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Abstract
We consider inhomogeneous non-oriented Bernoulli bond percolation on Z

d , where
each edge has a parameter depending on its direction. We prove that, under certain
conditions, if the sum of the parameters is strictly greater than 1/2, we have percolation
in sufficiently high dimensions. Themain tool is a dynamical coupling betweenmodels
for different dimensions with different sets of parameters.
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Coupling · Phase diagram
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1 Introduction

The theory of bond percolation on Z
d originated in [1]. In this model, each edge is

declared open, independently of the others, with probability p, and closed otherwise.
The primary question is if there is an infinite open connected component with positive
probability for a given value of p, in which case we say that percolation occurs. The
existence of a non-trivial phase transition for d ≥ 2 was established in this seminal
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article with a critical probability pc(Zd) ∈ (0, 1), such that percolation occurs for
p > pc(Zd) and does not occur for p < pc(Zd).

It is well known that for d = 2, pc(Zd) = 1/2 (see [9]). Although the precise value
of pc(Zd) is unknown when d ≥ 3, the asymptotic behavior 2dpc(Zd) = 1+ o(1/d)

was obtained independently in [11] and [5]. Since Z
d is locally a (2d)-ary tree, the

model can be locally seen as a Galton–Watson process with i.i.d. branches, and one
could say that the critical probabilities of the two models are asymptotically equal as
d → ∞.

In this paper, we will consider inhomogeneous non-oriented Bernoulli percolation,
also known as anisotropic percolation, where edges in each direction have distinct
parameters. The existence of a non-trivial critical hypersurface is well established and
some of its features are known; it is continuous and strictly monotonic in each parame-
ter (see [2]) and its behavior near the boundary (i.e., when one or more parameters are
zero) is related to the so-called dimensional crossover phenomenon (see for instance
[4]). For d = 2, the phase-diagram was completely described by Kesten (see page 54
of [10]) who proved that percolation occurs if and only if the sum of the two param-
eters is greater than one or at least one parameter equals one. For d ≥ 3, a precise
determination of the critical hypersurface seems hopeless so we will focus on how
its asymptotic behavior is close to the inhomogeneous Galton–Watson process on the
(2d)−ary tree. We will prove that if the mean number of open edges incident to the
origin (i.e., twice the sum of the parameters) is greater than one, percolation occurs
under some regularity conditions on the parameters. Observe that on the inhomoge-
neous Galton–Watson model, any regularity condition is unnecessary. Moreover, we
give a sufficient condition on the sum of the parameters to guarantee that percolation
occurs. Themain tool we use is a monotonic coupling between anisotropic percolation
in different dimensions with distinct sets of parameters.

The remainder of the text is organized as follows. InSect. 2,wedefinemoreprecisely
the model and state our results. In Sect. 3 we establish the dynamical coupling, and in
Sect. 4 we prove the theorems.

2 TheModel andMain Results

We now briefly define the model. Let {e1, . . . , ed} be the set of canonical vectors of
Z
d . For each i = 1, . . . , d, let Ei = {〈x, x ± ei 〉 : x ∈ Z

d} be the set of edges parallel
to ei . We denote the edge set by E(Zd) := ∪i Ei .

Given p1, . . . , pd ∈ [0, 1], consider a family of independent random variables
{Xe}e∈E(Zd ), where, for each e ∈ Ei , Xe has aBernoulli(pi ) distribution, i = 1, . . . , n.
Let μe be the law of Xe and P = ∏

e∈E(Zd ) μe the resulting product measure. We
declare an edge e to be open if Xe = 1 and closed otherwise. The model is said
to be homogeneous whenever all the parameters pi are equal, and inhomogeneous
otherwise.

We denote by {x ↔ y} the event where x, y ∈ Z
d are connected by an open path,

i.e., there exist x0, . . . , xn such that x0 = x , xn = y and each 〈x j−1, x j 〉 belongs to
E(Zd) and is open for j = 1, . . . , n. Let Cd0 = {x ∈ Z

d : 0 ↔ x} be the open cluster
of the origin, and |Cd0 | its size. We define
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θd(p1, . . . , pd) := P(|Cd0 | = ∞).

