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THE STABILITY OF MINIMAL CONES OF CODIMENSION 

GREATER TPAN ONE IN JRn 

Celia Contin Goes 

§ 0 - INTR0VUCTION 

J. Simons has proved in [3] that if Mis a (n-1)-di­

rnensional closed minimal submanifold in Sn, not totally geodesic, 

with n~6 , then the cone over Mis not stable. 

This result is fundamental for regularity of solutions 

of Plateau's problem and for the Bernstein's problem of codimension 

one, inlRn+l ([i], [3]). 

For higher codimension, the first observation is that 

Simon I s theorem cannot be extended if others hypothesis are not added 

Indeed 

M = ·{ ZE o:n I z I O , P ( Z) = O} c IR in 

n 
where P(z) = t z~ 

j ~l . J 
easy to verify that 

normal bundle. 

, 
, is a 2-codimensional stable minimal cone. It's 

the immersion M2n-2 Ym 2n does not have flat 

The existence of such manifolds as well as tecnical 

motivations have brought us to consider higher codimensionalminimal 

cones over submanifolds of Sn that have flat normal bundle. 
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The following theorem generalizes Simons' result: 

THEOREM 1 - Let Mn ~IR n+m be a minimal cone immersed in IR n+m 

such that Mnsn+m-l is a closed manifold of sn+m-l 

(the unitary ball in IR.n+m) and suppose that there is a global 

orthonormal family of parallel fields in the normal bundle of M. 

Thus if Mis not totally geodesic in IRn+m and ns6 , M 

is not stable. 

The following shows that this result is sharp. 

TUEOREM 2 - Let M = M x (0, ~co) ~IR.n+m; (y,t) i-:>ty where 

s 
}: 

i=l 
n. ·= n - 1 , 

l. 
and m = s-1 

Then Mis a minimal cone in :m.n+m having flat normal 

blundle, and Mis stable if, and only if, n>6. 

§ 1 - BASIC FACTS 

M, that is 

be an isometric immersion and let r 

fEC 1
(U) where u is ~n open set of :m.n+m such that 

Let of be the gradient in M of the restriction of f to 
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(it is easy to see that of depends only on the values off over M) 

is an orthonormal basis of TM, Df is the p 
gradient off in mn+m, thdt is, 

{ (k) 
and V }1~k~m is an orthonormal frame of normal vector fields 

defined in UnM, then 
I • 

(l.l.1) 

Let {e.}l<"< be a coordinate system in IR.n+m, that 
J. -J.-n+m 

is , each .ei .is a constant field in lR.n+m and they constitute an 

orthonormal basis for lR. n+m • Thus, if v ~k) = <v (k) , e
1
. >; D. f = 

l. J. 

<Df , ei > i cS. f = <cSf , e. > , we have l. J. 

tn 
v(k)> v!k) {1.1.2) o.f = D.f - r <Df, ;i=l,2, .•• ,n+m l. l. k=l l. 

1.2 - If H. is the mean curvature field of the immersion, and 

e · = v<k)(p) ,· k-1 m at ~M n+k - ' • · • ' ' s::-- ' 

then we have at p, 

on+k = 0 and 

n 
= - ~ <e. , V V (k) > 

l 1. e. p 
i=l 1 

=-



' 

- 4 -

where Vis the riemannian connection of IRn+m_ 

n+m (k) 
Since l o.v1 does not depend on the particular . 1 l. l.= 

coordinate system, we have 

(1.2.1) 

n+m 
< H , v (k) >= - l o. V ~k) , that is 

. 1 J. J. J.= 

, 

at any point of Mand with respect to any coordinate system 0f IRn+m 

Similarly, if B(x,y) = {Vx Y).1 wher7 x,y£TPM and Y 1s an 

arbitrary extension of y that is tangent to Min a neighborhood 

of p, and 

(1.2.2) 

(1.2.3) 

V < B(x,y) ,v> V x,yET M <A {x) ·, y> = ; , p 

.l 
V V E (T M) 

p 

V PEM , 

V{k) V (s) . n+m 
( o . V ~ k )) ( o . V ! s ) ) we have, = [ <A , A > 

i~j;l l. J J l. 

