotent of KA is central in KG, and G'c< T, we may apply

[5, Lemma 3.22, p. 194], and u can be written in the form:

* = .
(*) g Efigi + 4§, fieKi’ gieb, 6€A(G,P).
Now we consider both cases separately.

Suppose first that A is.central. Taking the
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(2) - power in (x), we have: up“ = i fig gig + 6', s'e A(G,P) . .
. 2.2 ' sy o
Now, E fi g; 1s central, and it is sufficient to apply con

dition (iv).

Suppose now that K is’ finite and A is of

bounded exponent s. Then; K, < K(Z), with Cs=l, for all i.

Computing (l)th-Jpowers in (*), we obtain:

+8', £, ex;, gt ec@, §' ea,p.

Since Ki < K(g), for all i, we have that
fir = 1 for every fi # 0 and a suitable r which depends on

K and s only.

Taking (r)th-powers above, we have: uSLr =
i "
E g, " + §", 8" e A(G,P) .
Now, X gin is central and it suffices to
i . :
use condition (iv). ) R

COROLLARY: Suppose that the set of all p-elements
of G is not of bounded exponent. Then the following ‘condi-

tions are equivalent:

'(i) Un c E(U) for some n.

(ii) KG is Lie 2-Engel for some £.

PROOF: Suppose first o . £(U) for some n. By the
corollary to theorem A, KT is Lie m-Engel for some m and -

hence T is nilpotent.

As G%< T, we can conclude that G is solvable

(even if it were an FC—Groub). .
. . s .
By Lemma 1.3, P < £(G) for some t and by
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[2, Lemma 2.2, p; 148] G' is a P-group. Hence, as we noted
‘before, 4(G,G') is a nil ideal.

Glven x,y € KG, xy-yx € A(G,G'), By (iv) of
Theorem B, for every z € KG we have' that (xy—yx)m zZ =2

(xy-yx)™

Hence, KG satisfies a polynomial identity.
By Passman's theorem [4, Theorem 1.1, p. 142],  setting )

for the FC-subgroup of G, we have: [G/¢ | <o, |¢']<w,

Furthermore, it is easy to see that both are
p-groups. By Lemma 1.4, G is nilpotent. We conclude from
[5, Theorem 6.1, p. 155] that KG is Lie %-Engel for some

L.

As we noted before, the converse 1is imme-

diate by [5, Lemma 4.3, p. 151].
§ 3. Augmentation ideals of bounded exponent

We shall now aiscuss condition (iv) of Theo-
rem B.

In all this section, except in Theorem C, G
will be either a solvable or an FC-group, such that T is a

locally finite subgroup of G, and G'c T,

Furthermore, we shall assume that T has the
form: T'= PxA, where A = {t€G|t is a p'-element} is an ake-
lian subgroup of G and P = {t€G|t is a p-element} is a sub

group of G, of bounded exponent.

We introduce some notation. Given a group H,

¢(H) will denote the Fc—subgroup of H. The group $ (G) will
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be denoted simply by ¢.

LEMMA 3.1: Suppose that there exists an integer m,'
which is a power of p, such that x® is central in KG for
all x € A(G,P). Then G contains a normal subgroup H, of fini-

te index, containing ¢, such that H'NP is finite.

PROOF : By Passman [4, Theorém 1.1, p. 142], if KG
satisfies a polynomial identity, then |G/¢|<», |¢'|<=.  Since
G'cPxA, and (¢.A)/Acd(G/A), it is enough to prove that K(G/A)

satisfies a polynomial identity.

In the group'ring K(G/A), the idealA(GﬂL(PgU/A)
is the image of A(G,P) by the natural epimbrphism KG — K(G/A)

and hence it also satisfies. the hypothesis.

As (G/AYc(PxA)/A, we have that A(G/A,(G/A)')c A (G/A, (PxA) /A)
and it follows easily, as in the proof of the corollary to

Theorem B, that K(G/A) satisfies the polynamial (xv-y2)"z -z (xy-y)™. a

In the following lemmas; H will be a normal sub-
group of G, of finite index, containing ¢, as in the previous
lemma, g)will be H'[\P (hence a finite group) and Py will be

HNP.

LEMMA 3.2: Suppose that there exists a positive inte
ger m, which is a power of p, such that x™ is central in KG,

for all x in A(G,P): Then, A(G,P) is nil of bounded exponent.

PROOF: We observe first that it is enough to prove

that A(H,Pl) is nil of bounded exponent. In fact, suppose

that this were proved. Given x € A(G,P), then x* is a cen

tral element. But every central element of A(G,P) 1is contai -

ned in A(G,P)N\K¢, which is contained in A(H,P Then A(G,P).

-
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is nil of bounded exponent.

Let us prove now that A(H,Pl) is nil of boun-
ded exponent. As g)is finité, A(H,g)) is nilpotent and hence
it suffices to prove that A(H/g),Pl/gJ) is nil of bounded

exponent.

