





1. The indecomposable RC-lattices and their reductions.

We begin by listing the 4p+1 indecomposable RC-lattices.

Let R2 = R[z] and R1 = R[gp], where ¢ 1is a primitive root of
1 of order pz. Let H be a cyclic group of order p. For every

.

RC-lattice M let M = M/pM. -

The indecomposable RH-lattices are the trivial module R, the
group ring RH and the simple module R1. These are clearly inde- .
composable RC~lattices. Also R2 is a simple RC-lattice, and any
other indecomposable RC—la£tice M 1is an extension of R2 by an

RH-lattice N. Following [2] we write:

M= (Ry,N,u) , € Extp (Ry,N) « N .
The isomorphism classes of the indecomposable RC-lattices are then
represented by the following 4p+1 lattices (see [2] p. 736).

R,Ry,D, = RH , R,,D = RC ,

E = (RZ'R"I) [) E1 = (R21R111) ’

24
i

(R,,RaR,, 1+AY) , 0 ¢ i ¢ p-2

i
Yl = (RZIRHJA ) ’ 1 _<_ i é. p_1
If p+ 2, T, = (R, R, 1 <1 <p-2, and
Z, = (R,,RORH,1#AY) , 1 < 1 < p-2 .

Our notation is r=2lated to that of [7] as follows.

For the other indecomposables both notations coincide.

We also need the reduction modulo p of these lattices. Let L(j)

be the uniserial indecomposable FC-module of rank 3j. The first seven
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.isomorphic to ideals generated by two elements of RC, while the 2

lattices of the list are isomorphic to principal ideals of RC, for

them M ~ L(r). where r = rank M. The lattices X{1¥;, Ty, are

i
are lattices of rank p2+1 with two generators, and reduction modulo

p in these cases gives (see [1] or [4]):

Lemma 1.1

a) X, 4

«¥, = L(p-i) ® L(i) for 1 p-1

A
-
A

b) T, ~ L(p°-i-1) ® L(i) for 1 < i < p-2

¢) T, ~L(p°-i) ® L(i+1) for 1 < i < p-2.

Lemma 1.2 Let H be the subgroup of order p of C, and let M

be an indecomposable RC-lattice. Let 0 < i,j < p. Then the following

assertions .hold:

a) If M e« L(i) , then My = iR

b) If M« L(p°-j), then M, = (p-j)D, © iR

H 1

¢) If M« L(p~j) & L(i) , then Mg = (p=3)D, ® jR, @ iR

For each non-projective (not necessarily R-torsion free) RC-module

M, the Heller module of M is denoted by QM. From [1] we quote

Lemma 1.3
a) AR =~.B

b) QR1 ~ E

c) QRZ o~ D1 h
d) Qxi o Yi+1 » for 0 < i < p-2,
e) AT, ~2;, , for 1 ¢<1i g p-2.

Furthermore, QzM ~M for every indecomposable RC-lattice M.



2. Mctheds for decomposing tensor products.

In this section the methods for establishing the multiplication
table of the Green ring A are presented. The results mentioned are

not considered to be new.

Lemma 2.1 For any non-projective RC-lattices M, and M,:

where nD denotes the direct sum of n copies of D.

This iscmorphism permits to obtain M, ® QM4 and oMy © M, once
M; € M5, is known. Observe that the number n of free summands is
easily determined by the ranks of M, and M,. For example, for all

RC-lattices M we have
E1 ® M~ QM & nD .

We now list J.A. Green's formulas of [3] in the form needed for

our ccmputations in the following subsidiary result,

Lemma 2.2

i L{i) ® L(j) = L(j-i+2k-1), if i 23,1 +3j<p,

1 ==

’:Tr:p.

p-J .
II. L(i) © L(j) ~ (j+i-p)L(p) ® L L(j-i+2k-1), if i <3 ., i+32p.

