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ON THE STRUCTURE OF THE INTEGRAL GREEN RING 

OF A CYCLIC GROUP OF ORDER p 2 

A. Jones and G.o. Michler 

Introduction 

Let p be any prime number, and let R be the ring of p-adic 

integers. The cyclic group of order p 2 is denoted by. C =<a>. 

Its integral represen~ation ring, or Green ring A= aK(RC) is the 
p 

free K-module generated by the 4p+1 isomorphism classes of the 

indecomposable RC-lattices, where K = 7l p is the ring of rational 

integers lo~alized at p. The multiplication of A is induced by 

the tensor products of these lattices. 

Ir. [7) V.?. Ruuku ':id.Vt! most of che multiplication constants of the 

K-algebra A. For our study of the ring structure of A [5] we found 

it necessary to complete his multiplication table in the form stated 

in Theorem 3.1. The methods of proof for these formulae are also pre­

sented here. As an application we show in Corollary 3.2 that the nil 

radical ~(A) of A is a principal ideal. 

Using the multiplication table of A given here we determine the 

Jacobson radical J (A) of A in [SJ. If p = 2, then A is a local 

ring. For all odd primes p, the ideal J(A) is generated by 6 ele-

ments, and A/J(A) 6 
!!:I F , where F = GF(p) is the residue class field 

of R and K. 

Concerning our tcr~inology and notations we refer to Curtis-Reir.er 
[ 2]. . 



1. The ind~composaLlc RC-l~ttices and their reductions. 

We begin by listing the 4p+1 indecomposable RC-lattices. 

1 of order 2 p • Let H be a cyclic group of order p. 

RC-lattice M let M = M/pM. 

For every 

The indecomposable RH-lattices are the trivial module R, the 

group ring RH and the simple module R1 • These are clea~ly inde­

composable RC-lattices. Also R2 is a simple RC-lattice, an~ any 

other indecomposable RC-lattice M is an extension of R2 by an 

RH-lattice N. Following [2] we write: 

The isomorphism classes of the indecomposable RC-lattices are then 

represented by tne following 4p+1 lattices (see (2] p. 736). 

R,R1 ,D1 =RH, R2,D _= RC, 

E = (R2 ,R,1) , E 1 = (R
2 ,R1 ,1) , 

i < p-2 .... 

Y. i 1 i p-1 -· (R2 ,RH,:\ ) I < < 
l. - -

(R
2 ,-R1 ,;\~) If p * 2 , T. .. , 1 < i < p-2 I and l. - =i 

z. i 1 i p-2 = (R
2

,RalRH, 1+;\ ) 
' < < . l. = .... 

Our notation is r ,~lated to that of" (7] as- follows. 

R . = 1).0 I Rl = 61 o, = ~2 I R2 = ~3 I 

E = ~4 I El = T 
0 I D = t. . 

For the other indecomposables both notations coincide. 

He also need the reduction modulo p of these lattices. Let L(j) 

be the uniserial indecomposable Fe-module of rank j. The first seven 

.. • 

• 

... 

.. 

; 
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• 
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lattices of the list are isomorphic to principal ideals of RC, for 

them M ~ L(r). where ,r = rank M. The lattices Xi,Y1 ,T1 , are 

_isomorphic to ideals generated by two elements of RC, while the z. 
l. 

are lattices of rank p 2 +1 with two generators, and reduction. modulo 

l pin these cases gives (see [1] or [4]): 

. 
·i Lemma 1. 1 
· 4 
! 

• . .. 
J 

i 
j 

; ' ' I 

"' ._ . 
I 

J 

.J 

f 

" .. 

I 4 

t 

t 

b) T oi L(p2-i-1) e L(i) i 

for 1 < i < p-1 -= ... 

for 1 < i < p-2 
= -

for 1 < i < p-2. - -
Lemma 1.2 Let H be the subgroup of order p of C, and let M 

be an indecomposable 

assertions.hold: 

-a) If M ~ L (i) , 

b) If M QI L(p2-j), 

RC-lattice. Let O < i,j < p. - -

then MH ~ iR 

then M OI H . (p-j) 01 9 "jR
1 

c) If M OI L(p2-j) .Gl L ( i) I then MH ~ Cp-j>o, G) 

-

Then the following 

jR1 e iR 

For each non-projective (not necessarily R-torsion free) RC-module 

M, the Heller module of M is denoted by r.M. From [1} we quote 

Lenuna 1. 3 

a) flR i:,LE
1 I 

b) nR 1 OI E , 

c) f2R2 OI o, , 

d) nx1 QI yi+l 

e) f'lT; 
l. 

QI z. 
. .-· l. 

I 

, for o ~ i ~ p-2, 

for 1 ~ i ~ p-2 

Furthermore, D2M oiM for ·every indecomposable RC-lattice M. 

_ .... -- ... ·-----.,...-- - r 

.. 



2. ~~thcds for d~composing tensor products. 

In this section the methods for establishing the multiplication 

table of the Green ring A are presented. The results mentioned are 

not considered to be new. 

Lemma 2.1 For any non-pr~jective RC-lattices M1 and M2 : 

where nD denotes the direct sum of n copies of D. 

