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THE GENERALIZED CURVATURE ELLIPSES AND MINIMAL SURFACES 

Chi Cheng Chen* 

§0. INTRODUCTION 

The well known curvature ellipse is a very useful tool 
for the study of surfaces with higher codimensions, especially,for 
those with codimensiop 2. However, the classical curvature ellipses 
always lie on the first normal spaces of . the surface •. Thus, only the 

first order osculating spaces are taken into considerations, that, 
in the higher condimensional cases, makes the curvature ellipses 
less effecti:ve. In this paper, motivated by a jo'int work with Goes 
[3}, in each normal space we introduce an ellipse in the orthogonal 

\? 
complement to th.e previous normal space , of surfaces with . parallel . • 

. . mean curvature vector in a constantly curved Riernannian manifold • • 
These ellipses at each point are clearly mutually orthogonal, a~d, 

·we use their areas to generalize the normal curvature. Finally, we 

ap~ly this new ·notion to study minimal surfaces in etclidean spaces, 

and we show that, ,in fact, the generaliz~d curvature ellipses turn 
out to be more effective. 

§1. DEFINITIONS 

For a general setting, we consider a Riemannian sul:lnanifold 

(1.1) x:M L+ M 

To each peM, let Nk(p) -denote the k-th normal. space of Mat p. The 
(k+l) st fundamental form is the multi.-lirie.ar tensor 

* This work was partial~y supported by CNPq (BRAZ I~) ., contract no. 30.1320/Si-MA .D3 AMS (MOS) subject classifications (1970) Primacy 53Al0, Secondary 30A68. 
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(1. 2) 

defined by 

(1. 3) 

' where V is the riemannian connection of M, Xj local field · which 

extends_ Xj, and ~k denotes the projection onto [TPM©Nk_1 (p)J 1 ~It's 
known that when M has ·constant sectional curvature, Bk is synnetric. 
Details can be found in Spivak · [9, p. 240 J. ·· 

-
PROPOSITION 1.1 

Let x: M2 4 M (c) be a surface with parallel mean rurvatw:e 

vector (i.e. V1 H=0·) in a constantly curved riemannian manifold. Then 
¥p£M, Vk~l 

(1.4) 

· is an ellipse. 

Proof. (i) For k=l, e1 (p) is the classical curvature ellipse cen­
tered at H(p). 

.L -V H=O, 

(11) For k>l; choose e1 ,e2 an orthonormal base for T M.Since 
p ' 

Thus, if X=cosee1+sinee2, from the identity 

(cos8~1 sin0)k+l=(~18)k+l~cos (k+l~+i sin(k+l)8, 

we get immediately 

k k · . . k . · (1~5) E (X)=cos(k+l)8B (e1 , ••• ,e1 )+sin(k+l)8B (e1 , ••• ,e1 ~e2) 
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This shows that Ek(p) goes around k+l times on an ellipse in 

Nk(p)nNk_1 (p)i, centered at p. 

Q.E.D • 

Therefore we call £k(p) the k-th order curvature ellipse 

at p, and we define the k-th order normal· curvature at p to be 

(1. 6) 

REMARK . For k=l, our definitions coincide with the classical ones. 

PROPOSITION 1.2. 

Ek(p) is a circle if and only if for any orthogonal .base 

· {x,Y} in TPM (i.e XiY and IXl=IYl>O) 

k k k k (1.7) B (X, •.•• ,X)iB (X, ••• ,X,Y) and IB (X, ••• ,X) l= IB {X, ••• ,X,Y) I 

which is ~quivalent to 

. (1.8) 2 1akcx, ••• ,x)"Bk{x, ••• ,x,Y) l= IBk{X, ••• ,x) l 2+IBk_cx, ••• ,x,Y) 12 

. . 
Proof. we .need only to observe that 

. k k k k (1.9) 2IB {X, ••• ,X)AB {X, ••• ,X,Y) 1~21B {X, ••• ,X) I IB (X, ••• ,X,Y) I 

~1akcx.,,,x> 12 +IBkcx, •• ·.,x,Y> 12 

and the equa~ities hold if and only if (1.7) holds. 

