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Abstract

This work consists in the presentation of a computational modelling approach to study normal and pathological behavior
of red blood cells in slow transient processes that can not be accompanied by pure particle methods (which require very
small time steps). The basic model, inspired by the best models currently available, considers the cytoskeleton as a discrete
non-linear elastic structure. The novelty of the proposed work is to couple this skeleton with continuum models instead
of the more common discrete models (molecular dynamics, particle methods) of the lipid bilayer. The interaction of the
solid cytoskeleton with the bilayer, which is a two-dimensional fluid, will be done through adhesion forces adapting efficient
solid-solid adhesion algorithms. The continuous treatment of the fluid parts is well justified by scale arguments and leads to
much more stable and precise numerical problems when, as is the case, the size of the molecules (0.3 nm) is much smaller
than the overall size (~ 8000 nm). In this paper we display some numerical simulations that show how our approach can
describe the interaction of an RBC with an exogenous body as well as the relaxation of the shape of an RBC toward its
equilibrium configuration in absence of external forces.

Keywords: Red blood cell, Mathematical modeling, Biological fluid mechanics, Lipid membrane,
cytoskeleton, Fluid-solid interactions, Cell biology
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1. Introduction

Red blood cells (RBC) occupy between 35 and 50 % of the total blood volume in the human circulatory
system. Their mechanical characteristics are highly relevant for the biological functions of blood, not only
because they have direct consequences in hemodynamics [1,2] but also because the way RBC respond
(e.g., to shear stress) may impact the synthesis of nitric oxide and thus the regulation of vascular tonus [3].

In human blood, a RBC (or erythrocyte) has the shape of a biconcave disk, flattened and depressed in
the centre, with a cross-section of dumbbell shape [4]. In its undeformed state, the discoid has a diameter
of 6 —8 um and its average thickness is 2 um. Typical erythrocytes have a volume of 90 um? and a surface
area of 136 um? (see e.g. [5]). Therefore, while in blood vessels with a diameter larger than 200 um (like
arteries) the flow of the blood can be modeled in terms of a homogeneous non-newtonian fluid, when we
consider the circulation in vessels whose internal diameter is comparable with the size of RBCs (arterioles,
venules, and capillaries) it becomes essential to consider the blood as a suspension of erythrocytes and
to take into account their morphological evolution.

Indeed, blood can flow in capillaries with diameter smaller than that of RBCs, because RBCs change
their shape from the original biconcave one to that of a bullet or of a parachute and then recover their
initial state. Therefore modeling erythrocytes is essential for an appropriate description of the blood
flow and its functions in microcirculation [6]. Analogous situations are frequent: as long as it is possible
to apply a continuum approach by averaging the relevant quantities over a small volume the available

[ STl © 2020 Luca Meacci,Gustavo C. Buscaglia,Fernando Mut,Roberto F. Ausas,Mario Primicerio, licensee De Gruyter Open.
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.


mailto: luca.meacci@usp.br
http://www.ams.org/mathscinet/msc/msc2010.html
http://creativecommons.org/licenses/by-nc-nd/3.0/

L. MEACCI, G. C. BUSCAGLIA, R. F. AUSAS, F. MUT, M. PRIMICERIO

methods are relatively simple and well established [7]; however, sometimes intrinsic heterogeneities be-
come fundamental because different components react differently to the same external stimulus [8]. In
those cases even a single-cell approach can be instrumental for modeling the system or for developing
therapeutic strategies [9]. The present paper aims to contribute under this regard.

A human RBC is a nucleus-free cell whose basic mechanical structure consists of a cytoskeleton formed
by a spectrin network and of a fluid-like lipid bilayer. In what concerns Mechanics, lipid bilayers are two-
molecule-thick sheets of phospholipid molecules which are known to function as osmotic barriers with
viscous tangential behavior and bending resistance. The spectrin network is like an internal reinforcement
thought to play a role in the stability of the RBC’s shape [10]. The spectrin network attaches, through
a junction complez (JC), to proteins that are “floating” in the bilayer among the (much smaller) lipid
particles. The JCs can be associated to nodes of a network of fibers with elastic or viscoelastic behavior.
The attachment of the JCs to the bilayer is strong enough for them to remain attached in most physio-
logical conditions, but under extreme conditions it is known that detachment occurs before the bilayer
itself breaks [11].