This iso~orphism permits to obtain M1 0 nM2 and nM 1 0 M2 once 

H 1 o :-!2 is known. Observe that the nwnber n of free summands is 

easily determined by the ranks of M1 and M
2

• For example, for -all 

RC-lattices M we have 

We now list J.A. Green's formulas of [3] in the form n~eded for 

our cc~putations in the following subsidiary result. 

Lemma 2.2 

i 
I. L(i)@ L(j) ~ .11 L(j-i+2k-1), if i ~ j , i + j ~ p, 

k=1 

p-j 
II. L(i) 0 L(j) Qt (j+i-p)L(p) e .11 L(~-i+2k~1), if i ~ j , i+j!P· 

k=1 

i 
III. L(p 

2 -i) ~ L(p 2 -j) (p 2 -i-j) L(p2) e .11 L(j-i+2k-l), ~ 

k=1 

if i < j I i + j < p I = .... 
p-j 

1 

L(p 2-i) 2 
(p2-i-j) L(p2) IV. 0 L(p -j) ~ (i+j-p) L(p) EB e lL L(j-i+2k-1) 

k=1 

if i < j , i + j > p . = = 

L(p2-j) 
i 

L(p 2-i-_j+2k-1) V. L ( i) 0 Qt .11 , if i < j , i + j < p , 
= -k=1 

i 

J 

., 

; 

• 



•;. 

:\ 
, 
i 
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-2,. 

! l 

1 . 
1 

• 

~ 

i 

I • 
◄ , 

l 

VI. 

VII. 

2 2 j . · 2 · . 
L(i) 0 L(p -j) ~ (i-j) L(p) e il L(p -i-j+2k-1) , 

k=l 

if i ~ j ' i + j ~ p, 

2 p-j 
L(i) 0 L(p2-j) Q,i (i+j-p) L(p -p) e ll 

k=1 

if i ~ j , i + j ~ p, 

. 2 . 
L(p -2p+i+j+2k-1) 

p-i 
- VIII. L(i}0L(p2-j) ~ (i+j-p)L(p2-p)e(i-j)L(p2 )e ~ L(p2-2p+i+j+2k-1) , 

k=1 

if i > j ..,. , i + j > p . 
= 

The following result of [ 6] is best stated in terms of the Heller 

operator applied to PC-modules, considered as RC-modules. 

Lemma 2.3 For every FC-rnodule V and every RC-lattice M: 

M 0 nv ::,,: n CM ~ V) ED nD 
R F 

-Lemma 2.4 a) r.?L ( i) C!:l Y. if 1 < i < p-1 I l. """ ... 
2 b) OL(i) o, e R? if p < i < ::,,: p -p = .... 

c) P.L(p2-i) ::,,: X. 1 if 1 < i < p-1 , 
1- = = 

Proof. Let de~ote the cyclotomic polynomial o: o~1er !t 

l < i < p-1, and C = <a> , = = 
is easily shown that if then 

D/(RC~(a) + RC(a-1) 1 ) ::,,: L(i) 

Hence ~~(i) ::,,: RC~(a) + RC(a-1) 1 
Q:: 

Ra p2-p-1 l (a-1) i i RCy (a) + ( R + • • • + ::,,: { R2 , D l , .\ ) :::=:: Yi • 

For p < i < p 2-p we have ~L(i) ::,,: RCp + RC(a-1)
1 . - = 

Therefore it suffices to show that the idempotent 

an endomorphism of RCP+RC(a-1) i , and that the given 0!1e is the or;l•; 

possible splitting. 



The third isornorphlsm follows from the first one and from the 

following fact which is easily verified. If Q indicates Heller's 

operator on Fe-modules, then 

n < nL c i > > °' n c nL c i ) > • 

3. The multi plication table of A' . 

We list now the products of the basis elements of A omitting 

those products which can be obtained from the given ones by using 

the Heller operator. In our notation we do not distinguish between 

' a lattice and its isomorphism class. up'' to minor corrections the . '\ 

following theorem is due to Rudko [7] • 

... ....., ... 

Theorem 3. 1 With the notation of section 1 we ' have: 
\ 

1 ) 

3) 

4) 

7) 

8} a) 

b) 

\ 

R · 0 R 
1 1 

= Ci-1) co 1+R2 ) e Yp-i e Cp-1-1)0 

i i 2 
= ll. TJ--i+2k-1 e ll. ZJ--i+2k e (p -21-3)0 , 

k=1 k=O 

if i < j , i+j < p-2, 
== 

i i 
Ti. 0 TJ. = .ll T E!l il Z e D e E e (p

2
-2i-3) D , k=l p-2k k=l p-2k-1 1 

if i < j , i+j = p-1 , 

I 

f 

' 

.. 