In what follows, pc(Zd) = sup{p ≥ 0 : θd(p, . . . , p) = 0} denotes the critical
probability for the non-oriented homogeneous model.

Our main result is the following:

Theorem 1 Consider inhomogeneous non-oriented Bernoulli bond percolation on Zd

with parameters p1, . . . , pd ∈ [0, 1). There exists a constant C > 0, independent of
the dimension d ≥ 2, such that, if the following conditions are satisfied

C1) δ = δ(p1, . . . , pd) := p1 + · · · + pd − 1/2 > 0, and
C2) max

1≤i≤d
pi ≤ Cδ2,

then θd(p1, . . . , pd) > 0.

Remark 1 At first sight, Condition C2 may seem counter-intuitive. To see that some
regularity is needed, one can take p3 = · · · = pd = 0 and end upwith inhomogeneous
non-oriented bond percolation on Z2. In this case, Kesten (see page 54 in [10]) proved
that the critical curve is p1+ p2 = 1, hence percolation cannot occur for any δ < 1/2.

Remark 2 Condition C2 may not be optimal, but certainly some condition on the
maximal value of the parameters is needed. For instance, let p = 1/2d + 1/4d2. We
know that (see Formula (13) below) there exists d0 large enough such that p < pc(d)

for every d ≥ d0. In this case, considering homogeneous percolation on Z
d , p1 =

· · · = pd = p, we have δ = δ(p, . . . , p) = dp−1/2 = 1/4d. Thus, given a constant
C ′ > 0 and α > 0, for d sufficiently large, we have p < C ′δ1−α without percolation.
Therefore, ConditionC2 could not be replaced bymaxi pi < C ′δ1−α , for any constant
C ′ > 0 and any α > 0.

Remark 3 An analogous result was proved in [3] for inhomogeneous oriented
Bernoulli bond percolation. In that case, a martingale approach was used to weaken
Condition C2 to max1≤i≤d pi ≤ C ′δ, for some constant C ′. In fact, if we apply the
coupling approach presented in the proof of Theorem 1 to the oriented case, we obtain
a boundCδ3/2 in ConditionC2, which would be worse than the aforementioned result.
We also observe that the methods in [3] are valid only for d ≥ 4. However, since the
constant C from our present Theorem 1 is not explicit, there is no gain in extending
our result for the oriented case in dimensions d = 2, 3.

Remark 4 The condition p1 +· · ·+ pd > 1/2 states that the expected number of open
edges incident to each vertex is greater than one, which is analogous to the sufficient
condition for the inhomogeneous Galton–Watson process on the (2d)−ary tree to
survive with positive probability. Observe that whenever δ(p1, . . . , pd) ≤ 0, that is
p1 + · · · + pd ≤ 1/2, by comparison with a subcritical or critical Galton–Watson
process, we have θd(p1, . . . , pd) = 0.

Remark 5 Theorem 1 shows that the asymptotic behavior of the critical hypersurface
is, in some sense, close to the inhomogeneousGalton–Watson process on the (2d)−ary
tree. In fact, given ε > 0, if p1 +· · ·+ pd > 1/2+ ε and maxi pi ≤ Cε2, percolation
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occurs. Observe that as ε goes to zero it can only be satisfied for sufficiently large
dimensions but, since the value of the constant C is unknown, Theorem 1 does not
give an explicit lower bound on the dimension d.

The next theorem states that there is a way to get rid of any regularity conditions.
More precisely, for values of δ greater than 3 log 2− 1/2, Theorem 1 applies without
Condition C2.

Theorem 2 Consider inhomogeneous non-oriented Bernoulli bond percolation on Zd

with parameters p1, . . . , pd ∈ [0, 1). For any d ≥ 2, if

p1 + · · · + pd > 3 log 2, (1)

then θd(p1, . . . , pd) > 0.