In [12,13] a computational scheme was presented in which both the bilayer and the cytoskeleton are
modeled as a discrete system of interacting particles. This requires particles describing the behavior of
the lipid molecules, of the spectrin fibers, of the JCs, and also possibly of the inner and outer three-
dimensional liquids. More precisely, the cytoskeleton is described as a set of JCs (nodes) connected by
nonlinear springs obeying a worm-like-chain law (other laws have also been considered [14]). The typical
length of the spectrin filaments is about 70 nanometers, which corresponds to a number of about 30, 000
nodes for the cytoskeleton. This number is small enough for the numerical simulation of the complete
cytoskeleton to be feasible. For certain studies that require low-cost solvers, some coarse graining rules
are available that allow to reduce the number of nodes by a factor of 10 or 100 without significant loss
in physical accuracy [14].

The use of particles to describe the lipid bilayer, on the other hand, is more questionable. The
number of molecules in the bilayer is about 700 million, so that each of the numerical particles must
model thousands or tens of thousands of molecules for the cumputing cost to be affordable.

Taking these facts into account, we adopt the following strategy: maintaining the discrete description
of the cytoskeleton as in [12,13], we model the lipid bilayer in terms of a continuous surface fluid. In
particular, we adopt the viscous liquid shell model with Canham-Helfrich bending energy described by
Arroyo et al. [15], with a discretization based on the method of Rodrigues et al. [16] that has sufficient
generality to accomplish this task. The two sub-systems are coupled by adhesion forces that bind the
cytoskeleton and the bilayer, inspired by the computational contact formulations for soft body adhesion
of Sauer [17].

In this paper we describe the model and display some numerical simulations in specific situations
that show how our approach is promising in view of future applications. In particular, we consider a case
of interaction with an exogenous body, and the relaxation of an RBC from a deformed configuration
towards its equilibrium state, in absence of external forces.

2. Mathematical formulation

We consider a red blood cell as a mechanical system whose configuration is described by the state X
of the cytoskeleton and the state ) of the lipid bilayer. In Figure 1 we show a scheme of a RBC depicting
the two components of the model. The configuration X represents a state of the cytoskeleton, which in
our model is a set of Nx balls of radius R representing the junctional complexes of the cytoskeleton. In
this way, appropriate coordinates for X are the positions of the nodes of the cytoskeleton model, which
are the centers of the aforementioned balls. These coordinates will be denoted by {X7 }jvle Consequently,
the instantaneous motion of the cytoskeleton nodes are described by UJ = % .

Similarly, ) is a configuration of the lipid bilayer, which in the exact problem is an element of an
infinite-dimensional manifold of possible membrane shapes of fixed volume and surface area. For numerical

purposes, however, we parameterize the configuration ) by the positions of Ny points, the nodes of the
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Figure 1. Skecth of the problem.

bilayer model. The coordinates of any configuration ) are thus {Y’}Z]\Q’”1 From these coordinates the
geometrical position of the bilayer,

(1) I'(Y)={y € R® |y belongs to the bilayer surface } ,

can be reconstructed. The instantaneous motion of the bilayer particles is characterized by the rates of
change of ),

Y
(2) w="=

This means that the tracking of the surface is Lagrangian. The discrete velocity w, evaluated at the i-th
bilayer node, coincides with that of the lipid particle at Y*(¢)(i.e., w' = ©X° ). In this latter sentence
“lipid particle” is to be understood not as a lipid molecule but as a small macroscopic chunk of lipid
material, in the spirit of Continuum Mechanics.

The energy & of the proposed two-component system (that clearly depends on X and ) is decomposed

into the sum
(3) E(X,Y)=Ex(X) + & (V) +Exv(X,D)

where Ex is the intrinsic skeleton energy, £y the intrinsic bilayer energy, and Exy the interaction energy
between the cytoskeleton and the bilayer.