I' 

• 



c) Ti 81 T. = p-j-1 
Tj-i+2k-1 

p-j-1 
Zj-i~2k e 2(j+i-p+1) (D1EBR2 ) J lJ. e .J1. 

k=l k=O 

$ 
2 if i < j i+' > • (p -21-3)0 p · . I , 

J -
i . i 2 E:.1 

f d) Ti 0 Ti = JL T2k-1 e Jl Z2k e R ED (p -21-2)0 if i < I 2 , 
,I k=1 k=1 
~ 
' i 1-1 

2 e) Ti 0 Ti = ll T2k-1 e Jl Z2k e Re o1 e E e (p -p-1)O , 
k=1 k=l 

~ if E::l 
~ i = 2 , 

p-i-1 p-1-1 .,. f} Ti@ T. = lJ. T2k-1 e ll z2k e Re 2 (21+1-p) co1eR2 ) l. k=1 k=l 

e 
2 . 

if i E:.l (p -2i-2}D I > 2 . 

l i-1 i 
2 9) a) Yi @ Y. = lL xj-i+2k e lL yj-i+2k-1 e (p -2i)O I ) k=O k=1 

• 
if i < j · , i+j ~ p I .... 

p-j-1 p-j 
b) Yi @ Y. = Jl Xj-i+2k EB ll yj-i+2k-1 EB 2c1+j-p) co 1elR2 ) J k=O k=l 

• • 
i i 

2 10) a) T. G Y. = ll. Xj-i+2k-1 e ll yj-i+2k-1 e (p -21-2)0 I l._ J k=O - k=l 
\ 

if i < j I i+j ' ~ p-1 I -
~--j j 2 -i b) Ti 0 y, ll X . e Jl yi-j+2k-1 e (p -2j-1} D = , J k=l i-j+2k-1 k=l 

' ·, . 

if i > j i+j ~ p-1 " , I '• - - ' 
p-j-1 p-j 

c) T1 ,e Yj = ll. Xj-i+2k-1 9 ll y . .. 2k 1 ED c2c1+j-p)+1) co 1eR2) ·; k=O k=1 J-1+ -

· e 2 if i j i+j p-1 (p -~2i-2)D < , > , 

p-i-1 p-i 
d) Ti s y. = Jl Xi-j+2k-1 e ll. y e c2 Ci+j-p)+1 > co 1em2> J k=l k=1 i-j+2k-1 

.. $ ~p2-2j-1)D , if i > . 
- J 

, i+j > p-1 . 

. -



Proof. The fact that tensoring with lattices preserves exactness, 

and the u:.;~ of Schanuel' s lemma suffice to determine tfie products of .~ 

the RH-1.:ittices. 

Since . o, = RC and R2 
C the products of 01 and R2 with = R , 

' 1 
any other lattice M are obtained by using Lemma 1.2 and the general 

isomorphism NC e M 0t 
C (N0MH} • 

. The products of lattices M1 and_ M
2 

not isomorphic to x1 or • 

Yi can be determined by means of Lemma 2.2, because the indecomposable 

. direct summands of M1 0 M2 can be lifted uniquely to indecomposable 

RC-lattices, except when · M1 0t M2 °' T~ • · 

~ --
For example, applying VIII and II we obtain 

\ 
- 2 n, 0 Ti !::ii L(p-1) 0 _ __ (L(p -i-1) e L(i)) 0t 

~L(p 2-p) 9 (p-i-2) L(p2 ) e L(p2-p+i+1) e (i-1) L(p) 1 - L(p-i) °' 

Computing for . E::.!. 
1. = 2 by this method, it is · found that 

there are three - possible But can 

be written as a linear combination of basis elements in A if p * 3, 

and the three liftings of T. 0 if. 
.l. l. 

give three different products when 

multiplied by T1-R, so this enables us to determine the correct 

lifting. The case p = 3 can be verified separately. 

X. or 
.1. 

are found .by applicati~n of 

• 

The products involving 

Lemmas 2.2, 2.3 and 2.4. 
• 

For example, if i < j 

2.2, we get: 

and i+j . < p-1, using I and VI of Lemma -
.. 



' 

I • 
·' • 

e 

j 1 
i 

l • 

... 

-
' ' . 

I 

Q[ (j-i-1)L(p2 ) 
i+1 

L(p2-i-j+2k-2) 
i 

-~ e ll e Jl L(j-i+2k-1? l e nD k=l k=1 

1 i 
Ji Xj-i+2k-1 e Ji yj-i+2k-1 e mo Cl 

k=O k=l 

This completes the proof. 

Assertion c) of the following result is due to Rudko [7] and 
Reiner [6] 

Corollary 

of order 

a) I(A) 

b) N(A) 

C) N(A) 

Proof. 

3.2. The integral Green ring 

p2 has the following ideals. 

= KD 1 + KR2 + KD = R2A + D1A 

-

a) 

p-2 
r _K(X 1-Yi+l) = (X

0
-Y

1
)A 

i=O 

is the nil radical of A, and 

Notice that 
\ 

I(A) = I: KNC, 
N 

A of the cyclic group 

~N-{A) 2 
= 0 . 

where . N runs through 

C 

all the indecomposable RH~lattices. This implies that I(A) is an 
ideal of ' A. ' Since E

1 ~ 1 _= R2 + (p-1) D , I (A) can ,.,__be generated by 

as an ideal of A. 

b~ Now N(A) = r K(nv-nw) , where the sum extends over all pairs of 
indecompo~able Fe-modules v,w such that nv ~ nw. By Lemma 2.3, 
for every RC-lattice -M we have 

·-M (i1V-£2W) = Q (Me:>V) - 0 (M0W) , O(M0V) ~ Q(M0W) , as D cannot be a 
direct summand of any of these two FC-modules, because otherwise D 
would be a direct summand of a Heller module. Hence N(A) is an ideal 
of A. 