Remark 6 Recall that for d = 2, the critical curve is p1 + p2 = 1 (see Remark 1)
and simulations in low dimensions suggest that the critical hypersurface is convex. If
the latter were the case for all dimensions, Theorem 2 could be stated with constant 1
instead of 3 log 2. It would be nice to have such a result.

3 The Dynamical Couplings

The first step in proving Theorem 1 is to construct a monotonic coupling between
inhomogeneous percolation on Z

d with parameters (p1, . . . , pd−1, p̃d ), where p̃d =
1 − (1 − pd)(1 − pd+1) and inhomogeneous percolation on Z

d+1 with parameters
(p1, . . . , pd−1, pd , pd+1). Monotonic couplings between different percolation pro-
cesses have been used before (see for instance [6]).

Proposition 1 Consider inhomogeneous non-oriented Bernoulli bond percolation on
Z
d and on Zd+1. Let p1, . . . , pd+1 ∈ [0, 1) and let p̃d ∈ [0, 1) be such that

(1 − p̃d) = (1 − pd)(1 − pd+1).

Then, θd+1(p1, . . . , pd , pd+1) ≥ θd(p1, . . . , pd−1, p̃d).

Let us start with a description of the proof. We will construct a dynamical coupling
between the percolation process on Zd+1 with parameters p1, . . . , pd+1 and an infec-
tion process over Zd . We will do it in such a way that the law of infected sites in Z

d

is the same as the law of the open cluster of the origin for anisotropic percolation on
Z
d with parameters p1, . . . , pd−1, p̃d and also that, if the infection process survives,

the open cluster of the origin of the process in Z
d+1 must be infinite.

To avoid any ambiguity, for each u ∈ {e1, . . . , ed} ∈ Z
d let ũ ∈ Z

d+1 denote the
same vector u embedded in Z

d+1, that is, the vector in Z
d+1 where all the first d

coordinates are the same as those of u ∈ Z
d and the (d + 1)−th coordinate is zero.

Before we proceed with a formal proof, we give some words of explanation. The
coupling will be based on a susceptible-infected strategy described as follows. We
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declare the origin of Zd to be the initial infected component. Next, at each time-step,
we possibly grow the infected component through an available edge to be explored.
Precise definitions will be given throughout the proof. On the steps in which we have a
new vertex z ∈ Z

d added to the infected component, we associate the new vertex z to
a vertex x(z) in the open cluster of the origin in Zd+1. The function x will be defined
by induction during the proof of Proposition 1. More precisely, consider a time-step
n and consider a vertex v in the infected component of Zd and a neighbor z = v + u
(where u ∈ {±e1, . . . ,±ed}) that is not in the infected component at time n. Since the
vertex v is already in the infected component in Zd , it was previously associated with
some vertex x(v) in the open cluster of the origin in Zd+1. If 〈x(v), x(v)+ ũ〉 is open,
we declare z to be infected and write x(z) = x(v)+ ũ. If it happens that u ∈ {±ed} and
〈x(v), x(v)+ ũ〉 is closed, we give a second chance to declare z infected. For u = ±ed ,
in this second chance, we declare z to be infected in Zd if 〈x(v), x(v)± ed+1〉 is open
inZd+1. In the last case, we set x(z) = x(v)+ed+1, or x(z) = x(v)−ed+1, depending
on whether u = ed or u = −ed .

Proof First, we give a precise description of the susceptible-infected type algorithm.
We will inductively construct a sequence of sets (In, xn(In), An, Bn)n≥0. In this
sequence, In represents the infected vertices in Zd up to time n and xn(In) = {xn(v) :
v ∈ In} represents the vertices in Zd+1 associated with the infected vertices up to time
n. As will be clear after the conclusion of the description, at each step of the algorithm
we will, if available, explore an edge of E(Zd). In the sequence of sets mentioned
above, Bn ⊂ E(Zd) will represent the explored edges up to time n (i.e., the edges
already explored during one step up to time n). Finally, An ⊂ E(Zd) represents the
available edges to be explored at time n, defined as follows. Given In and Bn , let

An := {〈v, u〉 : v ∈ In and u /∈ In} ∩ Bc
n .