We consider as starting point for the mathematical formulation of the problem the principle of
virtual work demanding that the virtual change in energy of the system for an admissible virtual
variation of the configuration variables plus the work done by the dissipative forces equals the work done
by the external forces [18]. The corresponding expression can be formally written as

(4) dxE(X,YV)e 0 X +dyE(X,Y)edY +DX,V,UW)e(6X,0)) =FxedX +Fyed)y
where

- dx&E(X,)) e § X is the infinitesimal change €, when the state of the system is perturbed from
(X,)) to (X +5X,)),

- the bullet e is an appropriate duality product which will take on meaning based on the single
component model as presented below,

- dy&(X,Y) e Y is the infinitesimal change €, when the state of the system is perturbed from
(X,)) to (X, Y +0)),

- D(X, YV, U, W)e(0X,5)) is the dissipation of the system (i.e., the work of its internal dissipative
forces), when the system is perturbed by (60X, d)), and,

- the right-hand side is the virtual work of external forces.

Explicit expressions for the terms in (4) are derived from the mathematical modeling of each of the two
components (bilayer, cytoskeleton) of the system, and of their interaction, as briefly introduced below.
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2.1. Lipid bilayer model

Being I" the average surface of the bilayer at time ¢, let H be the average curvature of I', nn the normal
vector and k the mean curvature vector, defined as k = Hn. We also need the tangential projector
P =1T-n®n. The tangential gradient Vr is the operator defined as Vpf = IP’VJ?, where f: ' = R is
any function and f an arbitrary extension of f to an open neighborhood of I' C R3. The constraints of
constant volume and constant surface are imposed by means of Lagrange multipliers, namely a uniform
pressure difference p and a space-dependent surface tension field o, respectively.

Together with these definitions, we assume linear viscous dynamics of the lipid bilayer [15,19] and the
Canham-Helfrich bilayer energy given by [20—22]

Ce
6 & = [P
r

Then we can compute the part Dy of the virtual dissipation that is intrinsic to the bilayer (6X = 0,
Y =v) as

(6) Dyov:/Q,quW:Dpv,
Iy

where p is the surface viscosity, and the virtual change in energy as

(7) dyEy ev = C’Ch/

[(H —2P)Vrk : Vv + %(Vr k) (Vr-v)
r

We need a few more definitions to completely define the mathematical model of the bilayer. The first two
of them are the experimentally observed constraints of isochoricity (constant volume, enforced by osmotic
pressure) and inextensibility (constant area of each bilayer parcel). These constraints are enforced through
the Lagrange multipliers p (internal pressure) and o (surface tension, a scalar field on T'). Notice that, as
any Lagrange multiplier, p and ¢ are unknowns of the problem and thus depend on the configuration of
the bilayer and on the force applied on it. The last needed definition is that of the interaction force field,
', that represents in an L? sense all the interaction terms in (4), i.e.

(8) dygxyov-f-DXYOV:—/fF-V.
r

In this way, the bilayer mathematical problem, assumed the interaction force fI' known for the moment,
reads: Find the unique fields w, o, k and the only p € R such that

/QMDFW:DFV —p/v-fl + /JVF'V +
r r r

(9) teon /F [(H—2P)Vrﬂtvrv+;(vr'ﬂ) (VF-V)] - /F £y

(10) /I‘§VF-W—0

(11) /FF&‘CZ/FPZVFC

(12) /Fw,ﬁzo

V(v,£,¢) € V xQ x K, where V and K are essentially (H'(I'))? and Q = L?(I"). The equation (11)
corresponds the weak form of the Laplace-Beltrami identity, while (10) and (12) are the constraints of
fixed surface area and volume, respectively.
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The methodology to solve this part of the bi-component model arises from the discretization of the
above variational problem in space and in time. This has already been developed and published [23]. It
incorporates automatic adjustment of the time step and surface remeshing [24]. The theoretical framework
comes from the works by Dziuk, Elliot, and others [25-28].

In this contribution we incorporate the interaction with the cytoskeleton, as shown in Section 2.3

below. For that purpose, we first introduce in Section 2.2 the model for the internal skeletal component
of the RBC.

2.2. Cytoskeleton model

The cytoskeleton will be treated by trying to follow the nature of its components, basically a spectrin
fiber network with special joints [29]. The model considers a mesh made of a set of nodes (junctions) joined
by molecular chains represented by worm-like chains [30-32]. The number of the elements of the skeleton
is large (~ 10°) but numerically tractable. Also, coarse-grained models are available in the literature to
save computing effort [33].