In what follows we set 

V (s) 
, A > 

c2 
k 

c2 
m 

= I 
k=l 

c2 
k 
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1. 3 - Let X be a c00 vector field of M and div MX be its divergent 

in M, that is, if ptM, 

where l.l)E:T M and 'iJ is the riemann.ian connection of M. p 

Then, if {e.}l<'< is a coordinate system for IRn+m 
1. -i-n+m 

s:.:ch that e = V (k) (p) ; k = 1, 2, ••• ,m , we have n+k 

a:id since 

have 

(1.3.1) 

n+m 
): 

i=l 
o .X. 

1 1. 

n+m 
L 

i=l 
o. X. (p) 

1 l. 

does not depend on the coordinate system, . we 

n+m 
1 

i=l 
o.X. 

l. l. 

a~ any point of Mand in relation to any coordinate system of IRn+m. 

2 Therefore, the laplacian of fEC (M), ~f, is given by 

(1.3.2) 
n+m 

~f = }: o1 oif 
i=l 

1.4 - If cj>EC 1 (M) has compact support and '¼'EC2 (M), we have 

(l.4.1) a) 

(1.4.2) b) f 'l'Gcj> dM = - f <ocj>' o'l'>dM 
i1 M 
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1. 5 - Let Mn'--4 Nn+m be an isometric iMinersion and let -vJ. 

be the induced connection in the normal bundle of M by 

the connection of N. Thus the normal curvature tensor of the normal . 

bundle is defined by 

(1.5.1) 

where X,Y are tangent fields of M. 

Suppose that RJ. = 0 , then we say that the immersion 

has flat normal bundle. The following well known results will be 

useful: 

bundle, 

(1.5.2) 

a) R1 = 0 if, and only if, there is a local orthonormal 

family (k) 
{v }lSkSrn of parallel sections in the normal 

that is, 

k=l,2, ... ,rn, 

b) If N has constant curvature, then RJ. = 0 if, and only 

if, the tensors Aea, where {e } 1 < < is anyorthononnal a. _a,_rn 

frame of normal fields, are simultaneously diagonalized 

1.6 - Let Mn~mn+rn be an isometric immersion having flat 
(k) normal bundle and let {v }lSk$m be an orthonormal 

family of parallel sections of the normal bundle of M. Let pEM, and 

let {ei}l$iSn+m be a coordinate system for mn+rn such that 

V (k) (p) = e n+k 
; k=l,2, ... ,m. 
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<V 
e. 

l. 

v<k) , e.> 
J p 

o = 0 at p , n+s 
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= <'v v(k) , e.> 
e. l. p 

J 

o = <V v(k) 
e. 

]. 

v(s)> 
, p = oi V (k) ( ) if 

n+s P ' 

i = 1,2, ... ,n 

k,s =1,2, ••• ,m 

if i,j = 1,2, ••• ,n 

k = 1,2, . . ·. ,m 

it follows 

i,j = 1,2, ••• ,n+m -. 

·k = 1,2, ... ,m 

with respect to · {e.}
1 

. · . 1. :s;1.:s;n+m 

where 

if 

we have 

Considering another system {e.} 1 <"< · of coordinates, 1. -1.-n+m 

n+m. 
e. = >: a.1:­

J i=l J 

n+rn 
I 

h, t=1 

Therefore we have 
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= o. v !k) (p} 
J J. 

Thus we have, for any system of coordinates of :m.n+rn , 
at each point of M, 

(1.6.1) 
i , j = 1 , 2 , .••. , n +rn 

k = 1,2, .... ,m 

1.7 - PROPOSITION - Let {V(k)}lsksm be as in 1.6, · let 

{e.} 1<·< · be any coordinate system of lRn+m and let 1. - i-n+m 
o . ,: <o , e . > • l. l. 

Thus, 

(1.7.1) 

PROOF. Having in mind that R =0 together with (1.1.2), (1.6.l) and 
the fact that 

(1.7.2) 
n+rn ( ) ( l v r cJ.vhk) = G 
h=l h 

j = 1,2, .•. ,n+m 

k,r = 1,2, ..• ,m 

the proof is a straightforward computation. 

To prove (1.7.2) we choose a coordinate system 
{ei}lsi~n+m of lRn+m s~ch that V(k) (p) = en~k for all k. Then, 
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because Rl = 0. Now we argue as in the end of 1. 6 for. any system 

of coordinates. 

