





based in the results of {LS], [Le2] and [X], for the vanishing of the homology
of compact submanifolds of Euclidean spheres or spaces. Then we combine
these results to study the geometry and the topology of such submanifolds.

To state our results, let us fix some notation. We will denote by f :
M™ — Q2™ an isometric immersion of a connected n-dimensional Rieman-
nian manifold M" into a complete, simply connected (n + m)-dimensional
manifold Q7*™ with constant sectional curvature ¢, where n > 2 and m > 1.
Let H, H and S denote the mean curvature vector of the immersion, its norm
and the square of the lenght of the second fundamental form, respectivelly.
As usual we will denote by T M the tangent space of M™ and by Ny(z) the
first normal space of the immersion at £ € M™. We will make use of the fol-
lowing convention: if ¢ € M™ is such that H (z) £ 0,then A\; < A3 <. <\,
will denote the eigenvalues of the Weingarten operator Ag,, in the direction
& = %ﬁ(z), if ﬁ(m) =0, just take A; = 0, 1 < i < n, and £ any unity vec-
tor normal to M™ at z. Recall that the immersion is quasi-umbilical at z if
there exists an orthonormal frame &, ..., £, of the normal space T.M*, such
that each Weingarten operator A;,, 1 < 8 < m, has an eigenvalue of multi-
plicity at least n — 1; the immersion is quasi-umbilical if it is quasi-umbilical
at every T in M™.

With this convention, we can state the mentioned estimate for the Ricci
curvature of submanifolds and also a sufficient condition for a submanifold

M™ of Q2™ be a conformally flat submanifold with normal curvature tensor
Rt =0.

Theorem 1.1 Let f : M™ — Q*™ be an isometric immersion. For every
€ M" andv € T M, with ||v|| = 1, we have:

Ric(v) > (=) (nc— )+ nH + (n ~DH < Ag,0,0>. (1)

(a) If n > 3 and (1) is an equality for some unity v € T, M, then:

(31) f is quasi-umbilical at z, R*(z) = 0 and dim Ny(z) < 2. Moreover, if
H(z) =0 then dim Ny(z) < 1;

(a2) For any unity £ € ToM* we have that Agv = \v, where A has multiplicity
1 orn.



(b) Let n > 3. If for each z in M™ there ezits an unity vector v in T,M such
that (1) is an equality, then M™ is conformally flat.

Simons [S], Lawson [L] and Chern, do Carmo and Kobayashi {C CK], con-
tributed for the classification of the compact minimal submanifolds M™ of
the unity sphere S™*!, with § < n. A still open problem is the complete clas-
sification of these submanifolds when the ambient space is the unity sphere
S™*t™. m > 2. The following corollary is a partial answer to this question.

Corollary 1.2 Let M™, n > 3, be a compact minimal submanifold of S™*™.
If § < n on M™ and the fundamental group of M™ is infinite, then M™
is a Clifford torus S}, x S¥™! in a totally geodesic S™+! C 8™ where

1 1
— 4+ —=1.
&)

Cz

We state now a criterion for the vanishing of the homology groups of
compact submanifolds and also other topological results.

Theorem 1.3 Let f : M™ — QU+™ be an isometric immersion, where M™
is compact end ¢ > 0.

(a) If for some integer p such that 2 < p < n/2 we have that

2 2 _
n‘H +n(n 2p)H/\1+nc

S< (2)
n—p n—p
on M", then the k-homology group H(N,Z) =0, forp< k <n—p.
(b) If
2py2 _
s ™ H? n(n—2)H)\ +ne 3)
n—1 n—1

on M*, then the fundamental group m,(M) of M™ is finite and the universal
covering M™ of M™ is compact. Moreover,

(b1) Ifn = 2, then M™ is diffeomorphic either to the sphere S? or to the real
projective space RP?, according to M? is orientable or not;

(b2) If n =3 and my (M) = {0}, then M? is diffeomorphic to the sphere S°;
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(b3) Ifn > 4 and M™" is orientable when u is even, then M™ is homeomorphic
to the sphere S™.