According to these premises, the elastic spectrin mesh energy Ex is defined as follows

(13) Ex = Z

where ¢; is the filament length j, ¢,, is the maximum extension of these filaments, x; = ¢;/,,, ¢, is the
persistence length, kg7 is the unit of energy and n and k, are parameters. A homogenized version of this
model corresponds to an elastic shell of shear modulus [32]

_ V3kpT (2( T 1 1) N V3ky(n + 1)

T Al \2(1 —x9)® 41 —x0)?2 4

+
4€p(1 — $j) (n — 1)67.‘_1

kgTt,, (3$j2 — 2w§’) kyp ]
J

14 G
( ) 0 4€8+1

with ¢y the equilibrium spacing and z¢ = ¢y //,,, but, as said, our formulation keeps the worm-like chains
without homogenizing them. The virtual change in energy is readily obtained by differentiating (13)
with respect the vector of nodal coordinates. In this way, if no intrinsic dissipation is attributed to the
cytoskeleton, if the interaction force on the j-th node is denoted by F/ and if m denotes the effective
mass of each node, the equations governing the cytoskeleton movement are

X7 0Ex

"t ax

(15)

The inertia is very small at the scale of the junction complexes, so that in this contribution we adopt
m = 0. These equations are numerically integrated with an implicit Newmark scheme, which is well
established in solid mechanics.

2.3. Interaction Model

The interaction between the bilayer and the cytoskeleton is modeled as adhesion of soft bodies,
adapting the formulation of Sauer [17] based on the models and available data [11,34-36]. Denoting by
T the adherent surface of the cytoskeleton, the contact energy, here denoted with Exy, takes the general
form

(16) Exy = /F /T Br e o(Ix" — xT[) dx’ dx

where ¢ is the potential of interaction (in Joule/m*) and fBr, By are dimensionless scalars. One popular
choice for ¢ is the Lennard-Jones (LJ) potential [37], i.e.,

m o ==(3)" 2= ()"
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where d is the distance between two particles and, ro and ¢ are length and energy scales, respectively.
This potential has a minimum of value —e at d = rq, it is repulsive for d < ry and attractive if d > rg.
The force on the bilayer resulting from this energy, to be substituted in the right-hand side of (9), is

T T
con,'/( '\ __ / r_ T & T
(18) feomt(x) = —fr /Tﬁrﬁb(HX x[]) T — 7| dx” .

Attributing a spherical shape of radius R and center ¢ to Y, this integral can be computed analytically
as an explicit function G(||x" — c|| — R, 7o, €) times the unit vector along x'' — c. The function G diverges
when d = ||xI' — c|| — R tends to 0, since d < 0 implies interpenetration. Such singularity is too difficult
to deal with numerically. Instead, we regularize the model replacing it by

~ [ G(d,ro,¢€) if d > z,
(19) G(d.ro,€) = {g(z, ro,€) + %4 (z,10,¢) (d — z) otherwise.

The function G is defined for all d € R, thus allowing a softer contact with some interpenetration. The
parameter z is taken as arg, with 0 < a < 1. A typical value es a = 0.9.

Similarly, the force exerted on a point z¥ of the adherent surface of the cytoskeleton by the bilayer
I' is given by

r T
- x r

con, T T\ __ / r_,r Xi
(20) f (x7) = Br /FBF¢(||X x ) [xT — x| dx" .

It is immediate to see that frf con,l' 4 fo con, T — (), as expected from the action-reaction principle
(see [38] for more details). The contact force only acts along the surface normal, it is complemented by
a drag force that models the tangential attachment of the citoskeleton nodes to the bilayer anchoring
proteins as

ey e =— [ (w<xf>—dd":) o T = [ <w<xf>—d;‘:) ax”,

where 7 is a drag coefficient that depends on ||x" —xY||. We remark that, in the case of the cytoskeleton,
the set {X’}fvz)j refers to the coordinates of the centers of the nodes, while T consists of spheres Y7 of
a given radius around X7, i.e., the surfaces of the junctions. The net force per unit area acting on the
bilayer is thus fT = f T 4 4T while the net force on node j, to be equilibrated by the worm-like chains
(and possibly external forces) is

(22) Fi — /T | (fcon’T(XT)+fd’T(xT)> dx¥ .