1.8 ~ PROPOSITION - With the hypothesis.of 1.6 and supposing 

that the immersion is minimal, we have: 

LW(k) = -er V(k) 
m 

v<r) (1.8.1) I ckr ' k,r=l 

k /:. r 

where fl V (k) {L\V(k) (k) and the components of ·v (k) = , ..•• ,llvn+m) are 1 

taken with respect to an arbitrary coordinate system of IRn+m . 

PROOF. The flatness of the normal bundle implies 

n+m 
v<r) o V (k) t = 0 ; j=l ,2, ... ,n+m 

h=l h j h 

k,r=l,2, ... ,m 

Thus 

L\V~k) 
n+m 

V~k) 
n+m 

V _(k) = 1 o. o. = 1 o .o. = 
J i=l l. l. J i=l l. J l. 

n+m 
= t 

i=l 

(k) 
6. o. V. + 

J l. l. 

(1.8.2) = -
m n+m 
l v ~ r ) ( l ( o iv~ r ) ) ( oh vi k) ) 1 

r=l J ih=l 

Therefore (1.8.1) follows from (1.2.2) and (l.2.3) • 
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§ 2 - THE LAPLACZAN ·OF THE NORM OF ·THE SECONV FUNVAMENTAt ·FORM 

2.1 - THEOREM - Let M.n~IRn+m be a minimal isometric 

{ (k) } immersion having flat normal bundle. Let V lSk$m 

be a local orthonormal family of parallel sections of the normal 

bundle defined in an open subset U of M. If {e.1 1 ~.< · is a 
1 ..:. 1-n+m 

coordinate system of IRn+m such that V(k) (p) = e · ; k=l, ... ,m, n+k 
pEM, we have 

< ½ ~c~ + c: + I 
k,r=l 

for all k=l,2, ..• ,m. 

PROOF. Since 

Therefore , 

1 ~c2 1 n+m 
2 = 2 l k 

i=l 

k # r 

n+m 
l 

ij=l 

{ n+m 
o.o . l 

l. l.\' . 1 • •.l]= 

n+m 
(o.ohv~k)> 

2 
= I 

hij=l l. J + 

· n 
<P> = t 

hij=l 

·2) ( oh V Jk) ). = 

n+m 

(o.o.V(k)) 2 (o) 
i J h .. 

(k) V~k)) I ( oh V . ) ( o . o . oh 
hij=l J l. l. J 

Using [ 6. , oh] twice we have l. . 

1 t:,C2 2 k = 
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m 
+ I 1 

t=l hijs 

From (1.8.1) we have 

m 

- 1 
r=l 
r#k 

Therefore (1.2.3) and (1.7.2) imply 

Thus 

m 
c4 - l c2 

k r=l kr 
r#k 

rn 
+ 1 c2 

kr = r=l 
r#k 

n+m m n+m 
= 1 < s . oh v . < k) > 2 - 2 }: 1 < °ti v ~k) > (o v <t > > <o v ~i > ) (o . v ~k) > 

hij =l 1. J Q, =l hij s=l J h s s 1 1 J 

Using [oh,o · ] we have n+r 

n+m 
= - I 

s=l 

So at p we have 
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Using 

1 tic2 
2 k 

again [ cS • 
l. '

0
n+t 1 

cS V (k ~ (p) = <Vl. V(k) 
s n+J e 

we obtain 

1 2 4 
( 2 6Ck + Ck 

m n 
+ t 1 

t=l ih=l 

m n 
- 2 1 }: 

t=l ij=l 

n 

= 1 
hij=l 

s 

rn 
C 2 ) + 1 (p) 

r=l 
kr 

r#k 

o.o V(k)) 2 
1. h n+Q. · 

(p) + 

I 

2.2 - OBSERVATION - Let c 2 

m 
= l 6C2 

k=l k 

Thus, 

and 

rn n+rn 

l I 
l=l sj =l 

(o o v.(k)>2 (p) 
s n+Sl J 

(p) and 

e . . > = 0 n+J p 

n 
(o.ohv~k)>2 = 1 (p) 

hij=l l. J 

m n 
}: I 

t=l ij=l 

= 

m 
= }: c2 

k=l k 

(o.cS · v~k)> 2 
i n+R. J 

, 

v<r) 
, A > 

+ 

(p) -
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m 
1 

kr=l 
c2 
kr s = c4 

r #k 

Therefore, with the same hipothesis of Theorem 2.1. , 

(2.2.1) implies 

(2.2.2) 
m 

1 Lic2 + c4 > (p > 2: I 2 
k=l 

2. 3 - THEOREM - Let Mn~ m. n+m be a mininial cone isarretrically 

immersed and having flat normal bundle. 