Using Theorem 3.1 we get 



Therefore we get by induction that N{A) = (Y1-x
0

)A. Clearly 
· 2 2 (Y 1-X
0

) = O, and so N(A) = O. - . 
..., 

c) It suffices to show that A= A/N(A) does not have nilpotent 

elements. Let 

~ of A satisfy 2 a = O , where 

..... 

"' Let M,N be indecomposable RC-lattices, then by Theorem 3.1 R 

is a direct summand of M 0 N if and only if M QI N and p does 
' ....... __ 

divide the rank of -M. Thus 2 
0 implies a = 

\ 

2 2 +·r 2 2 
p-2 2 

p-2 ·. 
2 r + r, + r3 + r ·. t. + r zi = 0 • 0 2 . . 1 l. i=1 1.= 

Thus r. 
J 

= 0 , ti = 0 I zi = 0 for all the above indices, and 

p-·1 -a € I (A) + r KY1 . Let a = a + I (A) E · A/I (A) Then 
i=l 

p-1 -2 · a = r yiYi I and a = (0) Then, since by .Theorem 3. 1 y1 is 
i=1 

not a direct summand of 

coefficient of Y
1 

in 

Y · 0 Y. - for 
i J i * j, it follows that the 

-2 a · is: 

2 
+ yp-1 I and so y. = o · 

l. 

not 

for 1 ~ i ~ p-1 • Thus a€ I(A) , and so a= r 4o1 + r 5R2 + r 6o. 

Applying Theorem 3.1 again we get 

.. - . 

i 

• 

' 

.. 

for some integer n. Hence r 4 = r 5 = o. As D is not nilpotent, • 

r 6 = O. Thus a= O. This completes the proof. 
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THE JACOBSON RADICAL OF THE INTEGRAL GREEN RING OF A 

- Introduction 

CYCLIC GROUP OF ORDER -2 p 

A. Jones and G.O. Michler 

For any prime number p, let R be the ring of p-adic integers, 

and let K = Zl be the ring of rational integers localized at p. p 

~he/ cyclic group of order p 2 is denoted by C =<a>. The inte-

gral ·representation ring, or integral Green ring of C, is the free 

K-module A~ aK(RC), generated by the 4p+1 isomorphism classes 1 

RC-lattices. The ~ultiplic~ti~~ cf 

by the -tensor products of these lattices. 

\ 
~ 

11 .. 

In [ 3] · Rudko determined the nil radical N-(A) of A. It is 

the purpose of this article to show that for all odd primes p 
' · '· ·the Jacobson radic31 J (A} of A is generated by 6 elements, 

'-.._ 
and 

FQ. . that A/J(A) ~ where ' F = GF(p) is the residue class field , 

of R and of K (Theorem 11) . If p = 2, then A is a local ring. 

Concerning our terminology and notations we refer to Curtis­

Reiner (1] and our previous paper [2) . 
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- 2 -

1. The multielication table of A. 

Let R2 = R[p] and R1 = R[pP], . where p is a primitive root 

of 1 of order 2 p • Let H be a cyclic group of order p. · The. 

isomorphism classes of the indecomposable RC-lattices are then re-

presented by the following 4p+1 lattices in the notation of 

Curtis-Reiner [ 1] , p.· 736: 

R I R1 , D1 = RH , R2 , D = RC , 

E = (R2 ,R,~) I E1 = (R2 , R1 1) , 

xi 
1 0 i p-:_2 = (Rz,ReR,,1+A) , < < 

' ... = ', • 
i . . 

Yi = (R2 ,RH,A ) , 1 < 1 < p-1 - -
If p * 2, then we also have the lattices 

Ti 
i 1 < " i p-2 = {R2 ,R1,A) I < - = ' 

zi 
. i 

1 i p-2 = (R2 ,REBRH,1+A) , < < 
~ ..... = .. ~ 1W , . --# t ..... :i,,,.- ....... .. . . ... . ... .. ~ ......... · --·a'&-'L,# ,.,.; _____ ... -

We now state Rudko's [3] _multiplication table of A in its 

complete version as it .is given in our paper [2] . The ~issing 
. 

products can be obtained from the given ones by means of the use 

of the Heller operator · n, see [2] • 

Theorem 1. With the above notation we have: 
f,(x,-,')'l.. ~ ~,.c~-i.~,~~r, . 

1 ) 

2) 

3) 

4) 

5) 

6) 

= R+{p-2)01 
= po

1 
. R,; cf~µ +.(y~~8_C, 

= ( p-1) o, 
D1T1 = iD 1+(i+1)R2 + (p-i~l)D 

DlYi = i(D 1+R2 ) + (p-i)D 

R1T. = (i-l)D1 + iRz + Z . l + (p-i-2)0 
. .l p- .L-

... 



