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We use the method of atomic decomposition to build new families of function spaces, similar to Besov
spaces, in measure spaces with grids, a very mild assumption. Besov spaces with low regularity are
considered in measure spaces with good grids, and we obtain results on multipliers and left compositions
in this setting.
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1. Introduction

Besov spaces B‘f,’ q(IR") were introduced in [Besov 1959]. This scale of spaces has been a favourite over
the years, with thousands of references available. Perhaps two of its most interesting features are that
many earlier classes of function spaces appear in this scale, as Sobolev spaces, and also that there are
many equivalent ways to define Bj, ,(R"), so that you can pick the most suitable one for your purpose.
The reader may see [Stein 1970; Peetre 1976; Triebel 1983] for an introduction of Besov spaces on R".
For a historical account on Besov spaces and related topics see [Triebel 1983] and the shorter but useful
[Jaffard 2000; Yuan, Sickel and Yang 2010; Besov and Kalyabin 2003].

In the last decades there was a huge amount of activity on the generalisation of harmonic analysis
(see [Deng and Han 2009]), and Besov spaces in particular, to less regular phase spaces, replacing R"
by something with a poorer structure. It turns out that for small s > 0 and p, g > 1, a proper definition
demands strikingly weak assumptions. There is a large body of literature that provides a definition and
properties of Besov spaces on homogeneous spaces, as defined in [Coifman and Weiss 1971]. Those are
quasimetric spaces with a doubling measure, which includes in particular Ahlfors regular metric spaces.
We refer to the pioneering works [Han and Sawyer 1994; Han, Lu and Yang 1999] for Besov spaces on
homogeneous spaces and more recently [Alvarado and Mitrea 2015; Koskela, Yang and Zhou 2011] (in
this case for metric measure spaces) and [Triebel 1997; 2005] for Besov spaces on fractals. There is a
long list of examples of homogeneous spaces in [Coifman and Weiss 1977]. The d-sets as defined in
[Triebel 1997] are also examples of homogeneous spaces.

S
p.q’
0 < s < 1/p, for measure spaces endowed with a grid, that is, a sequence of finite partitions of

We give a very elementary (and yet practical) construction of Besov spaces BS, , with p,q > 1 and

measurable sets satisfying certain mild properties.

This construction is close to the martingale Besov spaces as defined in [Gu and Taibleson 1992];
however, we deal with “nonisotropic splitting” in our grid without applying the Gu-Taibleson recalibration
procedure to our grid, which simplifies the definition and allows a broader class of examples.

The primary tool in this work is the concept of atomic decomposition. An atomic decomposition
represents each function in a space of functions as an (infinite) linear combination of fractions of the
so-called atoms. The advantage of atomic decompositions is that the atoms are functions that are often far
more regular than a typical element of the space. However, a distinctive feature (compared with Fourier
series with either a Hilbert basis or unconditional basis) is that such atomic decomposition is in general
not unique. Nevertheless, in a successful atomic decomposition of a normed space of functions, we can
attribute a “cost” to each possible representation, and the norm of the space is equivalent to the minimal
cost (or infimum) among all representations. A function represented by a single atom has norm at most 1,
so the term “atom” seems to be appropriate.

Coifman [1974] introduced the atomic decomposition of the real Hardy space H?” (R) and Latter [1978]
found an atomic decomposition for H”(R"). The influential work [Frazier and Jawerth 1985] gave us an
atomic decomposition for the Besov spaces B), . (R"). In the context of homogeneous spaces, we have
results of [Han, Lu and Yang 1999] on the atomic decomposition of Besov spaces by Holder atoms.
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Closer to the spirit of this work we have the atomic decomposition of Besov space By | ([0, 1]), with
s € (0, 1), of [de Souza 1985a] using special atoms, which we call Souza’s atoms (see also [de Souza
1985b; de Souza, O’Neil and Sampson 1986]). A Souza’s atom a; on an interval J is quite simple,
consisting of a function whose support is J and a; is constant on J.

We also refer to the results on the B-spline atomic decomposition of the Besov space of the unit cube
of R" in [DeVore and Popov 1988] (with [Ciesielski 1975] as a precursor), which in the case 0 <s < 1/p
reduces to an atomic decomposition by Souza’s atoms, and the work [Oswald 1990; 1994] on finite
element approximation in bounded polyhedral domains on R".

On the study of Besov spaces on R" and smooth manifolds, Souza’s atoms may seem to have setbacks
that restrict its usefulness. They are not smooth, so it is fair to doubt the effectiveness of atomic
decomposition by Souza’s atoms to obtain a better understanding of a partial differential equation or to
represent data faithfully/without artifacts, a constant concern in applications of smooth wavelets (see
[Jaffard, Meyer and Ryan 2001]).

On the other hand, in the study of ergodic properties of piecewise smooth dynamical systems, transfer
operators play a huge role. Those operators act on Lebesgue spaces L' (m), but they are more useful if
one can show they have a (good) action on more regular function spaces. Unfortunately, in many cases the
transfer operator does not preserve smoothness or even continuity of a function. Discontinuities are a fact of
life in this setting, and they do not go away as in certain dissipative PDEs, since the positive 1-eigenvectors
of this operator, of utmost importance in its study, often have discontinuities themselves. The works [Lasota
and Yorke 1973; Hofbauer and Keller 1982] are landmark results in this direction. See also [Baladi 2000;
Broise 1996] for more details. Atomic decomposition with Souza’s atoms, being the simplest possible kind
of atom with discontinuities, might come in handy in these cases. That was a major motivation for this work.

Besides this fact, in an abstract homogeneous space higher-order smoothness does not seem to be a
very useful concept since we can define B}, , just for small values of s, so atomic decompositions by
Souza’s atoms sound far more attractive.

Indeed, the simplicity of Souza’s atoms allows us to throw away the necessity of a metric/topological
structure on the phase space. We define Besov spaces on every measure space with a nonatomic finite
measure, provided we endow it with a good grid. A good grid is just a sequence of finite partitions of
measurable sets satisfying certain mild properties. We give the definition of Besov space on measure
space with a (good) grid in Part II.

In the literature we usually see a known space of functions described using atomic decomposition. This
typically comes after a careful study of such space, and it is often a challenging task. Rarer is the path we
follow here. We start by defining the Besov spaces through atomic decomposition by Souza’s atoms.
This construction of the spaces and the study of its basic properties, as its completeness and compact
inclusion in Lebesgue spaces, uses fairly general and simple arguments, and it does not depend on the
particular nature of the atoms used, except for very mild conditions on its regularity. In Part I we describe
this construction in full generality.

We construct Besov-ish spaces. They are far more general than Besov spaces. In particular, the nature of
the atoms may change with its location and scale in the phase space and the grid itself can be very irregular.
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The main result in Part I is Proposition 8.1. Due to the generality of the setting, its statement is
hopelessly technical in nature; however, this very powerful result has a simple meaning. Suppose we have
an atomic decomposition of a function. If we replace each of those atoms by a combination of atoms
(possibly of a different class) in such way that we do not change the location of the support and also
the “mass” of the representation is concentrated pretty much on the same original scale, then we obtain
a new atomic decomposition, and the cost of this atomic decomposition can be estimated by the cost
of the original atomic decomposition. We will use this result many times throughout this work. This is
obviously connected with almost diagonal operators as in [Frazier and Jawerth 1985; 1990].

In Part IT we also offer a detailed analysis of the Besov spaces defined there. Since we define it using
combinations of Souza’s atoms, it is not clear a priori how rich are those spaces. So:

We give a bunch of alternative characterisations of these Besov spaces. We show that using more flexible
classes of atoms (piecewise Holder atoms, p-bounded variation atoms and even Besov atoms with higher
regularity), we obtain the same Besov space. This often allows us to easily verify if a given function
belongs to B, ,. We also have a mean oscillation characterisation in the spirit of [Dorronsoro 1985, Gu
and Taibleson 1992], and we also obtained another one using Haar wavelets.

Haar wavelets were introduced in [Haar 1910] in the real line. The elegant construction of unbalanced
Haar wavelets in general measure spaces with a grid of [Girardi and Sweldens 1997] will play an essential
role here. If in general homogeneous spaces, the Calderén reproducing formula appears to be the bit of
harmonic analysis that survives in it and it allows to carry out the theory; in finite measure spaces with a
good grid (and in particular compact homogenous spaces) full-blown Haar systems are alive and well.
Recently a Haar system was used in [Kairema, Li, Pereyra and Ward 2016] to study dyadic versions of
the Hardy and BMO spaces in homogeneous spaces.

We also provide a few applications in Part III. In particular, we study the boundedness of pointwise
multipliers acting in the Besov space. Since it is effortless to multiply Souza’s atoms, the proofs of these
results are concise and easy to understand, generalising some of the results for Besov spaces in R" of
[Triebel 1977; Sickel 1999]. We also study the boundedness of left composition in Besov spaces of
measure spaces with a grid, similar to some results for B;’ q(R”) in [Bourdaud and Kateb 1991] (see also
[Bourdaud and Kateb 1990, 1995]).

It may come as a surprise to the reader that Besov spaces on compact homogeneous spaces as defined
in [Han, Lu and Yang 1999] (and in particular Gu—Taibleson recalibrated martingale Besov spaces [1992])
are indeed particular cases of Besov spaces defined here, provided 0 < s < 1/p and s is small. We show
this in a forthcoming work [Smania 2021].

2. Notation

We will use Cy, Cy, ... for positive constants and Ay, A,, ... for positive constants smaller than 1. See
Table 1 for other important notation.
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symbol description
I phase space
m finite measure in the phase space /
ap,bp an atom supported on P
A a class of atoms
A(Q) set of atoms of class .4 supported on Q
AsS class of (s, p)-Souza’s atoms
Afl B.p class of (s, 8, p)-Holder atoms
Af}’ﬁ’ » class of (s, B, p)-bounded variation atoms
Affﬂ’p’q class of (s, 8, p, g)-Besov’s atoms
P grid of 1
Pk family subsets of I at the k-th level of P
A <A describes geometry of the grid P
B, ,(A) (s, p, g)-Banach space defined by the class of atoms .4
B, , or B, (A, (s, p, q)-Banach space defined by Souza’s atoms
P,O, W elements of the grid P
L? or LP(m) Lebesgue spaces of (I, A, m)
[-1p norm in L?, p € (0, oo]
4 1/p+1/p =1, with p € [1, o]
P min{l, p, ¢}
f max{z, 1}
Table 1. Most important notation/symbols/constants.

these families is nonempty and:

(G1) Given Q € P let

Part I. Divide and rule

In Part I, we are going to assume s > 0, p € (0, o0) and g € (0, oo].

3. Measure spaces and grids

Qy={PeP':PNQ+#0)

C| = sup sup #Q"Q < 00.
k Qepk

127

Let I be a measure space with a o-algebra A and m be a measure on (/,A), m(l) < co. Given a
measurable set J C [ let |J| = m(J). We denote the Lebesgue spaces of (I, A, m) by L?. A grid is a
sequence of finite families of measurable sets with positive measure P = (P¥)en so that at least one of
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Define |P¥| = sup{|Q| : Q € P*}. To simplify the notation we also assume that P # Q for every
P € P! and Q € P/ satisfying i # j. We often abuse notation using P for both (P¥);cn and Uk P,

Remark 3.1. There are plenty of examples of spaces with grids. Perhaps the simplest one is obtained
considering [0, 1) with the Lebesgue measure and the dyadic grid D = (D*); given by

D' ={[i/2", (i +1)/2%:0=i <2},
We can also consider the dyadic grid D, = (D¥) of [0, 1)", endowed with the Lebesgue measure, given by
Dfl:{Jl X+ X J, : with J,-eDk}.

and also the corresponding d-adic grids replacing 2% by d* in the above definitions. The above grids are
somehow special since they are nested sequences of partitions of the phase space I and all elements on
the same level have exactly the same measure.