Let {v(k)} 
lsksm be a local orthonormal family of 

.. 
sections of the normal bundle defined in an open subset U of M. 

Then, if II xii is the distance from xeM to the vertex 

of M, we have 

(2.3.1) 1 
6C

2 c4 [ <Sc]2 2c 
2 

2 + 2: + 

II X 11 
2 

(2.3.2) 1 6c 2 c4 
m 2 I GCkl 2 

2Ck2 
. 2 + + t ckr 2: + ; k=l,2, •.• ,m k k L·=l II x II 2 

rFk 

PROOF. We may consider the vertex of the cone as the origin of mn+m, 

U = {t y / yeU, te(0,+00 )} 

where U is an open subset of sn+m-l (the euclidean unitary sphere), 

and that V(k) is constant through the rays of M. 
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Given pEM, let {e ~l
1,.< be a coordinate system of 

1. "'l.- n+m · 
1Rn+m such that V(k) (p) = e · k for all k, and p = II PI I e • n+ n 

Thus, for all tE (0,+ 00 ) and all k, we have 

D V(k) (tp) = 0 
n 

v(k) (tpl = v(k) (p) = o 
n n 

o.v(kl (tp) = o v~k) (tp) 
1. n n 1. 

Therefore , 

(2.3.3) o (ov~k>)(tp) = o (o.v(k))(tp) =O n n 1. n 1. n 

From (1.6.1) and (1.7.1) we have 

(2.3.4) 

(2.3.5) o.o v!k> (p) = 
l. n J 

so, 

m 
[ t 

k=l 

m n 
1 t 

kl=l ihrsj=l 

1 = - -

2c2 
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n-1 
t 

hjsr=l 

n 
+ 4 c2 l 

-k , is=l 

Therefore , / 

m n 
r ~ 2 r 

k=l ih=l 
(o 6.V (k)) 2 (p) 

n 1. h 

Now, given any ¢EC1 (M), we have 

<Sn¢ (p) = < D¢ , e > 
n P = <o ¢ , p> = 

Thus we have 

n+m 
r 

j=l 

(2.3.7) 
n+m r p. D.(o.v(k)) (p) 
j=l J J i h -
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Since ~- (k) 
h 

(x) = V (k) (tx) 
h 

; \lxEM, 

VtE (O 1 +00 ) 

o1vh 
(k) (tx) 1 oiv~k) (x) = f 

which gives, by ,dnferentiation with respect tot, 

n 
1 

ih=l 

I X > 

In particular for t = 1, 

x > = 

This tpgether with (2.3.7) gives 

(o o .v (k)) 2 (p) = 
n 1 h 

1 

11 P II 
2 

n 
t 

ih=l 

Thus , (2.3.6) implies 

(o .V. (k) )2 (p) = 
1 n 

2C2 (p) 
(2.3.8) 

ll P 11
2 

From {2.2.2) and (2.3.8) we get (2.3.1). 

By a similar computation, we get for each k, 

2 

[ n 
<a.cS v<k)>2 I ock I 2 

] < P > ~ 
2Ck {p) 

l -
1. h r 

ihr=l II Pll 2 
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which together (2.2.1) give (2.3.2). 

§ 3 - IH NI MAL CONES 

3.1 - The formula of the second variation of the area. 

Let f:Mn~ mn+m be an isometric immersion of a compact • 
n+m 00 orientable manifold Mand let F:M x (-£,£)~IR be a C variation 

' off such that 

Let A(t) be the n-dirnensional area of Ft(M), E(p) - = . 

a ( 0 } th · t ' l l f . ld d th 1 f f A- t at"" F p, e varia 1.ona 1.e , M e vo rnne orm o M, = AoA 

and 

where {µ. }
1

< . ..-
1. -l.-"n 

f 
I 
I 

is an orthonormal tangent frame. Thus, if f is a 

having normal bundle and Fis a variation such minimal immersion 
m 

thc>.t E.L = l 
k=l 

(k) (k) hkV , where {V }1$k$m is an orthonormal 

family of local parallel sections of the normal bundle of M, defined 
1 in an open set UcM, and each hkEC
0 (U) , we have 

(3.1.1) 

(see [2]) 

3.2 - PROPOSITION - T•1ith the hipothesis of 3.1, we have 



- 18 -

m 
(3.2.1) I 

kr=l 
k -/,r 

PROOF. 