In words, An is the set of edges not explored by time n and that are composed of an
infected vertex and a non-infected vertex at time n.

The dynamics of the process are as follows. We start with the following settings at
time 0:

• I0 = {0} ⊂ Z
d ,

• x0(0) = 0 ∈ Z
d+1,

• B0 = ∅ ⊂ E(Zd),
• A0 := {〈v, u〉 : v ∈ I0 and u /∈ I0} ∩ Bc

0 = {〈0,±e1〉, . . . , 〈0,±ed〉} ⊂ E(Zd).

This means that, at time n = 0, only the vertex 0 is infected, and it can potentially
infect any of its neighbors in the following step, so all edges with the origin as an
end-vertex are available. After that, in each step an infected vertex may or may not
propagate the infection to a non-infected vertex through an available edge (if the
latter exists). We remark that the occurrence of such propagation will be determined
according to the status of some edges of the percolation process on Zd+1. The precise
description of such edges and status to be considered will be given in the remainder
of the proof.
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Given n ≥ 0, suppose that In , xn : In → Z
d+1, Bn and An are already defined.

In case there is no available edge, i.e., An = ∅, the process stops and we set, for all
k ≥ 1,

• In+k = In,
• xn+k : In+k → Z

d+1, with xn+k(v) = xn(v), ∀v ∈ In+k,

• An+k = An .

• Bn+k = Bn,

Otherwise, if there exists at least one available edge, i.e., An �= ∅, let gn be the earliest
edge in An according to a fixed ordering.Wewill now explore gn . The precisemeaning
of the expression ‘explore’ is to execute the next step of the algorithm, in which we
analyze the state of edges in the percolation model onZd+1. Since gn ∈ An , it must be
of the form 〈vn, vn+un〉, where vn ∈ In , un ∈ {±e1, . . . ,±ed} ⊂ Z

d and vn+un /∈ In .
Thus, we have two options: either un ∈ {±e1, . . . ,±ed−1}, or un ∈ {±ed}. At this
point, we draw the reader’s attention to the notation previously introduced; in what
follows, un denotes a unitary vector ofZd , while ũn denotes the same vector embedded
in Z

d+1, that is, the vector in Z
d+1 where all the first d coordinates are the same as

those of un ∈ Z
d and the (d + 1)-th coordinate is zero.

Let us treat the first case above. Suppose un ∈ {±e1, . . . ,±ed−1}. Then vn
infects vn + un in Z

d if 〈xn(vn), xn(vn) + ũn〉 is open in Z
d+1. More precisely, if

〈xn(vn), xn(vn) + ũn〉 is open in Zd+1 then we set

In+1 := In ∪ {vn + un},

and define xn+1 : In+1 → Z
d+1 as

xn+1(vn + un) := xn(vn) + ũn and xn+1(v) = xn(v) ∀v ∈ In . (2)

Otherwise, if 〈xn(vn), xn(vn) + ũn〉 is closed in Z
d+1, we set In+1 := In and xn+1 :

In+1 → Z
d+1 as xn+1(v) = xn(v), ∀v ∈ In+1.

In case un = ed , vn has two chances of infecting vn + un , that is, either
〈xn(vn), xn(vn) + ũn〉 is open in Zd+1 and we set

xn+1(vn + un) := xn(vn) + ũn, (3)

or 〈xn(vn), xn(vn)+ ũ〉 is closed inZd+1 and 〈xn(vn), xn(vn)+ed+1〉 is open inZd+1,
and we write

xn+1(vn + un) := xn(vn) + ed+1. (4)

In both cases, we set

In+1 := In ∪ {vn + un}

and conclude the definition of xn+1 : In+1 → Z
d+1 with xn+1(v) = xn(v), ∀v ∈ In .