Remark 3.2. Indeed, any measure space with a finite nonatomic measure can be endowed with a grid
made of a nested sequence of partitions and such that all elements on the same level have precisely the
same measure since any such measure space is measure-theoretically the same as a finite interval with the
Lebesgue measure.

Remark 3.3. If we consider a (quasi)-metric space / with a finite measure m, we would like to construct
“nice” grids on (1, m). It turns out that if (/, m) is a homogeneous space one can construct a nested sequence
of partitions of the phase space I and all elements on the same level are open subsets and have “essentially”
the same measure. This is an easy consequence of a remarkable result of [Christ 1990]. See [Smania 2021].

Remark 3.4. One can construct grids for smooth compact manifolds and bounded polyhedral domains
in R" using successive subdivisions of an initial triangulation of the domain (see for instance [Oswald
1990, 1994]).

4. A bag of tricks
Following closely the notation of [Triebel 1997], consider the set £, (67;) of all indexed sequences

x =(xp)pep,

q/p\1/4
xle,ep) = (Z( > |XP|p) ) < 09,

Pepk
with the usual modification when ¢ = co. Then (¢, (EP) [ 1¢ (@7:)) is a complex p-Banach space with

with xp € C, satisfying

p=min{l, p,qg}; thatis, d(x,y)=|x— y|Z ) is a complete metric in £ (EP)

The following is a pair of arguments we "will use across this paper to estimate norms in £, and £ (ZP)
Those are very elementary, and we do not claim any originality. We collect them here to simplify the
exposition. The reader can skip this for the cases p, g > 1, when the results below reduce to the familiar
Holder and Young inequalities. Their proofs were mostly based on [Frazier and Jawerth 1985, proof of
Theorem 3.1]. Recall that for ¢ € (0, oo] we defined 7 = max{1, ¢}.
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Proposition 4.1 (Holder-like trick). Lett € (0, 00) and g € (0, 0o]. Let a = (ar)r, b = (br)x, ¢ = (ci)k
be nonnegative sequences such that for every k
ali/f < Cl/fb,l/fcli/f,
Then if g < 0o, we have
N/t 1/q
(Z a,l”) <CY'Cy(t,q.b) (Z cz/’> :
k

k
and if g = oo, we have

N1/t
(Za;/f) SCI/ICZ(I’q’b)Sl}:pCi/t’
k

where:
(A) If t > 1and g > 1 then Ca(t, ¢, b) = (X, b2V if g > 1, and Ca(z, 1, b) = sup, b\/" if g = 1.
k “k k Yk
(B) If t > 1 and q < 1 then Cy(t, q, b) = sup;, b,’".
(©C) Ift<landq/t>1then Cz(t,q,b):(Zkb,((q/t)/)l/(t(qm/) ifg<t,and Cz(t,q,b):supkb,i/t if g=t.
(D) If t < 1and q/t < 1 then Cs(t, q, b) = sup, b".
Proof. Case A: If t > 1 and ¢ > 1, by the Holder inequality for the pair (g, ¢)

Za;/f _ Za;/z < Cl/z(z bz//z>1/q’ (Z CZ/’>1/q.
k k k k

Case B: If r > 1 and g <1 then the triangular inequality for | - [ implies

\4 q q
(Za;/’) _ (Za,ﬁ“) < C‘I/’(Z b,i/’c,i“) <13 (b ") < Cq/'(supbz/t)(z c,Z/’).
k
k k k k

k
Case C: If t < 1and g/t > 1then 7/t = 1/t and by the Holder inequality for the pair (¢/t, (¢/t)")

> N1/ t/q
Sl < C(Z b,(f/t)) (Z CZ/t) .
k

k k
Case D: If t < 1 and g/t < 1 then using the triangular inequality for | - |4/

N4/t q/t
(Zakm) <cal (Z bkck) < €O S (bl < €O/ (sup b (Z cg/f). 0
k k k k k

Proposition 4.2 (convolution trick). Let p, g € (0, 00). Let a = (ay)kez, b = (bi)rez, ¢ = (ci)rez =0

be such that for every k
a;/p < cl/p Zbi/_llfcil/p‘

ieZ
Then

1/q

l/q
(Z ag/p) <C'?PC3(p, q,b) (Z Cz/p) ’

k k
where C3 > 1 satisfies:
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(A) If p>land g > 1 then C3(p, ¢, b) = Y 1z b'"

(B) If p>1and g <1 then C3(p,q.b) = (> 1z bZ/p)l/q.

O Ifp<landq/p > 1then C3(p,q,b) = (Zkel bk)l/p.

(D) If p<landq/p <1then C3(p,q.b) = (Y ez bZ/p)l/q.

Proof. Case A: If p > 1 and g > 1, by the Young inequality for the pair (1, g)

1/q 1/q
(Z az/p) < cl/p (Z b}i/!’) (Z Cz/p)
k k k

Case B: If p > 1 and g < 1 then the triangular inequality for | - | and the Young inequality for the pair
(1, 1) imply

Z q/p — /P Z(Zbl/p ll/p) < Cq/pzzbq/p q/p < Cq/p(zbq/p> <Z Z/p).

ieZ k ieZ
Case C: If p<1andgq/p > 1 then by the Young inequality for the pair (1, g/p)

(Za) ze(Tm)(za)”

Case D: If p < 1 and ¢/p < 1 then using the triangular inequality for |- |¢/? and the Young inequality
for the pair (1, 1)

Z ai/7 < calv Z(Z b m;)w < S plnlr < calr (Z bq/p) (Z Cq/p) .

ieZ k ieZ
5. Atoms
Let P be a grid. Let p € [1, 00), u € [1, 00], and s > 0. A family of atoms associated with P of type
(s, p, u) is an indexed family A of pairs (B(Q), A(Q))QEUk pk, where:
(A1) B(Q) is a complex Banach space contained in L.
(A2) If ¢ € B(Q) then ¢p(x) =0 for every x & Q.
(A3) A(Q) is a convex subset of B(Q) such that ¢ € A(Q) if andonly if 0 ¢ € A(Q) forevery o € C
satisfying |o| = 1.
(A4) We have
161 < 1QIF /0P
for every ¢ € A(Q).
We will say that ¢ € A(Q) is an A-atom of type (s, p, u) supported on Q and that B(Q) is the local
Banach space on 0. Sometimes we also assume one of the following:

(As) For every Q € P we have that A(Q) is a compact subset in the strong topology of L?.

(Ae) We have p €[1, co) and for every Q € P the set A(Q) is a sequentially compact subset in the weak
topology of L?.
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(A7) For every Q € P we have that B(Q) is finite-dimensional and .A(Q) contains a neighbourhood of 0
in B(Q).

We provide examples of classes of atoms in Section 11.

6. Besov-ish spaces

Let pe(0,00), ue[l,oc0], g€ (0,00], s >0, P= (Pk)kzo be a grid and let .4 be a family of atoms of
type (s, p, u). We will also assume that:
(G2) We have
Cy=Ca(p. g, (PP)) <00
and
lim |P*| = 0.
k

The Besov-ish space B, ,(I1, P, A) is the set of all complex-valued functions g € L that can be

represented by an absolutely convergent series on L’

g= Z Z spag, (6-1)

k=0 Qepk
where ag is in A(Q), sg € C and with finite cost

(i( > ISQI”)W)W < c0. (6-2)

k=0 “Qepk

Note that the inner sum in (6-1) is finite. By absolutely convergent in L” we mean that

o0 p/p
Z Z spag < Q.
k=0'Qepk p

The series in (6-1) is called a B), (1, P, A)-representation of the function g. Define

°° q/p\1/q
81Bs , (1.,P,.4) = inf<z< > |SQ|p> > :
k=0 “Qepk
where the infimum runs over all possible representations of g as in (6-1).
Quite often throughout this work, when the choice of the measure space I and/or the grid P is obvious
we will write either B, , (P, A) or even B), ,(A) instead of B), (I, P, A). Whenever we write just B), ,
it means that we choose the Souza’s atoms A%*

s> With parameters s and p, a class of atoms we properly
define in Section 11A.

Proposition 6.1. Assume G |-G, and A|—A4. Let t € (0, 00) be such that

s—%-l—%ZO, p<t<pu, (6-3)

and suppose
Cs = CllH/tCz(l, g, (|PX| =1/ P10y < 0. (6-4)
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Then for all coefficients s satisfying (6-2) and all A-atoms ag on Q the series (6-1) converges absolutely

on L. Indeed
> sodg

1/p
< C11+1/I|Pk|s1/p+l/t( Z |SQ|p) (6-5)
QePk

QePk

t
and
gl < Cslgls,, - (6-6)

Proof. Firstly note that if p <t < pu,

lap|l = / lap ()" 1pdm(x) < |lap|"|pu /el 1Plpuy/(pu—1)

< |aP|tpu|P|(PM*f)/(Pu) < |P|IS*T/(M'P)|P|(PM*I)/(PM) — |P|l(5*1/17+1/l)‘
Consequently
t
Z spag 5/ Z spag dm< Z/ spap dm< Z/ spap dm
QePk ! QePk QePk ¥ ¥ pepk QePt " ¥ peqt)
Z/ > tsparldm =i 32 3 [Ispant am
QePt "= peqf QePt Peqf)
<ci Yy /|sp|f|ap|§dmsci DO PP I
QePt Peqy QePk P,
Sci"rl Z |P|t(sfl/p+l/t)|sp|t Sci+l|7)k|t(571/p+l/t) Z |SP|t.
PePk Pepk

By Proposition 4.1 (Holder-like trick) and p <t we have

> Y- somo] < (;( " sodo i)l/f)m

k Qepk QePpk

q/1\1/4
< ¢ o, g, (PO ”)9(2( 2 |SP"> )

k  “pepk
1+1/t kit(s—1 1 I\l
<"yt q. (P |’“—/P+/’>>k><2<2|sp|f’) ) : O
k  “pepk

Remark 6.2. Note that due to G, if t = p then C5 < co. Sometimes it is convenient to use sharper
estimates than (6-5) and (6-6) replacing |P¥| by the sequence

C* =max{|Q|: Q € P¥, 5o #0}.

For instance, if s¢p = 0 for every Q € Pk with k < N, then we can replace C;(t, q, (|Pk|Fs=1/p+1/0y,y
by Ca(t, q, (|P*|PC=1/PHUDT v o) (k))k) in (6-4). Here 1(y.o0) denotes the indicator function of the
set (N, 00).
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Proposition 6.3. Assume G|—G, and A\—A4. Then B;y 4 (A) is a complex linear space and | - IBISM( A isa
p-norm, with p = min{1, p, q}. Moreover the linear inclusion

L2 (B, (A | 1, a) = (L7 1))
is continuous.
Proof. Let f, g € B}, ,(A). Then there are B), , (A)-representations
o0 o
F=Y Y shp i 5= Y spae
k=0 QePk k=0 Qepk
Let sgn 0 = 0 and sgn z = z/|z| otherwise. Of course

Z cobo = Z spdp + Z spdg, (6-7)

QeP*k QePk QeP*k
where!
bg = Lsgn(s’ Ya, +Lsgn(s/ Yag
sol +1spl = €7 U isgl+1spl @
and

CQ = |S/Q| +|SQ|.

Note that sgn(s’Q)a’Q and sgn(sp)ap are atoms due to A3. So by A3 we have that by is also an atom,
since it is a convex combination of atoms. In particular

> 2 cobo

k Qepk

converges absolutely in L” to f +g. It remains to prove that this is a 3}, , (A)-representation of f + g.

