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2 Normal-Wishart Distribution

The conjugate prior and posterior for multivariate normal distribution can be
specified using the Wishart distribution, DeGroot (1970). Consider the matrix
Xij,i=1l:n, j=1:m, m> n where each row contains a sample element
from a n-multivariante normal distribution with known expected vector  and
known covariance matrix S. Let W and V' denote the random matrices:

n 1

W=Y(Xj-2)(Xej—2) , V==W .
=1 m

The random matrix W has Wishart distribution with m degrees of freedom and
covariance matrix S. The Wishart pdf has the expression:

f(W | m, S) K lWl(m_"_l)/z e-tr(s—1 w)/2
1-j

n
+
1k = |S|™/29mn/2 znin-1)/4 T m
/s = 18| ==

Now consider the matrix X as above, with unknown covariance matrix. Tak-
ing as prior distribution for the precision matrix R = S~! the wishart distribu-
tion with a > n — 1 degrees of freedom and precision matrix W, the posterior
distribution for R has the form:

F(R|m, W)  |R|@+m"—D/2e-tr(W+W) B)/2

i.e., the posterior distribution for R is a Wishart distribution with a+m degrees
of freedom and precision W + W. All covariance and precision matrices are
supposed to be positive definite.

Taking Jeffreys’ improper prior, we make a —+ —1, and W — 0, so the
posterior pdf becomes a Wishart distribution with m degrees of freedom and
precision W. Now we can write the posterior pdf, f() and log-posterior kernel,
fi() for R, given m and W or V, as:

f(le,W) x IRl(m-ﬂ‘l)/ﬂe—tl‘(WR)/z ,

fiRImW) = ™= tog(|R) ~ su(WR) ,
fUR|m,V) = m_Tn_llogﬂRl)—%tr(RV) .

Johnson (1980) describes a simple procedure to generate U, the cholesky fac-
tor of a Wishart variate W with m degrees of freedom and covariance parameter
S, from the cholesky factor S = C'C:

T.:=NON.i<ci: Ti:=+v¥m—-i+1: U=TC.
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3 The Linear Pattern Covariance Model

We want to test the linear structure covariance hypothesis. Our application
involves testing levels of genetic expression measured by micro-arrays, but the
same model is classic in psychology, biology, and pharmacology, as described in
Jiang and Sarkar (1999, 2000a, 2000b).

We will use the following notation: A family of matrices numbered 1,2...
is writen M*, M?.... The i-th row, the j-th column, and the , j-th element of
matrix M* are, M},, M} ; and M},. The Hadamard or pointwise product, O, is
defined by, respectively, M = A® B & M;; = Ai; B ;.

The linear structure covariance model can be tested using the FBST, with
parameter space:

10
9={S(7)=‘§%G‘, 78>0} , 6= {y€®O|h(y)=0}.

The n X n, n = 4, symmetric matrices have the basis G,...G?, given by:

7100 0) r0 00 0]
0000 0100
| il
G=lo000| F=|0000
(000 0] (600 0]
000 0] (000 0]
s |0000| ., |0000
C=loo10| “=|ooo0o0
[0 00 0] (000 1]
010 0]7 7000 07
s _|1000 _|oooo
@=loooo| ©=|oo0o01
000 0] 001 0]
70010 (000 17
, |00oo00| 5 |0000O
F=l1000| “=|oooo0
000 0] (100 0]
0000 0000
loo10| .o |0001
@=lo100| 0000
0000 0100
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The hypothesis H is given by the 3-dimentional constraint
M=
h(¥)=| 2—7 | =0
=%

At the optimization step we minimize the reduced log-posterior multiplied
by a factor (—2/m), plus a centralization term,

F(S|mV) = tr(RV) —"‘—‘T:—‘l log(|R]) + cfrob2(S — V)
fob2(M) = 3 (M)
i,j=1

The function f( ) has the following properties:

1. A large enough centralization factor, c, times the squared frobenius norm
of § — V, makes the first points of the optimization sequence remain
in the neighborhood of V. As the optimization proceeds, we relax the
centralization factor, i.e. make ¢ — 0, and maximize the pure likelihood
function. In practice this strategy let us avoid handling explicitly the
difficult constraint S > 0.

2. f() is written in terms of V, not W, and the factor (2/m) cancels the
almost linear scaling in m. Therefore, #£ — 0 as m — co. This allows
efficient “hot” reoptimizations, for a sequence of different values of m.

