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We construct in ZFC a countably compact group without non-trivial convergent 
sequences of size 2c, answering a question of Bellini, Rodrigues and Tomita [4]. We 
also construct in ZFC a selectively pseudocompact group which is not countably 
pracompact, showing that these two properties are not equivalent in the class of 
topological groups. Using the same technique, we construct a group which has all 
powers selectively pseudocompact but is not countably pracompact, assuming the 
existence of a selective ultrafilter.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, every topological space will be Tychonoff (Hausdorff and completely regular) and every 
topological group will be Hausdorff (thus, also Tychonoff). For an infinite set X, [X]<ω will denote the 
family of all finite subsets of X, and [X]ω will denote the family of all countable subsets of X. Recall that 
an infinite topological space X is said to be

• pseudocompact if each continuous real-valued function on X is bounded;
• countably compact if every infinite subset of X has an accumulation point in X;
• countably pracompact if there exists a dense subset D in X such that every infinite subset of D has an 

accumulation point in X.
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We denote the set of non-principal (free) ultrafilters on ω by ω∗. Given p ∈ ω∗, x ∈ X and a sequence 
{xn : n ∈ ω} ⊂ X, following [5], we say that x is a p-limit point of (xn)n∈ω if, for every neighborhood U of 
x, we have that {n ∈ ω : xn ∈ U} ∈ p. If X is Hausdorff, a sequence {xn : n ∈ ω} has at most one p-limit 
point x and we write x = p − limn∈ω xn. We may consider a topology on ω∗ which has, for each A ⊂ ω, 
the sets A∗ .= {p ∈ ω∗ : A ∈ p} as basic open sets. Also, we recall that p ∈ ω∗ is a P−point if whenever 
{Vn : n ∈ ω} is a countable family of neighborhoods of p, p ∈ int

(⋂
n∈ω Vn

)
, and p ∈ ω∗ is a weak P−point

if it is not an accumulation point of any countable subset of ω∗. Kunen showed in ZFC that there exist 2c
points in ω∗ which are weak P -points but not P -points [23].

It is not hard to show that x ∈ X is an accumulation point of a sequence {xn : n ∈ ω} ⊂ X if and only 
if there exists p ∈ ω∗ such that x = p − limn∈ω xn. Thus, it follows easily that

• X is countably compact if and only if every sequence {xn : n ∈ ω} ⊂ X has a p-limit, for some p ∈ ω∗.
• X is countably pracompact if and only if there exists a dense subset D in X such that every sequence 

{xn : n ∈ ω} ⊂ D has a p-limit in X, for some p ∈ ω∗.

For pseudocompact spaces, a similar equivalence holds: X is pseudocompact if and only if for every countable 
family {Un : n ∈ ω} of nonempty open sets of X, there exists x ∈ X and p ∈ ω∗ such that, for each 
neighborhood V of x, {n ∈ ω : V ∩ Un �= ∅} ∈ p.

Since the introduction of pseudocompactness by Hewitt [20], many related concepts have emerged, which 
provide new topological spaces, with different properties:

Definition 1.1. Let X be a topological space.

(1) For p ∈ ω∗, X is called p-compact if every sequence of points in X has a p-limit.
(2) For p ∈ ω∗, X is called p-pseudocompact if for every countable family {Un : n ∈ ω} of nonempty open 

sets of X, there exists x ∈ X such that, for each neighborhood V of x, {n ∈ ω : V ∩ Un �= ∅} ∈ p.
(3) X is called ultrapseudocompact if X is p-pseudocompact for every p ∈ ω∗.
(4) X is called selectively pseudocompact3 if for each sequence (Un)n∈ω of nonempty open subsets of X

there is a sequence {xn : n ∈ ω} ⊂ X, x ∈ X and p ∈ ω∗ such that x = p − limn∈ω xn and, for each 
n ∈ ω, xn ∈ Un.

(5) For p ∈ ω∗, X is called selectively p−pseudocompact4 if, for each sequence (Un)n∈ω of nonempty open 
subsets of X, there is a sequence (xn)n∈ω of points in X and x ∈ X such that x = p − limn∈ω xn and, 
for each n ∈ ω, xn ∈ Un.

The concept of p-compactness was introduced in [5], p-pseudocompactness and ultrapseudocompactness in 
[18], selective p-pseudocompactness in [1] and selective pseudocompactness in [12]. Regarding these notions, 
it follows straight from the definitions that for each p ∈ ω∗,

p-compactness ⇒ selective p-pseudocompactness ⇒ p-pseudocompactness ⇒ pseudocompactness

and

ultrapseudocompactness ⇒ p-pseudocompactness.

For each p ∈ ω∗, [1] shows an example of a p-pseudocompact space which is not ultrapseudocompact. Also 
it is evident that

3 This concept was originally defined in [12] under the name strong pseudocompactness, but later the name was changed, since 
there were already two different properties named in the previous way (in [2] and [10]).
4 Similarly, this concept was defined originally under the name strong p-pseudocompactness.
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countable compactness ⇒ countable pracompactness ⇒

⇒ selective pseudocompactness ⇒ pseudocompactness.

In [17], there is an example of a countably compact space which is not p-pseudocompact for any p ∈ ω∗, 
and in [11] an example of an ultrapseudocompact space which is not selectively pseudocompact.

For topological groups we can say more:

Theorem 1.2 ([13]). For a topological group G, the following conditions are equivalent.

(1) G is pseudocompact.
(2) There is a p ∈ ω∗ such that G is p-pseudocompact.
(3) G is ultrapseudocompact.

In [14], there is an example of a selectively pseudocompact group which is not countably compact. 
The question whether pseudocompactness implies selective pseudocompactness in topological groups was 
posed in [12], and solved by Garcia-Ferreira and Tomita, who proved that there exists a pseudocompact 
group which is not selectively pseudocompact [14]. Hence, the selective pseudocompactness is not another 
equivalent notion for pseudocompactness in topological groups. In this paper we prove that there exists 
a topological group which is selectively pseudocompact but is not countably pracompact. Therefore, the 
notion of countably pracompactness is even more strict in topological groups.

In what follows, we recall some basic facts about selective ultrafilters.

Definition 1.3. A selective ultrafilter on ω is a free ultrafilter p on ω such that for every partition {An : n ∈ ω}
of ω, either there exists n ∈ ω such that An ∈ p or there exists B ∈ p such that |B ∩ An| = 1 for every 
n ∈ ω.

When handling the combinatorial properties of selective ultrafilters, it is often useful to use some of their 
equivalent properties, like those given by the well known proposition below (for a proof, see [8], for instance).