When M™ is complete, we have the following version of 1.3(b). We observe
that the main theorem in [SX] is a consequence of the next result.

Corollary 1.4 Let M™ be a complete submanifold of Q™™ ¢ > 0, such that
M™ is orientable when n is even. If sup(S — T) < 0, where T' is the right
side of (3), then M™ is compact and the same conclusions of 1.3(b) are valid.

In [A C] and [Xu] was proved that, if M™ is a compact hypersurface of
S™+ with constant mean curvature H # 0 such that 5 < G(H) on M", then
M™ is umbilical or isometric to a torus S, x S3~1, where C(H) is given in (4)
below. In our next result, we remove the condition H=constant and obtain
a topological-geometrical version of this statement, in any codimension.

Theorem 1.5 Let f : M™ — S™™ be an isometric immersion, where M is
compact. Let S < C(H) on M"™, where

n*H? n(n-—
(n—1) 2(n-

Then the Ricci curvature of M™ is nonnegative and we have only two
possibilities, (a) and (b):

2) A 1 an—1)
C(H) =+ DV H? +4(n—1) ()

(a) m1(M) is finite. In this case we have:

(al) If n = 2, then M? is diffeomorphic to S? or to RP?;

(a2) If n = 3 and m (M) = {0}, then M3 is diffeomorphic to S3;

(a3) Let n > 4 and assume that H # 0 when S = C(H). If M™ is orientable
when n i3 even, then M™ is homeomorphic to S™.

(b) m1(M) is infinite. In this case, S = C(H) on M™ and:

(bl) If n =2, then M? is flat;

(b2) If n > 3, assume that M™ is orientable. Then the codimension m of f
can be reduced to 1, the mean curvature H is constant and f has two constant
principal curvatures, py and pz, with multiplicities 1 and n — 1, respectivelly,
such that y;.p5 = —1. Consequentely, M™ is isometric to a torus 53, xSt
in 571, where¢; =14 p?, i=1,2.



Note that the pinching C(H) for S in Theorem 1.5 depends on H (and n)
and then depends on a specific immersion. A pinching constant depending
only of n was firstly obtained by Lawson and Simons in [LS]. There is
proved that if M™ is a compact submanifold of S™*™ such that n > 5 and
S < 2¢/n—1 on M", then M™ is homeomorphic to S*. Related to this,
recently, Hou [Hy) proved the following rigidity result: let M™ be a compact
submanifold of 5™ with non-zero parallel mean curvature vector. If n > 8
orm < 2and § £ 2y/n — 1 on M™, then the codimension can be reduced to 1
and M" is either umbilical or isometric to S}, x S2~!, where ¢; = 1++v/n — 1
and ¢; = 1+41/4/n — 1. The next corollary is an extension of the theorem in
[LS] and a topological-geometrical version of the result in [Hp).

Corollary 1.8 Let M™ be a compact submanifold of S™™ such that S <
2yn—1 on M*. Then the Ricci curvature of M™ is nonnegative and we
have only two possibilities (a) and (b):

(a) There ezists a point z in M™ such that Ric (v) > 0, for all unity vector v
in T M. In this case M™ admits a metric of strictely positive Ricci curvature
and

(al) If n = 2, then M™ is diffeomorphic to 5% or to RP?;

(a2) If n = 3, then M? is orientable with Hy(M,Z) = {0} and, if n(M) =
{0}, then M?3 is diffecomorphic to S3;

(a3) If n > 4 and M™ is orientable when n is even, then M™ is homeomorphic
to S™.

(b) For each point z in M™, there ezists an unity vector v in T,M such that

Ric (v) =0. In this case S =2v/n—1 and n?H?  =ny/n—-1-2(n—1) on

M™ and

(b1) If n = 2, then M? is flat and minimal. In particular, if m =1, M? is

isometric to a torus S} x S}.

(b2) If n > 3, the codimension m can be reduced to 1 and, if M™ is orientable,

M™ is isomeiric to the torus S} x Si', where ¢y = 1+ vVn—1, ¢z =
1

14+ =
+ vn—1
We observe that the result in (al) was obtained by Wei [W].