Indeed
(o)) B ) S5 )

k=0 “Qepk k=0 “Qepk k=0 \Qep
Taking the infimum over all possible 5), , (A)-representations of f and g we obtain
P P P
|f +g|3;’q(,4) = |f|5;.q(,4) =+ |g|3;,q(,4)-

The identity |yf|5; SN = 4 |f|5;q(A) is obvious. By Proposition 6.1 we have that if |f|B;‘q(A) = 0 then
|flp=0,s0 f=0,s0]- |B;’,q(A) is a p-norm; moreover (6-6) tell us that z is continuous. Il

Proposition 6.4. Assume G1—-G, and A1—Ay4. Suppose that g, are functions in B;,’ ¢ (A) with Bj,, 4 (A-

00
8 =2 ) sodp

k=0 Qepk

representations

IWe don’t need to worry so much if [sp| + |s’Q| =0, since in this case cp = 0 and we can choose b to be an arbitrary atom
(for instance ag) in such way that (6-7) holds. For this reason we are not going to explicitly deal with similar situations (which
are going to appear quite often) throughout the paper.
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where a’é is a A-atom supported on Q, satisfying:

(1) There is C such that for every n

(i( > |sg|")q/p)l/q <C. (6-8)

k=0 “Qepk
(ii) For every Q € P we have that sg = lim, s’é exists.

(iii) For every Q € P there is ag € A(Q) such that

(1) either the sequence a’é converges to ag in the strong topology of L?, or
(2) we have p €[1, c0) and a'é weakly converges to ag.

Then gy, either strongly or weakly converges in LY, respectively, to g € B), ,(A), where g has the B, ,(A)-

representation
oo
g= Z Z Spag (6-9)
k=0 Qepk
that satisfies
°° q/p\1/4q
(Z(Z |sQ|P) ) <C. (6-10)
k=0 “QePpPk

Proof. By (6-8) it follows that (6-10) holds and that (6-9) is indeed a B;‘,, q (A)-representation of a function g.
It remains to prove that g, converges to g in L? in the topology under consideration. Given € > 0, fix N
large enough such that

CiTPCo(p, 4, (IPH1P* 11y 00y (D)) RCP + DVP < (e/2)P/7.

gn—g=) Y (shap—soag)+ ) y b,

We can write

k<N QepPk k>N Qepk
where .
ol Isol
H = —————sgn(sy)ap + —————sgn(—sg)ap
C sl +1spl T OO T skl + Isgl
is an atom in A(Q), and
cp = Ispl+1sol.

Note that the series in the right-hand side converges absolutely in L?. Of course
[e.¢]

q/p\1/q
(Z( > |c’é|p> ) <QCr+Dn'r.
k=0 “Qepk
So by (6-6) in Proposition 6.1 (see also Remark 6.2) we have

2. 2 <ot

k>N Qepk

< CTPCy(p, g, (P17 1y.00) (k)i RCP + 1)/P < (¢/2)P/7.
p
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In the case (ii.1), note that if n is large enough then

> D hag —soag)

k<N Qepk

p/b
<€/2,

p

and consequently |g — g,,lg/ P~ €. So gn strongly converges to g.

In the case (ii.2), given ¢ € (L?)* with p > 1 we have that for n large enough

¢(Z > (5pag —SQaQ)>

k<N QePk

o(X 3 o)
k>N Qepk
so g, weakly converges to g in L”. U

< Iplwry€/2,

and of course
< |®lwry€/2,

Corollary 6.5. Assume G1—G, and A—Aq, and either
(1) we have As or
(2) we have p > 1 and As.
Then:
(1) Let g, € Bj,’ q (A) be such that |g,| B (A) = C for every n. Then there is a subsequence that converges
either strongly or weakly in L? to some g € B), ,(A) with |g|Bj,,q(A) < C.
(i1) In both cases (B;,’ q A, || BS A)) is a complex p-Banach space, with p = min{1, p, g}.
(iii) If As holds then the inclusion

L (B, (A, |- sy, ) = (L7 1p)

p-q

is a compact linear inclusion.

Proof. Proof of (i): There are B;’ q (A)-representations

o0
=2 2. 50
k=0 QePk

where ay, is a A-atom supported on Q and

0 a/p\1/q
(Z(Z Is'él”) ) <C+en, (6-11)

k=0 “Qepk
and 1 > €, — 0. In particular, |s’(’2| < C+1. Since the set | J, P* is countable, by the Cantor diagonal argu-
ment, taking a subsequence we can assume that sy, —, 5o for some s € C. Due to As (Ae) and the Cantor
diagonal argument, we can suppose that a'é strongly (weakly) converges in L? to some ag € A(Q). We set

00
g=z Z Spoag.

k=0 Qepk
By Proposition 6.4 we conclude that g € Bj, ,(A) with gls; ) = C, and that g, converges to g in L?.
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Proof of (ii): Let g, be a Cauchy sequence on 5;, ,(A). By Proposition 6.1 we have that g, is also a
Cauchy sequence in L”. Let g be its limit in L?. By Corollary 6.5(i) we have that g € B), ,(A). Note that
for large m and n

lgn — gm|l’j’;',,q(.A) <¢€,

and g, — g, converges to g, — g in L?, so again by Corollary 6.5(i) we have that
1gn — 8lBs (4) <€,

s0 g, converges to g in B}, , (A).

Proof of (iii): It follows from (i). Il
The proof of the following result is quite similar.

Corollary 6.6. Assume G -G, and A|—Ay4, and either

(1) we have As or

(2) we have p > 1 and As.
Then for every f € B), ,(A) there is a B}, ,(A)-representation

f:ZZCPaP

k Pepk

q/p\1/4
| flBy 4 = (Z(Z IcPI”) ) )

k  “pepk
We refer to [Edmunds and Triebel 1996] for more information on compact linear transformations

such that

between quasi-Banach spaces.

Corollary 6.7. Assume G1—G, and A1—Ay. If for every Q € P we have that B(Q) is finite-dimensional
and A(Q) is a closed subset of B(Q) then (B;)’q (A, |- |Biw.q(“4)) is a p-Banach space, with p =min{l1, p, g}.

Proof. Since all norms are equivalent in B(Q) we have that A4 implies that A(Q) is a closed and bounded
subset of B(Q), so it is compact. By Corollary 6.5(ii) it follows that (B), ,(A), | - | BS A4)) is a p-Banach
space. O

7. Scales of spaces
Note that a family of atoms A of type (s, p, ) induces an one-parameter scale
5§ — A; p,
where Az , is the family of atoms of type (S, p, u) defined by
A p(Q) = {|QI ag :ag € A}.
Moreover a family of atoms A of type (s, p, o0) induces a two-parameter scale

(5, p) = As 5,
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where Az ; is the family of atoms of type (s, p, 0o) defined by
A Q) ={1QF TP~ VPqay sag € A}

Proposition 7.1. Assume G—G». Suppose that the (s, p, 00)-atoms A satisfy A1—Ay. Let 0 < s < § and

q,q €11, oo]. Suppose
1/q
<Z |7>’<|‘1(§—S>> < o0.
k

Then:

(A) We have B;’ q(.Ag, ») C B;’ q(.As, p) and the inclusion is a continuous linear map.

(B) Suppose they also satisfy As. Let g, € B“; é(Ag,p) be such that |g, |3; i) = C for every n. Then
there is a subsequence that converges in B;,’ q (As,p) to some g € B‘; q(AS, p) with | gIB; S5 p) <C.

(C) Suppose they also satisfy A7. The inclusion 1 : Bf} p (As,p) = By, ,(As,p) is a compact linear map.
Proof. Consider a B; q(Ag, p)-Tepresentation
o.¢]
f=2_ 2 sodo
k=0 QePk
Since ag is an A; ,-atom, we have that by = ag|Q|*~* is an A; ,-atom. In particular, we can write

f=Y_ s0lQI *bo.

k=0 QePpk
If k > k¢ then

; 1/p 3 1/p 3 q/p\1/4
<Z|SQ|p|Q|p(S_S)> s|7>’<|s—S(Z|sQ|p) s|7>k|f—S(Z(Z|sQ|") ) :

QePpk QePpk k>ko ~QePk
o)
5 q/p\1/q 3 1/q q/p\1/4
(Z(Z |5Q|p|Q|p(s_s)) ) s(Z |7>"|q<f—s>) (Z(Z |sQ|"> ) . (712
k=ko ~QePk k>ko k=ko ~QePk

Proof of (A): In particular, taking kg = 0 we conclude that Bf} g (As,p) C By, ,(As,p) and

1/q
¢ k QG—S) 5
|5y 4,0 = <§ P ) 1185 ;ca,9)-

k
Proof of (B): By definition, there exist s’é € C, such that

00
8n=2_ ) odp

k=0 Qepk

where a”Q is a Aj p-atom supported on Q and

o NI
(Z(Z |sg|f’> ) <C+eé, (7-13)

k=0 “Qepk
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where €, — 0. In particular, |s;| < C +€,. Since the set (U, P* is countable, by the Cantor diagonal
argument, taking a subsequence we can assume that s’é — 50 and (due to As) that a’é converges in B(Q)
and L? to some ag € Aj, ,. By Proposition 6.4 the sequence g, converges in L” to a function g such that
|g|B;‘q(Ag.yp) < C and with Bpil(As,p)—representatlon

o
g=Z Z spag.

k=0 Qepk
It remains to show that the convergence indeed occurs in the topology of By, ,(Ay, ;). For every ko > 0
and § > 0 we can write

PSP EDIP DI

k<ko QePk k>ko QePk
where
= —(s” O —500a0),
and with b’é € Ay, p given by
101 Isp| 101
n n n
= ———sgn(sy)ay + ——— sgn(—sg)agp,
C T sl +1sgl T 2T T sl + Isgl
and
co = Ispl+1sol.

Note that b”Q € As, . Given € > 0, choose k¢ such that b’é € A, . Given € > 0, choose kg such that

~ 1/q
<Z |Pk|q(S—S)> QC+1)< (6/2)1/’0.

k>ko

By (7-12) and (7-13) for each n large enough we have

3 q/p\1/q 3 1/q
(Z(Z |c"Q|P|Q|P<”>> ) s(Z |7>"|q<“>) QC+1) < (/D)7
k>ko

QePk k>ko
In particular

>3 o "b"Q <e/2.
k>ko QePk BA (-As.p)
Choose § > such that
q/p\r/q
(Z(Z sp) ) <2
k<ko \QePk

Proof of (C): Due to A7 there is n > 0 such that for every Q € Pk with k < ko, if h € B(Q) satisfies
|hlso) < nthen h € A, (Q). Since lim, s, spa Q = sgag in B(Q) we conclude that for n large enough
we have

n 1 n n
0= E(SQGQ —spag) € A »,(Q)
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for every Q € PX, with k < k. In particular

<€/2.
B, ,(As.p)

We conclude that
P
lgn — g|B;<q(As,p) <€

for n large enough, so the sequence g, converges (by Corollary 6.5) to g in the topology of B),  (A;, ). U

8. Transmutation of atoms

It turns out that sometimes a Besov-ish space can be obtained using different classes of atoms. The key
result in Part I is the following (see Figure 1):

Proposition 8.1 (transmutation of atoms). Assume:

(D) Let Ay be a class of (s, p, uz)-atoms for a grid W, satisfying A1—A4 and G1—G». Let G be also a grid

satisfying G1-G.

() Let ki € N fori > 0 be a sequence such that there is @ > 0 and A, B € R satisfying
ail+A<ki<ai+B

foreveryi.

