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T?e main purpose of this t.alk is to prove that there an· "rnany" inclecomposable 
except10nal Bernstei11 algehras, an indication of the ditliculty of fiuding all them. The uext 
proposi tion shows us how to construct exceptioual a.lgebn1.s;. Wt:' l('call tliat a Bernsteiu 
algebra is 11011 trivial ( or induced by a projection operator, iu th« hmgnage of [l]) if N

2 = O. 

Eroposition 1: 1) If A is 11011 trivial exceptional Berustein algebra then N = ker w is 
solvable of index 3. 

2) Every commutative solvable algebra of iudex 3 is the kernel of sonie 

nontrivial exceptional Bn11stei11 algebra. 

Proof: Take a Peirce decompositiou A= Fe (::]3 U; 8:l Z( of A. Tlu-n N'2 = tU; F/0 Ze? = 
:::: UeZe + Z; ~ [!" so (N2)2 ~ U/ = 0. Couversely, tak« N solval>l<· of inclex 3 so N2-:/ 0. 
Let Z be a complemeutary suhspac<~ of N2 i11 N : N = N·2 f-:r) Z. Define T : N ---t N liy 
TIN~= ½idN~ and TI Z ::::: 0. Tlw11 equaticms 2T'2 = T, a'2r(a) = 0, u

2 = 4T(a)2 + 2r(cl"), 
all a E N, are satisfkd. In fa.d if 11. = v+ z E N2 

({) Z tlwn 2r.2(11. + z) = 2r(½u) = r(11.) = 
r(tt+z) so 2r2 = T. Moreover4r(ol+2r(o-2) = 4(fu)2+2r(v.·2 +uz+z2) = vz-t-z

2 
= a

2 

and o.2r(o.) = (u.z + 2'2)H = O as u.z,z2 and u E N2. Theu Ft+J N is a Bernsteiu algebra 
when"', if e = (1, 0), tlwn U,; = N2 aud Ze = Z. 

Eroposition 2: Givt'll iutt\!!;<''rs ·,· 2 ~ 2 1 there exists an exceptional Bernstein algebra 
(A,10) of type (1 + ·r,s) sucl1 that N= ker w is i11df'c0111posable in the variety defined by 
the mouomiaJ (.t:2 )2 (hence A itself is indecomposabl1-\). 

Proof: First of r1.ll, ,ve constn1ct a commutative solvable a.lgehni. N of climension ·,· + .-;, sud1 
that dim N2 = 1

· aud N is incl<~cornposable. Ta.ke vedor spaces U aud Z freely gew:rat1~cl 
by sy111l)cJls ·rl ·rl . ·1ii<l " z res1)ectively. Iu tlw vector spa.ce N = U tf) Z ddiue a 

• 1 ·, · • ·, I < · · ., I , · · ·, ~ 

commutative multiplica.tion by: 
-u ·z · = u.. (i - 1 

1 
.. J - l ,)· 72 = ·u · (.J. = l ... 3 ); other products an·' zero. 

I J 
1 

• - , ••• , 1 • - , ••• , c 1 ~] J ) > 

From the table dirn N'2 = clirn. U = r. For T = u + z, :i:' =v'+ 
21 

(v., a' E U, z, z' E Z) 
' . . '2 2 U'L · 1 N . 1 

we have xx' = uz' + zu' + zz' E U so () -:fa N'l. = V aud (N ) = = 0 au<.. 1s so val>le 
of index 3. Denote by i.p tht: liuear form 011 N ckfiucd by i.p(u;) = 0 (i = 1, ... ,r). aml 
<p(z