Q.E.D. 

Finally, we set 

(1.10) · · '1t ={p£M I £k (p) is a circle} 

§2, APPLICATIONS 

In this section we make some applications to minimal sur 

I -, 
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faces in euclidean spaces. A classical theorem of Eisenhart [4] 

calls naturally to our first attention. The theorem says that a 

minimal surface x:M 2 C-. R~ is a holomorphic curve if and only . if 

c1=M. Th~ theorem fails ·immediately if we raise the codimension. 

For example, take any simply connected non-flat minimal surface in 

' R 3 and consider its generalized Gauss map <P= {<l>l, <1> 2 , <i,
3 ) • Set 

. gj=Jtj(t)dt, j=l,2,3. 

Then 

gives a minimal surface in Rs with c1=M, but x(M) cannot be viewed 

as a holomorphic curve in some affine subspac~ of Rs. In the sub­

sequent discussions we will -explain why is that so. 

Let x:M 2
~ Rn now be an orientable minimal surface, and 

let t=t+i ri be the complex parameter formed by isothermal parameters~ . 

The generalized Gauss map is defined to be [ <I> J where 

(2.1) 

which is holomorphic and satisfies 

(2. 2) 

We will use the generalized Gauss map to interpret the behavior of 

the generalized curvature ellipses. First ·we observe that 

LEMMA 2.1. 

Let{•,•) denote the symmetric product between complex 

vectors. Then (u ,v)=O if and only if <Re.i ,Rev>=<Inu ,Imv> and <Reu, 

Imv>=-<Imu,Rev>. 
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PROPOSITION 2.2. 

Let x:M 2 <-.> Rn be a minimal surface. Then 

(ii) if c1= •.• =Cm_1=M for some m>l, then 

p€Cm ~ (cj>m(p) ,<l>m(p) )_=0 

Proof. (i) Since (<l>,<l>)=0, (<l>,<l>')=0. Observe that <I>' (l';)=x(f;-ix(ll and 

use Lemma 2 .1 to get -

(2.3) 

for some functions a,b. Then, from Prop. ·1. 2, we get imme-

(ii) By induction, since (<t>r,<t>r)=O Vr<m implies· 

m , m _ m-1 m .:.. ( <I> , <I> ) = ( cp , <I> ) - ••• = ( <I> . , <I> ) -0 , 

as observed in (i), applying Lemma 2.1 and P~op.1.2, a straight-
m m forward calculation shows that. p€Cm <==> (_<I> (p) , <I> (p)) =0 

. Q.E.D. 
Now we prove a generalization of the Eisenhart's theo:can: 

THEOREM 1 

Let x ·:M2 '--+ Rn be a minimal surface. Then x (M) is a ho­

lomorphic curve with respect to an ort_hogonal complex structure on 
R2rnc-Rn if and o~ly ·1f Cic=Mlllks[n;l] . 

Proof. We first invoke · a theorem of Lawson [7,p~l73] which states 

that .x(M) is a holomorphic curve if and only if · (cf>r,<l>sl=O Vr,s~0 

(<1> 0=4>) which is equivalent_ to _ (<l>r,<l>r)=O Yr~O, and, the generalized 
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Weierstrass representation fonnula developed recently by Hoffman-

Ossennam [5,p.43] 

(2.4) 4>=l<1-}:g;,1·c1+Igj) ,2gl, ••• ,2gn-2) 

From the Eisenhar.t's theorem (an alternative proof can be found in 

[3]) and Prop.2.2, we see th~t for ns4, 

(2. 5) 

Now we rewrite (2.4) into 

(2. 6) 

with µ= (2g1·, ••• , 2gn_ 2), and observe that 

{2. 7) (4>,4>)= ••• =(4>m,4>m)=O <=> (µ' ,µ')= ••• -=(µ1\µm)=O 

for m>0. 

Therefore, by induction on n, using (2.5) and Prop.2.2, we 

the theorem. 

prove 

Q.E.D. 