On the other hand, if 〈xn(vn), xn(vn)+ũn〉 and 〈xn(vn), xn(vn)+ed+1〉 are both closed
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inZd+1, we write In+1 := In and set xn+1 : In+1 → Z
d+1 by xn+1(v) = xn(v), ∀v ∈

In+1.
We proceed analogously when un = −ed .
Now that we have explored gn , we write

Bn+1 := Bn ∪ {gn}.

To conclude our induction step, we set

An+1 := {〈v, u〉 : v ∈ In+1 and u /∈ In+1} ∩ Bc
n+1.

With the induction step of the algorithm described above, the sequence (In, xn, An,

Bn)n≥0 is now well defined. Observe that, by construction, if v ∈ Ik ∩ Im for some
k �= m, it yields that xk(v) = xm(v). In that way, we can define the following function
x : ∪ j I j → Z

d+1, where x(v) = x j (v), ∀v ∈ I j , j ≥ 0.
Observe that the function x : ∪ j I j → Z

d+1 is injective. In fact, given n ≥ 0, let
w = (w1, . . . , wd) ∈ In , we claim that it satisfies

• x(w)i = wi for i = 1, . . . , d − 1,
• x(w)d + x(w)d+1 = wd .

It can be proved by induction. Since x0(0) = 0, the claim is true for n = 0. Given
n ≥ 0, assume that the claim is true for all w ∈ In . In the case where In+1 = In , the
claim is then true for allw ∈ In+1. Consider now the case where In+1 = In∪{vn+un}
(here we are using the same notation of the algorithm described above). To conclude
the proof of the claim, it is sufficient to prove that the claim is true for the new vertex
vn + un . Observe that, according to the possible definitions for x(vn + un) given in
(2), (3) and (4), we have either x(vn + un) = x(vn) + ũn where un = ±ei for some
i ∈ {1, . . . , d}, or x(vn+un) = x(vn)±ed+1 with un = ±ed . By induction hypothesis,
the claim is true for vn . In the first case mentioned above, we add or subtract one in the
i−th coordinate of the vectors vn ∈ Z

d and x(vn) ∈ Z
d+1, so the property of the claim

extends to vn + un . In the second case, we add or subtract one in the d−th coordinate
of the vector of vn ∈ Z

d and in the (d +1)−th coordinate of the vector x(vn) ∈ Z
d+1;

according to the second property of the claim, it also extends to vn + un .
Note that the image of x is contained in the open cluster of the origin ofZd+1. Since

x is injective, if | ∪n In| is infinite, then the open cluster of the origin of Zd+1 must be
infinite. Also, note that ∪n In has the same law as Cd0 , where Cd0 is the open cluster of
the percolation process onZd with parameters p1, . . . , pd−1, 1− (1− pd)(1− pd+1).
Therefore,

θd(p1, . . . , pd−1, p̃d) = θd
(
p1, . . . , pd−1, 1 − (1 − pd)(1 − pd+1)

)

≤ θd+1(p1, . . . , pd+1),

and the proof of Proposition 1 is complete.
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4 Proof of Theorems 1 and 2

The proof of Theorem 1 will be based on successive applications of Proposition 1.
In this section, we will use the increasing function q : [0, 1) → [0,∞) defined by

q(p) = − log(1 − p). (5)

For each i = 1, . . . , d, we denote q(pi ) = qi , q̃d = q( p̃d). With this notation, the
condition of Proposition 1,

(1 − pd)(1 − pd+1) = 1 − p̃d ,

simplifies to

qd + qd+1 = q̃d . (6)

Given d ≥ m ≥ 2 positive integers, we say that (D1, . . . ,Dm) is a partition of
{1, . . . , d}, whenever

m⋃

i=1

Di = {1, . . . , d} and Di ∩ D j = ∅, ∀i �= j . (7)

Successive applications of Proposition 1, together with the notation introduced
above, give the following corollary of Proposition 1, that we state as a lemma since it
will be used in the proofs of Theorem 1 and Theorem 2.