(3.2.2) ,. I <-n2E.l I E.l >dM -- - f <n.lE.l n.lE.l> dM M V M V ,v I 

where 

for any orthonormal tangent frame {µ,}l<'< . Moreover R.l=Q implies . 1 -1-n 
that 

I 

'"h 'f { } · d' _._ t of IRn+m ~ us, 1 e. l<'< is a coor ina~e sys em i -1-n+m 

such that, for pEU, V(k)(p) == e ; k=l,2, ••. ,m, we have n+k 

., 

Therefore, in M, we have 

(3.2.3) 

Since 
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.L .L 

<A(E.L), El> = <AE , AE > 

m 
h2 c2 

m 

(3.2.4) - <A (E.L ) ' El> = I r hkhrCkr I 

k=l 
k k kr=l 

kt r 

we have ( 3. 2 .1) from ( 3 .1.1) , ( 3. 2. 2) , ( 3. 2. 3) and ( 3. 2. 4) 

3.3 - PROOF OF THEOREM 1 

Let {V(k)}l~k~m r be an orthonormal family of parallel 

fields in the normal bundle of M. Thus, V(k) (y) = V(k) (ty) for all 

t and yEMnSn+m-l , k =1,2, ••• ,rn. 
l 

Supposing thi t Mis stable and that Eis the variational 

I 
field of a variation of M such that 

we have, from (3.2.1) , 

m r hkhrCkr) D~ 0 
kr=l 
k -/a r 

1 
In particular, if hk = ¢ Ck , ¢cc0 (M) , 
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,,hich, together with (1.4.1) and (2.3.2), implies 

(we observe that for m = 1, the first side of (3.3.2) is zero) 

Now let¢ such that ¢(x) ::: </J(ty) = f(t) where x =ty, 

t = l! x II , yeMnSn+m-l and fEC~(0,~ 00 ) • 

f 

Thus, given pEM, if {e.}l<'< · is a coordinate system 
1. -l-n+m 

of IRn+m with origin at the 
I 

vertex of M, and such that v(k) (p) = 

and 11 p 11 e = p, we have n 
e k for all k = 1, 2, ... ,m 

n+ I-

I 
oi</J {p) = Di</J (p) ; i=l,2, ••• ,n, k=l,2, .•• ,m 

and so, o.¢(p) 
l 

= 0 if i In 

and on</J(p) = t · (II P I I ) 

and l o<1J l2<p> = (f'( II PII )) 2 

Thus, 

(3.3.3) lo<1J l2(x> = l o<1J l2<ty) = ( f ' ( t) ) 2 
, vx EM 

Since 



! 

, 

,, . 

(3.3.4) 
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c
2 

(ty) = -½:- c
2 

(y} 
t 

m 
1 

kr=l 

k # r 

dM(ty) n-1 
= t dM (y)Adt 

we have, from ( 3. 3. 2) , ( 3. 3. 3) and ( 3. 3. 4) , 

(3.3.5) 

I 
f 

m 

> < 1 
kr=l 

k~r 

m 
1 

kr=l 
k -Jr 

2 t I _ f2 (t) 2 - 1 . I f
+oo n~l 2tn-l 

~ ( O (f' (t)) -~- dt) C (y)dM, Vf c 0 (0,+oo) M - ~2 t4 

Since J­
M 

suppose that K = 

-
dM > 0 and we may 

f 
m 

- 2 
M kr=l 

k Ir 

(see 3.4), we have, from (3.3.5), 

(3.3.6) 

(3.3.6) is still true for f(t) = ta g(t)a, te(O,+oo) where 

a+a < O and g(t) = max {t,l} , if we have 

a>O , 



... 

• 

(3.3. 7) 

(see 3. 5) 

only if 

(3.3.8) 

ir:plies 

(3.3.9) 
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But 

> 4 + n a 
2 

ex + f3 < 
4 + n 

2 

Therefore, for these values of ex and a+e , (3.3.6) 

But 1. f ( !___:!:_ n) 2 < 2 1 there 1.· s 2 , . 

a>O , 4 + n < a < IT , and a 
2 

s~ch that a+f3>0 and 

which satisfy (3.3.8). For these values of a and a we have 
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and 
. 2 

(o.+8) - 2<0 . 

and this is incom_pilCtible with (3.3.9) 

Therefore for those values of n such that ( 4 + n) 2<2, 
2 

M cannot be stable. That is, if 2SnS6 , Mis not stable. 