(IIT) There is A € (0, 1) such that the following holds. For every Q € G and P € W satisfying P C Q

there are atoms bp o € A>(P) and corresponding sp o € C such that

hQ=Z Z sp,obp,o
k Pewk PCQ

is a B), ,(Az)-representation of a function hg, with sp o =0 for every Q € G, P e W with k < k; and

moreover
D lspol? < Ceakh (8-14)
PeWk,PCQ
for every k > k;.
————— ————)
[
[emmm—n}
|
[ [ )
[} [ cm—] [am— s cmm—)
@ (e e a» an) [en an oo = a» an)
@ (oo} (o) [eceocescoooe]

Figure 1. In the transmutation of atoms we replace atoms whose supports are repre-
sented in orange (supports with distinct scales are drawn in distinct lines for a better
understanding) by a linear combination of atoms (whose supports are represented in
green), in such way that we do not change too much the location of the support and also
most of the “mass” of the representation concentrates on the same original scale.
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Let

He=|JPcQ:PeW andsp o0}
Qeg
Then:

(A) For all coefficients (cg) geg such that

Sz ) =

i Qegf

N +— Z Z CQhQ (8‘15)

i<N QegGi

we have that the sequence

converges in L? to a function in B; q(Az) that has a Bf, q(Az)-representation

Z Z mpdp, (8-16)

k  PeHMk
where mp > 0 for every P and
q/p\1/4 . . q/p\1/4
(Z(Z |mp|”) ) sclcé/PxB/ch<p,q,b)c7/"(2(2 |cQ|1’) ) L 817)
k “pewk i "Qeg
PeH

Here C; =max{¢ e N, £ < a}+ 1 and b = (b,) ez is defined by

b — A ifn>Afa—1,
"Tl0 ifn<Aja—1.

(B) Suppose that the assumptions of (A) hold and that sp ¢ are nonnegative real numbers and bp g > 0
on P for every P, Q. Thenmp #0 and dp # 0 on P imply that P C supp hg for some Q € WK satisfying
cg #0and sp g > 0. If we additionally assume that cg > 0 for every Q thenmp # 0 also implies dp > 0
on P.

(C) Let Ay be a class of (s, p, uy)-atoms for the grid G satisfying A1—Aq4. Suppose that there is ) < 1
such that for every atom ag € A1(Q) we can find sp g and bp g in (III) such that hg = ag. Then

B, (A1) C BY , (A2)
and this inclusion is continuous. Indeed
1/p,_ 1
1615, 4 < C1C P77 C3(p. 4. Y |B155 ()
for every ¢ € By, ,(Ay).

Proof. For every P € #*, with k € N, and N € N U {oco} define

mpn=Y_ Y lcgspol=>_ > lcgsr.ol.

i<N Qeg! ki<k gegl
PCQ i=N pcQ
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Due to G, this sum has a finite number of terms. If this sum has zero terms, define m p,

dp.n be the zero function. Otherwise define

1
dp’N = . Z Z CQSP’QbP’Q.

=N geg!
PCQ

We have that dp y is an A (P)-atom.
Claim 1. We claim that for N € N
XY medrn=3 ¥ coho
k penk i<N Qeg'

Note that if Q € G' then due to (6-5), with r = p and (8-14) we have

p/p
Z Z Sp’pr’Q < Q.
k pept P
PCQ

Consequently we can do the following manipulation in L?:

141

y =0 and let

(8-18)

Z Z CQhQ:Z Z Z Z SP’QstQ:Z Z Z Z Z SP,QbP,Q=Z Z mp Ndp N-

i<N QegGi i<N QeGi k pent k PeHKi<N QeG' PCQ k  Pek
PCQ

This concludes the proof of Claim I.
Claim II. For every N € NU {oco} we claim that

Z Z mp ndp N

k  Pepk
isa BZ p (Ay)-representation and

q/p\1/q q/p
(Z( > |mp,N|P) ) < C1Cg/"A7EPC3(p. q. b)Cy (Z(Z |cQ|P) )
k “penk i "Qeg
Indeed
1/p
(Z |mP,N|p>
PeHk
p\1/P p\1/P
= ( Z (Z Z |CQSP,Q|> ) = Z( Z (Z |CQSP,Q|> )
Pewt “ki<k gegi ki<k “Pewk “Qegi
i<N pco i<N PCQ
. 1/p . 1/p
<c’ Z( > 2 |CQ|”|SP,QI”) <cp’? Z(Z leol” |SP,Q|”)
ki<k “Pewk geg ki<k ~Qegi PeWk
i<N PCQ i<N PcQ

(8-19)

1/q
(8-20)

o ) 1/p o . . 1/p
< cplic k(T tear) s epelt 3 e mii(F ko) w20

ki <k
i<N

Qegi ai+A<k Qegi
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If « =1 and A = B =0 then this is a convolution, so we can use Proposition 4.2 (the convolution trick)
and (8-17) easily follows. In the general case, consider

Up = Z |mp,N|” and Cci = Z |CQ|p.

PeHk Qeg
Every k € N can be written in a unique way as k = aji + €y +rr, with jr e N, £ eN, {p +1 < &
and r, € [0, 1). Fix £ € [0,0) NN and j € N. Then there is at most one k¥’ € N such that £, = £ and
Jx=j.Indeed, if K =aj+L+r and k" =aj+L+r", with r', r” € [0, 1) and £+ r" and £+ r” smaller
than a, then kX' — k" =r'—r" € (=1, 1), s0 k' =k” and r' = r". If such a k’ exists, set k(¢, j) = k" and
r(€, j) =k, j)—aj — € and a; ; = uy(, j). Otherwise let a, ; = 0. Then (8-21) implies
a;’/jﬁ < Cf’/ﬁCé/ﬁ Z )L(aj+€+r(Z,j)—ai—B)/ﬁcil/f’
ai+A<aj+l+r(l,j)
<cPPclhy-Blp 3 2eG=1b /P
i<jAH(—A+L+r (L)) /o
< C{)/ﬁcél/ﬁk—B/ﬁ Z ka(j—i)/ﬁcil/ﬁ
i<j+—Aja+l
p/p /Py —B/p 1/p 1/p
<CPIPCgPaBIP N b e T
iel
Here b, =A*"if n > A/a—1, and b, =0 otherwise. Fixing £ € N, ¢ < «, Proposition 4.2 (the convolution
trick) gives us

y 1/q / 1/q 1 5 q/p\1/4
K¢ = (Z ul ”) = (Zag}!’) <CiC"A™ /PC3(p,q,b)<Z<Z |cQ|P) )
J

ll(kezé I Qeg
and
q/p\1/4q 1/q 1/q 1/q
(Z(Z ) ) =(2a) =(Z 2ar) =( 2 #)
k  “pemk k 0<l<a écke:f\é 0<l<a

q/p\1/q
< C1C/"aBIPCy(p. q. b)CY <Z< > |cQ|P> ) . (822
i “Qegi
This implies in particular that the sum in (8-19) is a B;',, q(Az)—representation. This proves Claim II.

Claim IIl. We have that in the strong topology of L?

Nh—I>nooZ Z mp Ndp N = Z Z mp codp co-

k  PeHk k  Penk
For each P € H the sequence

Nt+—>m PN (8—23)
is eventually constant and therefore convergent. The same happens with

N — dp,N. (8—24)
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Estimate (8-20) and Proposition 6.4 imply that (8-15) converges in L” to a function with B), /(A2)-
representation (8-19) with N = oco. This concludes the proof of Claim III.

Then Claim I, II, and III imply (A) taking m, = mp o and dp = dp . We have that (C) is an
immediate consequence of (A). Note that (8-18) and (A) give (B). Il

9. Good grids
A (M1, Ap)-good grid , with 0 < ] <Ay < 1,isa grid P = (P*)ren with the following properties:
(G3) We have P? = {I}.
(G4) We have I = Uerk O (up to a set of zero m-measure).
(Gs) The elements of the family {Q}epr are pairwise disjoint.
(Ge) For every Q € P¥ and k > 0 there exists P € P! such that Q C P.

(G7) We have
10|

M —=XA
| P|

for every Q C P satisfying Q € P**! and P € P* for some k > 0.
(Gg) The family | J, P* generate the o-algebra A.

10. Induced spaces

Consider a Besov-ish space B), , (I, P, A), where P is a good grid. Given Q € P%_ we can consider the
sequence of finite families of subsets Pp = (7322) i>0 of O given by

Py ={PeP":PcCQ)

Let Ap be the restriction of the indexed family A of pairs (B(P), A(P))pep to indices belonging to Py.
Then we can consider the induced Besov-ish space B), ,(Q, Pg, Ag). Of course the inclusion

i :Bj,’q(Q, Po, Ag) — Bf,,,q(l, P, A)
is well-defined and it is a weak contraction; that is,
Lflsy P8 = 1f1B;,0.P0.40)-
Under the degree of generality we are considering here, the restriction transformation
.13 p
r: Bp’q(l, P, A — L

given by r(f) = f - 1¢, is a bounded linear transformation; however, it is easy to find examples of
Besov-ish spaces where f1¢ ¢ B), . (Q, Po. Ag).

11. Examples of classes of atoms

There are many classes of atoms one may consider. We list here just a few of them.
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11A. Souza’s atoms. Let Q € P. An (s, p)-Souza’s atom supported on Q is a function a : I — C such
that a(x) = 0 for every x € Q and a is constant on Q, with

laloo < QP

The set of Souza’s atoms supported on Q will be denoted by A%, (Q). A canonical Souza’s atom on Q

is the Souza’s atom such that a(x) = |Q|*~/? for every x € (. Souza’s atoms are (s, p, 00)-type atoms.
11B. Holder atoms. Suppose that I is a quasimetric space with a quasidistance d( -, - ), such that every
Q € P is a bounded set and there is A3, A4 € (0, 1) such that
diam P
. <A
diam Q
for every P C Q with P € P**! and Q e P*. Additionally assume there are Cg > 0 and D > 0 such that
1
cy

A3 <

10| < (diam Q)P < c?10.

Let |
O<s<—, s<§.
4

For every QO € P, let C*(Q) be the Banach space of all functions ¢ such that ¢ (x) =0 for x ¢ Q, and

_ lp(x) = (Y)|
19lce) = [#loo +x?;1€r>Q Aoy %

XFY
Let Ai” 8, p(Q) C CPP(Q) be the convex subset of all functions ¢ satisfying
lp(x) —p(¥)] —1/p-8 Y
sup ————=— < |01/ and |p|l < Q7P
x,yeQ d(xv)’)Dﬂ >
XFEY
We say that Ai” g.p(Q) is the set of (s, B, p)-Hdlder atoms supported on Q. Of course A?’ p, p-atoms are

\)

(s, p, 00)-type atoms and A}7,(Q) C Ah,ﬂ,p(Q)-

11C. Bounded variation atoms. Now suppose that / is an interval of R with length 1, m is the Lebesgue
measure on it and the partitions in the grid P are partitions by intervals. Let Q be an interval and s < 8,
p €[1, 00). An (s, B, p)-bounded variation atom on Q is a function a : R — C such that a(x) =0 for
every x € Q,
lalee < 1QF7YP,
varyg(a, Q) < Q7.

Here var,g( -, Q) is the pseudonorm

B
vary/p(a, Q) = sup(Z ja(xis1) —a(xl-)|‘/ﬂ> :

where the sup runs over all possible sequences x; < x; < - -+ < X, wWith x; in the interior of Q. We
will denote the set of bounded variation atoms on Q as A’S’”p ﬂ(Q). Bounded variation atoms are also
(s, p, 00)-type atoms.
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Part II. Spaces defined by Souza’s atoms

In Part 11, we suppose that s > 0, p € [1, 00) and ¢g € [1, oo].

12. Besov spaces in a measure space with a good grid

We will study the Besov-ish spaces B), (P, A7) associated with the measure space with a good grid

(I, P,m). Welet B), , =B, (P, Aﬁfp). Note that Aﬁfp satisfies Aj—A7. Note that by Proposition 6.1
there is # > 1 such that B), | C LP.
If pe[l,00), g €[l, 00l and 0 < s < 1/p we will say that B), , is a Besov space.

13. Positive cone

We say that f is ),  -positive if there is a B),  -representation
f=2_2 crar.
k pepk

where cp > 0 and ap is the standard (s, p)-Souza’s atom supported on P. The set of all B),  -positive
functions is a convex cone in B% , denoted by B5" . We can define a “norm” on B;’*q as

P’ pq
» q/pN\1/4q
Pl =ini( X (X eh) )
k  “pepk

where the infimum runs over all possible ),  -positive representations of f. Of course for every f, g € B;)qu
and o > 0 we have

S = S 5 < S 5 6} < S
|0lf|5pf;1 05|f|3pfrq’ |f+g|13pfrq = |f|5p+q + |8|Bpfq’ |f|l3,,,q = |f|3p*_'q-
Moreover if f € B;,’ 4 1s areal-valued function then one can find fy, f- € B;fq such that f = f, — f_ and
S < S S < S
filge <Iflsy, and |f-lge <|fls,.
An obvious but important observation is:

Proposition 13.1. If f € B;qu then its support
supp f ={x € I: f(x) #0}

is (up to a set of zero measure) a countable union of elements of P.