k=1

ol 3 B o 2 i . .
III. L{(p"-1i) ® L(p"-3j) ~ (p“~i-j) L(p“) & L L(j-i+2k-1),
k=1

if 1<j,i+3cp,

2l - . Ay 2 B=F, L
IV. L(p"-i) © L(p"-Jj) =~ (i+j-p) L(p) @ (p“-i-3) L(p°) ® I L(j-i+2k-1)

k=1
if i<3j,i+3>p.
i

V. L(i) © L(pz—j) > 4l L(pz-ijj+2k-1) o 1fE 1 < J, 1+ 3 ¢ P
k=il _ ;

L
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VI. L(1) @ L(p%-j) « (i-3) L(p%) @ L L(pZ-i-j+2k-1) ,
k=1

if i 23,1+ P

. . ol . 2 BRAR g I Lty
VII. L(i) @ L(p“~j) « (i+j-p) L(p“~p) ® L  L(p“-2p+i+j+2k-1) ,

k=1
if 1i<3j,i+320p,
. 2_. . 2 L T o S
VIII. L(i)OL(p“~]) =« (i+j-p)L(p“-p)®(i-j)L(p“)e L L(p =-2p+i+j+2k-1) ,
k=1

if 1i>3,4i+32>p.

The following result of [6] is best stated in terms of the Heller

operator applied to FC-modules, considered as RC-modules.

Lemma 2.3 For every FC-module V and every RC-lattice M:

M®QVU ~Q(M V) & nD
R F

Lemma 2.4 a) OL(1i) e Yi if 1 <1i<p-1,

@ R, 1if p <1 pz—p

b) QL(1) = D1

Clhy i QL(pz-i) e xi_1 if 1 <1< p-1,
L B S s D e iabeosida i o 4d
Proof. Let ¢ denote the cyclotomic polynomial of order p~ It
is easily shown that if 1 < i < p-1, and C = <a> , then

D/(RCH(a) + RC(a-1)1) ~ L(i)

Hence QL(i) ~ RCs(a) + RC(a-1)1 =~

2 )
RCy(a) + (R + ... + RaP P71y (a-1)? 4 (Ry,Dq,

~

For p < i< pz-p we have (QL(i) ~ RCp + RC(a-1)" .

p 3 , 1 -
Therefore it suiiices to show that the idempotent 5:(a) defines
an endomorphism of RCP+RC(a-—1)1 » and that the given one is the onlv

possible splitting.



The third isomorphism follows from the first one and from the
following fact which is easily verified. If @ indicates Heller's

operator on FC-modules, then

QAL(L)) o Q(QL(1)) .

3. The multiplication table of A .

We list now the products of the basis elements of A omitting
those products which can be obtained from the given ones by using

the Heller operator. In our notation we do not distinguish between
n— \ -

a lattice and its isomorphism class. Up to minor corrections the

CON

following theorem is due to Rudko ([7]. -

-

| R

~
-

Theorem 3.1 With the notation of section 1 we have:

\

1) R, 6 Ry = R+(p-2)D, \\
2) Dy © D, = pD,
3) D; @ Ry = (p=1)D,
4) D1 e Ti = iD1 @ (i+‘l)R2 ® (p-i-1)D
5) D; @ ¥; = i(D +R,) ® (p-i)D
6) Ry ® T; = (i-1)Dy @ iR, @ 2, , ® (p-i-2)D
7) Ry © ¥, = (i=1)(Dy+Ry) © ¥ _, ® (p-i-1)D

i i ' 2
8) a) T, @ Tj = ii1 Tj-i+2k-1 8 éio Zj—i+2k & (p™-2i-3)D ,

if i< 3, iti < p-2,

it}
38
-3

4
2k
b) T; © T, LTy o kgﬁ Z2x-1 © Dy @ E @ (p°-2i-3)D ,

if i< 3, i+ = p-1 ,
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c)

d)

e)

£)

9) a)

b)

10)a)

c)

d)

~ e p-j-1 . ;
T 8Ty =) j-i+2k-1 @ © 4 Zi_jeox © 2(3+1-p+1) (D,0R,)
K=1 K=0 - .
® (p°-21-3)D , if 1< 3§, itj > p-.
i 1 | 2 p-1
1 @7 = L T, @ L 2 ®RO (p-2i-2)D , if 1 < B,
k=1 k=1 . .
i i-1 5
Ti ® Ty = ,% T2k-1 ® 'E Z)y RO D; ®E ® (p“-p-1)D ,
k=1 k=1
ir 1 =B1,
p-i-1 p-i-1
T; © T, = £i1 Tox-1 © L Zo)y ® RO 2(21+1-p)(D18R2)

k=1
® (p2-2i-2)D , if 4 > =
i-1 i

2
Y, © Y. 5} X. . @ 14 Y._ _q4 ® (p™=2i)D ,
i j k=0 J-i+2k k=1 j-i+2k-1

if i<3j,i+j<p,

p-j-1 P-J 1
Y107 A Xy ® iy Y3-i+2k-1 @ 2(i*3-p) (D,6R,)