2 Notations and preliminary lemmas

Let M = M™, n > 2, be a connected n-dimensional Riemannian manifold.
We denote by <,> the metric and by || || the respective norm. If R denotes
the curvature tensor of M, then the Ricci tensor (at z € M) is defined by

Ric(v,w) =Y < R(vi,v)w,v; >,

i=1

where v,w are in the tangent space T,M of M at z, and {v;}7, is any
orthonormal basis of T; M. The Ricci curvature Ric(v) in the unity direction
v € T M and the scalar curvature 7 of M in z are given respectively by

Ric(v) =< Qu,v >, T =trQ, (5)
where @ : T.M — T, M is given by

< Qu,w >= Ric(v,w). (6)

Let f: M™ — Q2*™, m > 1, be an isometric immersion, where Q™™ is

a complete, simply connected (r + m)-dimensional manifold with constant
sectional curvature c. For each z € M™,(T.M)* will denote the normal
space of f at z, and & : T,M x T.M — (T.M)* will denote the second
fundamental form of f at z.

If {{s}7-, is any orthonormal basis of (T, M)*, then the Weingarten o-
perator Ag,, in the normal direction &, is defined by

< Agv,w > = < a(v,w), € >, v,we T, M.

The mean curvature vector H = § (x) at z and its norm are defined by
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1
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The square of the lenght of the second fundamental form of fatzis
defined by

= T 4p A2
S = p§1 trAg,. (8)



We then have the following relations:
m 2 m
ﬁf—:l Afp - ﬂz_:l(trAEB)Afﬁ = —Q -+ (n - I)CI, (9)
where I : T,M — T, M is the identity map, and
S=-r+n?H*+n(n-1)c (10)
We now present three lemmas which will be used in the next sections.

Lemma 2.1 Let V be a real vector space of dimension n > 2 with an inner
product <,> and respective norm || ||. Let A: V — V be a symmetric linear
map and let H be such that trA = nH. If A} < A < ... € A\, are the
eingenvalues of A, then for any unity v € V we have

(a) < A%v,0 > < = [trA® — nH* + 2H < Av,v > —H?. Ifn > 3 and
the equality occurs in (a), for some unity v, then Av = Aju where j is such
that |A\; — H| = maz{|}; — H|,i =1,..,n}. Also Ay = X\ for allk,l # j, and
Aw = Mw, k # 7, for any w orthogonal to v.

(b) < Av,v>> A > H — /2L [trA? — nH?|. Moreover, if

AM=H- \/l‘;—l[trAz —nH?|, then A; = )y fori > 2.

Proof Let {v;}%, be an orthonormal basis of eigenvectors of A, where

Av; = A\, for all i. Assume first that ¢trA = nH = 0 and let A; be such
that A2 = maz{)},i=1,..,n}. Since \; = — & A;, then
i#j

X=(SAP< (-1 TN (1)
i#j i#]
and
X< (= Lira.

If v is an unity vector, it is clear that

< Av,u> < /\f < (n—;—l)trAz.



and then the first part of (a) follows for H = 0. Now assume that n > 3

-1
and let v = ): a;v; be an unity vector such that < A%v,v > = (n )trAz.

=1

Then < A’v,v> = M = (n%-)trA2 and (11) is an equality. Since

QA = -1 N = 3 (=N

i i ki

we have by (11) that A = A; for all k,[ # j. Also for any k # j we have

5 2 =< APv,v> = Ea2A2 = A1 —a;)* + af,\f,
=1
thatxs, A(1—a}) = AJ(1—a?). f a? =1, then a; = 0 for i # j and v = +uv;.
If a2 # 1, it follows that A? = A2 for all ¢ = 1,...,n and by the equa.hty in
(11) this implies that AZ = (n— 1)1\2 Sincen 23, Ai=0forall: =1,.

In any case, we have Av = Mv. Now let w be orthogonal to v. If v = iv,,
then w = E b; v; and so Aw = AMw, Vk # ], otherwise every A; = 0 and

then Aw = 0 For the part (b), note that < Av,v > > A;. Since\; < H=10
and X! < ( )trA2 then

n-1
n

M > - ( )trA’.

which is the desired result (b) for H = 0.