14. Unbalanced Haar wavelets

Let P = (P*); be a good grid. For every Q € P* let Qo = {PQ, e PnQQ}, ng > 2, be the family of
elements P**! such that PiQ C Q for every i, and ordered in some arbitrary way. The elements of Qo
will be called children of Q. Note that every Q € P has at least two children. We will use one of the
methods described (type I tree with the logarithmic subtrees construction) in [Girardi and Sweldens 1997]
to construct an unconditional basis of L# for every 1 < 8 < oo. See Figure 2.
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Let H o be the family of pairs (S, $»), with S; C Q¢ and 1 NS> = @, defined as

Ho = U Ho.js
jeN
where Hp ; are constructed recursively in the following way. Let Hgp o = {(A, B)}, where A =
{PIQ, R P[gQ/ZJ} and B = {PgQ/ZJ—H’ el PnQQ}. Here [x] denotes the integer part of x > 0. Suppose
that we have defined Hp ;. For each element (Si, S2) € Hg,;, fix an ordering S| = {Rl, el R,il}
and §, = {RZ,...,Rﬁz}. For each i = 1,2 such that n; > 2, define Ti1 = {Ri,...,ani/z]} and
T? =R}, 241+ ---» Ry, } and add (T,!, T?) to Hg 1. This defines Ho j+1.
Note that since P is a good grid we have Hy ; = & for large j and indeed
sup #H g < 00.
QeP

Define H = |Jyp Ho- Forevery S = (S1, S2) € Ho define

s = 1 2pes 1P Lges, 1r
mes,,s,) ZPES] |P| ZRGSz IRI )’
where 1
1 n 1
m(s .S = .
h > pes 1Pl Xges, IR
Note that
/ ¢sdm = 0.
) 0
Since 1 <#8§; < 1/A; we have
A2
A < Pl < =
el<y IpPi< 10l
PeS;

50 172 172

20\ 1 - (2 2

— )] —=<m — .

) lo2 = TR =G0 o
Consequently

Cy 1 i 1 1
7 < min ,
10| ms,,s) > pes, 1Pl Dges, IR
< s (0] < — max{ S }5 Co_
ms,,5,) Ypes, I[Pl Xges, IRI) T 101V

for every x € Jpcg,us, P- Here

5302 172
Co=—1—and Cjp= —2— +1.
Vo T
Let
H={I1UH
and define
1;

=
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Figure 2. Construction of the unbalanced Haar basis, following [Girardi and Sweldens
1997] in the case when P is a grid of intervals. Every Q € P gives origin to a family
of bounded functions indexed by the subtree H . We give examples of the logarithmic
subtree construction when Q has 2 (red), 3 (green) and 5 (blue) children. Then H o have
1, 2 and 4 elements, respectively.

Then by [Girardi and Sweldens 1997] we have that

{pstsen

is an unconditional basis of L? for every g > 1.
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15. Alternative characterizations, I: Messing with norms

We are going to describe three norms that are equivalent to |- | B, Their advantage is that they are far more
concrete, in the sense that we do not need to consider arbitrary atomic decompositions to define them.

15A. Haar representation. For every f € L?, B > 1, the series

f=2 di¢s (15-25)
SeH
converges unconditionally in L#, where d ; = [ f¢sdm. We will call the right-hand side of (15-25) the
Haar representation of f. Define

q/p\1/q
Nhaar (f) = VP72 712)a] | + (Z(Z o'~ =P N jaf |f’> ) .
k  “oepk Setg
15B. Standard atomic representation. Note that
k{al = d{(f)l,
where k; = |I|1/1’_“_1/2dlf and aj is the canonical Souza’s atom on /. Let S € H. Then § € Hp, with

S = (S, S») and some Q € PK with k > 0. It is easy to see that for every P € S; U S, the function

0|1/
Cio

asp = [P~V Pl p

is a Souza’s atom on P. Choose
¢l p=CrolQI7"2|P|VP=d].
Note that
lcd pl < Cromax{y/" =" 4}/ P~y Q| /P72 1a ). (15-26)
For every child P of Q € Pk k > 0, define

== XY e

= £—f
P S:(S],SZ)EHQ PeS1US,

k= > Y el (15-27)

S=(81,52)eH g PeS US>

where

The (finite) number of terms on this sum depends only on the geometry of P. Then 511]; is a Souza’s atom

S dlgs= Y Eal.

SeHto P;PZ‘
C

on P and

Let ap be the canonical (s, p)-Souza’s atom on P and choose xp € P. Define

~f
f CZP(XP) “f 1 f _ !
K= {pprhe = ppp 2 056 = s [ 2 dsterdsdm.

SEHQ SE'HQ
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In particular, for every P
[ k};

extends to a bounded linear functional in L!. We have |k£| < l;{; and

Feklar+d Y 3 khap=>_ Y khao. (15-28)

k erk Pe'Pk'H i eri
PcQ

where this series converges unconditionally in L?. Here ap is the canonical Souza’s atom. We will call
the right-hand side of (15-28) the standard atomic representation of f. Let

7 f q/p\1/4
Nst<f>=|k,|+(Z(Z |kQ|P) ) :
k=1 “Qepk

15C. Mean oscillation. Define for p € [1, 00)

1/p
ose, (f. Q) = inf( / 1700 —c|f’dm(x>) ,
ceC 0
0SCxo(f, Q) = gg{fi | f —clr=(g)-
Define for every p € [1, c0) and g € [1, o0]

) q/p\1/4
05, 4 (f) = (Z(Z 10177 osc, (f, Q)P> ) : (15-29)

k  “Qepk

with the obvious adaptation for ¢ = co. Let
Nosc(f) = |I|_S|f|p +OSC;,’q(f)’
15D. These norms are equivalent. We have:

Theorem 15.1. Suppose s > 0, p € [1,00) and q € [1, o). Each one of the norms |f|B;q, Ng(f),
Nhaar(f), Nosc(f) is finite if and only if f € B, ,. Furthermore these norms are equivalent on B, ..
Indeed

1f1s,, < Na(f), (15-30)
Nat(f) < C11 Noaar (), (15-31)
Noaar(f) < CioNese(f), (15-32)
Nose(f) < Ci2l f 5 (15-33)

p.q’
where
Ci1 =1+ Cromax{A)/"~* 1)/P 2P,

Cia=Cy ™ Calt g (PPN + -5
M2

Proof. The inequality (15-30) is obvious. To simplify the notation we write dg, kp instead of d 4 , k*I’;.
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Proof of (15-31): The number of terms in the right-hand side of (15-27) depends only on the geometry
of P. Indeed

1
sup Y #HSUS) < = (15-34)
Q€P g—(51.5,)eMHo 1

Consider the standard atomic representation of f given by (15-28). Note that by (15-26)

S kelP < Z(Z > |cs,p|)p

QEPk PE'Pk+1 QePk SE'HQ PeS|US,
PCQ S$=(51,52)
p
l—sp o 1— —sp—
< Clymax{r, " 1,7} Z Tollmii p/Z(Z Z |ds|>
QePpk Setg PeSIUS,
$=(51,52)
l—sp 4 1=spyy —2 —sp—
< Clymax{r, .2, YOI TR Y T T sl
QE’P" SeHg PeS|US,
$=(51,52)
1- 1—spy, —2p—1 —sp—
< Clymax{ay 7,27 Y QIR Y ds)”
QePk SeHg
for every k. Consequently
q/p\1/4
|k1|+<2<2 |kp|l’> )
k>1 “pepk
Up—s—1/2 Up=s 3 1/p=sy;~2-1/ i 2 A
<|11YP=7121dp | 4 Cromax{r, "™, AP p(Z(Z Q' Pr2 " |dslp> ) :
k QePk Serg

This completes the proof of (15-31).
Proof of (15-32): Note that

;] S/Iflldnldms L2,
1

Given € > 0 and Q € P, choose cp € Q such that

1/p
(f |f—cQ|pdm) < (1+e€)osc,(f, Q).
Qo

Since ¢g has zero mean on Q for every § € Hp we have

(1o s as) < (X e ¥

QePpk SeHp QePpk SeHp

< (Z Q' e N

QePpk Seto

< (Z o' rmr2 N

QePk SeHp

p)l/p

‘/ fos —copsdm
o

/f¢sdm
p)l/p
rP\1/p
(/ |f—cQ||¢s|dm> )
(9]
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1/p
< clo( D101 TP N (4 e) osep (f Q)IQI””/‘”Z)”)
QePk SeHo
oc/ 1p
< Co(l +e>( Yo 1QI TIPS " ose, (f, Q)P)
QePk SeHg
l/p
< clo<1+e>( Y1017 Y osey(f, Q)”) :
QePpk SeHp

Since € is arbitrary, this concludes the proof of (15-32).

Proof of (15-33): Finally note that if f € B}, , and € > 0 then there is a B8}, ,-representation of f

f= ZkPaP

PeP

e q/p\1/q
(Z(pr) ) <(+e)lfls,-

k=0 “Qepk

such that

For each J € P%, choose x; € J. Then

1/p b4 1/p
(Z 17175 osc, (£, J)f’) < ( DR /J ‘f(x)— Y koag(xy) dm>

JePko JePko QeP
P 1/p
dm)

(s f[5 5

e pdm)l/p
2
< Z( > |J|—°‘Pf

5 Y b
JePko
Z Z |71 Z krag
1/
ST krag pdm) '
k>ko

k>ko ReP*
k>ko JepPko RePk
JePko RePk
p l/p
dm>

E krag
k>ko ~Jepko

RePk
RCJ

R|:RePK RCJ}\? I/p
B () )

k>ko *jepo ReP*

y RcCJ
14
<> (xép(""“” > S |kR|P>

k>ko JePko IleeePJk
C

I/p
<> x;“‘"‘w( > |kR|P) : (15-35)

k>ko RePk
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This is a convolution, so

q/p\1/q 1
(Z( > P oscy(f: J)") ) =7 +; |flss,, -
— M

ko “Jepko

and since € > 0 is arbitrary, by Proposition 6.1 we obtain
a/p\1/4 ny . 1
|1|S|f|p+<Z< > 1P ose,(f: J)P) ) < (cl PCy(t, g, (P |”’)k>|1|3+1_ks)|f|3;q.
ko “Jepko 2

This proves (15-33). Il

The following is an important consequence of this section.

Corollary 15.2. For each P € P there exists a linear functional in L'
[ k{;

with the following property. The so-called standard B), ,-representation of f € B,, , given by

£=222 kpar

k  pepk

7 a/p\1/p
<Z<Z|kplp> ) < Ci1CiCulfls,-

k “pepk

satisfies

16. Alternative characterizations, II: Messing with atoms

S
p.q’

Instead of choosing a definitive representation of elements of 3

Here we move to alternative descriptions of B% _, which are quite different from those in Section 15.

S

».q» We indeed give atomic decompositions

of B), , using far more general classes of atoms.