In Figure 2 we plot the contact part of F (i.e., taking n = 0) and of Exy as a function of d for a
node of radius R = 0.07 in the vicinity of a typical biconcave surface (fixed). The maximum (positive)
value of the force corresponds to the maximum adhesion force of the node to the surface. Notice that it
takes place at d =~ rg. Similarly, the minimum value of the interaction energy corresponds to the adhesion
energy and its position to the equilibrium distance. The regularization is evident in the repulsion forces,
which depend approximately linearly with d for d much smaller than r.

2.4. Model summary

The main unknowns of the proposed two-component RBC model (2C-RBC-M) are the bilayer
configurations I'(¢) and the junctions’ positions X(¢), which evolve according to the instantaneous velocity
field w(t) and nodal-velocity vector U(t), respectively. At each instant ¢, the system (9)-(12) coupled to
(15) determine w and U (remember that we are assuming m = 0 for simplicity). The coupling arises
from the interaction terms f!' and F7. Because the effects of bilayer bending, cytoskeleton stretching and
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Figure 2. Interaction force F and energy £xy induced by g(d, r0,€), with « = 0.89 and k = 6.

surface-to-surface adhesion are derived from energy functions (€y, Ex and Exy, respectively) and the
additional forces are dissipative, we automatically have a bound for the total energy

d
(23) %(EX +E& +Exy) <0.

The model equations are certainly too involved to attempt analytical treatment, so that they are discussed
through numerical simulations in what follows.
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3. Numerical simulations

While the model for the cytoskeleton is discrete by definition, the model for the bilayer is continuous
and needs to be discretized. We consider triangulated surfaces in 3D space as approximations for I'(¢),
which for a fixed mesh connectivity are uniquely described by the vector Y of vertex positions. Time is
discretized so that a sequence of triangulated surfaces 'Y, T'l, ... T, ... are computed, corresponding to
vertex positions YV, Y% ..., Y" .... Following Rodrigues et al. [16], on each ' we define the piecewise-
affine finite element space P = {f € C°(I'"™) : f|k is affine, VK triangle in I} and the approximation
spaces for velocity, surface and curvature W7 = (P]')3, Q% = P!, K} = (P[")®. We define At = t,,41—ty
and we update the nodal positions in a Lagrangian way, specifically,

(24) Xt = Xin 4 ygintlsy ydntl — yin owintlsg

With these choices, a fully discrete semi-implicit formulation of the bilayer can be built [16] and coupled
to a fully implicit time discretization of (15). At each time step, a nonlinear system of equations is thus
built with unknowns (wjt op kPt prtl UML) € W2 x QF x K x R x R3Vx and solved by
Newton’s iterative procedure. Notice that the formulation is semi-implicit in that the bilayer mesh I'" is
kept frozen throughout the iterations.

The first simulation we present here to provide insight into the behavior of the 2C-RBC-M consists
of the interaction of the bilayer surface with a single cytoskeleton sphere. If the contact energy is weak
(¢ small) the sphere simply adheres to the bilayer without further effects. However, as ¢ is increased
and becomes comparable to €; = RC;%, the adhesion forces become strong enough to locally deform the
bilayer towards wrapping around the sphere. To illustrate this we have considered a single sphere of
radius R = 0.8, with a contact length scale 7o = 0.1. These values imply €; >~ 3000. The bilayer initially
has a biconcave shape with dimensions 7.8, 7.8 and 2.2 along the x, y and z directions, respectively.
We situate the sphere inside the bilayer at a distance &~ ry and simulate the relaxation of the system
for several values of € between 1000 and 9000. The complete setup and some quantitative results of the
attained equilibrium are listed in the Table 1. In Figure 3 we display the different equilibrium shapes
of the bilayer colored according to the mean curvature. For ¢ = 1000 (and smaller) the perturbation in
the bilayer shape caused by the sphere is very small. For ¢ = 3000 and larger the bilayer tends to wrap

around the sphere, with its global shape deforming so as to attain an equilibrium under these conditions.