Proposition 1.4. Let p ∈ ω∗. The following are equivalent.

a) p is a selective ultrafilter.
b) For every f ∈ ωω, there exists A ∈ p such that f |A is either constant or one-to-one.
c) For every function f : [ω]2 → 2 there exists A ∈ p such that f |[A]2 is constant.

The existence of selective ultrafilters is independent of ZFC. In fact, Martin’s Axiom (MA) implies 
the existence of 2c selective ultrafilters [6], while there is a model of ZFC in which there are no selective 
ultrafilters [34].

Assuming the existence of a single selective ultrafilter, we also prove in this paper that there exists a 
topological group which is not countably pracompact and has all powers selectively pseudocompact.

The question whether there exists a countably compact group without non-trivial convergent sequences 
in ZFC has been left open for a long time, and it is related to an old open problem posed by Comfort, 
after proving, together with Ross, that the product of any family of pseudocompact topological groups is 
pseudocompact [9]. Comfort asked whether there are countably compact topological groups whose product 
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is not countably compact.5 The first consistent positive answer was given by Douwen, under MA [32]. More 
specifically, Douwen proved the two following lemmas.

Lemma 1.5 ([32]). (ZFC) Every infinite Boolean countably compact group without non-trivial convergent 
sequences contains two countably compact subgroups whose product is not countably compact.

Tomita proved in ZFC another version of Lemma 1.5: the existence of a countably compact Abelian 
group without non-trivial convergent sequences implies the existence of a countably compact group whose 
square is not countably compact [29]. Also, a version for finite and countable powers (for torsion groups) 
and finite powers (for non-torsion groups) appear in [31].

Lemma 1.6 ([32]). (MA) There exists an infinite Boolean countably compact group without non-trivial con-
vergent sequences.

Together, the two lemmas above show that, under MA, there exist two countably compact groups whose 
product is not countably compact. Some years later, a more general Comfort’s question (see the footnote in 
this page) was solved for every cardinal κ ≤ 2c, assuming the existence of 2c selective ultrafilters and that 
2c = 2<2c [28]. Also, in [30] it was constructed the first torsion free example of a topological group whose 
least power that fails to be countably compact is ω, using c incomparable (according to the Rudin-Keisler 
ordering in ω∗) selective ultrafilters.

Using tools outside ZFC, many other examples of countably compact groups without non-trivial conver-
gent sequences were given over the years. The first one appeared in [19], under CH. In [22], an example was 
obtained from Martin’s Axiom for countable posets, and in [16] from a single selective ultrafilter, improving 
the technique, since CH and MA imply the existence of selective ultrafilters. Nevertheless, [26] showed that 
the existence of such groups does not imply the existence of selective ultrafilters. It was left open for a long 
time whether there exists an example in ZFC. Finally, in 2021, Hrušák, van Mill, Ramos-García, and Shelah 
[21] proved that:

Theorem 1.7 ([21]). In ZFC, there exists a Hausdorff countably compact topological Boolean group (of size 
c) without non-trivial convergent sequences.

Due to Lemma 1.5, this result also solves the original Comfort’s question.
In the present article, we prove in ZFC that there exists a Hausdorff countably compact topological 

Boolean group without non-trivial convergent sequences of size 2c, answering a question posed in [4]. We 
will be dealing with Boolean groups, which are also Boolean vector spaces over the field 2 = {0, 1}, and 
thus we can talk about general linear algebra concepts concerning these groups, such as linearly independent 
subsets. More specifically, if D ⊂ 2c is an infinite set, we will consider the Boolean group [D]<ω with the 
symmetric difference 
 as the group operation and ∅ as the neutral element. Given p ∈ ω∗, one may define 
an equivalence relation on ([D]<ω)ω by letting f ≡p g iff {n ∈ ω : f(n) = g(n)} ∈ p. We let [f ]p be the 
equivalence class determined by f and ([D]<ω)ω/p be ([D]<ω)ω/ ≡p. Notice that this set has a natural 
vector space structure (over the field 2). For each D0 ∈ [D]<ω, the constant function in ([D]<ω)ω which 
takes only the value D0 will be denoted by �D0. If α < 2c is an ordinal, then �{α} will be denoted simply by 
�α.

5 More generally, he asked in the survey book Open Problems in Topology whether there is, for every (not necessarily infinite) 
cardinal number α ≤ 2c, a topological group G such that Gγ is countably compact for all cardinals γ < α, but Gα is not countably 
compact.
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2. Auxiliary results

In this section we present the auxiliary results that we will use in the constructions. We start with a 
simple fact from linear algebra.

Lemma 2.1. Let A, B and C be subsets in a Boolean vector space. Suppose that A is a finite set and that 
A ∪C, B ∪C are linearly independent. Then there exists B′ ⊂ B such that |B′| ≤ |A| and A ∪C ∪ (B \B′)
is linearly independent.

Proof. We prove the result by induction on |A|. First, suppose that |A| = 1, that is, A has a single element 
a �= 0. If A ∪ C ∪ B is linearly independent, we simply consider B′ = ∅. Otherwise, there is a non-trivial 
linear combination of elements in A ∪ C ∪ B that equals zero. Note that a and some element in B must 
appear in this linear combination, since A ∪ C and B ∪ C are linearly independent. Thus, we have

a = Cl(C)1
Cl(B)1,

for some Cl(B)1 �= 0 and Cl(C)1 linear combinations of elements in B and C, respectively. Choose an 
element b ∈ B which appear in Cl(B)1. We claim that A ∪ C ∪ (B \ {b}) is linearly independent. Indeed, 
otherwise we would have

a = Cl(C)2
Cl(B)2,

for some Cl(B)2 �= 0 and Cl(C)2 linear combinations of elements in B \ {b} and C, respectively. But this 
cannot happen, since B∪C is linearly independent and Cl(B)1 �= Cl(B)2. Hence, we have proved the result 
if A is a set of size 1.

Suppose that the Lemma holds for sets of size n ∈ ω, and that A has a size n + 1. In this case, letting 
a ∈ A, we may apply the hypothesis to the sets A \ {a}, B and C. Thus, we get B0 ⊂ B so that |B0| ≤ n

and that (A \ {a}) ∪C ∪ (B \B0) is linearly independent. Now, we apply the result for sets of size 1 to the 
sets {a}, B \B0 and (A \ {a}) ∪ C, and we are done. �

The next corollary appears in [21].

Corollary 2.2. Let A and B be linearly independent subsets in a Boolean vector space with A a finite set. 
Then there is B′ ⊂ B such that |B′| ≤ |A| and A ∪ (B \B′) is linearly independent.