16A. Using Besov’s atoms. The advantage of Besov’s atoms is that they are a wide and general class
of atoms, which includes even unbounded functions. They can be considered in every measure space
endowed with a good grid as in Section 3. Moreover in appropriate settings they contain Hélder and
bounded variations atoms, which will be quite useful in the other characterizations of Bj,’ q (P, Agfp). The
atomic decompositions of B,  (R") by Besov’s atoms were considered in [Triebel 2003] in the case s > 0,
p =q €[1, o0] and in [Schneider and Vybiral 2013] in the case s > 0, p, g € [1, oc]. They are referred
there as “nonsmooth atomic decompositions”.
Lets<Bandg€[l,o0]. An (s, B, p,G)-Besov atom on the interval Q is a function a eBﬁg (0. Py, Afgz’p
such that a(x) =0 for x € Q, and
1
9l j0.p0.5) = 5

A\ Va
k

10 F,

where
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The family of (s, 8, p, §)-Besov atoms supported on Q will be denoted by A
A (Q) C AP

5B pd ~(Q). Naturally

~(Q). By Proposition 6.1 we have
1+1 /p

5,8,p.4 )
1/q
Z PoIP7) laly
B,3(QPo-Ag )

< IQI‘Y"EIQI’S =01 =10 "1/, (16-36)

so an (s, B, p, ¢)-Besov atom is an atom of type (s, p, 1).

lal, <

The following result says there are many ways to define 5, , using various classes of atoms.

Proposition 16.1 (Souza’s atoms and Besov’s atoms). Let P be a good grid. Let A be a class of (s, p, u)-
atoms, with u > 1, such that for some s < 8, q € [1, 00}, and C14, C15 > 0 we have that for every Q € P

—AcZ (Q) CAQ) C CISAS 5.p.5(Q)- (16-37)
Then
(P A )— ;yq(P,A) (77 Asﬁpq)
Moreover
|flBy 0 < Cualflsy asy and |flsy (as) < — 5= - —= 1 flB

Proof. The first inequality is obvious. To prove the second inequality, recall that due to Proposition 8.1 it
is enough to show the following claim.

Claim. Let by be an (s, B, p, §)-Besov atom on J € PJ. Then for every P C J with P € P there is

mp € C such that
by = Z mpap,
PcJ

where ap is the canonical (s, p)-Souza’s atom on P and

1/p o) )
< Z |mp|”> < C—ké"_“(’s‘”.
PeP*,PCJ 13
Indeed, since

s— /3
b1l 1pay ) = C13|J|

there exists a Bﬁ p J, P, .Afg’ p)—representatlon

by = Z cpdp,

PeP,PCJ

where dp is the canonical (8, p)-Souza’s atom on P and

( > |CP|”)WS(Z( > IcPlf’)é/p)l/qu%wﬂ.

PePk.PCJ i “pepi,PcJ
Then

p =P Pdp
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is an (s, p)-Souza’s atom and

with mp = cp|P|P~* and

1/p |P| p(B—s) 1/p
(2 mr) (2 (@) )

PePk,PCJ PePk,PCJ

. 1/p 2 )
< ,\;"”‘“Hﬂﬁ‘s( > |cp|”> < C—/\g‘”’(ﬂ’s).
13

PePk,pcJ

16B. Using Holder atoms. Suppose that [ is a quasimetric space with a quasidistance d( -,

good grid satisfying the assumptions in Section 11B.
Proposition 16.2. Suppose
0<s<p<B§B,
€[1,00) and g € [1, o). For every Q € P we have

CieAl 5 (Q) C AV, 4(Q)
for some C1¢ > 0. Moreover

CirAl 4 ,(0) C A%, (0)
for some Cy7 > 0. In particular

By, =By (A )= s (AL (D))

and the corresponding norms are equivalent.

-) and a

(16-38)

(16-39)

(16-40)

Proof. Let ¢ € .Ah p(Q) Then ¢ has a continuous extension to Q. So firstly we assume that ¢ > 0 has

a continuous extensmn to Q. Define

co =min¢(Q)|Q|"P~*
and for every P C W C Q € P/ with P € P**! and W € P define
cp = (inf ¢ (P) —inf o (W))|P|'/7~P.
Of course in this case cp > 0 and

lep| < (inf¢<P> —inf¢(W))|P|"/7~F < |Q~"/7=F (diam W)PP|p|'/P~F

|P| 1/p i g CDB (|P|>1/P ‘_'3<|P|>I§ﬂ
S P C s = )
<|QI) QP TIPET = el AN

(16-41)
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Here Cig = supyep |Q|’§_ﬂ. Consequently

- crelirp
> —B) 5 (k+1—j)p(B—
|CP|17 < |Q|[)(b ﬂ))\é HpB—B) § : 18>8

B8
Pepk+l PEPk+1 )\.:[; |Q|
PCQ . pPCQ
65 CRC”  er1-ppi-p)
pls— —J)pp— -
<10| s , (16-42)
3
SO )
ar\V4 ¢ CDﬁ 1 1/4
(Z(Z o)) = () e
k Npephkt Ay l—kg
PCQ

This implies that

<I3 = Z cpap,

PeP
PCQ

where ap is the canonical (8, p)-atom on P, is a Bﬁ q(Q, PQAIS; p)—representation of a function q~> From
(16-41) it follows that
D D crap(x) =ming(W)

k<N pepk
for every x € W € PV, In particular

Jim 0> cpap() =)

k<N pepk
for almost every x, so qNS =¢. So

C16015 (0. pgoas ) <3117, (16-43)
12} P

CisCP? 1 1/g\~1
Cig=12 5 G5 .
A3 1— )\g p=F

In the general case, note that ¢4 (x) = max{¢, 0}, ¢_(x) = min{—¢, 0} € Af,B,P(Q) and g = ¢ —p_.
Applying (16-43) to ¢ and ¢_ we obtain (16-38).

The second inclusion (16-39) in the proposition can be obtained taking 8 = B in (16-42) and making a
few modifications in the above argument. By Proposition 16.1 we have (16-40). (]

where

16C. Using bounded variation atoms. Now suppose that / is an interval of R of length 1, m is the
Lebesgue measure on it and the partitions in P are partitions by intervals.

Proposition 16.3. If

O<s<pB<

SR

then
CaAY, (Q) c AP (0)

5,8.D s,B,p,00
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forevery Q € P. If
~ 1
0 2
<s<p<Bs
then
Co A (Q) C AL, 4(Q)

for every g € [1, o). In particular

B,y =By (Al ) =B, , (A )
and the corresponding norms are equivalents.
Proof. Suppose
O<s<p<B<

Let Q€ P/ and ag € Af% ,(Q). We have
lagl, < (1011QIP~HYP = QI < C19l Q1" F,

where C1o = sup.p | Q|P. Note that for every k > j

Yo IWIPosep(ag WP < o (WP oscoo(ag, W)P

W epk WcCQ,WePpk
_\!-Bp N\Bp
< < Z |W|(1—/3P)/(1—ﬂp)) < Z 05Coo (g, W)Uﬁ)
WcCQ,Wepk WcQ,Wepk
<( max |W|<(/§—ﬁ>p>/(1—;§p>)1—/§f’( Z |W|>]_ﬂp(var (ap, O)
T ‘W, wepk 1/p70

wWcQ,Wepk

k—j)(B— B— -B - k—j)(B— _
S)"; DB /3)17|Q|(l3 lg)P|Q|1 ﬂp|Q|Sp IS)"E DB IS)P|Q|(S ,B)p

Note that in the case 8p = I the argument above needs a simple modification. For k < j let Wo € P be
such that Q C Wyp. Then

D WP osc,(ag. WP < |WolPP1011Q17 " < [Wo| PP Q17

WePpk ( |Q|

. ik -
|W |> |Q|(A /3)[75)\51 >ﬁP|Q|(A Bpr

By Theorem 15.1 we have that if 8 = § then Czo.AY %, p(Q) - .AY *6.p. 5o (Q) for some Cyp > 0, and if
B < B we have that for every g € [1, 00)

q/p\1/q 1 1 1/q p
-5 —sp p -5 s—
1] |aQ|p+(§ ( E W] OSCp(aQ,W)) ) S(Cwlll +<1—M(5ﬁ>+1—/\§’3) )IQI g

k “wepk

SO CzoAb” (Q) C AP *5.p.q (@) for some Ca1 > 0. 0
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17. Dirac’s approximations

We will use the Haar basis and notation defined by Section 14. For every xo € I and ko € N define the
finite family

Sj;g:{S:S:(SI,SZ)GH(Q),witherk,k<ko, xe ) U P}.
a=1,2 PeS,

Let N(xg, ko) = #Si‘g. Then we can enumerate the elements

st s%, ..., sN@o.ko)

of S)]ﬁg such that §' = (S, Sé) satisfies

Pesi,
for some a; € {1, 2} and
U pPc U o
pesittusitt  Qesiush
for every i. Let
1;
Yo = ]

and define fori > 0

w ( 1)a1+1 ZRGS%’“!’ |R| ZPGSi 1P ZRGS% lR ( l)ui-‘r] ZRES%‘*“Z’ |R| m ¢
i = (— — =(— M5 ;.
l ZQeS;ljl 10| ZPeS{ 1Pl ZResg IR] ZQeS,';;jl 19 l
One can prove by induction on j that for j > 0
i ZPGSJ. lp
1)[f' = - ’
T T 1P
and in particular
N (x9,ko) 1
0
Z Yi(xo) = —2,
o | Q|
where xg € Ok, € Pko_In other words
N (x0.ko) Seesi IR 1
1 . ReS; . O,
——=¢r + (D4 — |mgdg = —2. (17-44)
11172 ; Yoesit 10170 T Q|

Note that

1/2

Tresi, R\ (e, K1\ ( Thes) IRI+ Ypes; 1P1)

~ 5 |Msi=
ZQeSﬁ,lﬂl 1Y ZQeS};lfjl 19 (ZRGSQ |R|)(ZPeS{ |P|)

(ZReSé—ui |R|>1/2 ! (17-45)
= , 12 .
Lres, IPL) (Sgesr 101)"
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Multiplying (17-44) by f, integrating it term by term, and using (17-45) we obtain

N(xo,k 1. 172
i, %0)<—1)”f“ 2res, IH ! ds / o2y,
e g Lres, IP1 ) (L gesir, 10 Qx|

If f e L, with B > 1, it can be written as

> dsos,

SeH(P)

with dg = [ f¢s dm, where this series converges unconditionally on LP. Let

w=digr+Y Y Y dsos. (17-46)

k<ko QePk SEH(Q)
Then

N (x0,k0)
foo) =digr+ Y dsisi (xo).
i=1
N (x0,ko0)

d; 1 1 1
- + (-4t dg— ——
11172 ; Y mg > pes;, | Pl
1/2
dp +N(xik())( pyatlg (ZResg |R|)(2Pes{ |P1) 1
= — — i
[\ = 2 res IR+ 2 pesi 1P Zpes;i P
d; N (x0,ko) . ZRESg,al. |R| 1/2 1 1Qk0
=t Z (=D%"dgi 1/2:/f dm
1] = Yres, 1P ) (X e st 101) | Q|
Let
f= Z Z kpap (17-47)
k  Pepk
be the series given by (15-28). Note that
=3 kpar. (17-48)
k<ky Pepk

Consequently:

Proposition 17.1 (Dirac’s approximations). Let f € L?, with B > 1. Let

fzz Z kpap.

k pepk
(A) If this representation is either as in (15-28) or kp > 0 for every P then we have for every Q € P

D kglapme

JeP,QcJ
(B) In the case of the representation (15-28) we also have

' 1
2. kJIJI“_]/p=/f'—Qdm

JeP,QcJ 19

= |f1Q|oo-
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Proof. We have that (A) is obvious if kp > 0 for every P. In the other case note that for every xo € Q € P*0
we have |
futnr= Y kg1 = [ oL am,
JeP,QCJ
so (A) and (B) follow. Il

Part II1. Applications

In Part III, we suppose that 0 <s < 1/p, p € [1, 00) and g € [1, o0].