3.4 - LEMMA - n:f m /: 1, K~O • 

m r 
kr=l f 

V(k) 
akr <A 

M 
dM, 

k /: r 

By Schwarz inequality we have akr~O 

Thus changing, eventually, v( 2 ) by - v< 2 ) , we have 

s~pposing that for a given i<m, 

we have 

m . 
s. = 1 

1 kr=l 
k l:r 

s + 
i 
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and changing, eventually, v(i+l) by -v(i+l) we have s
1

~
1
~o • 

The result follows by induction. 

3.5 - LEMMA - (3.3.6) is true for f(t) = tag(t)a 

where tE (0,+00 ), and a>O and a+B<O satisfy (3.3.8). 

P~OOF. Let 

f. (t) = 
J 

Given 

'if 

0 , if tt [ ~ , j] , j = 1, 2, ••• 

e:>o, let 

pe:(t) = e:p(!> 

wtere PE C~(IR) , p(t)~O, p{t)= 0 if l tl~1 and jlRp(t)dt =l 

Making the convolution of fj with pe: we get--

f. 
J , e: 

Moreover, 

Since f. 
] I€: 

(t) = f I p (t-µ) f.(µ) dµ . e: J 
lR 

d 
dt f . (t) = 

J , e: 

and f! 
] I£ 

f! (t) = f p (t-µ)f'.(µ)dµ 
J e: e: J 

lR 

converge to£. 
J 

and f! 
J 

- 1 
in L (ffi.) , 

there is a subsequence of {f.} such that · {£. · } 
J J,e:k 

and 
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{f! e:} converge almost everywhere to f. and f! , respectively. 
J, k J J 

From the boundness eveywhere off. and f! , we have , 
J J 

as a consequence of dominated convergence theorem, · 

lim 
e: + 0 

k 

r+~ 2 f +oo 
J 

(f. e: (t)) tn-Sdt= (f.(t)) 2 tn-Sdt 
0 J, k O J 

t:i.at 

t:1.e 

that 

lim 
e: + 0 

k 

Therefore, 

(3.3.6) is also 

since 

true 

monotonic convergence 

(3.3.6) 

for f. . 
J 

theorem. 

3.6 - PROOF OF THEOREM 2 

X • • • 

is true 

Now the 

n +l 
xm s 

for any f. e: we have 
J, k 

result follows from 

It is easy to show 
n 

s s(r) c sn+m-l is a minimial submanifold 
s 

o= sn+m-l and so that Mis a minimial cone in mn+m 

(3.6.1) 

Moreover, if x = (x
1

, ••• ,x
5

) EM , 

-

1 
ri . 

(0, ••• ,o 

s 
1 · r~ 

j=k+l J 

1 

, X, 
J. 

. , 

/1-Rk " /1-Rk+; 

/o, ... ,O) ; 

R 
s 

= 0 , 

i =1,2, ••• ,s 

and 

k=l,2, ••• ,m 
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is straightforward to show that 

-(k) 
a) {v }1 ~ksm is an orthonormal family of parallel sections 

in the normal bundle of Min sn+m-l; 

b) With respect to it, Cki= 0 if k-/:.i, C~::n-1 and c2 
_ 

m (n-1) • 

Thus setting v<k) (ty) = ~(k) (y) ; -yEM, tE(0,+00 ), we get 

a family of parallel orthonormal sections in the normal bundle of 

Min :mn+m, such that with respect to it we have , 

C~(ty) = 

(3.6.2) c 2 (ty) 

1 -2 
- 2 • Ck (y) 

t 

m(n-1) 
t2 

Now let Ebe the variational field of a variation of M 

i::1 IRn+m such that E.L = 

From (3.2.1) we have 

A" (0) 

The remainder of the proof follows step by step the one 

ffiade by J. Simons (3, theorems 6.1.1 and 6.1.2, pag 97] 



- 27 -

R E F E R E N C E S 

{11 - H. Federer - "The singular sets of area minimizing" 
• 
• 

Bull. A.M.S. (1970) 

[2] - J.B. Lawson - "Lectures on minimal submanifolds" (IMPA) 

[3] - J. Simons - "Minimal varieties in riemannian manifolds". 

Ahn. of Math., 88 (1968). 