. ! 

i 
j 
•I 
I 

; , 
•◄ 

f 

• 

l • 

, 

l 
·J ' -~ 
I j • 
I 

..A •• ... 
' -i .... 

8) 

9) 

10) 

i i 2 a) T.T. = I: T' . 2k 1 + t z._i+2k + (p -2i-3)D I l J J-l.+ -k=l - k=O J 

if i < j I i+j ~ p-2 , 
i i 

2 b) T1Tj = r T + I: Z + o, + E + (p -2i-3)D 
k=l p-2k k=l p-2k-1 ' 

if i < j I i+j = p-1 I 

p-j-1 p-j-1 
c> T .T. = r Tj-i+2k-1 + r Zj-i+2k + 2 Cj+i-p+1) co 1+R2 ) l. J k=1 k=O 

+ (p2-2i-3)D, if i < j , i+j ~ P. 

i i 2 E.:..! d) TiTi = I: T2k-1 + r - Z2k + R + (p -2i-2)D, if i < 
2 k=l k=1 

i i-1 
2 

e) T .T. = r T2k-1 + r Z2k + R + o, + E + (p -p-1) D, if i 
]. ]. 

k=1 
• 

, f) T.T. = 
l. l. 

p-i-1 
r 

k=l 

k=1 

p-i-1 
:r 

k=1 

i > o-1 
2 

i-1 . i 

= r XJ' -i+2k + r YJ--i+2k-1 + (p2-2i)D, 
k=O k=l 

if i < j , i+j < p 
' = ... 

p-j-1 p-j -.... 
b} y ', y. = r xj-i+2k+ r Yj-i+2k-1 + 2 Ci+f-p> co 1+R2 ) _l.) k=O k=1 -

+ (p 
2 -2i)D, if i < j -: I i+j > = - p . 

·, 
' 

' i i 2 a) TiYj = :r Xj-i+2k-1 + r y j-i-+2k_-1 + (p -2i-2) D , 
k=O k=1 

if i < j - I i+j < p-1 , .... -
j j 

2 b) T.Y . = I: ' ~--+2k-1 + r yi-j+2k-1 + (p -2j-1)D, l. J k=l J k=1 

if i .. j i+j < p-1 ... , - , 

I 

- E.:..! - 2 

-------------------- - ·- -------- ·------··- ·-·--
. . 
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p-j 
X. . 2k + r: J-1.+ ·-1 

k=l 
2 + {p -21-2)0, if i < j, i+j > p-1 , 

p-i-1 . 
r 

k~1 

p-i . 

xi-j+2k-1 + r 
k=l 

+ (p
2
-2j-1)D, if i ~ j , i+j > p-1 . 

2. The structure of A. 

For the determination of the Jacobson radical J(A) of the 

integral Green ring A we need several ideals of A defined in 

the following subsidiary result. The notations given there will 

be kept in. the following without further mention • 
............. 

Lemma 2. a) The following K-subrnodules of A are ideals: 

I (A) = KD 1 + KR2 + KD =DA+ R2A . 
p-2 

N (A) = r K(Xi-Yi+1) = (X
0 

-Y 1 ) A_ 
i=O 

L. = I (A) ➔ N (A) + pA 

p-2 p-1 
B = I (Ai + r KXi + r KYi 

i=O i=1 

b) N (A) is the nil radical of A, and 2 N(A) = O. 

c) L2 < pA , and L ~ J ( A) = 

Proof. By Corollary 3.2 of [2], b) and the first two assertions 

of a) hold. 

• 

, 



I .. 

I .. 

··i 
'1 

.. 

'! 6 

• ' 1 . 
! 
·1 
~ 

" 

I 
l • 

I .. 

Clearly L is an ideal. As I(A) n N(A) = o, it follows that 

Hence L < J(A). -
By Leoma 1.2 of [2], B = I(A) + t RnV, where V runs through 

V 

the indecomposable PC-modules and n denotes the Heller operator. 

Hence by Lemma 2.1 of (2], B is an ideal of A. 

Theorem 3 . If p = 2, then A is a local ring with Jacobson 

radical 

J(A) = 2A + B + K(R1-R) + K(E-R) + K(E 1-R) , 

and A/J(A) ~ F. 

Proof . As p = 2, Theorem 1 implies 

Y, 2 = xo2 E K(Xo+Y,f + I(A) ~ N(A) + 2A + I(A) = 

Therefore B2 c L. Hence 2A + B ~ J(A) • Now 

A/(2A+B) ~FR+ FR1 +FE+ FE 1 • 

L • 

? ? .., ~ince rnod~lo I(A) we have R1- = E- = E1~ = R, and R1E = E1 · ' 

it follows that A/l2A+B) · is isomorphic to the group algebra FV4 
of the Klein four g4o_up v 4 . This implies that J(A) has the 

given form, and A/J(A) ~ F. 

From now on we assume that p is · an odd prime, and we keep the 

following 

... 
Notation. A= A/L , B = (B+pA)/L = 

p-1 
r 

i=l 
.... .... .... 
C = A/B 

p-2 
=FR+ FE+ FR1 + FE1 + r 

i=1 
... .... 