® (p%-21)D, if i< 3, i+ 3> p ..

i

i
T. @Y. = U X, ® U Y

. . 2
t J k=0 J=i+2k-1° k=1 j=i+2k-1 9 (p"-2i-2)D ,

[ 3 3
O I T o, Yi-jeak-1 @ (P-23-1)D
i N .
if 1 >3, i+j < p-1 f\\
p=j-1 P-J B4 bR ,
T;.® Yj = Ego xj—i+2k-1 e ﬁi1 Yj—i+2k-1 ® (2(i+j-p)+ ) (D48R,)

'@ (p%<2i-2)D if i< 3§ , i+j > p-1,

p~-i-1 p-i ]
T; © Yj = gﬁ1 xi—j+2k-1 ] gi1 Yi-j+2k-1 ® (2(i+j-p)+1) (D,@R,)

® (pz-Zj-1)D o if 123, i+ > p-1 .



Proof. The fact that tensoring with lattices preserves exactness,
and the use of Schanuel's lemma suffice to determine the products of -

the RH-lattices.

Since D, = R and R, = R]C » the products of D, and R, with
any other lattice M are obtained by using Lemma 1.2 and the general
isomorphism N© O M« (N@MH)C g

The products of lattices M, and _M2 not isomorphic to Xi or 2

Yi can be determined by means of Lemma 2.2, because the ihdecomposable

direct summands of ﬁ1 8 ﬁz can be lifted uniquely to indecomposable
RC-lattices, except when -M1.u My e« T 4 -
| \
For example, applying VIII and II we obtain -

R, @ T, ~ L(p~1) @ (L(p°-i-1) @ L(1)) ~

iL(pz-p) ® (p-i-2) L(pz) @ L(pz—p+i+1) @ (i-1) L(p) 3 L(p-1i) «

iRy @ (p~i-2)D @ (i-1)D, @ Z_, _,

Computing Ti ® Ti for i = E%l by this method, it is  found that
‘there are three possible 1liftings of - Ti e Ti. But .(T1-R)Ti2 can
be written as a linear combination of basis elements in A if p #* 3,
and the three liftings of Ti 2] Ti give three different products when

multiplied by T]-R + SO this enables us to determine the correct

lifting. The case p = 3 can be verified separately.

The products involving Xi or Y. are found by application of -

i
Lemmas 2.2, 2.3 and 2.4.

For example, if i < j and i+j £ p~1, wusing I and VI of Lemma

2.2, we get:
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1 @Y, =T 0 QL(j) Q(TieL(j)) ® nD

J
' 5 i+1 5 i
.o QL(j-1-1)L(p°) & 1 L(p™—i-j+2k-2) & u L(j-i+2k=1)] ® nD
k=1 k=1
i i
& UL Raseigi o B M W _, ©mD .
k=0 J i+2k-1 k=1 J i+2k-1

This completes the proof.
Assertion c) of the following result is due to Rudko [7) and

Reiner [6]

Corollary 3.2. The integral Green ring A of the cyclic group ¢

of order p2 has the'fbllowing ideals.

a). I(A) = K01 + KR2 + KD = RZA + D1A
) p-2 L
b) N(a) = -E _K(Xi—Yi+1) (XO-Y1)A
. i=0
€  N(A) is the nil radical of A, and N(a)2 =o0 .
Proof. a) Notice that I(a) =% kNC + Wwhere N runs through

N
all the indecomposable RH-lattices. This implies that I(A) is an

ideal of * A. * Since E1D1 = R2 + (p-1)D , I(a) can;be generated by

R, =znd D, as an ideal of A.

\\g\‘ .
b} Now N(A) = £ K(QV-QW) , where the sum extends over all pairs of
indecomposable FC-modules V,W such that oV ~ oW . By Lemma 2.3,

for every RC-lattice M we have

M(QV-2W) = Q(Mev) - Q(Hew) , Q(MOV) ~ Q(MeW) , as B cannot be a
direct summand of any of these two FC-modules, because otherwise D
would be a direct summand of a Heller module. Hence N(A) is an ideal

of A. ' 2

Using Theorem 3.1 we get



T1(Y1-Xo) =T.Y, = Q(T]Y1) =Y

1¥4 - X = (YZ—XI) , and for 1i > 1:

1 o

N
]

TYi 5 Q(T1Yi)

= (X Y ) oA XYL )+ (Y X))

i-2"*i-1
Therefore we get by induction that N(A) = (YI-XO)A' Clearly

(Y1-X°)2 = 0, and so N(A)2 = 0. - .