Institudo de Maternatica e Estatistica 

Universidade"de Sao Paulo Brasil 



"' 

.. 

TRJ\131\LHOS 

DO 

DEPARTAMENTO ~ MATEMATICA 

TITULOS PUBLICADOS 

8001 - PLETCH, A. Local fr~eness of profinite groups. Sao Paulo, 
IME-USP, 1980. l0p. 

8002 - PLETCH, A. Strong completen~sn in profinlte groups. Sao 
Paulo, IME-USP, 1980. Sp. 

8003 - CARNIELLI, W.A. & ALCANTARA , L.P. de. Transfinite induction 
on ordinal configurations. Sao Paulo, IME-USP, 1980. 22p • 

8004 - JONES RODRIGUES, A.R. Integral representations of cyclic p ­
groups. Sao Paulo, IME-USP, 1980. 13p. 

-8005 - COR~OA, M. & ALCANTARA, L.P. de. Notes on many-sorted sys-
~- Sao Paulo, IME-USP, 1980. /25/p. ~ 

8006 - POLCINO MILIES; F.C. & SEHGAL, S.K. FC-elements in a g roup 
ring. Sao Paulo, IME-USP, 1980. /10/p. 

8007 - CIIEN, C.C. On the Ricci condition and minimal surfaces with 
constantly curved Gauss map . Sao Paulo, IME-USP, 1980. 
lOp. 

8008 - CHEN, c.c. Total curvature and to oolog ical structure of com­
plete minimal surfaces. Sao Paulo, IME-USP, 1980. 2lp. 

8009 - CHEN, c.c. On the image of the generalized Gauss map of a com­
plete minimal surface in R

4
• Sao Paulo, IME-USP, 1980. Bp. 

8110 - JONES RODRIGUES, A.R. 
1981. 7p. 

n Units of ZCp. Sao Paulo, IME-USP, 

8111 - KOTAS, J. & COSTA, N.C.A. da. Problems of modal and discussi­
ve logics. Sao Paulo, IME-USP, 1981. 35p. 



tt 

.. 

.. 

-· r112 - ·rmI'l'n, r.n. e r.0;:('f.,I,vrs, f' .T. r-l _rinhr.1 t; _~c1_<?_ _rissoc_L,t_ivus, 

s i_:-~t-:..PT".i:l~ c1 if ~r~nc ii'\ i i.; ___ r,c~~ j_r._~r;~~ .'! ~!~ _l~<-~IT5?'~:':~~~s_ ..:_c: _ ~!_a5s~..§. 
cc1r, 1 ctcristic.:1s. S~o 1~c1ule;, IMF-!!:.P, l0f'l. 7p. 

P.113 - POI,cnm r~ILIF.S, r.c. r.roun d rm; whose· torsion t1ni ts - · -- ' - -- -- - -- ·---- - ~ -··- - - ·- - ··- - --- ·---
fc-.rr,• c1 s uhnrou.12...1_!_:_ 

(na0 naginado) 

8114 - C'lIFN, ('.C'. Jin e)emf>ntary nroo~_-2f:..Sa.lahi 1 s thcor£.n.:_~ 
holomorphic curves. Sac, Paulo, rrw-P~P, lC1IH. Sp. 

8115 - COST!-, N.C.J\. da & J\LVES, r::.n. Pelations between n ara­
consistent loaic and _ _E1__pny-valuec1 lo<_gc. Sao Paulo, 
U!F.-USP, l9fl. 2p. 

6116 - CASTILIA, M.S.A.C. On Przvmusinski's throrcm. Sao Pau-

9117 - CHE?!, c.c. & COFS, c.c. rP0rr 0 rate _~inim~l surfa~es in 
r 4

• siio Paulo, H!f>t'Sf', J().~.1. ?ln. 

n11r - C!S'I'IJ,Il-, r~.S.]\.C. Irra~0r~ i~v0r~as ~c nl0u~us anlica-_ .. ____ - -·· ·- . -· ---·- ·---- -- -·---- -·-··---··-----
11.r. 

f.119 - r, r.rc.0~: l \' t 1.r:.10, 1\ .• r. F r: '-TT. l'JT ., 0, r. rr _irfini. te ~irnen-
.s j crul vcrsior. of 1:2rtor•~: ' 0,rtc•r-s .i o r: --- ---- . --- - -- - •.. --- Sao Pau 

? 1?0 - ,('NC'lT.' T' S, .. •.?. r.rouns rirr.•~= •,: it_h ::;c:, J v .11 ~10 ·- urit nrc~uns. --·- ~---,- -·· ·- .. . . . - - · -- -- --- ----- _ _...,___ 

1 f.n . 