We have that (H/Pl)' is a p-group, Pl/P(3 is a
central subgroup of H/g); and fd: all x € A(H/g)lPl/gJ, <" is
central in KH/%). Furthermore, all hypothesis on G cafry on .
to H/%). Therefore, in order £o prove that A(H/%), Pl/g)) is
nil of bounded exponent, we may replace H/q) by H and ?l/PO

1

by Pl and assume in addition that H' is a p'-group and P is

central.

Now, we shall see which is the form of a cen-

tral element of KH that belongs to A(H,Pl).

Let S'be a transversal of T(H) in H. Obser-

ving that T(H) = Plel, where A1 = {téH|t is a p'-elementl}, it

is easy to see that § = {ab]aeAl, bES'} is a transversal of

Pl in H. .

Now, let x e ¢(H), y €H, x = hab, hep, ,
ab € s. Since.y(ab)yfl(ab)_l e'H'c-Al' and P, is central,
yxy_l has the form: yxyfl = ha'b, a' G‘Al. So denoting by

y (x) the sum of the elements of the conjugacy class of X,

1 1’
Therefore, we may write every central element z € KH in the

we have that vy(hab) = h(a +...+ar)b, aj € A l1<3jj<r.

form:

(1) =z =
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where o, € KT(H), ai bi is central in KH for all i, and the

51 are distinct elements .of S'.
_ We claim that gi.bi = bi a.. for all i. 1In

fact, as a, bi is centra}, we have t%at e, bi b (a b, )b g
bjoy

If in addition z.e A-(H,Pl) , then ai € A(T(H) ’Pi) ’
for all i. In fact, denote by x’ the imege "of an element
X € KH by the natural epimorphism KH — KH/P.l. Since z € A(H,P ),’
z' = ? ai’ bi’= 0. But the bi’are'd;stinct -elements of a
basis of the K(T(H)/Pl)—module KH/Pl. Hence ai’= 0,_for all

i, which means that a, € A(H,pl)n KT(H) = A(T(H) ).

Therefore every central element z of A(H,Pl)
has the form (1), and furthermore a, € A(T(H), Pl), for all
i'

Call s the exponent of P.. Since T(H) is abe-

1
lian, combuting the (s)th;power of z in (1) we have that:
s

S s

z =, (0, b,)° =12 a.5bS =0,
i i1 P i
We have proved that z° = 0, for a fixed S

and every central element z of A(H,P ). As every xXx € A(H,P )
is such that x™ is central, we can conclude that A(H,Pl) is

-nil of bounded exponent. ' © A

LEMMA 3.3: If A(H,Pl) is nil of bounded exponent,
then either P1 is finite or H conteins a characteristic p-

abelian subgroup of finite index.

PROOF: Suppose that Pl is infinite. By Passman [l
Corollary 3.10, p. 197], it is enough to prove that KH satls

fies a polynomlal identity. Since A(H P ) is nilpotent it
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suffices to p_rové that KH/P0 satisfies a polynomial identi-
ty.

We observe that all the hypothesis of the

lemma carry on to KH/P . In fact, A(I_‘I/PO,Pl/Po) is nil1 of

. ¥ect product of cyclic groups [4, Theorem 11.2, p. 44]. p

bounded exponent and Pl/Po is infinite (because P is fini-
te) . Furthermore, (H/Po)' is a p'-group and Pl/Po is central
in H/Po.

Therefore, to prove that KH/PO satisfies a
polynomial identity we may replace-'H/PO by H and assume in
addition that H' is a p'-group and Pi is a central subgroup

of H.

Now, pick n>0 such that x =) for all x € A(H 1

We want to show that there exist elements Xy Xppens P X ‘in
- 2 _ , :
A(Pl) = A(P_l,Pl) such that X, =0, for all i, but xlxz...xn#O .

‘In fact, as Pl is abelian of bounded exponent, it is a di-.

1
is infinite and hence the number of cyclic groups is infi-

nite. Choose hl""’h generators in dlfferent cyclic sub-
groups and set m, —O(hl) -1. The elements xi=(hi-l)mi are

easily verified to satisfy the required conditions.

Take now S = {g, }1€I a transversal of P, in

1
H and elements gl,...,g € S. Then, the element a =

n——
gl 1 ...+gnxn bel?ngs to A (H,P), hepce a =0,

Since the xi are central and xi2 =0, conputing.
n n .
a we get: a = F(gl,...,gn) _xlxz...x ; where F(xl,...xn) is a
polynomial in the non—commutlng variables Xl'xz""’xn' na-

mely: F(xl,..‘,xn) =3 xo(l)"' o (n) the sum running over
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all ¢ € Sn' the symmetric’group on n elements.
We want:to show that F(ql,...,gn) = 0.

First we make some observations. If

Y1) J9(2) % m) ¥ Ir(1) 91(2) "It (n) (M4 Py) for g,

T€S /s then 9o (1) go(2)"'90(n) =a9.(1) 9 (2) I (n)’ fQ?

some a € Pl‘

On the other other hand, since 93 gj=a(i,j)gj gi,

where o (i,j) € H', we can wrlte the product 95 (1)9c(2) - (n)

. ' '

1n_ﬁhe form b (1) 91(2) 9 (n) for some b € H'.
Therefore, we obtain: a = b, with a € Pl and

b € H', which is a p'-group. Thus a = b = 1.