COROLLARY. x(M) is a holomorphic curve if and only if all the gen~ 

ralized curvature ellipses are circles. 

REMARKS . 

1. _Using (2. 4) and (2. 7}, we can easily construct examples of 

minimal surfaces whose ·curvature ellipses stop from being circles 
from certain order on, as . the one ·given •in the beginning of this 

section. 

2. In the proof of Th.I, we obtain an interesting 

of- the generalized Weierstrass representation formula. 

application 

Next, we study the generalized normal curvatures. For mi 

nimal surfacez in R", it's well krx:Mn [8] that K__ (p}~-K(p) where K -Nl . 
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is the Gaussian curvature, and the equality holds iff pec1 • We ex­

tend this result in a general sense • . For a general setting,we start 

with a minimal surface x:M 2 ~ Rn. Since we are only OOilCeJ:'Iled with 

local properties, we may assume, without loss of generality, that 

Mis simply connected. Since xis harmonic, let y be its harmonic 

' conjugate. Then 

(2.8) '¼'4(x+iy) 

represents a hol.ato.q:hl.~ curve in c!1=Rneilf=R2n, which is i saretric to x . 

In [ 6], Lawson introduces to holomorphic curves a sequence 
'¥ of intrinsic curvature functions,~' based on the work of Calabi . 

(1,2]. In our setting, we -have 

(2.9) • 
• 

Since~ 's are intrinsic, we call 
k 

(2.10) 

the k-th order generalized Gaussian curvature associated to x. Ob­

serve .that we don't need ·M be simply connected to define Ric,and K1 
is, in fact, the classical Gaussian curvature of x(M). 

the normal curvatures and Gaussian curvatures we get 

THEOREM 2 

· n Let x:M 2 <-+ R be a minimal surface. _Then 

(1) ~ (p} !S:-K1 (p} a·nd _equality holds iff peC1 • 
1 

Comparing 
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(ii) if~ =-Kj on MVj<m, then at each peM, 
j 

~ (p)~-Km(p) and equality holds iff pee. m m 

Proof. (1) From (2.8), we have 

, (2.11) . · 

and 

(2 .12) 

:c2 .13 > 

Comparing (2.3) and from (2.11), (2.12), (2.13) and Lawson [6], we 

have 

And, from Prop.1.2, the equality holds iff pec1 • This proves (i). 
(ii) Followi.ng the same reasoning, we• have 

(2.14) 

By induction on m, from the hypotheses and Prop.2.2, we have 

(2 .15) · rn-1 m-1 (~,~)= •.. =(~ ,~ )=0 

Since 

we have 
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Yj<m. Then a straightforward computation shows that 

m 'i't ~ m 'Yt ~ 1¥ -Rm{p)= IB <-r,•••r >. \, l 2+ !B (T,••·•)., t>pl2 

_ m xt xt · 2 rn xt xt xn 2 - 1B <-r,·••1T>p l +IB (T,·••1-r,-r>pl ~~ (p) 
. rn 

And, again from Prop.2.2, the equality holds iff pEC 
rn 

Q.E.D. 

REMARK. This theorems shows a curious fact that, in certain sense, 
the generalized normal curvatures are bounded by the intrinsic ge­
neralized Gaussian curvatures. And the limits are all achieved if 
and ~nly if the surface is,indeed, a holomorphic curve. Probably, 
because the sum of the squares of the norms of the semi-axes of 
each ellipse is an intrinsic invariant,· which is -K* (p). · 

§3. SOME COMMENTS 

1. Since oscu1ating spaces of all order are taken into conside 
rations, the generalized curvature ellipses should be useful for 
the study of surfaces with parallel mean curvature vector in cons­
tantly curved ambient spaces. 

2. In particular, combining with the generalized Gauss map,the 
generalized curvature ellipses should improve the understanding of 
minimal surfaces in euclidean spaces. 

3. There are lots of questions to be answered about the gener~ 
. . lized curvature ellipses. Som~ studies are being undertaken by se-

veral people and the results will be announced soon. 
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