18. Pointwise multipliers acting on B;, q

Here we will apply the previous sections to study pointwise multipliers of 5, ,. To be more precise,
let g : I — C be a measurable function. We say that g is a pointwise multiplier acting on B), , if the
transformation

G(f)=gf

defines a bounded operator in 5, ,. We denote the set of pointwise multipliers by M (5, ,). We can
consider the norm on M (B;, ,) given by

<1}L

y =sup{lgfls,, < 1 fls

|8l g

p.q

Of course a necessary condition for a function to be a multiplier is that

Bj,’q,selfs ={ge pr’q :sup |gaQ|B;.q < oo}

aQE'A:;Zp
Define
s = su aolp .
|g|BF~q,selfs “Qe-’%fp |g Q|Bp»q
The linear space B}, | ;s endowed with | - [ is a normed space introduced in [Triebel 2003]. We have
p.q,sels p.q.selfs
1818;, r, = 18lMB;,)-

In the following three propositions we see that many results of [Triebel 2003; Schneider and Vybiral 2013]
for Besov spaces in R" can be easily moved to our setting. The simplest case occurs when p =g = 1.

Proposition 18.1. We have that M (B] |) = By | s
Proof. Let g € By | i+ Given f € B] | and € > 0 one can find a Bj |-representation

fzz Z coag,

k  Qepk
where ag is an (s, 1)-Souza’s atom and

D legl < 1+l fls,-

k  Qepk
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SO

Y Y leogagls;, < (1 +olgls;, 1 flsy,»

k  Qepk
and consequently
8fls, =D D cogag| <(+elgls, .| s -
k Qepk By,
Since € is arbitrary we get
18f sy, = 18lB;, ol S 1B, - O

Lemma 18.2. Let W € P. The restriction application
. S N S N
r: Bp,q(ls 7)7 Ag’zp) - Bp,q(W7 PW’ A‘Y,Zp)
given by r(f) = lw f is continuous. Indeed there is Cyy > 1 that does not depend on W such that:

(A) Forevery [ € B, , we have

1w flBs, ,ow.Pw.a55,) < C2l flBy - (18-49)
In particular 1y € M(B;’q).
(B) For every B;Z—representation
f=2 2 coup
k Qepk
one can find a By (W, Pw, A} ,)-representation

P
1wf=z Z doag

k  Qepk

(B(Zeor) ) sea(B(Zer) ) o

k  “Qepk k “Qepk

such that

Moreover dg # 0 implies Q C supp f.

Proof. Let Q € P. Denote by ag the canonical (s, p)-Souza’s atom supported on Q. If WN Q = &, we
can write lyag =0ag. If Q C W then lyag = lag. If W C Q then

X B |W| 1/p—s
wag = |_Q| aw,

where
1 —
IWINP™ o=@ (1/p=s)
ol =7 '

In every case we can write

ho =1lwag = Z Z sp,odp,

k pepk
PCQ
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/D\E-_I u/

By

Figure 3. (Non-Archimedean behaviour) Illustration for Proposition 18.4. The filled
regions are the supports of the functions g;. The squares are the elements of the grid on
which there are atoms contributing to the representation of f. Every square intercepts at
most one support, so each atom “sees” only the function whose support is nearby.

with

k—k 1-
Z |SP,Q|p S)L; 0(2)( Sp)‘

Pepk
PCQ

By Proposition 8.1(A) and (B) there is C», such that (A) and (B) hold.

Proposition 18.3. We have that B; goselfs C L™ and this inclusion is continuous.

Proof. Let g € B‘;’q,selfs. Then gap € Bj, , and by Lemma 18.2 we have

181018y, (0.Pg.45,) < Ca2lglols; , < Co2lglns

s.p p.q.selfs :

By Proposition 6.1 (taking = p) we have (s, p)-Souza’s atom ag, and we have

1+1 ¢
lgagl, < C/YPCa(p. q. (1P Calglss

p.q,selfs

< Cx|0l’Igls

p.q,selfs

for some constant C»3. In other words

p.q,selfs ’

1/p
(|Q|SP—1/Q|g|Pdm) < Cl 0P gl

SO
1

o /Q gl dm < CLIgIf

p.q.selfs

161

for every Q € P. Due to the fact that | J, P generates the o-algebra A, by Lévy’s upward theorem (see

[Williams 1991]) for almost every x € I the following holds. If x € Oy € Pk then

lim —— [ |gP dm=|g()IP.
" 100l Jo.

So
18loo < Ca3lglps

p.q.selfs
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18A. Non-Archimedean behaviour in B” . If we have a sequence g; € M(B), ;) we can get the

P,q,selfs’
' (Z gi) f (Z |8 |M(Bj,yq)) |fls,-
i i

Nevertheless, remarkably, sometimes one can get a far better estimate. To state the result we need to
define

naive estimate

=<
Bha

|g|B;.tq,selfs = agsupsz |gaQ |B;~q '
S,P
Qep/
jzt
It is easy to see that this norm is equivalent to | - | .
p.q.selfs
Proposition 18.4. Let § > 5. There is Coq with the following property. Let g; € Bl withi € A CN,

p.q,selfs’
and t; € N.

Consider a function f with a B, ,-representation

f=Z Z coag

k Qepk
satisfying:
(A) We have
sup Y lgilgy <N

Qe’p ) Pp.q,selfs
co#0 QNsuPP8iFD

(B) If Q € P¥ satisfies co #0and QNsupp g; # & then k > t;.
Then we can find a B), ,-representation

(Zgi)f=z Y doag (18-51)

i k pepk
such that

a/p\1/q q/p\1/q
(Z(Z |dQ|P) ) SC24N<Z<Z |cQ|f’) ) : (18-52)
k  “pepk k  “pepk

Proof. Tt is enough to prove the result for the case when A is finite. Let Q € P*0 with co # 0. There is

{i1,...,i;} C A such that
(Z g,-> ag=Y_ giap (18-53)

L<j
and Q Nsupp g;, # & for every £. In particular kp > max, t;,. By Lemma 18.2 for each £ < j we can find

a Bg,q—representation
giag=Y_ Y §pobp (18-54)

k pepk
PCQ

such that bp is the canonical (8, p)-Souza’s atom supported on P and

RN
(Z(Z |SP,Q|p) ) = 2Cnlgil g,
k

PE'Pk p.q,selfs
PcQ
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Since bp = |P|P~%ap, where ap is the canonical (s, p)-Souza’s atoms supported on P, we can write

8idg = Z Z Sﬁ,QaP,

k  pepk
PCQ

with sf,’Q = §§’Q|P|ﬂ_s satisfying

1/p
—s)(k—k s
<§j|sf;,Q|P> <2Cnlgil a2y T sup0If,
PePk p.q,selfs QEP

PCQ
SO we can write

(Ze)ao=3 ¥ snoar

k  pepk
PCQ
with
Sp.0 = Z Sf),Q
¢
satisfying
v (B—s)(k—ko) :
> |sp,Q|P> <2NCpAj * sup | Q.
PepPk QeP
PCQ
By Proposition 8.1(A) we can find a B;’ q—representation (18-51) satisfying (18-52). O

Remark 18.5. If g is Bg,q-positive we can define

|g|B;t;T551fs - uQSeupgfp Igaglgm.

QepP’
jzt
If we assume additionally that g; are Bg;;" -positive, Proposition 18.4 remains true if we replace all the
instances of | - |5 ; by |- | s+ . in its statement. Moreover by Proposition 8.1(B) and Lemma 18.2(B)
p.q,selfs p.q,selfs

we can conclude that:
(i) If co > 0 for every Q then dg > 0 for every Q.

(ii) If Q is such that dg # 0 then Q C supp g; for some i € A.

B

Corollary 18.6. For every B > s and g € [1, 0o] we have Bp,q,selfs

cM (B; q). Moreover this inclusion
is continuous.

18B. Strongly regular domains. We may wonder under which conditions the characteristic function of a
set 2 is a pointwise multiplier in ), ,.

Definition 18.7. A measurable set 2 C I is a («, Cys, Cag)-strongly regular domain if for every Q € P,
with j > Cyg, there is family FX(Q N ) c P such that:

(1) We haVC Q ﬂQ - Uk UPe]—'"(QﬂQ) P
(i) If P, W e |, F*(QNQ) and P # W then PNW = &.
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(iii)) We have
Y. P =CaxslOff (18-55)
PeFk(QNQ)
The following result can be associated with results in [Triebel 2003] for B), ,(R"), especially when we
consider the setting of Besov spaces in compact homogenous spaces. See Section 18B for details. See
also [Schneider and Vybiral 2013].

Proposition 18.8. If Q isa (1 — Bp, Cas, Cys)-strongly regular domain then
Lol grcr < CbP (18-56)

p,oo,selfs

Proof. Given Q € P/, with j > Cyg, we can write

|P| 1/p—8
loag=>" Y (@) ap, (18-57)

k PeFk(QNQ)
where ap is a (8, p)-atom. Note that

pIN=AP\1/P
[z (o) ) =

PeFk(ONQ)
so (18-56) holds. O

Proposition 18.9 (pointwise multipliers I). There is Co7 with the following property. Suppose that Q2; are
(1 —Bp, K;, t;)-strongly regular domains,i € A CN, and ®; > 0 for every i € A;. Consider a function

F=2.)_ coao

f witha Bj’, q-representation

k Qepk
satisfying:
(A) We have
sup Z @iKil/pSN.
LQQ;% 0NQ £

(B) If Q € P* satisfies cg # 0 and Q N Q; # O then k > t;.
Then we can find a Bj’,’ q-representation

(Z @,-1Qi>f =YY doag (18-58)

k  pepk
such that

(S(Zwor) ) semn(D(Zrar)7)" o

k  “pepk k  “Pepk
Moreover:

(1) If O satisfies dg # 0 then Q C ; for some i € A.
(ii) If cg =0 for every Q thendgp > 0 for every Q.
Proof. It follows from Proposition 18.4, Proposition 18.8 and Remark 18.5. O
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18C. Functions on B},/, P,N L>®. We want to give explicit examples of multipliers in B, ;- One should
compare the following result with [Triebel 1977] of the regularity of the multiplication on Besov spaces.
See also [Mazya and Shaposhnikova 2009] for more information on multipliers in classical Besov spaces.

Proposition 18.10 (pointwise multipliers II). Let g € B},/ 2, N L™®. Then the multiplier operator

. S S
G: Bp,q - Bp,q

defined by G(f) = gf is a well-defined and bounded operator acting on (B, ,, | - |B;;,q)- Indeed
18111,
Gy, = C]lclzré/l)_x + 18 oo

where C11 = C11(1/p, p, o0) and C1p = C12(1/p, p, 00) are as in Corollary 15.2.
Remark 18.11. We can get a similar result replacing B‘;’ » DY B;E everywhere.

Proof. Letag = |Q|S_1/p1Q be the canonical (s, p)-Souza’s atom on Q and by = 1, be the canonical
(1/p, p)-Souza’s atom on J. Given € > 0, let
f=)) coao

k Qepk
be a BB,  -representation of f such that

q/p\1/q
<Z<Z |cQ|P> ) <(+elfls,

k  “Qepk

g:ZZerJ

k  Jepk
be a 611,/ P -representation of g given by Corollary 15.2 (in the case of Remark 18.11 we can consider an
optimal B;,{ P -positive representation of g). We claim that

=YY (X () we)e wmi w=X (8 con)a

Jj Jepi YJCQ,0#J,Q€P k Qepk *QCJ,JeP
are B,  -representations of functions u; € B, ,. Firstly note that the inner sums are finite. Moreover if
J € P/ we denote by Qx(J) the unique element of Pk with k < Jj, that satisfies J C Qy(J) then

|J] 1/p—s pN\1/p G ps) 1/p
<Z Z(|Qk(-])|> CouHey ) <D a (Z |CQk(J)eJ|p)

and let

JePik<j k<j JePi
1/p
i—k)(1/p—s
5(2 |€j|p> Z)\’;] )(1/p—s) max ICQ|
. ! QePk
Jepi k<j
v (i—k)(1/p—5) i

< (max(( X tes) ) TP F reor)

T Nepi k<j QePpk

1/p
i—k)(1/p—s
< C11C12|g|BL{go Z)\gf )(1/p 8)( Z |CQ|P> ]

k<j QePk



166 DANIEL SMANIA

The right-hand side is a convolution, so we can easily get

|g|61/17
lurls < (1 +€)C11C12W|f|l§;_q~
2

Moreover by Proposition 17.1.B, with s = 1/p, we obtain

(2] X cwof) <(Srear| ¥ e

QePpPk'JeP,QCJ QePk JeP,QcJ

Qep*
So
il < 1+ flsy, [gloo-

p.q
We claim that gf = u 4 u,. Indeed let
ko = Z Z cQaQ and gk0= Z Z €]bj.
k<ko Qepk k<ko JePk

By Proposition 6.1 we have

limlgko_g|p/:0 and 11m|fk0—f|p:0

ko ko
So

hkm |fk0gko —fghi=0
0

Note that:
(A) If Q C J then aQbJ :aQ'
(B) If J C Q then

10|
So
fut= Y X X Y ercouods
k<ko QePki<ko JeP!
FAN
Y Y (Leco)aor T X X T eeoliy) @
k<ko QePk éeP k<ko QePk i<k J 7;,
J#Q
|]| 1/p—s
g P S s 7
k<ko QeP* JGP i<ko Jep! “Q€P
JCQ
J#0
Note that
1}{? |14r,k0 — urll =0 and |l/tr’k0|3;;’q < |ur|3;q forr = 1, 2.

