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The main purpose of this talk is to prove that there are "many” indecomposable
bras, an indication of the difficulty of finding all them. The next

exceptional Bernstein alge
We recall that a Bernstemn

proposition shows us how to construct exceptional algebras.

algebra is non trivial (or induced by a projection operator, i the language of [1])if N* = 0.

1) If A is non trivial exceptional Bernstein algebra then N = ker w is

Proposition 1:
solvable of index 3.

2) Every commutative solvable algebra of index 3 is the kernel of some

nontrivial exceptional Bernstein algebra.

Proof: Take a Peirce decomposition A = Fep U, & Z, of A. Then N:=(U.® Z. )‘ =
=UZ.+ Z* CU. so (N%)?2 CcU? =0. Conversely, take N solvable of index 3 so N* # 0.
Let Z be a complementary subspace of N)inN: N=N*&2Z. Df'ﬁnv i V ~ N .])y
T |N2= %i(lNz and 7| Z=0. Then equations 292 =71, a*7(a) =0, at = 4r(a)® + 27(a*),
In factif n=u+2 € .
a’) = 4( %”)2 +or(u? vuzt+2?) =uzt 2 =g
Then F ) N is a Bernstein algebra

all a € N are satistied. Nt@Z then 27%(u+ z) = 27 %“') = Ty =

R : , y 2
T(u + 2) so 212 = 7. Moreover 47’((1,)1 + 27(
and a?7(a) = (uz + 2°)u =0 as wz, 2% and u € NZ.

where, if ¢ = (1,0), then U, = N?and Z, = Z.

xceptional Bernstein algebra

Pro yosition 2: Given integers r > 821 there exists an e : T

y R T S P ariety de add b
(A, w) of type (14 r,s) such that N = ker w 18 indecomposable m the variety detine y
the monomial (r* )2 (hence A itself is indecomposable).

a commutative solvable algebra N of dimension r + s, such
Take vector spaces U and 2 freely generated
Le vector space N = U ¢ Z define a

Proof: First of all, we construct
that dimn N? = r and N 1s indecomposable.
by symbols wy, ..., w, and 21, 2 respectively. In t
commutative multiplication by:

thiz; =ty (1 = Lyos®i J =L L 8) 2= (j = 1,...,8); other products are zero.

o =u' 42 (u,u’ € U,Z,Z' €Z)
we have gz’ = uz' + 2u' + 22 € Us0 0 # N*=U and i e 0 =g a.'xul B Iz wdbls
of index 3. Denote by ¢ the linear form on N defined by () :U() (}‘ : 1,2 ")\'}llld
W(Zj) =1(j = 1,...,8) 80 that (&) = p(u+ z) = p(2) and ker p = U ker(y | 2}, How

Tu; = (u+ z)u; = 2ui = o(2)t

From the table, dim N2 =dim U=r. For @ = u+ 2,

M.Neuburg
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so that xu; = 0 if and ouly if 2 € ker p. Then U = 0 if and only if & € ker ¢. Suppose
now that N is decomposed as a direct sum of two nontrivial ideals Tand J. If IU = JU = 0
then I C ker ¢, J C ker ¢ andso N = Iy J C ker ¢, which is clearly impossible. So in
at least one of the two ideals there is an element 2 such that o U # 0. We may assuine,
by symmetry, that = € I. Then ¢(x) # 0 and from cu; = (x)u; € I we get u; € I and

U C I. Let now z; be anyone of the basis vectors of Z and decompose z; = a;+b;, a; €1
and b; € J. We have u; = ,f = (a; + b;)* = u": + b'j and so l)f = 0 as u; € I. Then

Zjbj = (a]- + 1)_,)1)]' = a; [)]~ o ():‘;- = (). Moreover I)J- U. C I and also ]’.; U C J so that b] U=0

k=1 =1

and p(b;) = 0. Write b; = Y ajruk+ ) Bz, ok, B € F. Then bizj = Y ajrurz; +
k=1

3 5 §
IZ:] ﬂj,zlz]- = k; gtk + ﬂjj‘ll,]' = ( means that ])]' = /f”(zl — “’j) + Z ./'f]-lzl.