-

1

c) It suffices to show that A = A/N(A) does not have nilpotent

elements. Let

p-1 p-2
a = roR #* r]R1 + rzE + r3E1 + r4D1 + rSR2 + r6D e i§1ini + i§1tiTi-+
p-z ~ 2 ’ N
+ I 2,2 of A satisfy a“ = 0, where ri/Yjetiez; € K.

i=1
~

L

Let M,N be indecomposable RC-lattices, then by Theorem 3.1 R

is a direct summand of M @ N if and only if M ~ N and’ p does not

=S 2
divide the rank of M. Thus a" = 0 implies

p=2 p-2
r 2 + r 2 +°r 2 +r & i 0 't.2 + X z Z =0 .
o 1 2 . 3 ) i = i
i=1 i=1
Thus rj =0, ti =0, z; = O for all the above indices, and
p-1 b :
a € I(A) + T KY; . Let a=a+ I(A) € A/I(A) . Then
i=1
= 9—1 =D
a = YiYi . and a” = (0) . Then, since by Theorem 3.1 Y1 is
i=1 oF

not a direct summand of Y, ® Yj for i %+ j, it follows that the
coefficient of Y, in 2% is:

2 2 2

0 = Y¢© tyy ...t Yp-1 » and so y; = o’

for 1 < i<p-1. Thus a€ I(A) , and so a = ryDy + rgRy + r.D .

Applying Theorem 3.1 again we get -

e
0 =a" = (r4 + re )pD, + 2r4r5pR2 + nD

for some integer n. Hence r, = r. = O. As D 1is not nilpotent,
4 5

re = 0. Thus a = 0. ‘This completes the proof.

1
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1. The nmultiplication table of A.

Let R2 = R[p] and R1 = R[pp],, where p 1s a primitive root
of 1 of order pz. Let H be a cyclic group of order p. ' The
isomorphism classes of the indecomposable RC-lattices are then re-
presented by the following d4p+1 lattices in the notation of

Curtis-Reiner {1] , p. 736:

t1
"

(Rerp_‘) ’ 31 = (R21R11) ’

i
N )
Y, = (Rz,RH,Ai) , 1 <1 ¢ p-1 )

If p +# 2, then we also have the lattices,

: : |
T, o= (Ry,Ry,A7) , 1 g1 g p2

E Z2; =

. -
-t § » P ey ™ kb R oy PP AR e s s B NTARS L vk e Bag W

(R,,RORH, 1+AY) , 1 <1 <p-2.

We now state Rudko's (3] multiplication table of A 1in its
complete version as it is given in our paper (2] . The missing
products can be obtained from the given ones by means of the use

-

of the Heller operator Q, see (2] .

Theorem 1. With the above notatioQ'we have:
pRlp-0\ s g le\-2e)

1) RyR; = R+(p-2)D;

D, = pD, Rpe ‘)Q\.\ *'@%RC RHQ,~

2) D

3) D4R,y = (p-1)D,

4) DyT; = iD +(i+1)R, + (p=i=1)D '
5} Dy¥; = i(D4+Ry) + (p-i)D

6) RyT; = (i-1)D; + iR, + Zyjq * (Pmi-2)D

L ¥4
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7)

8)

9)

10)

. < pel
R,¥; = (1'”(014“3.2’ + Yp_i + (p-i-1)D P-b+
. i L 2
a) TiTj = k£1Tj'i+_2k-1 + kiozj_i_i_ék + (p™=-2i-3)D ,
if £ <3, i+j £ p-2 , '
n i i - 2
) TiTj = E Tp-Zk + E Zp-2k—1 + D, + E + (p“-2i-3)D ,
k=1 k=1
if i« j ’ l+j = P"'1 ’
, p-Jj-1 p-J-1 o
c) TiTj = k§1 Tj-i+2k-1 + kio Zj—i+2k + 2(j+i-p+1) (D4+R,)
+ (92-21—3)D, if 1i<3j, i+ >2p .