Table 1. Parameters setup and numerical solutions at the equilibrium of the virtual
experiment of adhesion between the bilayer and one internal spherical node.
€ kK| R | r | cog EY ESy D o
1000 | 6 | 0.8 [ 0.1 20 [ 9.08x10% | —2.20 x 10® | -10.6 | —1.40 x 10°
3000 | 6 | 0.8 01| 20 |951x10% | —1.16 x10%> | -9.5 | —1.50 x 10°
5000 | 6 | 0.8 | 01| 20 | 1.01x10® | —2.60x10° | -8.5 | —1.60 x 10°
7000 | 6 | 0.8 | 0.1 | 20 | 1.07x 10% | —=3.90 x 10®> | -7.5 | —1.70 x 103
9000 | 6 | 0.8 | 0.1 | 20 | 1.13x10% | —5.50 x 10> | -6.0 | —1.80 x 10?

Such studies are interesting in relation to the bilayer’s reaction to exogenous bodies. A possible
application concerns the modeling of the process of invasion of merozoites in the malaria disease, as
shown by recent works [39] and [40]. Figure 4 shows how the appropriate use of the interaction force
between the lipid bilayer and an external body can be suitable in such applications. On the top-left of
the Figure we show microscopy images during the infection process, taken from the work of Riglar et
al. [41], while below we show selected snapshots of simulations performed with the 2C-RBC-M. In such
applications the transient solution takes on particular interest and the proposed model allows to study
the evolution of otherwise inaccessible physical quantities, as shown on the right panel of the Figure 4.

We now turn to study configurations more akin to the RBC membrane, involving the interaction of
the bilayer with many connected solid bodies so as to mimic the cytoskeleton component of the RBC.
The bilayer is energetically unable to locally deform so as to wrap around the nanometric cytoskeleton
nodes. However, since the nodes are elastically connected, their combined action can indeed affect the
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Figure 3. Screenshots of the simulation of one ball (R = 0.8) for different values of € of the RBC in the relaxation process
at the equilibrium.
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Figure 4. Simplified simulation of the invasion of merozoite in malaria disease performed with the proposed model. Mi-
croscopy images taken from [41].

global behavior of the bilayer. We assess the ability of the 2C-RBC-M to relax towards equilibrium from
an initial arbitrary shape maintaining the bilayer and cytoskeleton components attached. It is known that
RBCs are able to return undamaged to their original shape after substantial deformations, such as those
undergone inside the capillaries [42]. There is no doubt that a close relationship exists between the shape
of the bio-membranes and their curvature and line tension [43], as well the minimum energy of bending

can be consider a possible explanation of the biconcave shape of the human RBC [20]. Moreover, the
equilibrium configurations of the bilayer (alone) depend on its reduced volume, defined as v, = %—72‘/,
being A and V' the surface area and internal volume, respectively [44]. The typical RBC has v, ~ 0.65,
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so that we select as initial condition an oblate ellipsoid with the same v,..

Following previous coarse-graining studies [31,45], we set a simplified cytoskeleton with 350 nodes
and discretized the bilayer with a triangulation with 10* nodes. For the time discretization we adopted
a variable time step At in the range [10~7,107°]. Notice that the time unit is uL?/(kgT), which with
L =1pm and p =~ 1078 Pa-s-m can be estimated as ~ 2 seconds. Unless otherwise specified, the setup
of parameters of the following simulations is reported in Table 2. Concerning the interaction parameters,
it is possible to estimate the adhesion energy of N spheres that do not deform the lipid bilayer locally
as ~ 27r25r8RN . The value of ¢ = 5000 was chosen such that the adhesion energy is ~ 400 and
thus comparable to the bilayer bending energy. This makes the adhesion to be strong enough for the
cytoskeleton to be able to deform the bilayer by pulling from it without detaching. Other necessary data
are the persistence length ¢, and the constant k,, which we adjust so that the relaxed length of each
cytoskeleton fiber is equal to its length in the initial configuration.

Table 2. Setup of parameters of the relaxation process simulations.