Suppose now that H # 0 and let B = A — HI, where I : V — V is the
identity map. Then ¢rB =0, B? = A’ 2H A+ H?I and trB? = trA®*—n H?,
The result (a) follows immediatelly by applying the case H = 0 to B. Since
<Av,v> 2> A, and H > Ay, choose v = v, in (a) for B= A — HI. Then

(M—H)?< ( )[trA2 —nH],
and the first part of (b) follows for H # 0. For the proof of the second part
of (b), note that (n—1) E(b )2 = (T b;)?, where b; = \; — H and i > 2. Then
Ai— H = )3 — H for all : > 2. This completes the proof.
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Lemma 2.2 Let M", n > 4, be a connected, compact n-dimensional Rie-
mannian manifold such that M™ is orientable if n is even, and let M™ be the
universal covering of M™. If (M) is finite and Hy(M,Z) ~ Hy(M,Z) =
{0} for alip=2,...,n— 2, then M™ i3 homeomorphic to a sphere S™.

Proof. Firstly we observe that M™ is orientable if n is odd. In fact, if not,
then H,(M,Z) = {0}, see Corollary 7.12 of [B]. But the Euler characteristic
x(M) of M™ is zero and also x(M) = by — by + ... + by_y = by, where bi =
rank H;(M,Z). Since m;(M) is finite, b; = 0 and then x(M) = 1+b,_1 > 1,a
contradiction. Now the torsion part of H (M, Z) is H, (M, Z), because it is fi-
nite. But by the universal coefficient theorem, see [B, p.282], the cohomology
group H*(M, Z) is isomorphic to F; @ T;_;, where F; and T; are the free and
torsion parts of H;(M,Z). By Poincaré duality, H; (M, Z) is isomorphic to
H"Y(M,Z) and so H,(M,Z) = {0}. Again by the universal coefficient the-
orem, H'(M,Z) = {0} and, by Poincaré duality, H,_;(M,Z) = {0}. Then
M™ is a homology sphere and the same arguments applied to M" tell us
that M™ is a homology sphere. Since m(M) = {0}, by standards arguments
using the Hurewicz isomorphism theorem and Whitehead theorem, see [Sp,
p-398], we conclude that M™" is indeed a homotopy sphere. By the general-
ized Poincaré conjecture for n > 4, M"™ is homeomorphic to a sphere. Then
we have a homology sphere M™ which is covered by a sphere M™ and so, by
a theorem of Sjerve [Sj], m; (M) = {0} and hence M™ also homeomorphic to
a sphere. This concludes the proof.

Lemma 2.3 Let V be a real vector space of dimension n > 2 with inner
product <,> and let A:V =V be a symmetric linear map with trA =nH.
Let p be a positive integer such that p < n/2 and let {vy, ..., Vp, Vpi1, .-, Un}
be an orthonormal basis of V. Denote by

{ trA2 — (n+1)H? — (n— 2)H<Av1,v1>, if p=1,
6=

(nn p)trAZ pnH? — (n— 2p)HZ <Av,vn, >, if p>1°
i=1

(12)
Then
(E < A‘U,',‘U.' >)2 - nHZ < Av;, v > +2E,k < Av;, v >2S o, (13)

where,i=1,..,pandk=p+1,..,n



Proof. Since A is symmetric, clearly
trA’ > Y < Av;,v; > 4+ T < Avg, v >3 +2Zk < Av, v >, (14)
3 k iv

Assume first that trA=nH = 0. If p = 1, we have

irA? > < Avy, vy >° +2) < Avy,vp >?
k
and the lemma follows for H =0 and p=1. If 2 < p < n/2, then
p(n —p) 2 n. On the other hand, we have that

trA? > %[Z < Av;,v; >]2 + "n—l—p[z < Avg,vg >]2 + 22 < Av;, v >2,
) - k ik

Since trA = 3 < Av;,v; > + ¥ < Avg,vp >= 0, then from the above
7 E
inequalities it follows that

p(nr;- P p2 2 [} < Avi,vi >+ 237 < Aviyv >,
R ik

which is the desired result (13) for H = 0 and p > 1. For H # 0, let
B=A—HI, where ] : V - V is the identity map. Then trB = 0, B =
A*—2H A+ A’I and trB? = trA?~nH>. The result (13) follows immediately
by applying the case H = 0 to B.