o i ‘ i 2 p-1
d) TiTi = k-E-l T2k-1 + k; z2k + R + (p™-2i-2)D, if 1 < 5=
i i-1 5

e} T;T; = oq T2k-1 T E By ¥R F Dy B (p7-p-1)D, if i =
p-i-1 p-i-1
£) T,T, = k§1 Tor-1 + ki1 Zoy * R +2(21+1-p)(D1+R2)
+ (pP-21-2)p, if 1> 21
i-1 i
al ¥y¥5 = B Xymieae T E Yyeseak- 7O (PT7200D
if i <3, i+) 2p,
. p-3j-1 P-J el B
BY ¥y¥y = B Xsmieat D Yieseaneg * 2(3437P) (Dy#Ry)
+ (p2~2i)D, if i <3, i+ 2p
- ™~
i i
é) Tin = kzo xj-i+2k—1 + k§1 YJ-1+2k—1 + (p©-2i-2)D,
if \i < 3. i+) £ P11,
) 3 3
Y Ty¥y = I Eiogeak-1 * I Yiogeak-q ¥ (0772710,
if 1 >3, i+43 £ p-1 ,

—t— e b e .l S e e . e i D &

I

p-1
2



p=j-1 p~
c) TY., = T X 3
e k=0

“

+ (pz-Zi-Z)D, LEHS 50 i+j > p-1

il T p-i-1 p-i-
. = z X, . + I Yzl + j=1) +
1% k=1 i=-j+2k-1 k=1 1-§+2k-1 (2(i+j=-p) 1)(D1+R2)

+ (p%-2§-1)D, if i 23, i+j > p-1

2. The structure of A.

For the determination of the Jacobson radical J(A) of the

integral Green ring A we need several ideals of A defined in -

\-

the following subsidiary result. The notations given there will

be kept in the following without further mention.

S
~

i . . ‘ N
Lemma 2. a) The following K-submodules of A are ideals:
I1(a) = KD1 + KR2 + KD = DA + R2A b
p-2 "
N(aA) = .E K(Xi-Yi+1) (XO-Y1)A‘.
i=0
L = I(A) + N(A) + pAa . y
p-2 p-1 - ’
B =1I(a) + % KXi + ¥ KYi 5 ¥
i=0 Ci=t
b) N(A) is the nil radical of A, and N(a)2 = O.
s

¢) L2 < PA , and L < J(Aa)

Proof. By Corollary 3.2 of (2], b) and the first two assertions

of a) hold.
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Clearly L 1is an ideal. As I(A) N N(A) = 0, it follows that

2 2

L I + pA < pA . Hence L < J(a).

<
=

By Lemma 1.2 of [2], B = I(A) + X ROV , where V runs through
: v

the indecomposable FC-modules and Q denotes the Heller operator.

Hence by Lemma 2.1 of [2], B is an ideal of Aa.

1

Theorem 3. If p=2, then A is a local ring with Jacobson

radical
J(A) = 2A + B + K(R1-R) + K(E~R) + K(E1-R) '

and A/J(A) =« F .

Proof. As p =2 , Theorem 1 implies

v.2=x2c¢ K(X_+¥,) + I(A) < N(A) + 2A + I(A) = L .

Therefore B2 S L. Hence 2A + B < J(A) . Now

A/(2A4+B) ~ FR + FR1 + FE + FE1 )
2 &

) )
Since modulo I(A) we have R1' = ET = E1 = R , and R1E = E1',
it follows that A/(ZA+B) 'is isomorphic to the group algébra EV,

of the Klein four gcoup V, . This implies that J(A) has the

~
~

.

given form, and A/J(A) = F . -

- A ek M

From now on we assume that p is an odd prime, and we keep the
- ~ .

following
-~ FS p-1
Notation. A=34/L , B = (B+pA)/L = ¢ FYi 7
) i=1
-~ PO p—2 p—2
C = A/B =FR + FE + FR1 + FE1 + I FTi + T in

i=1 i=1

-~

‘Observe that A =B +C, and BNncC=20.



1
Lemma 4. Let e, (s w Yp—I) and e, = z(Y,~¥

1 p-1) *

i

Then e, and e, are orthogonal idempotents of B such that

B = e1B & eZB s

Proof. From Theorem 1 it follows that in B . we have:

2.