·observe that. A = B + C and 

p-2 
FTi _+ r 

1=1 

.... .... 
B n C = 0 • 

, 
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Lemma 4. Let and 

.... 
Then e 1 and e 2 are orthogonal idempotents of B such that 

Proof. From Theorem 1 it follows that in B , we have: 

e1 = ~ Y1 (R+R,) , e2 = ¾ y1 (R-R1) , Y,
2 = 2Y1 , (R-R,)

2 = 2(R-R1) ·~ : 

(R+R
1

) 2 = 2(R+R
1

) , R2-R
1

2 = 0. 

Hence e, 
2 e, 2 

= e2 = e2 and e
1

e 2 = 0 . 

Let q - .e::.1 Since ylyi = 2Yi we get 
2 I 

... p-1 p-1 q_ 
e B = (R+R1) r: FYi = r: F(Y1+Yp_1) = r: F(Y1+Yp-i) . 

1 1=1 1=1 1=1 

.... q .... ... 
Similarly e2B = r F(Yl..-Y .) 

P-J. 
i=1 

Thus = B • 

Remark 5. For = .e::l 
2 let Yi 

1 
= -2 (Yi+Y . ) and . p-l. 

... 
• 

V, I = 
- -L 

1 ,_(Y.-Y .) . _ Then ' in B we have v.--= -e.Y ... ~·and ? ,. , 

' Y· = 
.L ,t. .1. ~-.1. -.L I J. 

hence and 

Thus from Theorem 1 it follows that for all 1 < i < j ~ q: - do 

i i 
y.y. = 2 r: Yj-i+2k-1 I Y• 'y, I = 2 I: Yj-i+2k-1 . 

l. J k=l l J k=l 

For the proofs of the following results we require some sub­

sidiary results on certain arithmetical triangles. 

k n j For k > 0 and n > 1 let C(k,n) = I: (.)(k .) I whera 
= ..,. J -J j=O 

( ~ ) = 0 I if j < i. As · is well known, 
l. 

. 

• 

e ... Y . . ! 
L. l. 

, 

C(k,n) = C(k,n-1) + C(k-1,n-1) + C(k-2,n-1), see Vilenkin [4] • 
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For k > 0,-1 and n ~ 2 let the sequences of integers -.. (k) (k) 
an and bn be inductively defined by: 

.. ( 1 ) (o) (kl a (k-1) +a (k) ( 1 ) a2 = a = 1 I an = for 2 < 2k < n, n n-1 n-1 -
and an 

(k) 
= a (k-1) 

if 2k n-1 I = n I 

(2) b2 
(2) 

= b2 
( 1 ) 

= b 
(o) 

= l bn 
(-1) 

0 = n I I . . 

bn 
(k) 

= b (k) + b (k-1) + b (k-2) for 1 < k < n 
'!" n-1 n-1 n-1 ES I 

and . bn 
(n) 

= b (n-2) 
n-1 

Lemma 6. Let p · be any odd prime, n > 1 and k > -1 • .... = 

With the above notations we have: 

(a) (k) n n-2k+1 for 2 2k a = ( k-1) < < n n k = = I 

(b) b 
(k) = C(k,n-1) - C(k-3,n-1) for 3 < k < n-1 n =- = I 

I - \ 
ap 

{k) - ,... , ___ .;, _, 
~ -·- 2 ' 2k ~ \vJ - V \ULUU. t;J-r .I. U.L 11 I == = 

(d) bp 
(k) 

0 (mod p) for 2 < k < p-1 - = = I 11 

j 
( e) , b , (p) 

1 mod p and bp 
( 1 ) 

-2 mod p' - - -, . 
p 

! ., 
f • • 
J 
I .. 

Proof. Assertions a) arid b) follow easily by induction, and a) 
~ ~ 

implies c). 

~ 
·.:1 

. ( 1 ) 
= n-1 and using induction get that Clearly bn , we 

.. 
: 

'· .. bn 
(2) 

=' (~) for all Thus bp 
(2) 

!I 0 mod p. Clearly n. 

k 
( P-:- 1 ) ( j . ) 

k 
(-1)j( j_) C(k,p-1) = r a c(k,p-1) = I: mod p. 

j=O J k-J j=O k-J 

Let - k = 2s o; k = 2s + 1. Then 



c ( k, p-1) 

c ( k, p-1) = 

0 

1 
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+ ••• + 

if k • 2 mod 3 

if k • o mod 3 

and so 

-1 if k • 1 mod 3 

As for k > 3 we ·have ... 
tion d) follows. 