Value Symbol Description Model
1.0 kpT Energy unit (WLC)

2 n POW exponent (WLC)

1.0 Br Bilayer interaction constant (INT)
1.0 By Cyto interaction constant (INT)

6 k Coefficient Lennard-Jones potential (INT)
5000 € Interaction strength constant (INT)
0.05 T0 equilibirum cyto-membrane surface distance  (INT)
0.1 R Radius of cyto-sphere (INT)
1.0 1 Viscosity (BIL)
20.0 Cen, Canham constant (BIL)
117.5 Ao Initial RBC surface area (BIL)
79.6 Vo Initial RBC volume (BIL)

The initial bilayer shape is thus taken as an ellipsoid with lengths 8, 8, and 2.4 along the z, y, and
z axis, respectively. The initial positions of the cytoskeleton nodes lie at a distance =~ ry from it. In
Figure 5 we show the evolution of the RBC model with and without the cytoskeleton. Also plotted is
the total energy as a function of time, which in the case with cytoskeleton contains the contributions
of Ex and Exy. In both cases the model relaxes to a quite realistic biconcave shape at t ~ 1073, with
a monotonous decay of the total energy. The full model has a sudden decrease of energy at the first
instants, corresponding to the adjustment of the distances between the junctions and the bilayer. The
relaxed shapes are shown in the figure colored with the local mean curvature. They are very similar, but
in the one corresponding to the full model the small local effect of each cytoskeleton node on the adjacent
bilayer is clearly visible. Notice that in this case e = 5000 < 1 ~ 8 x 10°, so that it is not expected that
the bilayer will significantly tend to wrap around the cytoskeleton nodes.

Table 3. Quantities of numerical solutions at the equilibrium of the relaxation experiment of
one-component (without cytoskeleton) and full RBC two-component model.
Case E> &y EY EXy D T
One-component | 9.0 x 102 | 9.0 x 102 - - —10.6 | —12.8 x 102
Two-component | 1.9 x 10* | 9.1 x 10% | 2.1 x 10* | =3.0 x 10% | —10.1 | —38.2 x 102

Some relevant global quantities at the equilibrium are reported in Table 3. The introduction of the
cytoskeleton component does not affect the bending energy significantly, while a considerable decrease
in average surface tension and some increase of the internal pressure can be noted. These observations
are consistent with the cytoskeleton exerting an average inwards pull on the bilayer at equilibrium. In
order to better understand the impact of the presence of the cytoskeleton in the evolution of the whole
system we present below a series of virtual experiments that take this equilibrium as initial condition.
We perturb this configuration by changing the equilibrium length ¢y of each spectrin fiber by a constant
factor. For example, if we set £, = 0.9/, it means that each cytoskeleton fiber will tend to contract
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Figure 5. Screenshots of the simulation of the evolution of the RBC in the relaxation process (¢t = 0.15).

towards 90% of its initial length. The execution of this study has highlighted a deformation interval in
which, under our hypotheses, the cytoskeleton interacts with the lipid membrane while maintaining its
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configuration and attachment to the bilayer.
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Figure 6. Configuration of the RBC at equilibrium, by contracting and extending the cytoskeleton. The surface tension is
displayed with the colors.

Table 4. Global physical quantities corresponding to the steady states reached after differ-
ent perturbations of the equilibrium lengths of the cytoskeleton fibers.

leg £ Y EY EPy P o
0.80y | 21.26 x 10° | 9.07 x 10% | 23.29 x 10% | —29.35 x 10° | —9.0 | —12.5 x 10°
094y | 19.88 x 103 | 9.05 x 10% | 21.96 x 10 | —29.88 x 102 | —9.7 | —7.2 x 103
1.04y | 19.30 x 103 | 9.1 x 10® | 21.62 x 10° | —30.02 x 102 | —10.1 | —3.8 x 10®
1.16p | 19.77 x 10% | 9.09 x 10% | 21.85 x 103 | —29.98 x 102 | —10.9 | —1.4 x 10?
1.20p | 20.34 x 10% | 9.11 x 10® | 22.43 x 10®> | —29.92 x 10% | —11.0 | 5.5 x 10!