Proof. Use the previous lemma for C = ∅. �
The main new idea that appears in [21] when proving Theorem 1.7 is the use of a clever filter to generate 

a suitable family of ultrafilters {pα : α < c} ⊂ ω∗, given by the next result.

Proposition 2.3 ([21]). There is a family {pα : α < c} ⊂ ω∗ such that, for every D ∈ [c]ω and {fα : α ∈ D}
such that each fα is an one-to-one enumeration of linearly independent elements of [c]<ω, there is a sequence 
< Uα : α ∈ D > that satisfies

(i) {Uα : α ∈ D} is a family of pairwise disjoint subsets of ω;
(ii) Uα ∈ pα for every α ∈ D;
(iii) {fα(n) : α ∈ D and n ∈ Uα} is a linearly independent subset of [c]<ω.

Using fundamentally the same idea, with just a slight modification, we construct a similar suitable family 
of ultrafilters {pα : α < 2c} ⊂ ω∗, which permits, in the same way that was done in [21], the construction 
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of a group of size 2c satisfying Theorem 1.7. For the sake of completeness, we shall not omit any of the 
arguments.

Proposition 2.4. There is a family {pα : α < 2c} ⊂ ω∗ such that, for every D ∈ [2c]ω and {fα : α ∈ D} such 
that each fα is an one-to-one enumeration of linearly independent elements of [2c]<ω, there is a sequence 
< Uα : α ∈ D > that satisfies

I) {Uα : α ∈ D} is a family of pairwise disjoint subsets of ω;
II) Uα ∈ pα for every α ∈ D;

III) {fα(n) : α ∈ D and n ∈ Uα} is a linearly independent subset of [2c]<ω.

Proof. Fix {In : n ∈ ω} a partition of ω into finite sets such that

|In| > n ·
∑
m<n

|Im|,

and let

B = {B ⊂ ω : ∀n ∈ ω, |In \B| ≤
∑
m<n

|Im|}.

Note that the intersection of every finite subfamily of B is infinite, thus we may consider the filter F it 
generates, which is free. If A is an infinite subset of ω, notice that we have, for every f ∈ F , |f∩

⋃
n∈A In| = ω.

Remark 1. In [21], it was fixed at this point an almost disjoint family (Aα)α<c of size c of infinite subsets of 
ω, and each ultrafilter pα was chosen extending F|⋃

n∈Aα
In

. Here, we construct them by using weak P -points
instead. Here lies the difference between the two constructions.

Let {qξ : ξ < 2c} be the set of weak P -points.6 For each ξ < 2c, we fix a free ultrafilter pξ containing the 
set

{
f ∩

⋃
n∈A

In : A ∈ qξ, f ∈ F
}
.

We shall prove that the family of free ultrafilters (pξ)ξ<2c satisfies the Proposition. For this, we fix a set 
D = {αn : n ∈ ω} ∈ [2c]ω and a family {fα : α ∈ D} of one-to-one sequences of linearly independent 
elements of [2c]<ω. For every αn, n ∈ ω, we choose Cαn

∈ qαn
in a way that (Cαn

)n∈ω is a family of pairwise 
disjoint sets, which can be done, since (qαn

)n∈ω is a sequence of weak P -points. Now, let {Bn : n ∈ ω} be 
a partition of ω such that Bn =∗ Cαn

, for every n ∈ ω (we could use the sets Cαn
directly, but this choice 

will simplify a bit).
Suppose that, for each k ∈ ω, k ∈ Bnk

. We shall construct a sequence of sets (Rk)k∈ω satisfying that, for 
each k ∈ ω,

1) Rk ⊂ Ik;
2) |Rk| ≤

∑
m<k |Im|;

3) fαn0
[I0 \R0] ∪ fαn1

[I1 \R1] ∪ ... ∪ fαnk
[Ik \Rk] is linearly independent.

6 Recall that Kunen showed that there are 2c of them in ZFC [23].
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Let R0 = ∅, and, given N > 0, assume that we have already constructed sets (Rk)k<N satisfying the 
conditions above for each k < N . Since both fαN

[IN ] and fαn0
[I0] ∪ fαn1

[I1 \ R1] ∪ ... ∪ fαnN−1
[IN−1 \

RN−1] are linearly independent, Corollary 2.2 implies that there exists RN ⊂ IN such that

|RN | ≤
∑
m<N

|Im|

and

fαn0
[I0] ∪ ... ∪ fαNn

[IN \RN ] is linearly independent.

Therefore, there exists a family (Rk)k∈ω satisfying the three conditions above, for every k ∈ ω. Hence, the 
set

B
.=
⋃
l∈ω

(Il \Rl)

satisfy the following:

i) I0 ⊂ B;
ii) for every l ∈ ω, |Il \B| = |Rl| ≤

∑
m<l |Im|;

iii) {fαn
(m) : n ∈ ω, m ∈ B ∩ Il, l ∈ Bn} is linearly independent.

It follows from ii) that B ∈ B, and defining, for each n ∈ ω,

Un
.= B ∩

⋃
l∈Bn

Il,

it is clear that (Un)n∈ω is a family of pairwise disjoint sets. Furthermore, it follows from the definition of 
pαn

and from the fact that Bn ∈ qαn
, that Un ∈ pαn

. Finally, by construction,

{fαn
(m) : n ∈ ω, m ∈ Un}

is linearly independent. �
For the next result, we fix the family of ultrafilters {pα : α < 2c} constructed in the previous proposition.

Lemma 2.5. Let {fα : α ∈ I}, with I ⊂ 2c, be a family of one-to-one enumerations of linearly independent 
elements of [2c]<ω, and D ∈ [2c]ω be such that, for every α ∈ D ∩ I, 

⋃
n∈ω fα(n) ⊂ D. Consider also 

D0 ∈ [D]<ω and F : D0 → 2 a function. Then there exists a homomorphism φ : [D]<ω → 2 so that, for 
every α ∈ D ∩ I,

φ({α}) = pα − lim
n∈ω

φ(fα(n)),

and, for each d ∈ D0, φ({d}) = F (d).

Proof. Enumerate (D ∩ I) as {αn : n ∈ ω} so that {α0, ..., αr} = D0 ∩ I, and let D0 \ I = {d0, ..., dl}. 
According to Proposition 2.4, there is a sequence < Uα : α ∈ D ∩ I > that satisfies

I) {Uα : α ∈ D ∩ I} is a family of pairwise disjoint subsets of ω;
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II) Uα ∈ pα for every α ∈ D ∩ I;
III) {fα(n) : α ∈ D ∩ I and n ∈ Uα} is a linearly independent subset of [2c]<ω.