Since b ( 1 ) = p-2 it p 

t mod p. Applying d) we see 

p-2 
b (j) (o) r = b + bp p-1 p-1 j=O 

b ( k) = C ( k, p-1) - C ( k- 3 ,- p-1 ) , p 

remains to show that bp 
(p) 

= b 

that 

' --
'"' 

asser-

(p-2) • 1 p-1 

(p-2) {3) (o) + b -·(p-5) + + b • b mod . . . 
p-J . p p 

• 

p 

p-2 
r 

j=O 
b (j) 

p-1 
= b (p-2) + b (p-3) + b (p-6) 

p-1 p p + • • • + 
\ 

b (p- 2 ) mod; 
p-1 

Thus it follows that 

the proof is complete. ' 

• 
b , (p) 

p 

\ 
\ 

With the notation of Remark 5 we now can state 

mnrl 

Lemma 7. For all i with 1 < i we have = ... 
in B. 

Proof. Certainly Y1p = Y1 . We now show that y p = . 2 

From YzY1 = 2y2 and Y2Yj = 2(yj-1+Yj+1) for j > 

we obtain successively: 

... _ 
n . .. . 

-2y . 1 "' 

1 , 



.. 

' 

i ... 
I 

i .. 
l 

.. 
1 
f .. 
I 

; ' 

j 
l 
I 

,. 

• 
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p- 3 q-1 ) y + a ( q- 2 ) + ( 1 ) 2 ( ap- 2 2 p- 2 Y 4 + • • • ap- 2 Y p- 3 + Y p-1 ) ' 

where the in~egers . an (k) are defined as in the preceding lemma. 

Since we get 

= 2P- 2 (a (q) y
1 

+ a {q-i) y
3 

+ 
p-1 p-1 • • • + 

And from we have 

But a <
1 > = p-2 p-1 

so y p = -2y 
,· 2 1 

Since 

Hence Y~p = 3y , 1 
_, I 

and a ( k) = O _ ( mod p) 
p 

we have Y22p = 

if 

Suppose now t~at yip= (-1)i+ 1 i y 1 for all i with 3 ~ i ~ k. 

Then· -from · y 2yk = 2(yk_ 1+yk+l) we get 

' 
Therefore Yk+l P -= (-1) k+2··, (k+1) y 

1 

Prooosition 8. a) The orthogonal idempotents 

.... 
and of B are primitive. 

... 

. 
c) Each ideal e.B of , l. A 

with 

is a local uniserial ring of composition 

1 length q = 2 (p-1) 
A A 
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Proof. From the proof of Lemma 4 we know that {y,,y2,.·•,Yq} c 
... 

is an F-vector space basis of e 1B. By Lemma 7 ((k+l)yk + kyk+ll~ = 0 

for 1 ~ k ~ q-1. This implies that {2y 1+y2 , ••• ,qyq_ 1+(q-1)yq} 
... ... , 

is a basis of. J(e 1B) over F. Thus dimF(Je
1

B) = q-1 • ·aence 
... 

e
1

B is a local ring, and e 1 is primitive • 

.. 
n+l Letr n -= y 1 + 2 y 2 

. 1 ~ k ~ q-1 the element 

Y1,y2 , ..• ,yk+l , where 
2 k-1 

. y 1 ,Y2, Y2 , •••. ,y2 

1 ~ k ~ q-1 • Now 

q-1 q-1 _(q-1) q-1-i n = L. . Y1 
i=O ~- i 

' 

... 
Then n·E J(e 1B). For every integer 

is a linear combination of 

has coefficient 2k-l € F. Hence 

are !~nearly independent over F f~~ 
', 
' 

\ 

cl?±.! l i i ' 
Y2 2 

\ 
\ q-1 q-2 cq-:-1 > q-2-21· i \ 

= 2 Y1 + r 2 . Y1 Y2 J. i=l .. 

q-2 q-1 
cq-:-1) q-1-2i i = 2 ~1 + r 2 Y2 i=l l. 

Thus q-1 
n * O, and 

... ... 
has Loewy series 

.... ... 2 .... 
= nB > n B > > I 

... ... 
There£ore e 1B is a uniserial local 

... 
ring with composition length l(e

1B) = q. This completes the proof. 

With the integers b (k) 
n~ 

defined in Lemma 6 we now state 

Lemma 9. a) For every odd n < p _ we have mod I(A): 

T n = b (n)R + b (n~l)T + b (n- 2 )z 
1 n n 1 n - 2 + ••• 

; 

... 

C 

• 

,l. 



, 
• 

.. 

.. 

.. 

. . 
' . .. . . 

' . 

' 

b) For every even n < p we have mod I(A): 

T n = b (n)R + b (n-l)T + b (n- 2 >z + 
1 n n 1 n 2 ... 

c) T p = b (p)R + b (p-l)T + b (p- 2)z + 
1 p p 1 p 2 ... + b (l)Z + b (l)E 

p p-1 p-1 

A 

d) In the ring C the following relations hold: 

(T2k-1) p (2k-1)R - 2kE for 1 1 = < k < - (p-1) ... ... 2 

(T2k)p -2kR (2k+1)E
1 for 1 1 = + < k < -(p-3} 1 = ..,. 2 

(Z2k-1)p -2kR (2k-1)E
1 for 1 1 = + < k < -(p-1) 1 .. = 2 

(Z2k)p (2k+1)R - 2kE for 1 1 = < k < - (p-3) ... = 2 

Proof. The assertions a), b} and c) follow from Theorem 1. 