8122 GONc;ALVES, D.L. Nilnotent act.ions. Sao Paulo, nm-USP, 
1981. lOp. 

8123 - COELHO, s • I> • Grour2 rinqs with uni ts of hounded ex ~onent 
over the center. Sao Pnuln, nm-u:.P, 1981. 25p. 



~ 

• 

. . lH 24 - P/\IU'lCrJTER, H. H. ~ POLCINO ttILIES, F. C. I\ note on lsomor­
p h i.c qroup r.ln9 s. Sao Paulo, HU-:-USP, 1981. 4p. 

,81;_?5 - MERKLEN, ll. A. ltcredi tury .::ilqcbrc1.s with maximum f; p cctra 
are of finite t ype. S~o Paulo, I~~~usP, 1981. l0p. 

-8126 - POLCINO MILIES, F.C. Units of grou . rinqs: n short survev. 

8127 

Sao Paulo, H1E-USP, 1981. 32p. 

CHEN, C.C. & GACKSTl\TTER, r. Ellintic and hvnerellintic 
functions and comp lete minimal surfaces with handles. 
Sao Paulo, IHE-USP, 1981. 140. 

_8128 - POLCINO MILIES, F.C. A g lance at the early history of 
group rinqs. Sao Paulo, IME-USP, 1981. 22p . 

. 8129 .- FERm:n SAN'l'OS, W.R. Reductive actions of alqebraic qrouos 
on affine varieties. Sao Paulo, IME-USP, 1981. 52p. 

' .8130 - COST/\, N.C.1\. da. The philosophical import of paraconsis-
. tent logic. Sao Paulo, IME-USP, 1981. 2fip. 

8131 - GON<;AI,VJrn, n.L. r.eneraltzcd classes of <rroups, s paces ... 
c-nil potent and "the Ilurcwicz theorem". Sao Paulo, 
IME-USP, 1981. 30p . 

. 8132 - COST.l\., N.C • .l\.. da & MORTENSF.N, Chris. Notes on the theory 
of variable binding term o pera tors. Sao paulo, H1E-US_P, 
1981. 18p • 

. 8133 - MERKLmJ, H.A. Homog enes R..-hercdit.:i.r y .:il , et>ras with maxi­
mum spectra. Sao Paulo, IME-USP, 

0

1981. 32p. 

0134 - flF.~.F.f.I, r,.A. A not:~ on !;P.Minri~a rr~n~raliz~n alt:ernat.jvp 
c1ln0'1")r;i.!'l. Sao Paulo, P1f:-TlSP, l'lO.}. l"T)., 

8135 - MIM(;J.Il\ NETO, F. On the nreservat1.on of elcmcntarv equi­
vnlcnce an<l 0mhedclincr hv fil tr0.ci nowP.rs and structures 
of ntnhle continuous function~. siio Paulo, HTF.-CJSP, 
I 'l rn. 9n. 



• 

8136 - FIGUEIREDO, G.V.R. Catastrophe theory: some globnl theorr 

· a· full proof. Sao Paulo, rm-USP, 1981. 91p. 

8237 - COSTA, ~.C.F. On the derivations of gametic algebras. Sao 

Paulo, IME-USP, 1982. 17p. 

8238 - FIGUEIREDO·, G·, V. R. de. A shorter proof of the Thom-Zeeman 

global theorem for catas t ro phes of cod c 5. Sio Piulo~ 

!ME-USP, 1982. 7p. 

8239 VELOSO, J . ~f.~f. Lie eq1tations and Lie al{';ehras: t~c intran-

8240 

.. 

sitive case. Sao !?aulo, I"IE-'J~P. 1~82. Q7n. 
J 

GOES, C.C. Some results about minimal immersions havinq flat 

- norrnql bundle. Sao Paulo, nm-USP, 19R2. '.)7p • 

-
8241 - FERRER SANTOS, W.R. Cohomologv of como<lules II .. Sao Paulo~ 

IME-USP, 1982. lSp. 

8242 - SOUZA, V.H.G. Classification of closed sets and diffeos of 

one-dimensional manif dds. Sao Paulo, !ME-USP, 1982. lSp.--

• 