Letting

E0
.= {{d0}, ..., {dl}} ∪ {{α0}, ..., .{αr}} ∪ {fαm

(n) : m = 0, .., r and n ∈ Uαm
},

we shall define a homomorphism φ0 : span(E0) → 2 so that, for every j = 0, ..., l,

φ0({dj}) = F (dj)

and, for each i = 0, ..., r,

φ0({αi}) = F (αi)

and

φ0({αi}) = pαi
− lim

n∈Uαi

φ0(fαi
(n)).

This can be done, since {{d0}, ..., {dl}} ∪ {{α0}, ..., {αr}} and {fαm
(n) : m = 0, .., r and n ∈ Uαm

} are 
linearly independent, and thus there exists R0 ⊂ {fαm

(n) : m = 0, .., r and n ∈ Uαm
} so that |R0| ≤ r+ l+2

and

{{d0}, ..., {dl}} ∪ {{α0}, ..., {αr}} ∪ ({fαm
(n) : m = 0, .., r and n ∈ Uαm

} \R0)

is linearly independent.
We shall now define recursively homomorphisms φk : span(E0 ∪ {fαm

(n) : r < m ≤ k + r and n ∈
Uαm

} ∪ {{αi} : r < i ≤ k + r}) → 2 satisfying that, for each k ∈ ω,

1) φ0 is the homomorphism defined above;
2) φk({αk+r}) = pαk+r

− limn∈Uαk+r
φk(fαk+r

(n));
3) φk+1 extends φk.

Suppose that, for N ∈ ω, we have defined homomorphisms φ0, ..., φN satisfying 1), 2) and 3). By Lemma 2.1, 
there is a finite subset RN+1 of {fαr+N+1(n) : n ∈ Uαr+N+1} such that

span({{d0}, ..., {dl}} ∪ {{α0}, ..., {αr+N}} ∪ {fαm
(n) : 0 ≤ m ≤ r + N and n ∈ Uαm

})
⋂

span({fαr+N+1(n) : n ∈ Uαr+N+1} \RN+1) = {∅}.

Therefore, we may define the homomorphism φN+1 to be equal to φN in span({{d0}, ..., {dl}} ∪
{{α0}, ..., {αr+N}} ∪ {fαm

(n) : 0 ≤ m ≤ r + N and n ∈ Uαm
}) and so that

φN+1({αr+N+1}) = pαr+N+1 − lim
n∈Uαr+N+1

φN+1(fαr+N+1(n)).

Thus, we have proved that there exist homomorphisms φk satisfying 1), 2) and 3) for every k ∈ ω. If φ
is any homomorphism defined in [D]<ω extending 

⋃
k∈ω φk, then

i) ∀α ∈ D ∩ I, φ({α}) = pα − limn∈Uα
φ(fα(n));
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ii) ∀d ∈ D0, φ({d}) = F (d),

as we want. �
Remark 2. Note that the homomorphism φ given by the previous lemma may be defined satisfying additional 
properties, since we have freedom in an infinite subset of {fαk

(n) : n ∈ Uαk
}, for each k ∈ ω. For instance, 

given α ∈ D ∩ I, we can choose φ satisfying also that

∀i ∈ 2, |{n ∈ ω : φ(fα(n)) = i}| = ω.

In fact, homomorphisms satisfying this property were constructed in [21].

3. A countably compact group without non-trivial convergent sequences of size 2c

Theorem 3.1. There is a Hausdorff countably compact topological Boolean group of size 2c without non-trivial 
convergent sequences.

Proof. We shall construct a topology on [2c]<ω as follows.
Following [21], we fix an indexed family {fα : α ∈ [ω, 2c)} ⊂ ([2c]<ω)ω of one-to-one sequences such that

1) for every infinite X ⊂ [2c]<ω, there is an α ∈ [ω, 2c) with rng(fα) ⊂ X;
2) each fα is a sequence of linearly independent elements;
3) rng(fα) ⊂ [α]<ω for every α ∈ [ω, 2c).

Let {pα : α < 2c} ⊂ ω∗ be the family of free ultrafilters given by Proposition 2.4. Define, for each 
φ ∈ Hom([ω]<ω, 2), its extension φ̄ ∈ Hom([2c]<ω, 2) recursively, by putting, for every α ∈ [ω, 2c),

φ̄({α}) = pα − lim φ̄(fα(n)). (1)

Let τ be the weakest (group) topology on [2c]<ω making all φ̄ continuous (φ ∈ Hom([ω]<ω, 2)). For every 
α ∈ [ω, 2c), it follows that

{α} = pα − lim
n∈ω

fα(n),

since the topology is generated by finite intersections of inverse images of φ̄ functions, which satisfy (1). 
Therefore, as the family {fα : α ∈ [ω, 2c)} satisfies 1), the topological space ([2c]<ω, τ) is countably compact.

Next we introduce the notion of suitably closed set relative to this construction.7

Definition 3.2 ([21]). A set D ∈ [2c]ω is called suitably closed if ω ⊂ D and 
⋃

n∈ω fα(n) ⊂ D, for every 
α ∈ D \ ω.

The topology also makes the topological group Hausdorff. Indeed, given x ∈ [2c]<ω \{∅}, let D ∈ [2c]ω be 
a suitably closed set so that x ⊂ D. We may use Lemma 2.5 to construct a homomorphism ψ : [D]<ω → 2
satisfying (1) for each α ∈ D \ ω and such that ψ(x) = 1. Hence, if Φ 

.= ψ|[ω]<ω , the homomorphism 

Φ ∈ Hom([2c]<ω, 2) is such that Φ(x) = 1, since Φ
∣∣
[D]<ω = ψ.8

7 The idea of suitably closed sets already appeared in [22], without using a name. Many subsequent works that used Martin’s 
Axiom for countable posets and selective ultrafilters also used this idea.
8 Here we justify the Hausdorff property of the group directly, unlike [21] does.



10 A.H. Tomita, J. Trianon-Fraga / Topology and its Applications 314 (2022) 108111
To finish, we enunciate the following lemma, which is used to show that the topological space ([2c]<ω, τ)
does not contain non-trivial convergent sequences. Versions of this result were already used in previous 
articles, but we enunciate here the version that appears in [21].

Lemma 3.3. If, for every D ∈ [2c]ω suitably closed and α ∈ D \ ω, there is ψ ∈ Hom([D]<ω, 2) such that

(1) ∀β ∈ D \ ω, ψ({β}) = pβ − limn∈ω ψ(fβ(n));
(2) ∀i ∈ 2, |{n ∈ ω : ψ(fα(n)) = i}| = ω,

then the topology defined above on [2c]<ω does not contain non-trivial convergent sequences.