By c) and Lemma 6 , T p = R-2E 
1 Let 

t2k-1 = 

t2k = 

z2k-1 = 

z2k = 

h 
, P, 

T en t 1 · 

-using the 

2 +- = -t ... 1 

t2 
p = 0 

T2k-1 - (2k-1) R + . 2kE 

T2k + 2kR
1 - (2k+1)E

1 

Z2k-1-- (2k-1) E1 ·. + 2kR1 

Z2k + 2kE -

= 0 •. As 

(2k+l)R 

t p-2 

. 

= 

multiplication table of 
' ' + z2 _+ 4t p-2 
. ', Hence 1 ' 

For 2 j 1 . < < 2 (p-1) .. -

I 

, 

, 

we thus get' ' 
... 

A and C again 
p 

z2 = 0 , and 

we have: 

+ 2t . l + (J"+l)t 2 , p-J- p-

t p = 0 
2 • p-

we get 

so 

if j is odd, 

t 1tj = -(j+l)z 1 + zj-l + zj+l + 2tp-j-l + jzp_ 2 , if j is even. 
' 

Suppose that for 1 < i < j we know that - - t.P = 0, 
1 

then · 

z · P· = o • ,Therefore j+1 t. +l p = 0 • Hence assertion d) holds 
.J 
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for all k by induction. This completes the proof. 

.... p-2 p"-2 

Proeosition 1 o. Let p * 2. Then C = FV4 + I: FT1 + r FZi 
1=1 i=1 

has four primitive orthogonal idempotents 

e3 = lcR 
4 + R.1 + E + El) 

e4 = j(R + Rl - E -E) 
4 1 

es = l(R 
4 - R 1 - E + E1) 

e6 = lcR - R + E - El) I and 
4 1 

... ... ... "' "' 
C = e 3c e e4C: e e 5c EB e 6c 

.... 
where each eic is a uniserial local ring of composition length 

' 

'" ... .... 
l{e 3C} l(e5C} 1 . ' 

= = 2<p-1) ., , 
.... ... 1 

1-~: 4c) = l(e6C} = 2(p-3) 

.... .... 
Furthermore, J (C) = (T 1-R+2E}C. 

Tl ........ ,..., :: 71 ,. T"\ "' 2; -- FV4 = FR + FR. + FE +. FE 1 
is . semi-simple, . 

.I, .. '-"'"-,,J ..... . ..... s:- I 

ar1,:! (ei I 3 < i < 6} is the complete set of all orthogonal 
= ... 

p:: imitive idempotents of FV4 

Let x be a primitive idempotent of 
p-2 

C and 
p·-2 

X = £
0

R + f 1R1 + f 2E + f 3E1 + t viTi + 
i=1 

r 
i=1 

for some f . , v . ', wk E F • 
.l J ' 

As x = x 2 , we get 

p v.T. + 
.l l. 

Dy Lemma 9d) e~ch Tip, ziP belongs to FV4 . 

Thus x E { e. ! 3 < i < 6} • 
.L - = 

p-2 
r 

1=1 

... 

" 

,t 

' 

I 



.. 

,I, 

.. 
l • 
I 
j .. 
! 

• . 
! .. 
i 

.. 

i 
I , 

,a 
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... p-2 
Then uC = r FuTi +Fu~+ FuE. 

i=1 . 

By the multiplication table of A and Lemma 9 the 
... 

F~vector space uc is generated by the p9~ers of uT1 ... Hence 

uC is a finite-dimensional epimorphic image of the polynomial 
... 

ring F(X] . Therefore uC is a direct sum of uniserial local 
~ ... 

rings. Thus the local rings e 3c and e 4c are uniserial . 

Since 
... 1 "2" {p-3) 

r 
i=1 

it follows that the Loewy lengths are and 
... 1 

l(e4C) = 2 (p-3) 

A A 

By Lemma 9d) J(C) contains T1 - R + 2E. As e
3

c is generated 

as an F-vector space by the powers of e 3T 1 , it follows from 

e 3 (T 1-R+2E) = e 3T1 + e 3 
that the non-zero powers of · e 3 (T 1-R+2E) are linearly independent, 

... 
and therefore they are a vector space basis of J(e,c) Thus 

Using the equaticin e 4 (T 1-R+2E) = e 4 - 3e4 it follows similarly 
... ... 

... 
The corresponding results for e 5c and e 6c are proved 

analogously. '-', 
-; '-

6 ... ... ... 
Since · J (C) = l: e J(e.C) , 

i=3 l. 
we get J(C) = (T,-R+2E)C, 

which comple~es the proof. 

Combining the above results we obtain the following 

'f • 
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Let p * 2. Let A be the integral Green ring 

of the cyclic group C of order 2 p • Then: " 

a) J(A) = pA +DA+ R2A + CY1-Xo)A + (2Y,+Y2)A + (T1-R+2E)A. • 

b) A/J(A) ~ GF(p) 6 • 
... 

c) The ideal L = pA + I(A) + N(A) < J(A) , 
. - and A = A/L is ...... 

isomorphic to a direct sum of 6 local uniserial rings, 4 of which 

have Loewy length and 2 of which have Loewy length 
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