=3

1 2

e1 = Yy Y1(R+R1) 0 62 = 1 Y1(R-R1) 5 Y1 = 2Y1 0 (R'R1) = 2(R‘R1)
(R+R;)% = 2(R#R;) , R*-R% =0 .
Hence e.2 = e e.2=¢e, and e.e, =0 -
1 n "2 2 172 ¢
= Pz1 =
Let g 5 - Sincg Y1Y1 2Yi r We get

e,B = (R+R,) FY, = £ F(Y,4Y__.) = I F(Y.+Y ) .
1 1 i=1 i i=1 i “p-i 1=1 i

FS q -~ - A
Similarly e,B = £ F(¥;,-Y_ .) . Thus e,B ® eZB =B .
2 i= '

~

Remark 5. For 1 £4d £qg-= 2-1 let ¥, = %(¥1+Y .) and

~

V', F %(Yi-YP_i) .. Then in B we have vy, #7e.Y.  ‘and "y,' = e

- ) ' W= ‘
hence Yiyj = e1Yin and ' Yj = ezYin .

Thus from Theorem 1 it follows that for all 1'i i£3Z%q:

i '
=2 Yyoiek-1

Yy-i42k-1 * Yi ¥j .

1

For the proofs of the following results we require some sub-

sidiary results on certain arithmetical triangles.

k .
For k >0 and n> 1 let C(k,n) = = (¢(J

: whera
J) ’

(g) =0, if j < i. As is well known,

C(k,n) = C(k,n-1) + C(k=1,n-1) + C{k-2,n-1), see Vilenkin [4] .



For k > 0,1 and n > 2 1let the sequences of integers

- an(k) and bn(k) be inductively defined by:
ha,M @ e WL N ) e gy e,
and an(k) = anfﬁ-l) , if 2k =n ,
) b, @ =, o @ g,y DL,

(k) _ (k) (k-1) (k-2)
bn - bn-1 + bn—1 + bn—1

(n) _ (n-2)
- and. b " =b 77 .

-

Lemma 6. Let p be any odd prime, n 2 1 and k > -1

*

With the above notations we have{

(x) _ n n-2k+1
(a) a, = (k—1) i for 2 <2k <n,

RSP PP POY S S PSRRIV & - . 1 P,
-

) b ¥ = cn-1) - c(k-3,n-1) for 3 <k <n-1,

: (<) a (K - O (mod pr for 2 < 2k < an
i ° p == = ’
: (k) - P
' (a) b 20 (mod p}) for 2 <k £ p-1 , @
_ 1%
i (e) . b.P) = 1 mod p and b (1 = 23 mod P~
i Proof. Assertions a) and b) follow easily by induction, and a)
SI90re 0 N

implies c¢).

Ciearly bn(1) = n-1 , and using induction we get that

PR S SUENPIER WP A

f N . bn(z) é‘(g) for all n. Thus bp(z) 2 0 mod p. Clearly

; : kK . Kk g

; cep-1) = = PIH I s ctp-n = 2 (0I5 mod p.
E j=0 J J j=0

?~ Let "k = 2s or k = 2s + 1. Then

Ca

4 wrea as,



c(k,p-1) = (-1)k(g) + (-1)"’(k;’) # e (-1)k“s(k;5) 0 andies
O e Sk a2 liedt -
2 0O mod 3

c(k,p-1) = 1 if k
=1 if k = 1 mod 3

As for k 2 3 we have bp(k) = C(k,p-1) = C(k-3,p-1) , asser-

tion d) follows. _ -

~

Since bp(1) = p~2 it remains to show that b )2 b (p-2) 1

P . p-1
mod p. Applying d) we see that : ;

N = o
p-2 : e o= !
2 ob M= (BN b (PR3 BBy b )« b ) moa p
j=0 1.

¢

p-2 T i - ¥ ' k S
b {3 ap (P72) yp (p=3) oy (p76) | 4p (2) o (P-2)

T mod ;
j=0 P~1 p-1 P P P p-1 ;
' 3
Thus it follows that b (P} = p AP72) 5 oo (0)de (g n; and
P p~i p=i
the proof is complete.*
With the notation of Remark 5 we now can state l
\ B
Lemma 7. For all i with 1< i< q-= E%l , we have ’
Bl e, B : 2 |
Y;" = (=1) iy, in B.
F

Proof. Certainly y1p =Y, - We now éhow that yzp = --2y1 . -

From y,y, = 2y, and Ya¥y = Z(Yj—1+yj+1) for 3 > 1,

we obtain successively:



LR TPy O

D Sy T T I S

(g-2) (1)

Yo Yy + ap_2 Yg t --- F ap_2 yp_3 + yp_1) '

(k)

where the integers. a, are defined as in the preceding lemma.