The hypothesis of the lemma above is satisfied, due to Lemma 2.5 and Remark 2, following it. �
4. A selectively pseudocompact group which is not countably pracompact

Theorem 4.1. There is a Hausdorff selectively pseudocompact group which is not countably pracompact.

Proof. Let {pξ : ξ < c} be the family of free ultrafilters given by Proposition 2.3. We fix at the beginning a 
function F : c × c → 2 so that:

• For every A ∈ [c]ω, there exists β ∈ c such that F (A × {β}) = 1.
• For every B ∈ [c]ω, there exists α0 ∈ c and α1 ∈ c such that F ({α0} ×B) = 0 and F ({α1} ×B) = 1.

Let (Jβ)β<c be a partition of c such that, for each β < c, |Jβ | = c. Consider also, for each β < c, a 
partition {J1

β , J
2
β} of Jβ satisfying that |J1

β | = |J2
β | = c. We suppose that the initial ω elements of Jβ are in 

J1
β , for every β < c. Given β < c, let {fβ

ξ : ξ ∈ J2
β} be a family of functions fβ

ξ : ω → [Jβ ]<ω such that

1) each fβ
ξ is an one-to-one enumeration of linearly independent elements of [Jβ]<ω;

2) for every infinite X ⊂ [Jβ ]<ω, there exists ξ ∈ J2
β such that rng(fβ

ξ ) ⊂ X;
3) for every ξ ∈ J2

β , rng(fβ
ξ ) ⊂ [ξ]<ω.

From now on, we will omit the superscript of fβ
ξ , since for each ξ ∈

⋃
β<c

J2
β , there is a unique β < c such 

that ξ ∈ Jβ . We also define the sets J1
.=
⋃

β<c
J1
β and J2

.=
⋃

β<c
J2
β . Lastly, we fix another partition 

(Iα)α<c of c satisfying that |Iα| = c, for every α < c.
We shall now define which are the suitably closed sets of this construction.

Definition 4.2. A set A ∈ [c]ω is suitably closed if, for every ξ ∈ A ∩ J2, we have 
⋃

n∈ω fξ(n) ⊂ A.

Let A be the set of all homomorphisms σ : [A]<ω → 2, with A ∈ [c]ω suitably closed, satisfying that

σ({ξ}) = pξ − lim
n∈ω

σ(fξ(n)),

for every ξ ∈ A ∩ J2. Enumerate A by {σμ : ω ≤ μ < c} and, without loss of generality, we may assume 
that 

⋃
dom(σμ) ⊂ μ,9 for each ω ≤ μ < c. We may also suppose that for each σ ∈ A and α < c, there exists 

μ ∈ Iα so that σμ = σ. Now, for each μ ∈ [ω, c), we shall construct a suitable homomorphism σμ : [c]<ω → 2, 
as done below.

9 In case of a homomorphism σ : [C]<ω → 2, with C ⊂ c, note that ⋃ dom(σ) = C.
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Firstly, for each β < c, we enumerate all functions g : S → 2 with S ∈ [c]<ω by {gβξ : ξ ∈ J1
β} and, 

without loss of generality, we may assume that dom(gβξ ) ⊂ ξ, for every ξ ∈ J1
β , and that for each g : S → 2

as above, |{ξ ∈ J1
β : gβξ = g}| = c. As done before, from now on we omit the superscript of gβξ , since for each 

ξ ∈ J1, there is a unique β < c such that ξ ∈ J1
β .

Given ω ≤ μ < c, we start defining an auxiliary homomorphism ψμ : [c]<ω → 2, extending σμ. First, if 
ξ < c is such that {ξ} ∈ dom(σμ), we put ψμ({ξ}) = σμ({ξ}). Otherwise, we have a few cases to consider: 
firstly, for every ξ ∈ J1, we put ψμ({ξ}) = gξ(μ) if μ ∈ dom(gξ) and ψμ({ξ}) = 0 if μ /∈ dom(gξ); for 
elements ξ ∈ J2, we define ψμ recursively, by putting

ψμ({ξ}) = pξ − lim
n∈ω

ψμ(fξ(n)).

Note that since {{ξ} : ξ < c} is a base for [c]<ω, the definition above uniquely extends each σμ to a 
homomorphism ψμ : [c]<ω → 2, which satisfy the previous equation for every ξ ∈ J2, by construction.

Now, to obtain the homomorphisms σμ : [c]<ω → 2, we shall make some modifications to the homomor-
phisms ψμ defined before, in the following way. For every ω ≤ μ < c and ξ < c, we have that μ ∈ Iα and 
ξ ∈ Jβ for unique α, β < c, thus we put

{
σμ({ξ}) = 0, if F (α, β) = 0
σμ({ξ}) = ψμ({ξ}), if F (α, β) = 1.

Again, in this way we define uniquely a homomorphism σμ : [c]<ω → 2, for each μ < c. Note that, for every 
ξ ∈ J2 and ω ≤ μ < c,

σμ({ξ}) = pξ − lim
n∈ω

σμ(fξ(n)).

In fact, if μ ∈ Iα and ξ ∈ J2
β are such that F (α, β) = 0, then σμ({ξ}) = σμ(fξ(n)) = 0 for every n ∈ ω. 

Otherwise, σμ({ξ}) = ψμ({ξ}) and σμ(fξ(n)) = ψμ(fξ(n)), for every n ∈ ω. Furthermore, note that σμ

is non-trivial for every ω ≤ μ < c. Indeed, given μ ∈ Iα, take β < c such that F (α, β) = 1 and let 
ξ ∈ J1

β \
⋃

dom(σμ) be such that gξ is the function which has dom(gξ) = {μ} and gξ(μ) = 1. Hence, we have 
that σμ({ξ}) = gξ(μ) = 1.

Let now A .= {σμ : ω ≤ μ < c} and τ be the weakest (group) topology on [c]<ω making every homomor-
phism in A continuous. First, notice that ([c]<ω, τ) is Hausdorff. In fact, given x ∈ [c]<ω \ {∅}, let D ∈ [c]ω
be a suitably closed set so that x ⊂ D, and let α < c be such that F ({α} ×D) =1. According to Lemma 2.5, 
there exists σ : [D]<ω → 2, σ ∈ A, such that σ(x) = 1 and, by construction, there exists μ0 ∈ Iα such that 
σμ0 = σ. Hence, we have that σμ0(x) = 1.

Claim 1. ([c]<ω, τ) is a selectively pseudocompact group.

Proof of the claim. Let {Un : n ∈ ω} be a sequence of nonempty open sets in the group. For each Un, we 
fix a function gn : Sn → 2, with Sn ∈ [c]<ω \ {∅}, so that

Un ⊃
⋂

μ∈Sn

σμ
−1

(gn(μ)).