3 Proofs of Theorem 1.1 and Corollary 1.2

The following theorem, which was proved by Lawson and Simon [LS] in
the case ¢ > 0 and, independently, by Leung [Le2], Wei [W] and Xin [X ]in
the case ¢ = 0, is essential in the proof of Theorem 1.1.

Theorem 8.1 Let M™ be a compact manifold tsometrically immersed in
Qi*™, ¢ > 0. Denote by a the second fundamental form of the immer-
sion and let p and q be positive integers such that p+ q = n. Suppose that
at each point z of M™ and for all orthonormal basis {v1) ey Vpy Upa, oeey U}
of T-M, the following condition is valid.

o :=z’: Xn: [2le(vs, vi)llP— < (vi,v3), (v, v4) >] < pag.c (15)
=1 k=p+1
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2 - 2 l?
+n(n 2P)HA +nc< n(n 2k)
n—p n—p k n—k
and it follows from Theorema 3.1 and (20) that Hi(M,Z) = {0}, which
proves 1.3(a).

H\ +nc (20)

(b) Let z € M™ and v be an unity vector in Ty M. Since < Agv,v > 2 Ay,
when H # 0, by (1) we have that

Ric(v) 2 (n - 1)(m: —8) 4 (n—2)H\ +nH.

If the condition in 1.3(b) holds on M™, then the Ricci curvature of M™ is
strictely positive and by Bonnet-Myers’ theorem, 7, (M) is finite. If n = 2, we
obtain 1.2(b1) by the Gauss-Bonnet’s formula. If n = 3, since m, (M) = {0},
we have (b2) by Hamilton’s theorem {H]. Now let n > 4 and M™ orientable
when n is even. Since

212 2
ﬂ+n( 2)H/\1+nc< n?H +n(n—4)
n—1 -2
it follows from part (a) that Hy(M,Z) = {0} for 2 < k < n—2. The above
arguments applyed to the immersion fox : M™ — Q7™ where 7 : Mr
M™ is te covering map, tell us that Hy(M,Z) = {0} for 2<k <n-—2. Then
(b2) is a consequence of Lemma 2.2.

HM\ + ne,

Proof of Corollary 1.4 Under the hypothesis of 1.4, let £ € M™ and let v
be unity in T, M. By (1) we have that
R.ic(v) >4 1(nc—S)+nH2 +(n—2)H)\ =
(n*H? | (n(n—
n -

S+ (ne+ mo1

[—sup(S) +inf(T)] = —(*

)HA ) >

)sup(S —-TN=é>0.

Then M™ is compact and the result follows from 1.3(b).

5 Proofs of Theorem 1.5 and Corollary 1.6

Proof of Theorem 1.5 Let £ € M™ and let v be an unity vector in T, M.
By using (1) and Lemma 2.1(b), it is easy to see that
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’ilmc(v)zAszC, (1)

n

where

22
A=nH+n(n 2)
n—1 n—1

“HA +n-35, (22)

B= n—S+2nH2—n(7;:2l)H\/n —L(Sw—nHY), (23

C = n-Sq2np2-"n =D \/ = = L(s — i), (24)

n—1
where Sy = trAZ . We claim that S < C(H) is equivalent to C > 0 and also
S = C(H) if and only if C = 0. In fact, writing S; = S — nH?, we have

_1 —2RH?
C=n+nH?-| Sl+n(n 1)\/” n(n 25 _

4(n —1)
= (K — L)(K + L),
3H? —~-2)H
where K = n+I(Z:—l—_—1)- and L = S‘+(nT) —". Then € 20
ifand only if K > L or
n3H? n(n—2)2H? (n—2)H | nS
SEE: HIEEN
n+4(n—1)_Sl+ 4(n-1) 2 n—1’

from which our claim follows. By (21) we then have that the Ricci cuvature
of M™ is nonnegative.