Since Yoy

p-1 = Yoy, = 2yp_2 ; We get
yzp_1 = 2p-2(ap_1(q).y1 + apf?-1) ¥ +‘... + ap_;1) yp_z) .
And from szp_z = y22 = 2(y1+yp_3) we have
y2p = 2p_1(ap_§1) yq * ap(q)-y2 + ... + ap(z) Yp—3)
But ap_§1) = p-2 and ap(k) =0 (mod p) if 1<k £ q,

' s0 y2p = —2y1 .

Sincg y22 = 2(y1+y3) , 'we have Yo = 2y1p + 2y3p = 4y1 = 8y1
. l

Hence y,p = 3y,

Suppose now that yip = (--1)l+1 i Yq for all i with 3 < i £ k.
Then from' y,y, = 2(y£-1+yk+1) we get -
5. Py P P -SSP JPY P o (—1)k*2
Yo ¥y 2yk__1 + 2yk+1 = (-1)" 2(k 1)y1 + 2yk+1 (-1) -lky1 .

P (_q,k+2

Therefore Yiep = (-1) (k+‘|)y1 .

Proposition 8. a) The orthogonal idempotents e, = %(Y1+Yp_1)

-

and e, = %(Y1- ) of B .are primitive.

LA
b) B = e1B 2] eZB

c) - Each ideal eiB of A 1is a local uniserial iinq of composition

length g = %(p—1) with eiB/J(eiB) = F,



d) J(B) = (2Y1+Y2)A . —

Proof. From the proof of Lemma 4 we know that {y1,y2,...,yq}

is an F-vector space basis of eB . By Lemma 7 [(k+1)yk + kyk+1]p =0

for 1 <k < q-1. This implies that {2y1+y2,...,qu_ (q-1)y }
is a basis of, J(e B) over F. Thus dimF(Je1B) = gq-1 . Hence

e1B is a local ring, and €4 is primitive.

Letr n-= Yy, * E%l Yy - Then n-€ J(e1B){ For every\integer

1 £k £ g-1 the element y2k is a linear combination of

Yqr¥oreeerYypq o where yk+1 has coefficient 2]""'1

Yq1¥p0 yzz,....,yzk-1 . yzk are linearly independent over F for

€EF .‘ Hence

1<k <g-1. Now ' 2

q-1 _ 3" g-1 q-1-i ,p+1,i _ i
A
2 =1 g-1, .q-2-21 o
= 2% I
AREaEINE = ) 2 Yy ¥ '
i=1
g-1 .
4 5g—2 q-1 qg-1-21i i
Thus nq-1 # 0, and J(e1B) = nB has Loewy series

J(e;B) = nB > 2B > ... > n¥ 135> 98 =0 ,

because dimF J(e1B) = gq-1 . Therefore e,B is a uniserial local

ring with composition length 1l(e.B) = q. This completes the proof.
1

With the integers bn(k) defined in Lemma 6 we now state
Lemma 9. a) For every odd n < p we have mod I(A):

n _ (n) (n-1) (n-2) w (1), (o)
T,  =b "R+ bn - Ty + by Zy ¥ ... +b Z,.1 t b, T,

Vi s



E S SN

XN

b) For every even n < p we have mod I(A):

(n-2) : (1)
+ bn 22 + ... + bn Tn._:1

Pp_, (p) (p-1) (p-2) (1)
_bp R + bp T, + bp 2, + ...+ bp Zpep t b

d) 1In the ring C the following relations hold:

P _ - - 1=
(TZk-1) = (2k-1)R 2kE f?r 1<k < 2(p 1)
WP L
(T2k) = ZkR1 + (2k+1)E1 for 1 <k < 2(p 3)
p - - LI
(sz—T) 2kR, + (2k 1E, for 1 < k < 5(p-1)
(z2k)p = (2kf1)R - 2kE for 1 <k < %(p—3)
Proof. The assertions a), b) and c) follow from Theorem 1.