Thus, for each n ∈ ω, we may define the set Cn
.= {α < c : μ ∈ Iα for some μ ∈ Sn}, and also 

C
.=
⋃

n∈ω Cn ∈ [c]ω. By the property of F function, there exists β ∈ c such that F (C × {β}) = 1. For each 
n ∈ ω, let ξn ∈ J1

β \
⋃

μ∈Sn

(
∪ dom(σμ)

)
be such that gξn = gn. We may choose such elements ξn pairwise 

distinct. By the way we have defined the homomorphisms which generate the topology, for every μ ∈ Sn, 
σμ({ξn}) = ψμ({ξn}) = gn(μ), and therefore {ξn} ∈ Un, for every n ∈ ω.
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Now, let ξ ∈ J2
β be such that rng(fξ) ⊂ {{ξn} : n ∈ ω}. Since

σμ({ξ}) = pξ − lim
n∈ω

σμ(fξ(n)), (2)

for every ω ≤ μ < c, we have that {ξ} is an accumulation point of {{ξn} : n ∈ ω}, ending the proof. �

Claim 2. ([c]<ω, τ) is not a countably pracompact group.

Proof of the claim. Suppose that Z is a subset of G that is dense. We shall construct a sequence {tn : n ∈
ω} ⊂ Z that does not have an accumulation point in ([c]<ω, τ). Such sequence shall satisfy that

SUPP(tn) \
( ⋃

m<n

SUPP(tm)
)

�= ∅, (3)

for every n ∈ ω, where, for each D ∈ [c]<ω, we define

SUPP(D) .= {β < c : Jβ ∩D �= ∅}.

First, fix t0 ∈ Z arbitrarily, and suppose that, for k > 0, we have defined {tn : n < k} ⊂ Z satisfying 
equation (3) for every n < k. We claim that B .=

⋃
z∈Z SUPP(z) cannot be a countable set. Indeed, if B is 

countable, by construction of F function, there exists an α ∈ c so that F ({α} × B) = 0. Therefore, given 
μ ∈ Iα, σμ(z) = 0 for every z ∈ Z, and thus Z cannot be dense in G. Hence, there exists tk ∈ Z such that

SUPP(tk) \
( ⋃

m<k

SUPP(tm)
)

�= ∅,

which proves the existence of such sequence {tn : n ∈ ω} ⊂ Z.
Now we shall show that, for each x ∈ [c]<ω, x is not an accumulation point of {tn : n ∈ ω}. First, note 

that there exists k0 ∈ ω such that, for every n ≥ k0,

SUPP(tn) \
( ⋃

m<n

SUPP(tm) ∪ SUPP(x)
)

�= ∅.

In fact, since SUPP(x) is finite and (3) holds, there cannot be infinite elements tn such that SUPP(tn) ⊂⋃
m<n SUPP(tm) ∪ SUPP(x).
Let

F0
.=

⋃
m<k0

SUPP(tm) ∪ SUPP(x)

and, for i > 0,

Fi
.= SUPP(tk0+i−1) \

( ⋃
m<k0+i−1

SUPP(tm) ∪ SUPP(x)
)
.

Define also, for each i ∈ ω,

Di
.= {ξ ∈

⋃
tn ∪ x : SUPP({ξ}) ∈ Fi},
n∈ω
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and let Ai be a suitably closed set containing Di such that SUPP(Ai) = SUPP(Di). Since (Fi)i∈ω is a 
family of pairwise disjoint sets, we have that (Ai)i∈ω is also a family of pairwise disjoint sets.

According to Lemma 2.5, we may define a homomorphism θ0 : [A0]<ω → 2 such that θ0 ∈ A and 
θ0(x) = 0. For k > 0, suppose that we have constructed a set of homomorphisms {θi : i < k} ⊂ A such that

i) θ0(x) = 0.
ii) θi is a homomorphism defined in 

[⋃
j≤i Aj

]<ω taking values in 2, for each i < k.
iii) θi extends θi−1 for each 0 < i < k.
iv) θi(tk0+j) = 1 for each 0 < i < k and j = 0, ..., i − 1.

Let Ak be a suitably closed set containing Dk. Again by Lemma 2.5, we may define a homomorphism 
ψk : [Ak]<ω → 2 so that ψk ∈ A and

ψk

(
tk0+k−1 \

⋃
j<k

Dj

)
+ θk−1

(
tk0+k−1 ∩

⋃
j<k

Dj

)
= 1.

Now, since Ak ∩
⋃

i<k Ai = ∅, we may define a homomorphism θk :
[⋃

j≤k Aj

]<ω → 2 extending both 
θk−1 and ψk. Then, by construction, we have that θk(x) = 0 and θk(tk0+j) = 1 for every j = 0, ..., k − 1. 
Also, it follows that θk ∈ A, since ψk ∈ A and θi ∈ A for every i < k. Therefore, there exists a family of 
homomorphisms {θk : k ∈ ω} ⊂ A satisfying i)-iv) for every k ∈ ω.

Letting A 
.=
⋃

n∈ω An and θ
.=
⋃

n∈ω θn, the homomorphism θ : [A]<ω → 2 satisfies that θ ∈ A, since each 

θn ∈ A. Also, θ(x) = 0 and θ(tk0+j) = 1 for every j ∈ ω. Let α < c be such that F
(
{α} ×

⋃
n∈ω SUPP(tn) ∪

SUPP(x)
)

= 1 and μ ∈ Iα be such that σμ = θ. Then, σμ : [c]<ω → 2 satisfy that σμ(tn) = 1 for each 

n ∈ ω, and σμ(x) = 0. Therefore, x ∈ [c]<ω, which was chosen arbitrarily, is not an accumulation point of 
{tn : n ∈ ω}, hence ([c]<ω, τ) is not countably pracompact. � �
5. A group which is not countably pracompact and has all powers selectively pseudocompact, from a 
single selective ultrafilter

Assuming the existence of a selective ultrafilter p, we may use the same construction that was done in 
the previous section to show that there exists a selectively p-pseudocompact group which is not countably 
pracompact. Since selective p-pseudocompactness is productive and implies selective pseudocompactness, 
we will obtain a group which has all powers selectively pseudocompact and is not countably pracompact. In 
order to replace Lemma 2.5, we use some versions of results proved in Tomita, Garcia-Ferreira and Watson’s 
paper [16].

Following the proof of Theorem 4.1, we consider the same function F : c × c → 2, families (Iα)α<c, 
(Jβ)β<c and partition {J1

β , J
2
β} of Jβ , for each β < c. Using a similar proof to Lemma 2.1 of [16], one may 

show the following result.