3. Using the identities, Anderson (1969), McDonald (1974), Rogers (1980),

05 _ OR _ _
a_% =&, on B RG'R ’
3 log(lS)) _ dlog(IS) 885 _ 5= ©oflSis) o _ wira
on i.,z—: 85 O saz-l s e

the Jacobian and Hessian matrices of f( ) and A( ), have simple analytical
expressions, given in the sequel. Notice that the expressions could be
somewhat simplified for the this particular basis, but we prefer to present
them in general form.

df _ m-n=l,peh —u(RG'RV) +2 3. (S-V)oC"
on i,y=1

o 1-100000000

Oh _ 1o 0 1-100 0000

Om 00 00 1-10000



FBST for Covariance Structure RT-MAC-2001/03 ISAS/SCI-2001 6

dif

5y9 = WG RG' +G*RG*)RV)

_mon- 1l (RGRGY) +2 3 G O G

ij=1

For the optimization step in FBST, the characteristics of f( ) allow us to im-
plement very efficient and robust algorithms. Since we are interested in studying
more general (non-linear) mean-covariance and mean-correlation structures, we
handle the constraints by penalization and sequential unconstrained program-
ming. Trust Region algorithms, working with explicit analytical derivatives,
proved to be very stable, in contrast with the often unpredictable behavior
of some methods found in most statistical software, like Newton-Raphson or
“Scoring”. Optimization problems of small dimension, like above, allow us to
use dense matrix representation, without significant loss.

For the integration step in FBST, we use a Monte-Carlo algorithm. At the
integration step it is important to perform all matrix computations directly from
the cholesky factors, Jones (1985). The computation of a single FBST evidence

and empirical power takes only a few seconds on Pentium machines.

4 Numerical Results

Table 1 displays the evidence in favor of the hypothesis for some sample ma-
trices. V* to V! are variations of standard test matrices, and V? is an appli-
cation example, all from Jiang (2000a). The test as performed is not directly
comparable to Jiang(2000a) and others, because we used a very conservative
non-informative prior. More aggresive versions of the test, its power, and other
aspects are going to be analyzed in subsequent work.

1.0 0.0 0.0 00 1.0 0.0 0.0 0.0
yi—|00 100000 ., |00 10 00 00
00 0.0 1.2 0.0 =00 00 12 00
0.0 00 0.0 1.0 00 00 0.0 08
1.0 0.0 0.0 0.0 10 00 00 00
ya— |00 10 00 00| ,,_ (0010 00 00
00 00 1.0 0.2 00 00 10 -0.2
0.0 0.0 02 1.0 00 00 -02 1.0
1.0 01 02 03 1.0 0.1 02 0.3
ys— |01 1003 05| .5 (01 10 03 05
02 03 1.0 06 02 03 1.0 0.6

03 05 086 10 03 05 06 3.0
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1.0 01 02 03

V=

01 20 03 05

02 03 3.0 06
03 05 06 4.0

1.0 01 02 03
01 1.0 04 0.5
0.2 04 10 06
03 05 06 1.0

10 01 0.2 0.3

0.1 20 04 05

02 04 3.0 06
0.3 05 0.6 4.0

V12 =0.2%

Vé=

VlO —

1
-1
0
0

-1
2
0
0

1.0 01 0.2
01 1.0 04
02 04 1.0
0.3 05 0.6

6.577 1.602
1.602 5.349
6.006 0.841
-0.265 1.250 —0.063

=W oo

0
0
1
1

0.3
0.5

0.6
3.0

6.006 —0.265

0.841

1.250

7.291 -0.063
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0.00
0.00
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0.00
0.00
0.28

W00 =IO ULk B =

—
-0

—
™

0.98
0.90
0.91
0.91
0.04
0.00
0.00
0.00
0.04
0.00
0.00
0.40

0.99
0.95
0.94
0.94
0.13
0.02
0.01
0.00
0.12
0.02
0.01
0.55

1.00
0.97
0.97
0.97
0.32
0.10
0.04
0.00
0.30
0.10
0.04
0.73

1.00
0.98
0.98
0.98
0.47
0.22
0.12
0.00
0.47
0.21
0.12
0.83

1.00
0.99
0.99
0.99
0.70
0.43
0.31
0.00
0.67
0.43
0.31
0.92

1.00
1.00
1.00
1.00
0.90
0.78
0.70
0.10
0.90
0.79
0.70
0.98

1.00
1.00
1.00
1.00
0.94
0.86
0.80
0.20
0.94
0.86
0.80
0.99
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