By ¢) and Lemma 6 , T,P = R-2E . Let

= T

(o)
+ bn Zn

(1)

p-1

E

tor—1 2k-1 ~ (2k=-1)R + 2kE ,

tox = T2k + 2kR1 - (2k+1)E1 '

2551 sz_1_- (2k-1)E11+ 2kR1 '

Zok | = 2, + 2kE - (2k+1)R .

Heny £, 0 = As t = Bt hus get™ t_ .P = g
Then t1’ = 0 . ' p-2 = 1 We thus get p-2 .
Using the multiplication table of A and C again we get

r 2 o - P _

£, ty + 2, + 4tp_2 -~ Hence z, 0, and so
'tzp .= 0. For 2< j< %(p—1) we have:

t1tj = -jt, ¢+ 251 + 2541 + 2tp—j-1 + (]+1)tp__2 » 1if j is odd,
t1tj = —(3+1)z1 + zj-l + zj+1 + 2tp-j-1 + jzp_z » 1if Jj 1s even.
Suppose that for 1 < i < j we know that tiP = 0 , then’

- P . ' c 1

sz‘_1 O . Therefore tj+1 O . Hence assertion d) holds
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for all k by induction. This completes the proof.

p-2 p-2

Proposition 10. Let p ¢ 2. Then C =FV, + L FT, + I F2Z
4 i . i
i=1 i=1
has four primitive orthogonal idempotents
-1 !
=l Sk
e, = 3(R + Ry E -E;)
- lip - -

= . -

-~

C = e3C e e4q & eSC & e6C .

where each eiC is a uniserial local ring of composition length

"

|
Q) vj= =
e
1
w

1(e5C) 1(egC)
1£%4C) = 1(egC)

Furthermore, J{(C)

I
=)
i
P
+
[y
)

s p o+ 2, "pvd = PR + 1='R.l + FE +_FE1 is semi-simple,

and (ei | 3 < i< 6} 1is the complete set of all orthogonal

primitive idempotents of FV, .

Let x be a primitive idempotent of C and

- p-2 p-2
X = foR + flR1 + sz + f3E1 + .z ViTi + _z wizi 7
i=1 i=1
= 2 '
for some fi’vj’wk € F. As x = x° , we get
P ' p-2 p, P72 p
X = X° = foR + xﬂR1 + sz + f3E1 + ii1 ViTi + 121 wizi .

By Lemma 9d) each Tip ' Zip belongs to FV4

Thus x € {ei i 3 <1i¢ 6}
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p=2
b3 E‘uTi + FuR + FuE
g

(]

Let u = e + e4 . Then uC =

By the multiplication table of A and Lemma 9 the
F-vector space uC is generated by the powers of uT1 . Hence
uC is a finite-dimensional epimorphic image of the polynomial

ring F[X] . Therefore uC 1is a direct sum of uniserial local

rings. Thus the local rings e3C and e4C are uniserial.

~  (p-3)
Fe3Ti + Fe3 ’ e4C = I

Since e3C =
1 i=1

Fe4Ti + Fe4 ’

it follows that the Loewy lengths are l(e3C) = %(9—1) and
1
l(e4c) = ‘Q‘(P":i)

~

By Lemma 9d) J(C) contains T, - R + 2E . As e3C is generated

1

as an FP-vector space by the powers of e,Ty , it follows from

e3(T1—R+2E) = e3’I'1 + e,

that the non-zero powers of e3(T1—R+2E) are linearly independent,
and therefore they are a vector space basis of J(e,C) . Thus

J(e3C) = e3(T1TR+2E)C .

Using the eJjuation e, (T;-R+2E) = e, - 3e4 it follows similarly

that’ J(94C) f e4(T1-R+2E)C. s

.- The éorresponding results for eSC and e6C are proved

analogously. .
= 6 AN
Since J(C) = I & J(eiC) , we get J(C) = (T1—R+2E)C '
i=3 '

which completes the proof.

~

Combining the above results we obtain the following
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Theorem 11, Let p # 2. Let A be the integral Green ring

of the cyclic group C of order pz. Then:

a) J(a) = pA + DA + RZA + (Y1-XO)A + (2Y1+Y2)A + (T1‘R+2E)A d
b) A/J(A) = GF(p)® .

c) The ideal L = pA + I(A) + N(A) ¢ J(A) , and A = A/L is
isomorphic to a direct sum of 6 local uniserial rings, 4 of which

have Loewy length %(p—1) and 2 of which have Loewy length %(p-3).

-
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