Lemma 1 Consider inhomogeneous non-oriented Bernoulli bond percolation on Z
d

and on Z
m with d ≥ m ≥ 2. Let p1, . . . , pd ∈ [0, 1) and let p̃1, . . . , p̃m ∈ [0, 1) be

such that there exists a partition (D1, . . . ,Dm) of {1, . . . , d} where
∑

i∈D j

qi = q( p̃ j ), j = 1, . . . ,m.

Then, θd(p1, . . . , pd) ≥ θm( p̃1, . . . , p̃m).

Now we prove Theorem 2.

Proof of Theorem 2 First of all, we recall that pc(Z2) = 1/2 and q(1/2) = log 2.
The idea is to apply Lemma 1 in order to compare a d−dimensional system with a
supercritical 2−dimensional system. We will consider two cases: pi < 1/2 for all
i = 1, . . . , d and pi ≥ 1/2 for some i = 1, . . . , d. Observe that, by hypothesis
p1 + · · · + pd ≥ 3 log 2, so the first case can only occur for d > 4.

If pi < 1/2, for all i ≥ 1, then qi < log 2 for all i ≥ 1. Since p1+· · ·+ pd ≥ 3 log 2
and qi ≥ pi , it follows that

q1 + · · · + qd ≥ 3 log 2. (8)

Let
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m := min
{
j :

j∑

i=1

pi > log 2
}
,

D1 = {1, . . . ,m} and D2 = {m + 1, . . . , d}.

By the fact that qi < log 2, we have that
∑

i∈D1
qi ∈ (log 2, 2 log 2). Therefore

using (8), we obtain
∑

i∈D1

qi > log 2 and
∑

i∈D2

qi=
(
q1+ · · · +qd

)−
∑

j∈D1

q j > 3 log 2−2 log 2= log 2.

By an application of Lemma 1, we obtain that θd(p1, . . . , pd) > θ2(p, p), for some
p > 1/2 such that

∑
i∈D�

qi > q(p) > log 2, � = 1, 2. Since pc(Z2) = 1/2, the
expression θ2(p, p) is strictly positive.

In the second case, we can assume, without loss of generality, that p1 ≥ 1/2.
From (1), we have p2 + · · · + pd ≥ 3 log 2 − p1 > 3 log 2 − 1 > log 2, hence
q2 + · · · + qd > log 2.

Therefore, by Lemma 1, θd(p1, . . . , pd) > θ2(p1, p) > 0 for some p > 1/2 such
that q2 + · · · + qd > q(p) > log 2.

Note that in the case where pi ≥ 1/2 for some i = 1, . . . , d, the proof given above
also works for the hypothesis p1 + · · · + pd ≥ 1+ log 2. Then, for d = 3 and d = 4,
the hypothesis of Theorem 2 can be weakened to p1 + · · · + pd ≥ 1 + log 2.

ByTheorem2, it is enough to proveTheorem1with 0 < δ < λ, whereλ = 3 log 2−
1/2. Throughout the rest of the text, we will use the notation q(pc(Zd)) = qc(Zd).

Proof of Theorem 1 Our strategy will be to partition {1, . . . , d} into m < d subsets.
We then apply Lemma 1 so that inhomogeneous percolation on Z

d will dominate a
supercritical homogeneous percolation on Z

m .
Consider the parameters p1, . . . , pd ∈ [0, 1) and δ = δ(p1 + · · · + pd) = p1 +

· · · + pd − 1/2, such that δ ∈ (0, λ). Recall the definition of partition given in (7): If
for some m ∈ N, there exists a partition (D1, . . . ,Dm) of {1, . . . , d}, such that

∑

i∈D j

qi > qc(Z
m), j = 1, . . . ,m, (9)

then, by Lemma 1, we obtain θ(p1, . . . , pd) > 0. Thus, it is sufficient to prove the
existence of a partition (D1, . . . ,Dm) with the property given in (9). We start by
showing a sufficient condition for the existence of such a partition, and then we show
that the hypotheses of Theorem 1 imply that sufficient condition.