1
) = 1 (j= 1, ... ,

8
) so that i.p(.i:) = i.p(u + z) = i.p(z) a.ml ke,· ..p = U tb ke·r(i.p I Z). Now 

xu, = (u + z)ui = Zlti = i.p(z)u., 

* Joiut work with A.Suazo and M.Neuburµ; 
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so that xu, = 0 if and only if x E ker ip . Then »U = 0 if and only if :t E ker ip . Suppose 
now that N is decornposed as ,1 dired, sum of two uoutrivial idc,ds I and .J. If IU = JU = 0 
then J <;_;: kei c.p, J <;_;: ke»: c.p and xo N = I 8::l J <;_;: ke: ip . which is clearly impossible. So in 
at least one of the two ideals there is an elernent :i: such tlrat :1: U c:/ 0. We may assuine , 
by symrnetry, that ,1; E I. Then c.p(:r) =f. 0 and from ru., = ip(:r)u; E J we get lli E I aud 
U C J. Let now z he anyone of tlie basis vectors of Z and decoiupose z j = a 

1 
+ b1, a j E I and b1 E J. We 

1
have lli = z} = ( a1 + b1 )2 = aj + bj and so hj = 0 as u., E I. Then 

z ib, - ("' ·+ b.)b· = a h· .J b2 = () Moreover b7·U C I and also h1
·U C J so that b

1
U = 0 J J - ,..,] ] ] '] J ' ) . . . - . -- 

r s r 
and c.p(bj) = 0. Write bi= L 0:11;;11,k + L (Jj1z1, oi«, /311 E F. Then b;z7 = L o.1kUkZj + 

k=l l=l k=J 
s 
~ /3 /Z/Z · 6 J ] 
1=1 

r s 

L Cl'..1k·u,1;; + /3jj'I).; = 0 means that b; = /3i,i(z1 - u.1) + L /371z1. 
k=I l=l ,l#j 

Now c.p(b1) = t /3,it = 0 means that b; = ( t . /3.11) (u.1 - z;) + t /371z1. For 
1=1 l=l ,l,f-7 l=l ,l:fj 

s 

convenienceofnotatiou we denote by bj = L /3;1,t1 so that b.i= c.p(b'7)(u.i-z1)+b'j· Now 
/:c=J,/,f-J 

8 

c.p(bj)'2v.1 + L /1}1v.1 = 0 implies /371 = 0 (l =f. j) so b'1 = 0 arnl c.p(b'1) = 0, that is h1 = 0. 1=1,/:fj 

This proves that z1 := aj E J so tlrnt Z <;_;: I m1d N= I. This coutrndi('tiou prnvcs that N 
must be indecomposable i11 the varid,y defined by tlw mouomial ( :r2 )2. Havi11g proved that 
N is solvable of irnlex 3, W<-· simply apply the abov1-'. Prnpositiou 1 to get an <-·xceptioua.l 
Bernstein algebra. of tnw (1 + r, s), wlwse kerud is iutkcomposa.hl<-:. 

The above Propositiou 2 exhihits exa.inples of <-:xceptiorn-d Bcrustein a.lgehras of type 
(1 + r, B) , r ? B ? l, whosf-'. keruel is indecomposahle. VV<~ cm1 (·'.xhihit also 1-~xamples of 
indecomposable exceptiornd Bernstt-'.in algehras of ev<-'.ry typt· ( 1 + r, .~) in the following way, 
by modifying slightly the JHt'.cerling example. 

Proposition 3: Given int<-:ger.<: ·,·, s ? 1 then~ <~xists a.n indecompo.sahle exceptional Ben1stei11 
algebra of type (1 + r,s). 

Proof: Take a vector spac<-1 U (n'.sp. Z) freely g<:·11en1.t1~1l hy symhols ·11.
1
, ..• ,u., (resp. 

z1, ... , Zs ). In the vector spa<'.1-, U (+J Z = N clefine a con111111tatiw· mnltiplica.tio
11 
hy: 

( . . 2 . 
ll1Z1 = u, z = l, ... ,7·; .J= l, ... ,s) z_; = v.1(.7 = l, ... ,.~); oth<-'.r products are zero 

As in the case of Proposition 2, we prove that. N is solvahle of iudex 3 (but now 
dimZ