Lemma 5.1 ([16], Lemma 2.1). If p ∈ ω∗ is a selective ultrafilter, then, for each β < c, there exists a family 
of one-to-one functions {fξ : ξ ∈ J2

β} ⊂ ([Jβ ]<ω)ω such that

i)
⋃

n∈ω fξ(n) ⊂ max{ω, ξ}, for every ξ ∈ J2
β.

ii) {[fξ]p : ξ ∈ J2
β} ∪ {[�μ]p : μ ∈ Jβ} is a base for ([Jβ]<ω)ω/p.

iii) For every one-to-one function g ∈ ([Jβ ]<ω)ω, there exists distinct ξ0, ξ1 ∈ J2
β and two increasing se-

quences of positive integers (n0
k)k<ω and (n1

k)k<ω such that fξi(k) = g(ni
k), for every k < ω and i ∈ 2.
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In what follows, we fix a family {fξ : ξ ∈ J2} so that, for each β < c, (fξ)ξ∈J2
β

satisfy the three properties 
stated in the previous result. In this case, it is not hard to show that {[fξ]p : ξ ∈ J2} ∪ {[�μ]p : μ < c} is 
linearly independent in ([c]<ω)ω/p and hence one may repeat the proof of Lemma 2.3 in [16] to show that10:

Lemma 5.2 ([16], Lemma 2.3). Let p ∈ ω∗ be selective. For every E0 ∈ [c]<ω \{∅}, there are {bi : i < ω} ∈ p

and {Ei : 0 < i < ω} ⊂ [c]<ω such that

1) Ei ∪
[⋃

ξ∈Ei∩J2
fξ(bi)

]
⊂ Ei+1, for every i < ω;

2) {fξ(bi) : ξ ∈ Ei ∩ J2} ∪ {{μ} : μ ∈ Ei} is linearly independent, for every i < ω.

Now, we can show the lemma that will replace Lemma 2.5. A similar result was also proved in [16] (see 
Example 2.4 ) but we repeat the proof here, for the sake of completeness.

Lemma 5.3. Let p ∈ ω∗ be a selective ultrafilter and D ∈ [c]ω be such that, for every α ∈ D∩J2, 
⋃

n∈ω fα(n) ⊂
D. Then, for each E0 ∈ [D]<ω \ {∅}, there exists a homomorphism Φ : [D]<ω → 2 such that

(1) Φ({ξ}) = p − limn∈ω Φ(fξ(n)), for every ξ ∈ D ∩ J2.
(2) Φ(E0) = 1.

Proof. By applying the previous lemma to E0, we obtain {bi : i < ω} ∈ p and {Ei : 0 < i < ω} ⊂ [c]<ω

such that11

1) Ei ∪
[⋃

ξ∈Ei∩J2
fξ(bi)

]
⊂ Ei+1, for every i < ω;

2) {fξ(bi) : ξ ∈ Ei ∩ J2} ∪ {{μ} : μ ∈ Ei} is linearly independent, for every i < ω.

Since {fξ(b0) : ξ ∈ E0 ∩ J2} ∪ {{μ} : μ ∈ E0} is linearly independent and E0 ∪
[⋃

ξ∈E0∩J2
fξ(b0)

]
⊂ E1, 

we may define a homomorphism Φ1 : [E1]<ω → 2 such that Φ1(E0) = 1 and Φ1(fξ(b0)) = Φ1({ξ}) for every 
ξ ∈ J2 ∩ E0.

Suppose that, for 0 < i < ω, we have defined Φi : [Ei]<ω → 2 so that Φi(E0) = 1 and Φi(fξ(bi−1)) =
Φi({ξ}) for every ξ ∈ J2 ∩ Ei−1. Since {fξ(bi) : ξ ∈ Ei ∩ J2} ∪ {{μ} : μ ∈ Ei} is linearly independent and 

Ei ∪
[⋃

ξ∈Ei∩J2
fξ(bi)

]
⊂ Ei+1, we may define a homomorphism Φi+1 : [Ei+1]<ω → 2 extending Φi so that 

Φi+1(fξ(bi)) = Φi+1({ξ}) for every ξ ∈ Ei ∩ J2. Thus, such homomorphisms Φi exist for every i > 0.
Now let E .=

⋃
n∈ω En and ψ

.=
⋃

n>0 Φn : [E]<ω → 2. We may extend ψ to a homomorphism Φ defined 
on [D]<ω by putting Φ({ξ}) = 0 if ξ ∈ J1 ∩ (D \ E) and then, recursively,

Φ({ξ}) = p− lim
n∈ω

Φ(fξ(n)),

for every ξ ∈ J2 ∩ (D \ E). The homomorphism Φ : [D]<ω → 2 satisfies the required properties. Indeed, if 
ξ ∈ J2 ∩ (D \ E), then (1) follows by the previous equation. On the other hand, if ξ ∈ J2 ∩ E and j ∈ ω is 
such that ξ ∈ Ej , then {bi : i ≥ j} ⊂ {n ∈ ω : Φ(fξ(n)) = Φ({ξ})} and hence

Φ({ξ}) = p− lim
n∈ω

Φ(fξ(n)). �
10 To adapt the proof, we consider F0

.= E0 and, for each n ≥ 0, Fn+1
.= Fn ∪

[⋃
ξ∈Fn∩J2

⋃
m≤n fξ(m)

]
. The family {Ei : 0 <

i < ω} will be a subsequence of {Fi : 0 < i < ω}.
11 Note that due to the form of {Ei : 0 < i < ω} sets (see the previous footnote), we have that ⋃i∈ω Ei ⊂ D.
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Next, we show the main result of this section. Since the arguments are analogous to those in the proof 
of Theorem 4.1, we omit some details. As before, a set A ∈ [c]ω will be called suitably closed if, for every 
ξ ∈ J2 ∩A, 

⋃
n∈ω fξ(n) ⊂ A.

Theorem 5.4. If p ∈ ω∗ is a selective ultrafilter, there exists a Hausdorff selectively p-pseudocompact group 
which is not countably pracompact.

Proof. Let A be the set of all homomorphisms σ : [A]<ω → 2, where A is a suitably closed set, satisfying 
that

σ({ξ}) = p− lim
n∈ω

σ(fξ(n)),

for every ξ ∈ A ∩ J2. Enumerate A by {σμ : ω ≤ μ < c}, assuming that 
⋃

dom(σμ) ⊂ μ, for each ω ≤ μ < c, 
and also that for each σ ∈ A and α < c, there exists μ ∈ Iα so that σμ = σ. As before, we shall construct a 
suitable homomorphism σμ : [c]<ω → 2, for each ω ≤ μ < c.