‘ I=1,1#;

S L] S
Now ¢(b;) = 3 A = 0 means that b, = ( 3. /f.,-l)(uj - zi) + Bjizi. For

i=1 =115 I=1,1%5

S
~ T 3 Y A F=Y 3 . 3 (3 STA) - % / — -~ N . ——
convenience of notation we denote by bj = 1._.?%,3,‘ B121 so that by = Lp(l).”.)(u,j—z]-)+b.'j. Now
bf == @(I;;)z(u,j —z;)* + 200 )(uj —z;)b, +b.'7v2 = —p(b} ) u; + 2p(1 ) u, + > /ffl'u,l ==
=1 ,#3

3
Lp(b'j)z'u,j + > /ff,'u( = Oumplies B, =0 (I # j) so l)’)- = 0 and «p(b’,.) =0, that 15 b; = 0.
I=1,1#j : ; ;
This proves that z; = a, € I so that Z C I and N=I. This coutradiction proves that N
must be indecomposable in the variety defined by the monomial (2 ®. Having proved that
N is solvable of mndex 3, we simply apply the above Proposition 1 to get an exceptional
Bernstein algebra of type (1 + . s), whose kernel is indecomposable.

The above Proposition 2 exhibits examples of exceptional Bernstein algebras of type
(1+7r,8), r>s > 1, whose kemel is imdecomposable. We can exhibit also examples of
indecomposable exceptional Bernstein algebras of every type (141,

; s)1n the following way,
by modifying slightly the preceding example.

Proposition 3: Given integers ;s > 1 there exists an indecomposable exce
algebra of type (1 + r, s).

ptional Bernstein

Proof: Take a vector space U (resp.  Z) freely generated by symbols w w, (resp
gt SRS T L il » 4
21,...,25). In the vector space U ¢h Z = N define a commutative multiplication by:

wizg =udi=1,..05 j=1,.,8); 2 = uy(j = 1,.

§ -

%) other products are zero

As in the case of Proposition 2, we prove that N is solvable of index 3 (but now

2 2 S, = . , .
dimZ* = 1). The linear operator 7 : N — N defined by r(u) = Ly o et givd
1(z) =0, z € Z satisfies the three equations s

: i , appearing i Prop. 1 so we get an exceptional
Bernstein algebra of type (141, 5), which will he mdecomposable, Suppose to the contrary

we have two nontrivial ideals Tand J of A such that N — IhJ. Then Z = (ZnN Id(zZnJ)

so that every z; can be decomposed as G =aj+b, a;€ ZNTandb, € ZNJ Write
p )y ke ] Je d
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3 L]
A, = AN = & \ ; s o
J kz_:l AjkZk 5 b; kgl PikZk s Ak o pix € F. Then A, + By = 1 and Ajk + fjk =0

for k # j. Multiply a; and bj by any z, (1 <t <) to get:

8y = ( > /\}-kzk)z, = Ajuy €1

k=1

3 .
bjzy = ( > ,u,]'kzk)z, = fijuq € J

k==1

If both /\j, and ju;, were nonzero then u, would helong to 7N .J, which is mmpossible. Then
one of then is zero, at least. This implies that Az = jjx = 0 for k # 7 and also that
{Agsvpigs) ={1,0) or (Ayj 1t5;) = (0,1). Suppose for instance (Ajjy p55) = (1,0). Then
bj = 0 and a; = z,;, that is, zy € I. But now u;z; = u; € [ and U C I. (If we had assumed
(/\j]-,,ujj) = (0,1) then z, would be in J). Suppose now some basis vector z; € J. Then
uizg = u; € JJ so U C J, a contradiction to I N.J = 0. Hence all z; belong to the same
ideal, say 1. This means U ) Z C I, a final contradiction.

Remark: In [2] the authors have given an example of a indecomposable Bernstein algebra
A such 4% is decomposable. Incidentally we have found many more examples now. Let A
be an exceptional Bernstein algebra of type (1 + r,s) where » > 2. If A = Fep U, ¢ Z,
then A% = Fe ¢y U, is isomorphic to the gametic algebra G(r + 1,2) which is decomposed
as G(2,2)VG(2,2)V...VGE(2,2). If Ais exceptional of type (2,5) the 42 is isomorphic to
G(2,2), which is indecomposable. The existence of indecomposable exceptional algebras of
every type 1s ensured by Proposition 3. So in the class of exceptional algebras all the four
possibilities concerning decomposability of A and A* effectively happen. In this connection,

we have the following general result. Recall that for 4 = Fep U, p Z,, A* = FeopU, pU?

SO k(‘,’,r (u,‘ I‘,\z) = l‘r,, S%) [,r:').

Proposition 4: Let A = Feh N = FetpU, & Z,. be a decomposable Bernstein algebra such
that A? is indecomposable. If I and J are nontrivial ideals of A such that I ¢ J = N then
necessarily ker (w |42) C I or ker (w [42) C J.

Proof: As U, = (U.NI)&p(Uc.NJ) we have ker(w |42) = U U2 = (U.NI) (U, NI
(UenJ) @ (U, N J)?). It is easily seen that both direct summands are ideals of A%, Then
necessarily one of them is zero and the other equals ker (w [ 42). If say (U.NJ )b (Ue NnJ): =

ker (w |42) then ker (w |42) C J.
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