2 = 1). Tht-,_ li~1ear openi.tor T :_ N ---. N defiiwd hy T(v.) = ½v, 
11 

E U aud 
T( z) = 0, z E Z sat1sfies thi· thn~e <:~qnatious appe;-iriuµ; iu Prop. 1 so wc get au exceptional 
Bernstein algehra of t.ype ( 1 + 1·, ·' ), whid1 will be iwlt·co1npos;-1hlt-. Snpposl' to thti cout.n,1.ry 
we have two nontrivial ideals I a11d .J of A snch that N = hj-J J. Then z = ( z n I) I-B ( z n .J) 
so that every z1 can 1w clecomposed as z1 = a; + b1, (/i E z n J aucl bj E z n J. Write 
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.. 

s s 

aj = L >..jk2k , b7 = L fl71,;z1,; , .\71,; , µ,11,; E F. The11 /\77 + p,7-. k=l k=1 .. .J 

for k f. j. Multiply a1 and b1 by any z1 (l ~ t ~ s) to get: 

a1zt = ( t A11,;z1,;) z1. 
k=I 

1 and )..jk + µ1k = O 

i,», = ( t. f/jkZ1,;)Z1 = jl,j1ll1 E J 
k=I 

If both Ajt and /1,jt were uonzero then u1 would belong to In J, which is impossible. Theu 
one of then is zero, at least. This implies that /\71,; = l'}J. = 0 for k f. j and also that 
(>..jj,/ljj) = (1,0) or (/\7;,/tjJ) = (0, 1). Suppost-: for iu.stauc<·' (>.iJ,Pjj) = (l,O). Theu 
bj = 0 and a1 = Z.7, tlrnt, is, Zj E I. But. now v.iz7 = 11; E I and U ~ I. (If we had assumed 
(>..jj, µ1j) = (0, 1) theu Zj woulc] be in J). Snppos1-~ now sonw basis vector z1 E J. Then 
'UiZ/ = u; E J so U ~ J, a contracliction to I n .l = 0. Heue<-~ all z; belong to the sam,~ 
ideal, say I. This mcans U H-l Z ~ I, a, fiual cou traclirtiou. 

Remark: In [2] the au t hors hav- p;iveu an exampl« of a iud<··,·ornposabl<-- B<~rnstein algebra 
A such A2 is decomposabl-. Inciclent ally Wt-' have fouud iuany inore exainples 110w. Let A 
be an excep tioual Bcrnstciu a.lµ;ehra of typ<~ ( 1 + r, ,'i) whore , 2:: 2. If A = Fe f.EJ U; (-8 Ze 
then A2 = Fe Ebl Ue is isou101-phic to t.]1<~ garn<-~t.ic ,dgelna G(,· + 1, 2) which is clecoinposed 
as G(2, 2) V G(2, 2) V ... V G(2, 2). If A is exccptioual of typ<' (2, s) the A.2 is isomorphic to 
G(2, 2), which is iudec0111posal>k. The !'Xistew.:e of i11de('.0111posahle exceptioual algebras of 
every type is eusmed by P.rnpositi011 3. So i11 tlw class of <~xceptiomtl a.lµ;ebras a.11 the four 
possibilities co11ccr11i11g dernmposa]Ji]ity of A and A2 eff<~ctivdy happeu. In this connectiou, 
we have the followiug gnwral result. Recall tl1at for A= F1.,_ d-l U0 E:1:-J Ze, A2 = Fe EB Ue EB U} 
so ker (w 1112) = U" 81 U;. 

Proposition 4: Lt-'t A = Fc f-1:) N = Fe EB Uc EB Ze be a decomposable Bernstein algebra such 
that A2 is indecomposahle. If I and J are 11011trivial ideals of A such that I EB .J = N the11 
necessarily ker (w /A2) ~ I or ker (w /A2) ~ J. 

Proof: As Ue = (Uenl)W(Uen.l) wehave k:e1·(w lr12) = Ue1-BU; = ((UenI)EB(UenI)2)EB 
((Ue n .J) EB (U~ n 1)2). It is easily seen that both din·ct s11mnrn11ds an' ideals of A2. T!1e11 
necessarily one of them is zero arnl the other equals ker ( w I A 2 ) . If say ( Ue n .J) EB ( Ue n J )2 = 
ker (w /A2) theu ker (w /A2) ~ J. 
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