We have shown that 95(1) 9527 Io(n)

91(1) 9r(2)*91(n) (mod Pl) if and only if gc(l)go(?)...g:(n)=

(1) Fr(2) Iy
We now define an equivalent relation ~ in S_-
setting: for g, 71 € Sn' g~T1 if and only if go(l)"'g(ﬂn) =

gT(l)";g7dn)' We denote by.sl'SZ""'St the equivalence

classes of this relation. Choosing, for each i, an element

0. € S;, it follows from the above that we may write:
i i : .
: F(gl,...,gn) = gol(ll"'gcl(n)lsl|+"'+got(1)'"got(n)lSt

Now, since goi(l)"ﬂgoi(n) z ng(l)'“'gcj(n)

(mod Py) if i # j, from F(gy,...,9,)%1Xp...%x, = O, we get:
ggi(l)"°9oi(n)[Si|Xlx2...xn = 0, for all i.

. c s . 3
But gci(l)"'gci(n) is 1pvert1b1e an

KXo eoXy # 0; hence this can happen only if |S;| = 0, for

all i (that is, p||S; |, for all i).
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Therefore, F(gl,...,gn) = 0, for arbitrary

elements gl,...,gh G‘S.

Now, KH is a left module over the central
subalgebra KP having S as a basis, and F(Xl,...,xn) is a
multilineal polynomial. By [1, Lemma 1.2, p. 171], F is a

polynomial identity for KH. . - A

COROLLARY: If A(G,P) is nil of bounded exponent ,
then either P is finite or G contains a normal p-abelian

subgroup of finite index.

PROOF: Suppose that P is infinite, and take H as
.in Lemma 3.1. Since |G/H|<», we have that |PH/H|<» and hence

IP/P1|$m. Therefore, P, must be infinite. By Lemma 3.3, H

1
contains a characteristic p-abelian subgroup of finite in-

dex, and ﬁhﬁs the thesis follows. - Y

LEMMA 3.4: TIf G contains a normal p-abelian sub-
group of finite index, then E(G,P) is nil of bounded expo-

nent.

PROOF: Let L be such a subgroup of G. We have
that L/I' is abelian; hence A(L/L' ,PL/L') is nil of boun-

ded exponent. .

L
m .
b

Setting S = KL/L', Q= (G/L') /(L/L')
we see that K(G/L') 1is the crossed product S(Q,p,0), with.o
ané o as usual..

If1 =A(L/L',PL/L'), applying Lemma 1.5 we
conclude that IQ = A(G/L',(énL)/L') is nil of bounded expo-
nent. Since L'is a finite p-group, A(G,L') is nilpotent and

hence A(G,PNL) is nil of bounded exponent.
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L)

Now, let ug consider thé natural epimorphism
$: KG — K(G/(PNL) . We have that & (A(G,P)) = A(G/(PAL) ,P/(PAL)).
But.P/(PnL) = PL/L, and PL/L is a finite b—group since it is
contained in G/L. Therefore, there exists an integer in such
that A(G,P)™c 4(G,PNL) . Since we have shown that this ideal

is nil of bounded exponent, the Lemma is proved. A

We can now give a complete answer to the ini-

tial question.

Theorem C: Suppose that G is non-torsion and
either solvable or FC. Then, u"c £(U) for some n if and only
if either KG is Lie m-Engel for some m or the follpwing condi
tions hold: -

(1) ¢ ce(e for some %.

?

(1ii} A is an abelian subgiroup of G and, if A
is non central, then K is finite, A is of bounded exponeﬁﬁ
and for every x € G and every t€A there exists an integer r

-1 pr
such that xtx "=t , where (K:Eb)lr.

(iii) P is a subgroug of G of bounded expo-
nent, contained in the centralizer of A and, if P is not
finite, then G contains a normal p-abelian subgroup of finite

index.

PROOF: Suppose that U"c £(U) for some n and that

KG is not Lie m-Engel.

- By theorem B, the conditions (i) and (ii)
hold, and by (iii) of theorem B, P is a ;ubgroup of G con-

tained in the centralizer of A. If P is not of bounded - ex-
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ponent, by the corollary to Theorem B, KG is Lie m-Engel,
for some m, a contradiction. Hence, P is of bounded €xpo

nent.,

e Also, since condition (iv) of theorem B
holds, we have that A(G,P) is nil of bounded exponent by
lemma 3.2. By the corollary to lemma 3.3, the remainder of

condition (iii) holds._

Suppose now KG is Lie m-Engel for some m.
"Then, as we have noted before, u? < £E(U) for a suitable

n [see 5, Lemma 4.3, p. 151].

' Finally, suppose Fhat conditions (i), (ii)
and (iii) hold. If P is finite, then A(G,P) is-nilpotenf and
condition (iv) of theorem B holds. If G contains a norral
p-abelian subgroup of finite indek, the- using lemma 3.4,
again condition (iv) of theorem B holds. Since <xrﬁitﬂxm (iL.j
(ii) and (iii) of this theorem are verified, then there exists

an n such that U" .c g(U) S - . | i

The author is grateful to Prof. S.K. Sehgal -

for suggesting this problem.
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