(a) Let my(M) be finite. Observe that M™ is compact, in this case,

(al) If n = 2, it follows from the Gauss-Binnet’s formula that M? is diffeo-
morphic to $2 or RP2,

(a2) If n = 3, assume firstly that there exists a point z in M® such that
Ric(v) > 0 for all unity v in T,M. It follows then by Aubin’s theorem
[A, p. 397] that M™ has a metric of strictely positive Ricci curvature and,
since m(M) = {0}, M3 is diffeomorphic to S by Hamilton’s theorem [H].
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Suppose now that for each z in M™, there exists an unity v € T.M such that
Ric(v) = 0. Since C > 0, we have by (21) that A = B = C = 0 and also, as
is easy to see, an equality occurs in (1) of Theorem 1.1 for each € M and
some unity v € T,M. Then M3 is conformally flat and, since (M) = {0},
we have by a theorem of Kuiper, see [D, p.116], that M3 is (conformally)
diffeomorphic to 5°.

(a3) Let n > 4 and assume that H # 0 when S = C(H). Since A> B >
C >0, see (21), we have that

B B 212 -
g<ME nn=2p,  H n(n-4) g, (25)
n—1 n—1 n—2 n-2
on M". We claim that
n?H? n(n-—4)
S<a—atnog thtn @

on M™. In fact, if there exists a point z in M™ where (26) is an equality,
then if follows from (25) that H = 0 or A, = H at z. It also follows from the
equality in (26) that A=B =B =C =0andso S = C(H), that is, H # 0.
Therefore Ay = H and by A = 0, we obtain that S = n 4+ 2nH? at . On
the other hand, by S = n + 2nH? and C = 0, we obtain that S = nH? at z,
a contradiction. This proves (26) and then, by Theorem 1.3(a) we have that
Hi(M,Z) = {0} for i = 2,...,n — 2 and the same holds for M™. Then (a3)
follows from Lemma 2.2.

(b) If m1(M) is infinite then, for each z in M™ there exists an unity v € T,M
such that Ric(v) = 0. Otherwise by Aubin’s theorem and Bonnet-Myers’
theorem, we would have that m,(M) is finite. By (21) and C > 0 we have
that

S=C(H),A=B=C=0 @7)

on M"™. Moreover, if n > 3 and H # 0, we have on M™ that

n—1
n

§) 28 Ny e \/ (S — nH?). (28)
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(bl) If n = 2, it is clear that M? is flat.

(b2) If n > 3, assume firstly that H # 0 on M™. By (28) and Lemma 2.1(b),
we can see that Ag, has two eigenvalues ), where A, has multiplicity at least
n—1. Also N; = [H] because § = Sg. Now we want to show that AAz = —1.
For this, observe that if v is an unity vector in 7,M and Ric(v) = 0, then
the equality occurs in (1) for z and v, and Agv = M. Let vy = v,v;, ..., v,
be an orthonormal basis of T, M such that A;,v = A\;v and Ag, vy = Agu; for
i1 > 2. By the Gauss’ equation we have

0 = Ric(v) = i(1+ <a(v,v1), afvi,v) >) — [la(vy,v)|]?

1=2

= (n - 1)(A1/\2 + 1)

that is, A;A; = —1. We claim that N, is parallel in the normal connection.
Let £, ...,&n and zy,...,z, be local orthonormal frame fields, normal and
tangent to M™ respectively, choosen in a way that & = H/H and 4. X, =
WXy, A Xi = MXi, 1 > 2. Since A; # ), they are smooth functions on
M?". By the Codazzi equations

(Vﬁla)(X,-,Xl) = (V*la)(XI,Xl), (Vj'{..a)(X,-,X,-) = (vj.{.-a)(Xl’Xi)a
and by the fact that NV, is spanned by g , we obtain that

/\1‘75‘(‘51 =[(M—A)< Vx, X1, Xi > =Xi(M))&,
Agvg'{lfl = [(/\2—/\1) < Vxl.X;,X] > _Xl()‘Z)]gl- (29)