We consider the same enumeration {gξ : ξ ∈ J1} of all functions g : S → 2 with S ∈ [c]<ω fixed in 
Theorem 4.1. For each ω ≤ μ < c, we define the auxiliary homomorphism ψμ : [c]<ω → 2, extending σμ, in 
the following way. If ξ < c is such that {ξ} ∈ dom(σμ), we put ψμ({ξ}) = σμ({ξ}). Otherwise, we have a 
few cases to consider: firstly, for every ξ ∈ J1, we put ψμ({ξ}) = gξ(μ) if μ ∈ dom(gξ) and ψμ({ξ}) = 0 if 
μ /∈ dom(gξ); for elements ξ ∈ J2, we define ψμ recursively, by putting

ψμ({ξ}) = p− lim
n∈ω

ψμ(fξ(n)).

It is not hard to see that the homomorphism ψμ : [c]<ω → 2 satisfies the previous equation for every ξ ∈ J2.
Now, for every ω ≤ μ < c and ξ < c, we have that μ ∈ Iα and ξ ∈ Jβ for unique α, β < c, hence we may 

put

{
σμ({ξ}) = 0, if F (α, β) = 0
σμ({ξ}) = ψμ({ξ}), if F (α, β) = 1.

As before, in this way we define uniquely a non-trivial homomorphism σμ : [c]<ω → 2 so that, for every 
ξ ∈ J2 and ω ≤ μ < c,

σμ({ξ}) = p− lim
n∈ω

σμ(fξ(n)).

Let now A .= {σμ : ω ≤ μ < c} and τ be the weakest (group) topology on [c]<ω making every homo-
morphism in A continuous. The topological group ([c]<ω, τ) is Hausdorff. Indeed, given x ∈ [c]<ω \ {∅}, let 
D ∈ [c]ω be a suitably closed set so that x ⊂ D, and let α < c be such that F ({α} × D) =1. According 
to Lemma 5.3, there exists σ : [D]<ω → 2, σ ∈ A, such that σ(x) = 1 and, by construction, there exists 
μ0 ∈ Iα such that σμ0 = σ. Hence, σμ0(x) = 1.

Claim 3. ([c]<ω, τ) is a selectively p-pseudocompact group.

Proof of the claim. Let {Un : n ∈ ω} be a sequence of nonempty open sets in the group. We proceed the 
same way as in Claim 1 of Theorem 4.1 to construct a sequence of pairwise distinct elements {{ξn} : n ∈ ω}
such that {ξn} ∈ Un for each n ∈ ω and such that, for some fixed β < c, ξn ∈ Jβ for every n ∈ ω.

Let g ∈ ([Jβ ]<ω)ω be such that g(n) = {ξn}, for every n ∈ ω. Since {[fξ]p : ξ ∈ J2
β} ∪ {[�μ]p : μ ∈ Jβ} is a 

base for ([Jβ]<ω)ω/p, there exists η0, ..., ηk ∈ J2
β and E ∈ [Jβ ]<ω such that
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[g]p = (
i≤k[fηi
]p)
(
μ∈E [�μ]p).

Hence, there exists B ∈ p such that, for every n ∈ B,

{ξn} = (
i≤kfηi
(n))
(
μ∈E{μ}) = (
i≤kfηi

(n))
E.

Therefore, since for each i = 0, ..., k we have

{ηi} = p− lim
n∈ω

fηi
(n)

by construction, it follows that

(
i≤k{ηi})
E = p− lim
n∈ω

{ξn},

and thus {{ξn} : n ∈ ω} has a p-limit. �

Claim 4. ([c]<ω, τ) is not a countably pracompact group.

Proof of the claim. It is the same proof done in Claim 2 of Theorem 4.1, just changing the use of Lemma 2.5
for Lemma 5.3. � �
6. Some remarks and questions

There are still many open questions regarding the pseudocompact-like properties in topological groups. 
For instance, [14] asks:

Question 6.1. Is there a pseudocompact, non-selectively pseudocompact group which is connected?

Question 6.2. If an Abelian group admits a pseudocompact group topology, does it admit a selectively pseu-
docompact group topology?

Question 6.3. Does every compact group admit a proper dense selectively pseudocompact subgroup?

In Claim 2 of Theorem 4.1, we proved that if Z ⊂ ([c]<ω, τ) is a dense subset, then B
.=
⋃

z∈Z SUPP(z) is 
not countable. In particular, this shows that the group we have constructed is not separable. Thus, another 
interesting question is:

Question 6.4. Is there a separable selectively pseudocompact group which is not countably pracompact?

Productivity of pseudocompact-like properties in topological groups has been widely studied in the last 
years. As mentioned previously, Comfort and Ross proved that the product of any family of pseudocompact 
groups is pseudocompact [9], and Hrušák, van Mill, Ramos-García, and Shelah proved that there exist 
two countably compact topological groups whose product is not countably compact [21]. Nevertheless, the 
following Comfort-like questions remain unsolved in ZFC.

Question 6.5. Is it true in ZFC that selective pseudocompactness is non-productive in the class of topological 
groups?

Question 6.6. Is it true in ZFC that countable pracompactness is non-productive in the class of topological 
groups?
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Using tools outside ZFC, there are already solutions to the questions above. For instance, Garcia-Ferreira 
and Tomita proved that if p and q are non-equivalent (according to the Rudin-Keisler ordering in ω∗) selective 
ultrafilters on ω, then there are a p-compact group and a q-compact group whose product is not selectively 
pseudocompact [15]. Also, Bardyla, Ravsky, and Zdomskyy constructed, under Martin’s Axiom, a Boolean 
countably compact topological group whose square is not countably pracompact [3].

Convergent sequences in topological groups are related to several important concepts concerning these 
spaces, and hence have also been studied for a long time. We point out that it is possible to find a counterex-
ample to the famous problem posed by Wallace [33] (written in the next question) inside of any non-torsion 
countably compact topological group without non-trivial convergent sequences (according to [25] and [27]).

Question 6.7 ([33]). Is every countably compact topological semigroup with two-sided cancellation a topolog-
ical group?

A counterexample to Wallace’s question has been called a Wallace semigroup. Hence, a positive answer 
to the following question would prove the existence of a Wallace semigroup in ZFC.

Question 6.8. Is there in ZFC a non-torsion countably compact topological group without non-trivial conver-
gent sequences?

The known examples of Wallace semigroups are under CH [25], Martin’s Axiom for countable posets [27], 
c incomparable selective ultrafilters (according to the Rudin-Keisler ordering in ω∗) [24] and a single selective 
ultrafilter [7]. With the exception of [27], the articles mentioned obtained the examples as a semigroup of a 
countably compact free Abelian group without non-trivial convergent sequences.
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