Write qmax := max1≤i≤d qi and suppose that, for some m < d,

q1 + · · · + qd > (qc(Z
m) + qmax)(m − 1) + qc(Z

m). (10)

We claim that there exists a partition with the property given by (9). Indeed, take
i0 = 0 and, for each � = 1, . . . ,m − 1, let
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i� := min

⎧
⎨

⎩
j :

j∑

i=i�−1+1

qi > qc(Z
m)

⎫
⎬

⎭
. (11)

Let im = d and define

D� := {i�−1 + 1, . . . , i�}, for each � = 1, . . . ,m.

By construction, the partition (D1, . . . ,Dm) has the desired property and, therefore,
we just need to show that it is well defined. Indeed, it follows from (11) that, for each
� = 1, . . . ,m − 1,

i�∑

i=1

qi ≤ (qc(Z
m) + qmax)�,

so, by (10), we have

d∑

i=i�+1

qi > (qc(Z
m) + qmax)(m − 1 − �) + qc(Z

m) ≥ qc(Z
m),

which guarantees the existence of j as needed to define i�+1 as in (11). Therefore,
i0, . . . , im and (D1, . . . ,Dm) are well defined.

To finish the proof, we will show that the conditions of Theorem 1 imply the
existence of some m as in (10). Since, by hypothesis,

q1 + · · · + qd > p1 + · · · + pd = 1

2
+ δ,

it is sufficient to find m such that

1

2
+ δ ≥ m(qc(Z

m) + qmax),

that is,

1

2m
+ δ

m
≥ qc(Z

m) + qmax. (12)

In [8], it is shown that

pc(Z
d) = 1

2d
+ 1

4d2
+ 7

16d3
+ O

(
1

d4

)

. (13)

In particular, there exists a positive constant C1 such that

qc(Z
d) ≤ 1

2d
+ C1

d2
, ∀d ≥ 2. (14)

Recall that we are considering δ ∈ (0, λ). Let mδ be the positive integer defined as
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mδ :=
⌈
2C1

δ

⌉

.

Observe that, by the definition of mδ , we have δ ≥ 2C1/mδ , hence (14) yields that

1 + δ

2mδ

≥ 1

2mδ

+ C1

m2
δ

≥ qc(Z
mδ ). (15)

Also observe that there is a sufficiently large constant C2 := 2C1 + λ > 0 such that
mδ ≤ 2C1/δ + 1 ≤ C2/δ for all δ ∈ (0, λ). This is equivalent to

δ

2mδ

≥ C3δ
2, ∀δ ∈ (0, λ). (16)

where C3 := 1/(2C2).
Summing the two inequalities in (15) and (16), for the case where qmax ≤ C3δ

2,
we have that the desired inequality given in (12) is satisfied by taking m = mδ .

To conclude the proof, observe that according to (5), the ratio r(p) := q(p)/p is
increasing in p. Hence, there exists a sufficiently small constant C > 0 such that

max
1≤i≤d

pi ≤ Cδ2 �⇒ qmax ≤ C3δ
2, ∀δ ∈ (0, λ).

Indeed, let C be such that Cr(Cλ2) = C3. Thus, we have, for each i = 1, . . . , d,
pi ≤ Cδ2 yields

qi = r(pi )pi < r(Cλ2)Cδ2 = C3δ
2, ∀δ ∈ (0, λ).

Remark 7 Since C1 could be taken close to 1/4 as long as we take a sufficiently high
dimension, we conclude that the constant C could be taken as close to C(1/4) as one
wishes. Unfortunately, for a given value of C , we do not have an estimate of the least
dimension for which the theorem holds.
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