But the left sides of (29) cannot be parallel to ¢ unless V§,&; = 0, for
i = 1,2,...,n. This proves our claim. By a well known result of Erbacher, the
codimension m of f can be reduced to 1 and f can be seen as an immersion
of M™ into S™* where A, has two eigenvalues A; # A;. Now by a result of
Ryan [R, p.372], the distribution T}, := {X : A, X = A X} is differentiable
and involutive, and X;(Az) = 0 for i > 2. Since \;A; = —1, we also have that
Xi(A1) = 0 for i > 2. Taking this to (29), we see that < V‘;((:,X,- >= 0 for
i > 2 and, since < Vﬁ:, X; >=0, this shows that the orthogonal distribution
Tii = {& : A, X = M X} is totally geodesic. We then have a compact
manifold M™ with nonnegative Ricci curvature and with a codimension one
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foliation, defined by T),, whose orthogonal distribution T,\J; is totally geodesic.
It follows immediately from Corollary 2 of [BW] that T, is also totally
geodesic and then < Vyx, X;, X; >= 0 for i > 2. Again by (29) we conclude
that X;(Az) = 0. This proves that A; and X, are constant on M™. Clearly
f has constant mean curvature H # 0 and S = C(H). Now (b2) follows, in
this case, from the theorem in [A C] or [Xu] quoted in the introduction.

Suppose now that there exists a point zo in M™ such that H(zo) = 0.
Since A= B = C =0 on M*, (1) is an equality everywhere. By Theorem
1.1, Rt = 0 and M" is conformally flat. On the other hand, S(zo) = n
because H(zo) = 0 and then 7{zo) = n(n — 2) by (10), that is, M™ cannot
be flat. In this case, since 7y (M) is infinite, we can use the same arguments
of the proof of Theorem 1 of [N, p. 259], to conclude that M™ = R” x 531,
for some ¢; > 0. This shows that M™ has constant scalar curvature and so
M™ also, that is, 7 = n(n — 2). Again by (10), § = n?H? +n on M™ and
combining this with S = C(H), we obtain that H =0, § = n. The result
(b2) now follows from Corollary 1.2, in this case.

Proof of Corollary 1.6 Let § < 2,/(n — 1) on M™. By (24), we have that

C=D>E>0 (30)
on M", where
2
D=""2\/ZS~1 T
a=(Vn - 141)y/nH — (vVn—1-1/5 — nH?, (31)
and S
E= n(l—m) (32)

Since C > 0, we have that M™ has nonnegative Ricci curvature and that
S < C(H) on M". We have two possibilities, (a) and (b):

(a) There exists a point z in M™ such that Ric(v) > 0 for all unity v in T, M.
In this case, it follows from Aubin’s theorem and Bonnet-Myers’ theorem
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that M™ has a metric os strictely positive curvature, M™ is compact and
m1(M) is finite. If n = 2 or n = 3, then (al) and (a2) follows from the same
arguments as in 1.5(al)(a2). For (a3), let n > 4 and observe that H # 0
when § = C(H). In fact, if there exists zo in M™ with § = C(H) and
H =0, then C(zo) = 0 and also D(zo) = E(zo) = 0, by (30). This shows
that 0 = S = 2y/n —1 at 2o, which is a contradiction. Then (a3) follows
from 1.5(a3).

(b) For the case (b), using (30) we obtain that A=B=C=D=E =0
on M". Then S =2vn~Tand n?H?’ =ny/n=1-2(n~1). (b1) fn=2,
then M? is flat and H = 0. In particular, if m = 1, it follows from [CCK]
or [L] that M? is isometric to S} x S. (b2) Let n > 3. In this case, it
follows from B = 0 that S = Sy on M™ and therefore N is spanned by
H. We now imitate the proof of 1.5(b) to show that f can be seen as an
isometric immersion of M™ into $™+! with constant H % 0 and § = 2v/n — 1
on M™; (b2) is now a direct consequence of the result in [Hp] mentioned in
the Introduction.
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