Now we can use Corollary 6.5(i) to conclude the proof.

pN\1/p 1/p
) s(ZwQV’) |gloc-  (18-60)
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19. Bj, , N L™ is a quasialgebra

Multipliers in B), , N L> are indeed much easier to come by.

Proposition 19.1 (pointwise multipliers III). Let g, f € B, ,NL>. Then g - f € B}, ,N L™ and

1f8ls, +1 - gloo < CliCi( £y, + £ 1) (1815, +181o0)-

So B;,q N L*> is a quasi-Banach algebra. Here C1; = C11(s, p, q) and C1p = C2(s, p, q) are as in
Corollary 15.2.

Proof. Of course | f - gloo <|floclgloo- Letag = |Q|S*1/1’1Q be the canonical (s, p)-Souza’s atom on Q.

Let
f:Z Z cpap and g=Z Z ejay

k  Qepk k  Jepk
be B, ,-representations of f and g given by Corollary 15.2. We claim that

u1=22< > |J|“—1/Pch,>aQ and u2=22< > |Q|S_1/cheJ>aJ

k Qepk *QCJ,JeP k Jepk *JCQ,0#J,Q€P

are B3), ,-representations of functions u; € B), ;. Moreover by Proposition 17.1.A we have

. p\1/p X p\l/p 1/p
(Z > |J|S‘/"chJ) s(Z|cQ|P > |J|S—/Pe1) s(Z|cQ|P) 18oo-

QepklJeP,0cCJ QePk JeP,0CJ QePk
(19-61)

So
X < X
luls;, < C11Ci2l8lool f18:,,»
and by an analogous argument

luzlg;, , < CuiCi2l floolglss, -

Define fi, and g, as in the proof of Proposition 18.10. By Proposition 17.1 we have | fi,| < |l
and | gk, | < 18loo- Since limy, fi, = f and limy, g, = g in L?, we can assume, taking a subsequence if
necessary, that f,gx, converges pointwise to fg. So by the theorem of dominated convergence we have
limg, fi,8k = fg in L'. Finally note that if J C Q then

aga; = Q1" "ay.
Now we can use the same argument as in the proof of Proposition 18.10 to conclude that gf = u 4+ u,. U

19A. Regular domains. Here we will give sufficient conditions for the characteristic function of a set to
define a bounded pointwise multiplier either on B, , N L. For every set £2, let

ko(§2) = min{k > 0 : there exists P € P* such that P C Q}.

Definition 19.2. We say that a countable family of pairwise disjoint measurable sets {€2,},c5 is an
(a, Cag, As)-regular family if one can find families F*(2,) C PX, k > ko(,), such that:

(A) We have @ =>4, Ugert ) C-
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B)IfP, Q€ Ukzko(Q,-) FX(Q,)and P # Q then PN Q = 2.
(C) We have

Y joK = ot (19-62)

reA QeFH(Qy)

o
Us|
p
We say that a measurable set €2 is an (¢, Cog, As)-regular domain if {2} is an (o, Csg, A5)-regular family.
Proposition 19.3. Ler 8 > 5. Every (1 — Bp, C, 0)-strongly regular domain is a (1 — sp, C’, Xéﬁ_‘v)”)-

regular domain for some C'.

Proof. Consider a (1 — Bp, Cas, 0)-strongly regular domain 2. There are at most Al_kO(Q) elements in

Pk and
—ko(Q) ko (£2)
()" <=(2)
Al W=\

for every Q, W € P, Consequently

—ko(R2) ko(£2)
();2) ol M—mm(E) !
Al |Q] A

for each Q € PXE, For every Q € Pk there is a family F k(0 N Q) such that

> Y P=0nQ and > P <l

k  PeFk(QNQ) PeFk(QNQ)
Let
o= | Fwn.
QePko®
We have

Z Z |p|1—SP: Z |P|1—/3P|P|(ﬂ—S)P

QeP @ PeFK(ONQ) PeF*(QNQ)
< Z ( max |p|(ﬁ*3)17) Z |P|' PP
. PeF*(QNQ)
QePko PeFk(QNR)
k—ko(2 - — _
QePro©@ PeFH(ONQ)
k—ko(2 — — _
fC)\é 0()(B—s)p Z |Q|(,3 s)p|Q|l Bp
QePro®
< C)\ék_k()(g))(ls_s)p Z |Q|1—Sp
QePho®

o A @A)
E C)\.l_ 0( )(—> )\‘5 - 0( ))(ﬂ_v)plgll—sp |:|
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Remark 19.4. Suppose that there is Cyg such that for every k and every Q, W € P¥ we have
1Y <

1

— < — <Cy

Cy ~ |W]
and

#{(P e PO pNQ £ @) < Cy.
Then it is easy to see that one can choose C' = C30CoC.

The following result is similar to results for Sobolev spaces of [Faraco and Rogers 2013]. See also
[Sickel 1999].

Corollary 19.5. If {Q,},ca is a (1 — ps, Cag, As)-regular family then there is C3 such that for every
g €B, ,NL> andr € A we can find a B), ,-representation

g-lo,=> > dpag (19-63)

k  QePk,QcQ,
such that
qa/p\1/q
(Z(Z 2. |d’Q|”> ) = Calgls;,- (19-64)
Jo T Qepi
0cCQ,
Note that

e=|Ja

isa (1 — ps, Cog, As)-regular domain and F(g) = glq is a bounded operator in BS N L™ satisfying

P
CI/P
|Flgs are < CriCra| 14+ ——2——|Q|/P~). (19-65)
r (1=
Moreover
CI/P
lals;, < ——2—|Q|'/r~. (19-66)

(1 _A‘SI/P)l/q
Proof. Notice that
F=1ye =2 ) couo.

k Qepk

where cg = |Q|/P~* for every Q € |, U, F*(22,) and ¢ = 0 otherwise. Let

g=ZZeJaJ

k Jepk
be B, ,-representations g given by Corollary 15.2. Consider uy, u as in the proof of Proposition 19.1.
By Proposition 17.1 we can get exactly the same estimate as in the proof of Proposition 19.1.
Note that those Q € P* for which the corresponding atom ag has a nonvanishing coefficient in the
definition of u; belong to | J, U i /(,), and moreover every J € P* for which the corresponding
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atom a has nonvanishing coefficients in the definition of u, is contained in some Q € F/(,), for some
j and r. In particular J C 2,. So (19-63) holds, with

d’Q:< Z |J|‘Y_1/”chJ>+( Z |J|‘V—1/l’c,eQ)

QcJ,JeP QCJ,J#Q,J€P
for every Q C €,.
Note also that
q/p\1/4q 1/q Cl/p
Z Z Z |Q|1*SP <C1/p Z )\’(k_kO(Q))Cl/P |Q|l/pfs< 28 |Q|l/pfs
=Cos 5 _—(I—Aq/p)l/q )
ko> QeFk@y) k=ko (U, 2,) 5
s0 (19-66) and consequently (19-65) hold. O

Remark 19.6. Using the methods in [Faraco and Rogers 2013] one can show that quasiballs in [0, 1]"
(and in particular quasidisks in [0, 1]?, that is, domains delimited by quasicircles) give examples of regular
domains in [0, 1]* endowed with the good grid of dyadic n-cubes and the Lebesgue measure m.

20. A remarkable description of Bi’l

When p =g =1 (and s > 0 small), something curious happens. We can skip the good grid and characterise
the Besov space B) | of a homogeneous space using regular domains. Fix Co3 > 1 and As € (0, 1). Let
W be the family of all (1 —s, Cpg, As)-regular domains. Of course P C W. Let W be a family of sets
satisfying

PCWCW.

Define B'~* as the set of all functions f € L'/(1=%) that can be written as

00 lA,-
f=) c R (20-67)
i=0

where A; € W for every i € N and
> leil < o
i
It is easy to see that

|flya-s <Y lail.
i

Define
|flgies =inf ) leil,
i

where the infimum runs over all possible representations (20-67). One can see that (B'~*, |- |z1—) is a
normed vector space.

Proposition 20.1. We have that B!~ = B} (P) and the corresponding norms are equivalent.



BESOV-ISH SPACES THROUGH ATOMIC DECOMPOSITION 171

Proof: Note that (19-66) says that there is C such that if A € W then 14 € B} ;(P) and
11als: ) < CIAI'.
In particular, if f has a representation (20-67) we conclude that

|fl; Py = ClfIp1-s.

In particular B!~ C Bj {(P). On the other hand if g € By | (P). then we can write

g:Z Z SQ|Q|17s’

k=0 Qepk

o0
D lsol=)_ > lsol < oo,
PeP k=0 Qepk

and |g|g; | (p) is the infimum of > pep Isol over all possible representations. In particular g € B!~ and

1glp1-s < I8lB; ,(P)- O

Remark 20.2. Let I = [0, 1] with the dyadic grid D and the Lebesgue measure m. We prove in Part IV
that B) (D), with 0 < s < 1, is the Besov space By ([0, 1]), and its norms are equivalent. Note that
every interval [a, b] C [0, 1]isa (1 —s, 2, 2S*1)—regular domain. So we can apply Proposition 20.1 with
W = {la,b] :0 <a < b < 1}. Thatis, f belongs to Bf’l([O, 1]) if and only if it can be written as in
(20-67), where every A; is an interval and ) ; |¢;| < oo, and the norm in Bls’l([O, 1]) is equivalent to
the infimum of ), |¢;| over all possible such representations. This characterisation of the Besov space
Bf’l([O, 1]) was first obtained in [de Souza 1985a].

21. Left compositions

The following result generalises a well-known result on left composition operators acting on Besov
spaces of R”". See [Bourdaud and Kateb 1990; 1991; 1995] for recent developments on the study of left
compositions on Besov spaces of R".

Proposition 21.1. Let
g:I1—>C

be a Lipschitz function such that g(0) = 0. Then the left composition
Lg:B,,—~B,,
defined by L¢(f) = g o f is well-defined and
g0 flp+0s¢, (g0 f) < K(If1, +o0s¢, , (),

where K is the Lipschitz constant of g. Consequently there exists C such that

ILe(Hlsy, < CIfls,
forevery f € B, ..
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Proof. Note that

1/p
osey (g f, 0) = inf ( fQ 8(f () —a|f’dm<x))

1/p
< inf ( / 8(f () — g(a>|f’dm<x>)
ae Q

1/p
<K inf(/ | f(x) —a|1’dm(x)> = K osc,(f, Q). (21-68)
aeC 0
So it easily follows that osc;’q(g of) <K osc‘;,’q (f). Of course |go f|, < K|f]p. In particular
gofeB,,. O
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