In Table 4 we list the results of some main quantities corresponding to contraction or extension
factors between 80% to 120%. As evident from the cases shown in Figure 6, the average surface tension
of the bilayer increases as the cytoskeleton tends to expand. This increase eventually leads to positive
surface tension values which could reveal a mechanical-biological reality. As we have previously seen, the
one-component model with a fixed reduced volume of the order v, = 0.65 leads to a biconcave-shaped
membrane with a negative surface tension (see also [46]). Nevertheless there is experimental evidence
that the effective surface tension of a RBC is positive and of the order of 10~7 J/m? [47,48]. In the case
leq = 1.24y the execution of our model leads to an average surface tension of comparable value (the
scale for o is kpT/L? ~ 4 x 107 J/m?2. This outcome suggests that the cytoskeletal network exerting
an expansive force on the bilayer may reconcile the difference in the sign of the surface tension between
theory and experiments. From the screenshots in Figure 6, we can appreciate the local influence of the
nodes of the cytoskeleton. Probably this type of influence is excessive and is due to an exaggeration in
the weight given to the interaction force (¢ can be chosen lower), but it is interesting to validate the
model and draw conclusions on the interdependence of the components of the erythrocyte.

We conclude the study by analyzing the extreme cases. If the relaxed length of the spectrin fibers is
reduced further, some cytoskeleton nodes detach from the bilayer. In fact, this phenomenon occurs when-
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Figure 7. Time evolution of a RBC a feq = 0.7¢g is imposed, with “detaching” phenomenon of cytoskeleton network.

ever {¢q < 0.84y. In Figure 7 we show the time evolution of a RBC with 4., = 0.7 £y, for which detachment
of the cytoskeleton starts at ¢t &~ 0.002 put into evidence by a sudden increase of the bending energy. In
this time interval we can observe the counterpart downward jump of the energy of the cytoskeleton (see
graph on top-center). The specific nodes that first detach are shown in the image (on top-right), which
also show that the detachment induces a positive local surface tension (see screenshot on top-left). This
event is followed by a contraction of the entire network of spectrins which, remaining attached to the a
part of the bilayer, contribute to giving the peculiar RBC shape shown in the last screenshot.

The opposite extreme case is when the spectrin network has its equilibrium lengths increased beyond
1.2¢y. We examine in Fig. 8 the numerical results of the simulation imposing /., = 1.3 £y. The compression
along the individual spectrins grows while they try to find space for expansion subject to the constraint
imposed by the surrounding bilayer. As expected, the spectrin network eventually buckles and locally
entangles, as shown in the figure’s insert. This event occurs when a series of spectrins of a junctional
complex are an over-tension condition compared to the others ones (see the detail on below-left). Notably,
this buckling takes place without the nodes detaching from the bilayer. This folding phenomenon leads
to a complex evolution of the bilayer energy and results in a perturbation of the biconcave shape of the
red blood cell, as shown in the screenshot. This behavior corresponds to an unpredictable and fluctuating
trend of the internal pressure (as shown by the graph in the low-center). A final image (on the right)
shows the local effect of nodes folding in terms of local surface tension.

4. Conclusions

In this work we have presented a new approach for modeling a single RBC. According to this, we
have motivated the need of a new two-component model for a single RBC. We have coupled the estab-
lished worm-like-chain approach for the cytoskeleton to a continuum model for the lipid bilayer based
on a viscous liquid-shell model with Canham-Helfrich bending energy. Another original contribution is
represented by the introduction of the adhesion forces modelling the attachment of the cytoskeleton
nodes to the bilayer integral proteins. We tested the two-component RBC approach, firstly investigat-
ing the interaction of the bilayer surface with a single internal and external body. Then we provided
the implementation of the 2C-RBC-M concerning the relaxation of the cell, and comparing it with the
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Figure 8. Time evolution of a RBC a feq = 1.3 ¢y is applied, with “folding” effect of cytoskeleton network.

one-component model. We have also reported a short study by stressing the bilayer through the perturba-
tion of the cytoskeleton equilibrium state. These virtual experiments not only showed the consistency of
the mathematical-computational model but also have suggested physical considerations about the RBC
membrane system.

Understanding better the behaviour of a red blood cell means to give a strong contribution to the
comprehension of life. Thanks to modern technology, the accuracy of mathematical models can be proven
by experimental laboratory tests. Conversely, mathematical modeling can help to identify the reasons
behind what is physically observed. Our next goal is to adapt the code in order to simulate the fundamen-
tal experiments of micropipette aspiration and optical tweezing. Our deliverable is a software for the “in
silico” (or virtual) simulation of RBCs, that extends the range of spatial and temporal scales of current
simulators as the OpenRBC code [49] and the implementation in LAMMPS of Fu and co-workers [50].
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